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Functional law of the iterated logarithm
for lacunary trigonometric and some gap series

By

Katusi FUKUYAMA

O. Introduction

T h e  purpose o f  th is paper is to  prove th e  functional law  of the  iterated logarithm
for lacunary trigonometric series and som e gap series under probability m easures with
some regularity.

L et us first recall tw o lim it theorem s fo r  a  sequence of i. i. d. random variables.

Theorem A .  Let {e i }  be a sequence of i . i . d .  with mean 0  and variance 1  and put
S.=-- e i+ •••+ en •  Then it holds that

S„
lim sup

n - -  A/2n log log n
— 1  a. s.

Theorem B .  Let fe i l  satisfy  the same conditions as those of  Theorem A and let us
denote by { X .}  a sequence o f C [0 ,1 ]  valued random variables such that X(s)=G5[7,3]+
(n s - - [ n s ] ) e E„ , ) /  n  . T hen the sequence {X„/ A/2 log log n} is relatively  com pact in
C [0, 1] and the set of all clusters of this sequence coincides with K , almost surely, where

K= IxEC[O , 1]; x(0)=0, x is absolutely continuous and S. 1 .i 2 (1)dt 11.0

Theorem  A  is  the  classical version o f  th e  law  o f  th e  iterated logarithm (LIL) due
to H artm an-W intner [9] and  Theorem  B  is its functional version due to Strassen [23]
w hich  is  ca lled  S trassen 's  law  o f  t h e  ite ra ted  log a rith m  o r  fu nc tion a l law  o f  th e
ite ra ted  log a rith m  (F L IL ). T h ere  a r e  various extensions of these  resu lts to  the case
of dependent sequence of random  variables, for example, mixing sequences, martingale
difference sequences, lacunary trigonom etric series, som e gap series o f  functions and
multiplicative system s. W e sha ll here  sta te  tw o  resu lts  due to  Takahashi on lacunary
trigonometric series corresponding to Theorem A  and B  resprctively . In  the following
tw o theorem s, lacunary trigonom etric series a r e  regarded  a s  ran d om  se rie s  o n  th e
probability space ([0, 1], dx).

Theorem C .  Suppose that sequences {n i } o f  in te g e rs  a n d  {ai l o f  real num bers
satisfy  following conditions.
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n i , / n i > l+c j - n fo r  so m e  c>0  and 0< a< 1/2,

A4=a1-1- ••• — > 0 0  and  an =0(A n n - acoV) as n co,

where con =(log nAlog A n y1+(log A n )8 a n d  > 1 / 2 . Then, for any  sequence of  real
numbers,

lim sup — 1 a.s.../2A4 log log P17..

where S ,,=E 7,1_, a i V  2 cos (27rn i x - En).

T heorem  D . Suppose {7 } and  {a ) } satisfy

n i+ ,/n i >l+c f - ' fo r  so m e  c>0  and 0 < a 1 / 2 ,

24 =--al-F ••• ----> c o  and  an =- 0(A n n - a(logA n )- 1 3 ) as n C O  ,

w here /3> 1 /2, and {T } b e  a rb i t ra ry .  Let X „ be a C [0 , 1]-valued random  variable such
that

(0.1) Xn(
1

— A n

S i a n d  X „ is linear i n  [ ( i=1 , ••• n ).

Then the sequence {X„/-V2 log log AO
coincides w ith K , almost surely .

is relativ ely  com pact and the set of all clusters

Takahashi [27 ], [28 ] proved Theorem C  using a  method of multiplicative systems
in essence and Theorem  D w as proved by Takahashi [2 9 ], w ho derived it a s  a  corol-
lary  of almost sure invariance principles using a  method of martingale approximation
and Skorohod em bedding. Theorem  D was first proved by Berkes [1] under restrictive
conditions.

The first aim  o f th is  p ap e r is  to  ex ten d  T h eo rem  D  t o  th e  c a s e  in  w h ic h  the
probability measure in question is not necessarily the  Lebesgue measure.

Theorem 1. Let Q=1? and P satisfy

(0.2) I P(u)I =-, 0( I u  - P R ) a s  u co ,

w here P is  the characteristic function of P. Suppose th at  la j l  and O i l  satisfy

(0.3) P i> 0 , A i + i /i3,>1+cj - a  (JEN ) fo r  so m e  c>0  and 0 a<1/2,

(0.4) c o  a n d  a n =0 (A n (logA n ) 'n - a(1-Ea log n) - 1 ) as n ---> co,

{n }  be arbitrary  and {X „}  be  de f ined  by  (0 .1 ) u sin g  Sn(w)=E 1)-1 a j•N/Y  cos (19 0+7.0 .
T hen (X ./A1 2 log log A n }  is relativ ely  compact and the set of all clusters coincides with
K, P-almost surely.

Theorem 2 .  Let Q =Ii, P satisfy

(0.5) P{[co, co+11]} h>0) fo r  so m e  M >0 and pE(O, 1] ,

s„
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and 0,1 satisfy  (0.3). Then, there exists a subset E  of R w ith Lebesgue measure 0 such
that f o r  an y  tER\E , any  { a i } satisf y ing  (0.4) and a n y  {n}, X / /  2 log log An l  is
relatively compact and the set of all  clusters coincides w ith K, P-almost surely , where
{X„} is defined by (0.1) using Sn(w)=-- E7=1 a, -N/ 2 cos (fl i ko+r,).

Theorem 3. Let Q=R, P satisfy  (0.5) and a sequence {0 (j)}  o f  positive numbers
satisfy

1
(0.6) 0(1)> 0, 0(j+1) - 0(i)- dj - '  ( j E N , fo r  some d>0 and 0 a < - ) .

Then, there exists a subset E  o f (1, co) with Lebesgue measure 0 such that fo r  any  xE
(1, 00)\E, any  {a i } satisf y ing (0.4) and any X / /  2 log log A n }  is relatively com-
pact and the set of all clusters coincides with K, P-almost surely , w here {X ,}  is defined
by  (0.1) using Sn (w )=E7, a 2 cos (x  ( "w±ri).

W e can easily prove using Fubini's theorem  a n d  Theorem  1  th a t  th e re  e x is ts  a
subset E  of R  w ith  Lebesgue measure 0 depending o n  fa i l  a n d  irj } su ch  th a t X n  in
Theorem  2  o b e y  th e  F L IL . B u t th is  conclusion is w eaker than Theorem  2, since in
the last tw o theorem s, the  exceptional se t E  dose not depends o n  {a i } a n d  {n}.

