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The cohomology rings of BO (n ) and BSO (n)
with Z 2 m  coefficients

By

M a r t i n  àADEK and Jiti VA1\12URA

1. Introduction

The cohomology rings of the classifying spaces fo r the  groups 0  (n ) and
S O (n) w ith Z 2  and Z [1/2] coefficients have been known for a long tim e, see
[M S ] . I n  1960, E. Thomas found the group structure of H* (B O (n)) with in-
teger and  Z 2 m  coefficients [ T ] .  T he  integer cohomology r in g  is  m uch  more
com plicated so that it lasted till the  year 1982 th an  its  structure  was written
down in  term s of generators and relations independently by E. H. B row n [B]
and M. Feshbach [F ]. The aim of th is note is to describe the cohomology rings
of BO (n) and B SO (n) with Z2m  coefficients in a similar way.

2. Notation and main results

Let n b e  a positive interger o r  0 0 . T he  letters w: a n d  p i  w ill stand for
the i-th Stiefel-Whitney c lass and  the  i-th Pontrjagin class o f the  universal
vector bundle over BSO (n ) o r BO (n ). T he Bockstein homomorphism associ-
ated with the exact sequence 0— Z— >Z— >Z 2— *0 w ill be denoted d. T he map-
pings (9: H* (X,Z2) —'11* (X,Z2m) and p k :H* (X,Z)—>I1* (X,Z k )  are  induced from
the inclusion Z2 — ) Z 2m  and reduction mod k , respec-tively. F o r  a  fixed 2,
we will write only p  instead of p 2 m. For the  symmetric difference of two sets
/ and J we will use the symbol

(/, =  ( / —  n .
Definition. Let .(23,, be the set consisting of the elements

z i, x j , y i and u n  if  n is even

w here iEZ , 1 i  <n/2 and I  ranges over all finite nonempty subsets of the positive
integers less than n/2.

Let On  be the set consisting of the elements
zi , x1 ,
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where i E Z, 1 i  n / 2  and I  ranges over all f inite nonemply subsets o f  11/21 U
11E 4  1 / n / 2 1  w ith the exception that I does not contain both 1/2 and n / 2  for

n>1

Next in the polynomial rings Z2m  [ A n ]  and Z2n, [en] we denote

i o  =  0  =  0

Z1/2 = 1 . 11/21

Z0 =  1

Z i
=

 n z i s
s=,

for I = i ;4  ,  and

I m
=

X in/21 • X M -11/2,n/2f

y m
=

X in /21  •  Y M — I1/2,n/21

f o r  11/2, n/21 gMg 11/21 U 1/ EZ;1 .

Remark. In  the  following theorems the elements z i ,  u n ,  xr, yr,
i2 ..... can be taken to be the reduced Pontrjagin class P P i, the  reduced Euler
class pen, pd(w2 i,w2 i2 . - w 2 ir )  and 61(w2iiw2i2...w2ir), respectively.

Theorem 1. For 1 1,1 .0.0 and m  2, the cohomology ring
H* (BSO ( n )  ;Z 2 .)  is isom orphic to the polynomial ring ov er Z2m generated by  the
elements of s23n  modulo the ideal generated by the following five general types of re-
lations. In  all the relations I and J are f inite subsets of  the positive integers less
than n/2, I *  0  but J can be empty.

(1) 2.r1=0
(2) 2 y  =  0

(3) y / y / = 0

(4) 1 1 1 1 = I 1 j X j 1 I — { j 1 , j Z 1 I - 1 j f l j

iE l

(5) xiyi=E rinyau-u},Dzu-liDnj
i E /

Theorem 2. Fo r 1 _c.o an d  in 2 , th e  cohomology rin g  H* (BO
(n) ;Z2.) is isomorphic to the polynomial ring over Z2m generated by the elements of
Cn modulo the ideal generated for n odd or co by  relations (1) - (5 ) and for n even
by relations (1) - (5 ) together with

(6)
(7)
(8)

2
X i n / 2 1  111/2}zn/2

x{ni2y1=y(l-in/21)U11/2}Zn/2
X{n/2}Y  1

=
1"11/21,Y  (I-11/21) Li in 12

if  n/2E1, 1/2Et/
if  1 / 2 E / ,  n / 2 /

In  the relations I and J are f inite subsets o f  11/21 U 11 E Z;1 l  n/21 which do
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not contain both 1/2 and n/2, /* 0  but .1 can be empty.

Remark. The sets appearing on the right hand sides of relations (4)
an d  (5 )  can be empty o r  can  conta in  1 /2  together w ith  n /2 . T o  get relations
between generators in  such  a  ca se  it is  n ecessa ry  to  use the notation intro-
duced above.

3. Proofs

The proofs of both theorems follow the same lines. The proof of Theorem
2  is  a  little  bit m ore difficult since wi±  0 in  th is case. W e ca rry  it  ou t in  de-
tails and at the end we outline the differences in the proof of Theorem 1.