T here  are , how ever, im portant singular probability  m easures satisfy ing (0.2) or
(0.5). F o r  deta ils, w e refer the  reader to  Wiener-Wintner [31], [32]. Under the same
conditions, m e a n  central lim it theorem  w as proved by Fukuyama [8], and originally
the central lim it theorem  w as proved by Takahashi [30] assum ing a  gap condition of
stronger type.

W e nex t sta te  the classical LIL for som e gap series of functions due to Takahashi
[2 4 ] .  H ere again, gap series are  tre a te d  a s  a  ran d om  se rie s  on  a  probability space
([0, d x ).  Let Lip a  be  a  class of a-Lipschitz continuous functions with period 27r.

Theorem  E. Let f GLip a  ( 0 < a 1 )  satisfy

(0.7) 2n.f.(x )dx = 0  and  Ç n f 2 (x)dx =27c ,0

and {n k }  satisfy  nk+1lnk-->00 as Then,

Snlim sup — 1 a.s.n log log n
where Sn=EI:=1 f (n ,x ) .

Various papers are w ritten  on the lim it theorem s of g a p  s e r ie s .  For details, see
B erkes [3 ]. The second aim  of th is paper is to  prove th e  following three extensions
of Theorem E.

Theorem 4 .  Let Q ,R , p  satisfy  (0.2 ), f a k } satisfy

(0.8) A n 0 0  a n d  an =0 (4„(log A n )-8  (log n) - ') a s  n

irk} be arbitrary , 113k} satisfy
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(0.9) 131>0, Ak+i/Sk 00  as k 0 0 ,

fE L ip a (0 < a5 1 ) satisf y  (0.7) and {X„} be def ined by  (0.1) using S.(0))=EA-lakf(pkw
+ro. T hen {X n /A/ 2 log log A n }  is relativ ely  compact and the set of all clusters coin-
cides w ith K, P-almost surely.

Theorem 5. Let ,Q=R, P satis f y  (0 .5 ), 
{ j 3 }  s a t i s f y  (0 .9) and f a (0<a•__ 1)

satisf y  (0.7). Then, there ex ists a subset E  o f R  w ith Lebesgue m easure 0 such that f or
an y  t R \ E , and la k } satisf y ing (0.8) and an y  {TO, {Xn /A/ 2 log log A n }  is relatively
compact and the set of a l l  clusters coincides w ith K, P-almost su re ly , w h ere  {X n } is
def ined by  (0.1) using Sn(w)-=-Ek-1akf(Pktoi+7 k).

Theorem 6 .  Let f2=R, P satisf y  (0.5), f 0 (k )} satisfy

(0.10) 0(1)> 0, 0(k +1)-0 (k) — > 0 0  a s  k  — >  CX)

and f Lip a(0< a .1 )  satisf y  (0.7). Then, there exists a subset E of (1, 00) with Lebesgue
m easure 0  su c h  th at f o r  an y  xE (l, co )\E , a n y  {a k } satisf y ing  (0.8) an d  an y  {rk},
{x„/-v 2 log log A n }  is relativ ely  compact and the set of a l l  clusters coincides w ith K,
P-almost surely , w here {X n }  is def ined by  (0.1) using S 7,((0)=E 1/=1a2f (x 0 (k 'w +rk ) .

To prove these theorems, we use  the  following result f o r  weakly multiplicative
systems. H ere , we prepare some notation to state our results. F o r  a  sequence
o f random variables, let us put

61 1 ...

=E((EL 1-1 - 1)••.(eL,-1 - 1)), =E ((h ,-1 ).•.(E L .,.-1 )),

bt, i r  - = E ( e 2 i 1 -1• • '(e2i. k - r  - 1 ) 7 i E ( e 2 t  i
• • • ( V i  2 - 1 ) . • • e 2i r )

le t B r , B'r , B r ,  H r , 131!, Bl!* be infinite vectors such that

Br 137" i 1, B r bi l , .•., i i <.•.<i ,. 7

Blf =(bt, k k

an d  II • denotes th e  lo-norm . For example, 11Br115=Ei,<...<i r ( I I
A  sequence {ei } o f random variables is called a m ultiplicative system o r  weakly

multiplicative system according as o r  B r  is nearly 0  in  some s e n s e . F o r  details
and history of these notions, we refer th e  reader to the  survey by M6ricz-Révész [18].
O ur result is a s  follows.

Theorem 7 .  Suppose that a sequence fe,} o f random  v ariables and a sequence {c,}
o f real num bers satisfy

(0.11) 1113,11Yr-=0(r1-'0) as r co fo r  so m e  c) [1, 2),

(0.12) -ff,Ig ir= 0(rio ) as r

(0.13) BtI2, 11131'112G 00 ,
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C 4 = d +  ••• D o and c„, c7,11$7,11.0=0(C„(log C n ) - (8A( 41 4 ) ) ) a s  n co ,

where 4 = 2 / 6 -1 . Let 1X„} be def ined by  (0.1) u sin g  S„,=E 71---lciei and { C }  instead
of 111„1. Then {X / v ' 2 log log C O  is relativ ely  com pact and the set o f  a l l  clusters
coincides with K , almost surely.

T h e  FLIL fo r w eakly multiplicative system s w as first proved by Berkes [2] under
the  restric tive  conditions c i = 1, ! l e d .  B (i E N), E7=111BrIli< 00 and f3', < 00.

Fukuyama [6 ] im proved this results to  the  case  ci i = o ( C )  a s  n---c>o,
II B r Ir and (rE N ) for some 3-E- [1, 2) and  s > O . T h e se  re su lts  a re  not
included in  Theorem  7, since another condition (0.13) is assum ed in  Theorem  7. But
w e can prove another version of Theorem  7 which include these results completely.

Theorem 8. Theorem  7 rem ains v alid i f  w e replace (0.13) by

(0.14) (n E N ).

Acknowledgement. T h e  author w ould like to  express h is hearty  thanks to  P rof.
N . 1(ôno fo r  his advice and encouragement.

1. F L IL  for  weakly multiplicative systems

W e first prepare som e lem m as. L e t {Ci l  be a  sequence o f  random variables, fu i l
a  sequence of positive numbers and  pu t S„,.=C,F1+•••±C., U.,„ u,„,+•••-ku m .

Lemma 1. S uppose that there ex ist C > 0 , L > 0  an d  A 1  such that

(1.1) lunl<C2 A - 1 0 ( n e [ N ,  M ] ),

(1.2) E exp(2C - 1 S„,,,)5L exp(L2 2 C 2U„,„,) (1215 4, n, mE[N, M ]).

Moreover suppose one of the follow ing conditions:

(1.3) E(IS„,i121Si,.12)-LUn,/[4. (n, I, m E [N , M ]),

(1.3') (n , m E[N , M ] ).

T hen there ex ists an  L '>0  such  that, f or all ye(0 , LA 1 0 ),

P (  max I S N  i l C y ) L ' ( e x p ( C2Y2 U  N  M  
)*M<J5M L'UN,m AloC 2 y4

P ro o f .  By (1.1), w e can  take  a  sequence {n  le} 0 5 k 6 K  such that

N=no<ni<•••<nK=M , (1 k _ K ).

Put A/4,.=max.<i‹.(1Sn,i1A ISi.m1). Usual argument yields (Cf. Billingsley [4] Ch. 12),

m a x  I  SN N , n k _ i l  +  m a x  I  S . k ,
n k - K i Z n k

1 •S N ,n k _ i1 + 1 S n ,i,n k  + M ,4 _ ,,n „

+M 7=k - I , nk •
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which consequently proves

max I SN, I max ISN,n k l+ max Mn/
 k _ i ,n k  •

kr<isM isksK isksK

When I y I LA C 'U ,,,,,„  putting 2=yC 2/ (2 L U „ ),  (1.2) yields

P (IS n ,.1 -C y )<2e --231 E exp(2C - 1 1 S.,„,) 2 L  e x p ( 4 L
C

17: . ).

Thus if we take I y using Theorem 1 of M6ricz [17], we have

P ( max ISN
k

n  I >  C Y  ) _ ‹ L ' e x p (  L
C,u

2 Y:  ) .
=  4 —IskgN ,m

If we assume (1.3) or (1.3'), using Theorem 12.1 o r  12.2 o f Billingsley [4 ], we have

P (

C y

 5  
L'11! 

A /17% - l• n k - 4  ) C4Y4

Noting Eic_,,U k _i ,„ k 2C2A - ' 0 U N ,m, we have the conclusion. •

By th e  assumption (0.11), (0.12) and (0.13), we can take B>1 such that

(0.11') II B r 
1 / r <B rl - ' 13( r E N ) ,

(0.12') 1113,11r . (rE N ),

(0.13') 11M112,

Lemma 2 .  Suppose (0.11') and
0 0

E 27-=1, I 2i I B 2 , 2 < 1  a n d  12iEsii-1

Then there exists L>0 depending only on B  such that

(1.4)
CO

E 2iEeii=1 <L24

(1.5) E 
i= 1

.<2 (  t I ..(L2 ( 1 / 2 ) ^ ° )- 1 ).

Moreover, i f  we suppose (0.12'), there exists L>0 depending only on B such that

(1.6) E( i l i 21(el —1)) 2  L 2 2 ,

(1.7) E exp (t E ,I i e i )  4 exp(20 
i

 E Al) UcN, I ti <(Lp12,A4)-1),
i c i e /

(1.8) 1E exp (it  i i Çi.) — exp (—Ï; + it  ki EEi )

<L(21t1 3 +2' ^ ( 2 4 ) 1t12 ) (It1-5(1 , ; ( 1 / 3 " ) - 1 ),

(1.9)
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(1.10)E  exp (it exp (—

_<L(21t13+21^(2°)It(2+24111) <(L2(1/3)A4)-1).

P ro o f .  We have already proved these inequalities i n  [8]. (1.4), (1.5), (1.6), (1.7)
and (1.8) are (1.1), (1.5), (1.2), (1.7) a n d  Lemma 6  in  [8 ] . (1 .9 )  is proved in the proof
of Lemma 1(1) o f  [8 ]. (1 .1 0 ) is clear from (1.4) and (1.8). •

Let us put

S';,', . =  E  ci ej , S'n,, , -- E  c i ej , C';,.̀2 . =  E  c l  a n d  C r 4 =  E  e l .
n< i,in. . n<isin ' n<tsm n<“nt
t: odd i: even t: odd i: even

Lemma 3 .  ( 1 )  Under the conditions (0.11'), (0.12') and (0.13'), it holds that

E(St? 1 ,51̀,277,) L C 1
1,̀27„ (n m)

fo r  some L>0 depending only on B. It rem ains true i f  we replace S t n i  by S"'"' and
C t o ,  by CM .

(2) Under the conditions (0.11'), (0.12') and (0.14), it holds that

ES m LC m (n __<m)

for some L>0 depending only on B .  I t  a lso rem a in s true if we replace S t„ ,  by S'M
and C t n i  by  C * 7 n .

P ro o f. ( 1 )  Expanding the expectation, we have

E(Sr i St
2„,,)=4 E cc2c„c0EE2e2Eue,+2 E  cactciiEesete,

n<s<t a l
i<usm

s. t, u, v: odd s, t, u: odd

+ 2  E  d c,c,E M .ev-1 - dc,2LEM
n<ss n<8

1<u<vsni l<usra
s, u, In odd a, u: odd

—4E1+2E2+2E3d-E4( s a y . ) .

Estimation of E i follows from the bound o f  IIB4112:

1/2

El I E dcic,M ) B4112.1-16B4 CriCt, 29. •
n<s<t 61
1<u<D5m

s, t , u. v:odd

Noting Ee,U ,I=Eeset-FEeset(e22 ,-1 ),  w e shall divide E 2  into two summations:

I E2 I -5- E  c8ctaE e2et
ntg <stnt

s, t, u: odd

E  c5etc,lEe8e5(e! - 1)
nig <14 1

1, 2, U: odd

\1/2 / 1/2/ \1/2
E E  c c )  II B2112+( E cts) E  c c )  IIBTII,I<usm n < s < t l l<usm n<s<t 51

u: odd s, t: odd u :odd s, t: odd

(2B 2 +  B)C',K,!, .



E  dc,2, E(E-1.)(V , —I)
n< sgl
1<u gins, u : odd

E  dcr,n.<8 61
1<ugut

s, u: odd

1E41
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E 3  is  e s tim a te d  in  t h e  s a m e  w a y  a n d  b y  the  sam e bound a s  E 2 .  Noting E M ,=
E($,1 - 1 )(Vz —1)+1+E(e;-1)-FE(V, —1), w e shall divide E 4  into four summations :

E da,F,(e-1)
71< 8 1
1<u g 7 7 i,

2 , 11 :odd

E  c,W ,E( -1 )
n< sgl
1<u gm

s, u :odd

1/2 _
E C:s14) 11132112+ CglIC

n< sgl
1<u171

s, u :odd

+ ( E  C O ( E  cloY  /  2 11 13 1112+ (  E  C O ( E  1 1 )1  /  2 11 T3  1112
l< ugin 52<201 n<Sgl l< ugni
u :odd s :odd s :odd u :odd

<(2B 2 4-2B+C;',? ,CP,i1) „

T h u s w e  have the conclusion.
(2 )  Theorem  1 o f M6ricz [16].

N ow  w e are in  a  position to prove the relative compactness o f  {X„,/ ,■/ 2 log log C.}
Retaking B  large enough, w e have by  the  assumption o f th e  theorem,

maxlc i l, max I ci l e d  
i g n i gn

From now on, we denote by L  a constant depending only o n  B  which may be different
line by line. I f  w e  put

S 
 c i  

252 =(log C„) - (8 v( 4 /4 )), C„
if i _ s n  a n d ,

0 if i >n ,

led tiEN and 2„ satisfy  th e  assumptions o f  Lemma 2 f o r  e a c h  n E N . Hence by
(1.7), we get

s2cr
E exp( ' exp( 2 ,,

 '' (1<m  2 2 ,  s  <  L - Vog C 0 )1 ).
C, 

B y th is and  Lemma 2 and 3, w e see  tha t w e  can  use  Lemma 1  fo r  SP,,, pu tting  C=-
C„, ui =cI and  A=L - i(log C„) 4 a n d  conclude that for y ( 0 ,  L - 1 (log C„)2 ) and
n, it  h o ld s  th a t

C'N'21,1
(1.11) maxP( S 4 N ' i  I C „v) ( e x p (  C 'N< J5,31 - L C1,1 31 ) CglogC,YY 4

N ow  take 0 > 1  a rb itra ry  a n d  l e t  { q(n)}  sa t is fy  q ( , ) _ 0 r <q (,)+1 .
and d>0, w e m ust estim ate the probability o f  th e  event

X, ( , ) (s)! A r (s , 3) , - i  su p  -■/ 2 log log C, ( , )

F o r g iv e n  e >0

For large  enough r , we can take {m i l s u c h  th a t  0 =n4 <m • <m n = q (r)  and
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p ) .  It is easily seen that p 1 / 6  holds.
In  general, we have

sup I Y (I) —Y (s)I E P sup I V .(s) — Y(ti-1)1 >—
11-, 155 i=1 3

if  YEC[0, 1], 0=---t0 <t 1 <•••<t n =1  and  t1 —t4 _1 _3 ( 1 < i p ) .  Applying this and  noting
I S. —Sn. I I . I ± Sli`,*. , we easily get

P(A r(s, E P {  m ax  IS 1 , —
6  

A/2q(, )  log log C, ( , ) }
j=1 '

E P i  m ax I I N /2q(,) log log Cg c r ) } .i=1 j -  0

This and (1.11) yield

S2 C 2 ( )  log log C, ( , )P(A r (s, L  E (exp
18LCri„,,„,j e4q(r)(log C g o .) log log Cq „ ) )2

e2 C,22( , ) log log Cg o .)+L  E (exp(
18L

) - +  
e4 C1( , ) (log C, (7.) log log C, ( 7 .) )2

(

1 64  

—

a
(r - 1 )- s 2 l u L a

s 4(r _ 1 )2) ,

where L 0 depends only o n  B  a n d  O. Since t h e  last term is summable i n  r  if
we take 3 small enough, by Borel-Cantelli lemma a n d  Ascoli-Arzera theorem,
{X, ( , ) /A/ 2 log log C 0 ( „) } is  re la tive ly  com pact almost surely. O n the  other hand, it
is easily seen that

max sup I X(t)— X n (s)1 50 sup I Xg(r)(1) — X q (r)(5)1
q (r-1 )</254 (r) 11 -11< 21 1 - 3 1 < 0

holds, and these two facts lead u s to the conclusion.
Next we shall a rg u e  o n  th e  se t o f  c lu s te rs . After the  method o f  Keino [13], we

use  the  following theorem due  to Kuelbs [14].

Theorem F .  A ssume that { X / -‘,/ 2 log log C 73 1 is relativ ely  compact in C [0, 1]
alm ost surely . I f  fo r  any signed m easure v  on [0, 1] with hounded variation,

X n (t)v(dt)
lim sup —K„ 1 a . s . ,2 log log U n

then the set of all clusters o f  {X/-\/ 2 log log C„}  coincides with K, almost surely, where

2 r t o

•
K !,.0=E (Ol W (tA t9 - 1 )1.0 0 )  =. 0 (v[x, 1]) 2 dx

(W(t) denotes the standard Brownian motion.)

Let u be a  signed measure o n  [0 , 1 ] with bounded v aria tio n  and  su p po se  that
i., *0 since there is nothing to prove in case 1)= 0 .  P u t  N =Iv I([0, 1]),
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for tE
C I ,

,[0 ,

On , JO= C;, CI-1 ) for tE [ C 1 - 1 C I  1

L C72,
otherwise,

1d„,i= 0 0..i(t)1.(dt) and Q., i=1 (cid n, i)2 •

W e have X,2(t)= E 1/--1 ciOn. i (t)ei and 1X„(t))./(dt)= E?=iCidn,iei using these nota-

tion . W e have proved th e  following formulas i n  [6]'

1 4 (r)
(1.12) fim a n d  urn E c7da2 (r+ i) • -=  

2

L . 4 ( r + i )  i = 1 -

W e shall here prove

1 q (r )
(1.13) lim sup , „ E  ( c  i d g ( r ) .  i i ) 2 K ,2,1 a .  s.

r - .0 0 1.... (r ) 1 = 1

If  r  is  large enough, w e have b y  (1.12), C!,, ( , ) _>_ K  i g(r)/4 since K  >O. Therefore,
(1.13) follows from

1 q(*)
l i m  E (cid (r) t )

2
(V — 1)=0  a. s.

r -  C q r
.1= 1

Putting
C,TA (r)cidg(r),i i g(r)

(1.14) 2,.=(log .2=1, ( , ) )- 8  a n d 1 0 otherwise,
w e have that

, < 2 N  I cil K,1CV7.)<- 2 N B K ,712r a n d  Ar, i .

T hus the  assumption o f  Lemma 2 is fulfilled if  w e  re take  B  large enough. H ence w e
can use (1.6) and get

E( 1 4 ( r )
 E

2 
L o (r —1) - " .

T hanks to  Beppo-Levi's theorem , (1.13) fo llo w s fro m  th is . In  th e  sam e w ay , we can
also prove

1 q(r)
l i m  s u p(1.15) E  (c,,dgcr+i),Ei) 2 -5 /C „0 a. s.

1- , (7 .+ 1 )

N ow  w e are  in  a  position  to  prove th e  upper bound e s tim a te . Take e >0 arbitrary
a n d  p u t  cer =K ,:1\,/ 2 log log C2 ( , ) . Since maxigq (,-) I aretdvr). iei/Cq(,) I 1/2 fo r la rge
enough r, w e can  use exp (x— x 2 /2— Ix1 2 ) 1+x  (Ix 1.<1/2) and  get

a r  q ( , ) a ,2, q ( r ) c d .  go.)
E exp( f , E  c i d , , , , t e i    E  cic1,22 (r).iel — r•IR E  I C id q ( r) , 13)

U q ( r )  1=1 2 C : (r )  1 = 1 i . , - ( r )  i = i

q (r)
S E  I I  (1+a r 2,, ) 2 ,

i-1
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where /I n .,. is defined by (1.14) an d  th e  last inequality is by (1.5). O n the  other hand,
by (1.12), we get

q (r) BI■ice.27. q(r) s c d . q ( , )
2  E  C id q (r ), ie i I ( c d  t , .Ci)2( c  • d ) iei) 2

C c r) K  1 C 2  ) - 2 q (r)  z =1 'v, q(r 

for la rge  enough r. Thus we have

E  exp[cd.(
q ( r ) 1+6\ (1+ 6 )K,2,11E of-.2an u q (r) Lt..,4(r) i=1 2 1

< 2  e x p (  " 2- 6

2((r-1) log .

It implies by Beppo-Levi's theorem that

E    E  (C id cgr), i C i
(1±6)/f4

= —00 a. s.l i m  1
q(,)

2T - ■ 0 0 ar Cg(T ) )  
qiC=r :

This and (1.13) prove that

lim sup—  K . a. s.
1/ 2 log log C, ( r )

Noting the relative compactness o f  {X„/ A/ 2 log log C,,} , w e  have (Cf. Fukuyam a [5])
that

X .(t)v (dt)
lim s u p  ° - , a  s. - -  A/ 2 log log C . — • •

We mention here that th e  following (1.16) can be also proved in  th e  same way using
(1.15) instead o f (1.13).

q (n)
(1.16) lim sup  E  c id g (r+ 0 ,i$ i a. s.A/2q ( r + p log log Cq ( „ ) i=i

L et us proceed to th e  proof o f  t h e  lower bound e s t im a te . H ere after w e take
10 >1 so la rge  th a t K 1 — K 0 = 1 0 (1)[X , 1]) 2 dx >0 holds. P u t 20,,m)=(log C .)-

( 8 V ( 4 / 4 ) ) ) ,

J i

q(n+i) 1 q(n +1)
n =  E cida(n+1),iei

n i=q (n )+1

fd q(n+ i
1/S 2 - Ft 2 D n

q (n )<L <q (n +1 ) ,

2 (n. i =

1

E  c 1 4 ( n + 0 , i ,
i= q (n )+ i

/ .3
2  -

1
-

t
2 D

„ + „
C id q(n+ m+i),

0

q ( n + m ) < i o ( n + m + 1 ) ,

otherwise,

fo r given s ,  t E R .  It is clear that s r  4-tr• n - n  + m  — 1 /  S 2 +  t 2 E ti= i 2 (n, nt), ie holds. Since we
have ET=i 2202, no, i =1  a n d  12(.,rn), Il, / 1 Cn, nj),I IIle tz)-1122(n,m) b y  (1.12),
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w e can use  Lemma 2  fo r la rge  enough n , ta k in g  B > 1  sufficiently la r g e .  B y (1.10),
w e have

(1.17) f  , n (s, t)—g(s, 01

L(n - 8 (ItI 3 -I- s s2)+n- 4 (1 t I + Is I)) (It I, 51, - , n2)

w here f .,.(s, t)=E  ex p(is77„ - Fityb,+,,), g(s, t)=exp(— (e+t 2 )/2) an d  L  is a constant not
depending o n  n  a n d  m . W e shall here prove that

(1.18) sup I Fn ,„„(x, y) — G(x, Y )I -<L n - 2 log n
X, y&

w here F„,„, is  th e  tw o dim ensional distribution function  o f  (yi n , r) n „ „ ) , G  is  th a t of
two dimensional standard norm al distribution and L  is  a  constant not depending o n  n
a n d  m . A fter th e  method o f  Révész [21], using Corollary o f  Theorem  1 o f Sadikova
[22], w e  have

sup I y )— G(x , y )1_Ct 
c r  c r

yER

,n (s, t )— (s ,
st dsdt

+
 T  f  m (S  — g(s, 0) d s + fr

-T s j - T

f ( 0 ,  t)— g(0, t)
dt+ —1

T )

f o r  a l l  T > 0 , w h e re  C  i s  t h e  absolute constant, t)-= fn, .(s, t) — fn,m(s, 0)X
f,„ ,(0 , t) and R(s, g(s, t)—g(s, 0)g(0, t). P u t T = L - in 2 a n d  w e d iv ide  [— T , T ]x

T ]  in to  tw o  p a r ts  U  a n d  V  by  U =  {(s, 0 ; L - ' n '  <  s  Ill < L - in2 1 and  V =
[— T , T ]x [— T , T ]n u e . Since g(s, t)=0 and

1.7...(s, 01=1 E 2 ,(E,„, ( e " .( ')  — eit -i-r a ( " “ ) ) )

stIE,„(E. , 1 n(w) - 7 )n(co')I h+.(m)-72.+m(a) I)

< 4istlE 2 77 E 1 /2 )7

LIstI

(the last inequality is by (1.9)), w e get — "g(s, t))/stids dt<Ln - 2 . Noting

II n, n t (S  ,  t ) - , f t) —g(s, 01+1 f 0)— g(s, 0) I I f ,t ) — g ( 0 ,  t )  I  and
(1.17), w e have

. (s, t)— (s, t) 
st

('L-1n2 dt f L - 1 n 2

d sd i L .4 - 1 71- 4  t  )o
(n  8 S2 + n- 8 s+ n

- 4 )ds

<Ln-2 log n .

Since tw o other integrals can be estim ated by Ln - 2  in  th e  sam e sam e w a y , w e  have
(1 .18). N ow  take e >0 arb itra ry , le t  {c,} be a  sequence o f  i .  i .d . w ith  the standard
normal distribution and put

Un  { n
,■/(2 e )  log log C, ( n ) } a n d  V„= {C„ ,./(2—s) log log C, ( n ) } .

W e shall now  show th a t  U n  occurs in fin ite ly  o ften  a lm ost su re ly . A lthough  {Un I  is
n o t  a  sequence o f  ind ep end en t ev en ts , w e  can  u se  th e  following generalization of
Borel-Cantelli lemma. (C f. IV-nyi [20])



p(V
n=i — (log M )/ 2

E P (U ,,)/  E P (1 7 ,,)--->  1  a s  m —> 0 0 ,

n=1

L NPR
0 0
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Lemma G. W e have P(lim sup 7,— A„)=1 if

2
E P (A „)=  00  a n d  lim inf P (A ir lA k )/ (  P (A ) )  1 .

n= 1 n—oo j=1 k=1 j=1

S ince  w e  h a v e  b y  (1.18) P(177,nvm)— P (V . )P (V . ) ,  IP(unnu.)—P(vnnv.)1<--
Ln - 2 log n (n <m) and  I P (U )— P (V  „ )I L  n- 2  log n (n E N ) by (1.18), it is easy to prove
the  following :

(P(U nnU m)—P(U 7,)P(U „,))_<;,L(log A1) 2 .
n= 1  Ta---1

From these, we can prove that .}7„_>: V(2-6) log log C1 ( )  infinitely often almost surely.
Thus, w e have by (1.12),

lim sup ro,  1 0112 a. s.E  C id q (r
4C ,  +1)

G U ii ( r + 1 )  log log Cq ( r + i )  i= q ( r  )+

Since this and (1.16) prove

.Y X „(t)v(dt)
lim sup   a. s.-V 2 log log Cn

by usual argum ent (Cf. Fukuyam a [5] o r  [7]), w e have come to the  end of the  proof.

2 . FL IL  f o r  lacunary trigonometric series

In  this section we prove Theorem 1. Theorems 2 and 3 a re  proved i n  a  similar
w a y . F o r  necessary techniques, see [8 ] .  F irst, w e  cite  some results o f  [8 ] .  In  [8]
w e derive  t h e  m ean c e n tra l ilmit theorem under the  same condition except for the
condition on  { a } .  I n  [8 ] we assumed

a s  n C O  and

ten an I <C p.A ,,n  a(l+a log n ) '  (n N ).

a n d  w e  a r e  now  trea ting  t h e  special c a se  pr,=(log A n ) ' .  T o  s ta te  the  necessary
results in  [8], le t  u s  introduce sequences {p(k)}, Il(k)} , {m(i)} and subsets J , o f N  by

0 k =0 ,

max { j ; 1(3.(2 k i

l(k)=[(8/ a p) log, p(k)+4-1- log, (1+1/c)] ,

I

0 i=0,

m(i) ,  m i n  {k ; 15(k)>0}i = 1 ,

max{k ; k—l(k) m (i-1)}i 2 ,
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1 ,= I j N ; p(m (i-1))<j P(m (i))}  .

P ut C ,(w )= 2 cos (Pf tw-1-7.,), c,=(.2”, ( ,„" ) )  —A < ,„( ,_, ) ,)ii 2 and We shall
here show  th a t  {e i } a n d  {c,} fulfill th e  assumption o f  Theorem 4  and  the  correspond-
in g  C[0, 11-valued random  v ariab le  Y„ (h e re  w e  u s e  Y  instead o f X  to avoid con-
fusions.) obey th e  F L IL . From  now  on w e denote constant not depending o n  n  and  r
b y  D  a n d  it  m a y  b e  d if fe re n t lin e  b y  line. R e w r it in g  (2.8) o f  [8 ] using th e  above
notation, w e  have max,,„ I ct H e 'd  1_)/i„Apoit(7,))• I n  th e  proof o f  th e  last
inequality we used

(2.1) max E  I a, I P n  A p(711(71 )) •
i n ICJ i

In  [8 ] , w e have proved that there  exists a  constant D  not depending o n  r  such that

JlB r /r,I I I , 11B7-111/ r D (rEN ).

A s to  (0.13), w e can obtain th e  following stronger results.

Lemma 4. There exists a constant D  not depending o n  r  such that

11B,1111 '.1113V 11 1 ' ( rE N ).

P ro o f .  In  a  sim ilar w ay a s  th e  proof o f th e  estimate ofr  in [8 ], we have

I D '  E E Ei 1P ( (1 r + E P P , )+ 6 ',P 1 r - 1 +
JE=1. -

q eJ z ig -,
( q = 1 .  r - 1 )  (q= 1 . r  - 1 )

Jr. P rE .1 2 i r-i

and the case k =1, ••• , r - 1  i s  s im ila r . W e have show n in  [8 ] the following estimate :

E E ••• — (PJ,±P.Pdl - P
"

< • • < ' ■ •  f 2. »qŒ.1 2 4 - 1
(q=1,—, r)

i',•>•fr
< D r  .

W e can easily  see that a  sim ilar estim ate holds, i. e.

liM11,-.• S r D r  E
E 1(13 jr - 194 ) — (P ir - i4 / 34 - 1 ) — — (19 +19j ) 1-p "

L<•••<ir
r )

P r> jr

Since this estim ate is also valid fo r  11/3*L b y  t h e  sam e  m e th o d  a s  t h a t  in  [8 ] , we
have the  conclusion . •

Applying Theorem 7 , w e can prove that { Y,IN/ 2 log log C„} is relatively compact
and the set of all clusters coincides with K , almost surely. Because of II Y n X p(m (n ))11C [0,1 ]

l ip (m (n ) )  which follows from (2.1), we can easily see that {X9 (m(n))/V 2 log log Ap ( m ( „) ) }
is  re la tiv e ly  c o m p a c t a n d  th e  se t o f  a ll c lu ste rs  o f 1Y ,,R /  2 log log C .}  and th a t  of
{Xp ( m ( n ) ) / J 2 log log A p  (M O W } co inc id e . In  case P(m (n — 1))<n-P(m (n)), w e have
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\A  (m o t»  X n(t) --= P
 A . X  P ( n1 ( n) ) ( t At, on(n» J •

Since we have

A n>  A p ( m ( n - 1 ) )  

A p ( m ( n ) ) A p ( m ( n ) )

and

1 \2
0 < 1  

A
m ( 7 1 - 0 ) a s  n E  la ») 1-r p 0;, 

- r 1 P (m (n ) ) , L 4 (n t (n ) )  : 1 E 1  n

w e can  conclude that X / / 2 log log A n l is re la tively  co m p ac t an d  th e  se t o f  all
clusters of { X p (D n (n ))/  1 /  2 log log il n (n ,0 0 ) }  and that o f  {X n /A/ 2 log log A n } coincide.

3 . FLIL fo r  gap series

In this section we prove Theorem 4. Theorems 5 and 6 a re  proved in  a  similar
w a y . F o r  necessary techniques, see  [8].

L e t  u s  p u t  f (0= E7-, d .,Nr2- cos (jt-l-r3) and i ( t ) = E is n  djN/ 2 cos (jt-1-73). Since
fELip a, there exists a constant L >1 such that

(3.1) Ilf-anlioo Ln-a log n ,
CO

(3.2) cl) L2n-2a ,
=n

(3.3) 11f11, Ilan11.5_L ( n e N ) .

(Cf. Zygmund [33].) First we shall prove a  lemma.

Lemma 5. Under the assumption o f  Theorem 4, it holds that

1 
lim sup —  

'.722V, log log A.71
a  k f (Pkw+Tk)<2 a.s.

P ro o f. Here after le t L  denote the absolute constant which may change line by
line. L e t  u s  p u t  r k (a))=GrEk 1z.j (p k az+7,) a n d  introduce a  sequence lp n l  of integers
satisfying i<p„_n, p —>00 and Ap i l A n ->0 a s  n-+00. Since we have

,, , ( f (P k w d -r k )— r k (w ) ) la k ik - J l o g k + L  E
k5Pn P n < k g n

112
LA p„( , ,  k'(log k)2 )  + L A „( kk -A logk )) 1 / 2

=O(A n ) a s  n 00

by (3.1), assertion of the lemma is equivalent to

1 lim s u p  
A/2/14 log log A4 k 1 akrk 2  a. s.

L e t zo b e  the m inim um  integer i  such that di * O .  Since r k =0 i f  k lia<i o ,  we may
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restrict our consideration o n  {rk} k a i r ; •  Neglecting first finitely many terms, without
loss of generality, we may assum e /3, k +i/ i, 20 (k ) (k  E N ), where 10 (k )1  is an
increasing sequence satisfying 0(1)_-_1 . Let us introduce a  sequence {n ( i ) }  o f integers
and a sequence { J i 1 of subsets of N  by

m(0)== [ i1 ,  m ( i+ 1 )= m ( i )+ 3 + [ (5 /  pa ) log2 m(z)]

J i --={k E N ; m ( i - 1 )< k (iE N) .

Because of m(i+1)/m(z)—>1, we can take L1 such that

(3.4) m (i+ 1)/ L ,

(3.5) I Ji I L  lo g , m (i)< L m (i) ( i E  N ) ,

where fl denotes the cardinal number of J .
 P u t

(iE N ),

ci=( E  (27, E  cl,Y "  C c .= r k  a n d  C4=ci+ ••• + c .
k E J i  j 5 k 1 / a C i k J i

Clealy C i5 A „,(0 . Since we have by (3.3) and (3.5) that

and

• c ihm =1, li m c1) =1
k  • c o  ,k1 I a

max a let-  knEJ flt(i-I)<k fl

assertion of the lemma reduced to

E I a k -=0(A„, ( 1 ) (log
kEJi

1 
(3.6) lim sup ,,,,„,, „tog log

a. s.
V L U iry i.,2 7 t

and
1

c2,-,C2J-1 1 a. s.S(3.7) urnsup 
2 C L - 1  log log t=i

We shall here prove (3.6) using th e  method o f  weakly multiplicative systems. (3.7)
can be proved in the same w a y . T h e  above argument proves

(3.8) I C,, I, I ci, I I1C7.11-= 0(C  7,(10g a s  n oo .

We need an  inequality similar to (1.7). First we shall show E i i < <,, EC2,,•••C2,,
(L  does not depend on r.) Using Holder's inequality, we can easily have

A/2 r  

E Ei,EC2i,...C2i r  I 5 -  c 2 i
1 •  •  •  C 2 i, k q E J 2 iq (26 k  "

r ) ( q i , , r )

lak i •••ak r d h • -• d i r liE co s(k ,l rd -r i,',...i„ .)• ••  COS (11-3 k

1 / 2  r  / )1/ 2

E E a i i •••ai r d),•••d),.
C 2 / ,' •  C 21 rk q E J I q s q l

r ) (q=1.•••• r )
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x (  E E  E2 cos (13 k r + 7 ;4 .
k2 ,T2 i g q 6 k V

(q= 1 , • ••, r) (q= 1,•••, r )

kg eJ 2i j j q 6 k r Eq=±1

••• +61pk I m w

+6111,,J,I)1,

where 7;=', J=.1.7 k + T ; .  Because o f  I E cos ( P w  r) I 5. I P(P)I < L I P I-  P1 2 , th e  summand is
estim ated from  above by L I  h r_ + o k l i i i - P " .  Thanks to
irim(i)m"'(i) P.(i+1)2 - "i ( i + 1 ) + " ) + ( 1 1 ")  l og "" P) .(i+i)/4, we get

Pk r + S r - i f i k  r - 1i r - 1 +  • • •  + 6 1 k1 i

+pm(2i,+,))14

_>219 . 0 i  _ 1 ) — P m ( 2 1 , . - 1 + 3 ) ( 1 + 4 - 1 +  •••)/4

n t ( 2 i  - 1 )

,  — 2 ) n i ( 2 i  r  —3) • • m(1)) 5 1 "

by the definition o f  I m(i)} . Thus we have

I L r  J 2 i r • • •  I 'h i t  K n i(2 i)m (2 i1 ) • • •  m (2 1 i))"a

X (22 ' ,-(n1(2z —2)nz(21, —3) • • • m uD5tp”)-pt2

Because o f  m(2i r )<Lm(2i, —3) a n d  (3 .5 ), we get I EC2i •••C2i r I Lr2 - Pi , . From this
estimate, we have finally proved

1 -

•E  I ECzi   Er —

Noting this and (3.8), we can apply (1.5) and have

E  H  ( 1 +   fr., _2z)c, <2 (/ c [1 , n ] ,  It l <L - 1 (log C0) 4 ).iE I \ U 2 n

Using exp(x —x 2 )< 1+ x ( x  <1/2), fo r / c  [1 , n ] and III CO ' we have

(3.9) E  ex p  C2 , i c i

exp
t  

 i; c 2 2 t  
2tz 

i;d iC L )

214 t 2 4t2d i c h )E' 1 2 e x p  E c2iC2i E diCh)E 1 " exp

22 C 2

Zn i c i C L ,  ic i

4t 2

i c i  
C 2 i ) E i l 2  e x p  i;c itC L )

CL JOE/

<-\/ 2 E iz exp ( c1 2
 I ;C L 0 1 ) .

1/2

P ir<

e x p (  2t2  
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N ext w e shall estim ate the  last expec ta tion . W e must div ide  a t  in to  th ree  parts :

1
Oi= E  E

C2i E =± 1 k q e J2 i Jqk / " (q=1,2)
(g=1- 2) lp

x a k i a k 2 d h d i 2 cos ( i P k i i i+ S P k 2 / 2 1 (0 +

2 
+ 2 EC2i kqEJ21(q=1,2)

ki<k2 iq6q/a(q=1,2)
k2 i2I<Pnt (2i-1)

X  ak 1 ak 2 d j 1 d j 2 cos( {$1, 111 — Pk 2/2}(0±

1
+ 2 E  E  a d )

C2i k E J 2 tijk lia

= e 1+ 71+ 1( s a y ) .

Here 72,: is  sm a ll in  the follow ing se n se . S ince  the  condition  I S  1 A„ k :;1 -  k v . 2, m ( 2 i - o

im plies II1-12Pk2/16411</3.(2i-1 4 k 1 < 1 / 2 , introducing a notation [ x ] * =  n E N ;  n - 1 /2
_<x<n±1/21, w e  have

2 
Ini1-5 2 E ak l ak 2 dEi2 0k /P k  ? d

j2 1
C2i kqEJ2i(q=1,2) j 264/r,

k 1<k2
2 1

2) E d3 2

1/2/ )

ki<k2

1 / 2

- =  2 I ak 2 ak 2 1 (  E  (-Q iok 2 / P k i ].
C2i kqeJ2i (q=i , j2 k F a j2 g g ia

Since (3 .2 ) gives E i 2 , k 1.c0i 2 fi k 2 o k 1 ,. 5_L 2 (20 (m (2 i-1 ))
- 2 a c k 2 - k , ) ,  w e get

1 irtC2i)-n2 -1) m (2 i)- r
172 iI-5 ,L 2( 2 0 ( m ( 2 i - 1 ) ) ) - a r E a k a k ,  I( E d)

C2i r =1 k=i1(2i-1)+1 j (k-1- r) 1 1 a

.(2i)-m c2i-i)
< L  - aE (20(m(2/-1))) -- -

C2i r=1

,  1 /2 (m (2 0 - r 2 '1/20

X ak +, E  d ) )
k=moi-1)+, iga+r)1/a

LO- a(m(2i— 1)).

A s to e i ,  we shall prove

E I E ei ••• ei
r

 I • - 1 / •

, r k p . 1 m (2ig-1)Using I -4- - R I > 8 and /3k1i1+ EP k 2/2 -5-213m (2ipnilia(2i0iSm (2ig+1)/2, estimat-
ing  in  a  sim ilar w ay as before , w e have

E 1 • ei r I -
1 , r r

 2 1
 J2i r - 1 2 - * J2i 2 ( M ( 2 ir )M ( 2 i r - i ) *** M ( 2 1 1))2 a

X (2zir(m (2i,-2)m (2i,-3).••m (1) 5 /" ) - " 2 .

_<Lr2 - irP

This yields the above estimation as before.
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Because of I I + C h , w e  have ch, C 21)-"). Using (1.5)
again, w e get

This yields

E H  (i+  sch ) < 2 (/C  [1 , n ], s i .<L -1 (log C 2 7 1 )8).

E e x p  ,_,s,  E , E c scL „ hel)_<_EH (1+ e i ) .
ier iEr iG I

N oting this and

Is eh L(log C 2 71 )-8 l e1 I <-(log c 2 0 - 8 ( e 1 + 2  1)11 +2) ,

w e have

E exp ((1-0(1)) (/c [1 , n ],  Is I  L  -1 (log c271)8).

This and (3.9) gives, for large enough n,

(3.10) E exp ,_,t  E c11C2i)5_ A/ 2 exp( 212 E di(1+11)77:11.))E 1 /2 exP f 4 t2  EU2 n  iE/ Cin Cin iE /
cii )

4t2

e x p   e h )  (/c [1 , n ], C204).ier

Let us nex t put Sn , 1=-C2.+2+ • • • - FC2. and U „ , . . = d n + 2 + • • • + d . .  W e shall p rove
(1.3). W e can easily get

E c 2 i 1 2 1E C 2 '1
 2C 2 i E cLECL

n < i 7 < i 2 ,  m, -  n < i ,m

\ 1/2
< 2  E E  E 2 C211C212 )  +  E  cwEei+  Ind +1)

71<1 i 1 < 2 re< 1  at

1/2 )1/2
E eh  E  I EC2i i Czi, I + L  E  d i +  E  c h ) E  E 2 ei

n <i 11<12 n<i 71<12712

E  c h +  E  C L E  I E ei
n<12m i

and consequently we can obtain

n ( l  21

+ESh m (2 E  C 2 i  C 2 i  C 2 i  C 2 i 2 +  E  c h i) •7.<1i<12 , 1 2 nl<151

The first term is trivially estimated by and the second term is also estimated
by the sam e bound by expanding and estim ating in a sim ilar w ay as before.

(3.10) and (1.3) enable us to  use Lemma 1 and prove  the relative compactness of
IY,1 ,./ 2 log log C O  w h e re  Y . is  d e f in e d  b y  (0.1) using Si,=- E 1:=1 ciC, and C„ instead
of A n . Since w e only need the upper bound estimate, w e  c a n  g o  through the proof
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of upper bound estim ate in  Theorem 7 in  ca se  v(dx)=3 1(d x ) in  th e  same way except
fo r the  proof o f (1.13). H e re  w e  p ro v e  (1.13) in  case d7 ,2 = 1 .  Since {e,} is weakly
multiplicative, easy calculation gives

E(
1 

E  che i )
2

 =0((log C, ( , ) )-8 ) as
(..., ( r )  2 7 , 54(r )

'This yields th e  following by Beppo-Levi's theorem :

1lim  E d i ei =0
C r  2 is q (r )

T hus w e  have

1 lirn sup E  CLC1
(4 ( r )  2 i4 q (r )

1 1 
E cheisup E  d i +lim supq ( , ) 2  q ( r )7 . . t - , - , i ( r )  2t 5q(1 )21

) C h +  lim sup
1

because of Thus w e have proved th e  co nc lu sion . •
I n  t h e  p roof o f  th is  le m m a , w e  h a v e  a lso  p ro v ed  th e  re la t iv e  compactnes of

IX„/A/ 2 log log Cn }  w here  X „ is defined by Sn'-=E 1:=, c,Ci. In the same way as before,
w e can prove that IX  ;»/A/ 2 log log A,,} is also relatively compact where xy) is defined
b y  Sn=E7?-1 a  f (/S0 )+7  h ). By lemma 2, we can easily prove

r 00 .

a. s.

1lim s u p  maxV2A„ log log A n i n akf(fikw+Tk) a. s.

7

T hus w e  have lim sup„-.110.XV ) 11c[0,1]_211f 112 a. s . f o r  f ELip a  w i t h  
2  

f(t)d t=0 and0
12 (t)dt>0, w here 0 7,=1/.../ 2 log log A n . Consequently, i f  w e  ta k e  m e N  arbitrary,

th e  se t o f a ll c lu s te rs  o f  10.XV - s io l  is  in c lu d e d  in  t h e  c e n te re d  b a ll w ith  radius
2;if—S.(2, and b y  T h eo rem  1, th e  se t o f  a ll c lu ste rs  o f {95„Xein ) }  coincides with K
alm ost surely. B ecause o f  XV ) = X in 'd -X V - 8 7.)  a n d  limm—Ilf —S.112=0, w e have the
conclusion.
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