Define cp: Z2m [O n] H* (BO (n) ;Z2.) on generators in the following way

(10 (zi) =PPI
co(xi) = O w l= O  (102i1W2i2.-W2ir)

(p (y1) = wr= ,

1= 4 1 , i2,..., i g  and extend it into a ring homomorphism. Denote J ,  the ideal in
Z2m [e n ] generated by relations (1) - (8). W e will show that ço ( )  = 0 . (H e re
we use the convention we = 1 , Pe=1. P 1 / 2  =  P 5 W 1 .) R ela tio s (1 ), (4 ) and (6) in
H* (BO (n) ;Z2.) arise  from the relations which hold in H* (B O (n) ;Z ) after ap-
plication of the mapping p . S ee  [B ] a n d  [ F ] .  Relations (2 )  a n d  (3 ) are  con-
sequences o f  t h e  defin ition  o f  O. T o  p r o v e  ( 5 ) ,  ( 7 )  a n d  ( 8 )  i n
H* (BO (n) ;Z2.) , we use the formula

(9) 0 (p2x  y ) =  p x  •  O y  for x EH *  (X;Z), y EH* (X ;Z2)

which is an easy consequence of the definition of cup product and  O. Realizing
that pzpi=wZi and p25=- Sq1 we get

Ow l-Owl = 6 (p2 5w 1  • w  = O (Sew' • w j)

— 0  ( S ew 21 • w  -ii}  • WI)
iE I

_O ( Ep2c5wv - P 2 P ( I n D - { i}  •  W d (1 - iiI ,J)
iE I

—EP 5
w 2 i  • P P ( I n f ) - - t i l  • 1 ( 1 - { i} j)  •

iE l

If n/2 l and 1/2EE1 we have

pOwn Ow = 0 (p25wn • 14)1) = 0 (Sewn • au')
= 0 (wiwnwl) —  0 (WU-in/2D u {1/2}WD

== (W (/-In/21 )U 11/21P2Pn/2 ) —  (IV  (I-in / 2 f ) u  i1 /21) PPn/2  •

Finally, for 1/2E/ and n/2'$ / we obtain
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p5w„Ow 1= 0 (p25w „ w 1 ) =  0  (Sq i wn • w r)

=  0 (w iwnw l) = O (  
2

W1W(/-11/2) u {1/2})

— O (P2 5
W1W1r— i1/21) U in/21) = P5W10 (W(/—{1/2})U in/21)

Put Z2m [O n] / i n .  Since cp  ( J n )  =  0, ço induces th e  r in g  homomor-
phism 11 —p H* (HO (n) ;Z2.) . Now we will split 'Y41 a n d  H* (BO (n);Z z . )  as
groups into direct sums .7- 6 1.i and pH* (BO (n) ;Z) ED S2m such that

/ —> pH* (BO (n);Z)
Svn

will be isomorphisms of groups. To m ake these decom positions possible we
will find the complement of ker Sq l  in  the  Z 2 -vector space H*  (BO (n );Z ) expli-
citly.

Consider the following slight modification of the Stiefel-W hitney classes

Vi 
=

WI., V2 — W 2i, V2 1 = W 2 +1±W 1W 2i

We have Sq l vi=vi, Sq 1n21+i= 0  if i I, Sq l v2i=v2i+i if i  < n /2  and S en n  —v i vn if
n  is  e v e n .  If k ranges over a ll th e  m ultiindices (k 1, k z  ..... kn ), k 0 , th e  ele-
ments y k =  117=1  y ii"  fo rm  a  basis of H* (BO (n);Z2) . (For n =  co, the multiin-
dex is  a sequence with only finite number of ki >O . M oreover, w e put le-=0.)

L et U be  the  se t o f a ll m ultiindices k w hich satisfy one of the following
conditions:
a) T here  ex ist an  index  i, 1  i  < n / 2 ,  w ith  k z  odd  a n d  if  i o i s  the  biggest

such integer, then k21-F1= 0  for all j> io .
b) For all <n/2, k2 1+1=0, kzi are even and leid- kn is odd.
Denote S 2  the  vector space over Z 2  spanned by the  monomials V", k E U .  We
show that Sz is a complement of ker Sq l  in  H* (BO (n) ;Z2) .

If k E U  then Sq l vk =vk ± elements from S z , where k1=k1+1, k i =k i , 2 , if
k satisfies b )  and k2i0=k210 —  1, k 2 i 0 + 1 = k 2 1 0 + 1 + 1 ,  k ,= k , otherwise, if k satisfies
a). In both cases k 'SU and it is uniquely determ ined by k E U . It means that
s q l v k ,  k E U ,  are linearly independent in H* (BO (n) ;Z2) and ker Sq l  n s2=

Let Vic b e  a  monomial not lying in S z , i.e. k Er u . F irs t suppose that a ll k21,
< n / 2  are even. If lei +  kn  is  even  for n  even o r k1 is  even  for n odd o r  co,

then V k E k e r  Sq l . If ki + k n is  odd  for n even o r 14 is odd for n odd o r  0 0 , then
there is j ,  1 j  < n / 2  such that k2i + 1 * 0 .  Let J o  b e  the biggest such j. There
is a  m ultiindex 1, Sqlv i = 0, such that for n  even we get

k ki k n  1 ki k n 1V  — V i V n V  V 2j0+1 — V 1  V n  V  .-)q vaio
= s q l ( v Ici v ivaio) s q l vIv2i0

=  s q l (v t i  v nkny lv 25o )  + 0 1 + 1 V V IV2j0

where the  first summand belongs to ker Sq l  and the second one to S2. For n
odd o r  00 it is  no t necessary  to  single out the v n . In  th is  case it can be in-
corporated into vi.
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Now suppose tha t a t lea st one kzi, <n/2, is  o d d . S in c e  k U  there
are jo>io such that io is  the  biggest integer i <n/2 w ith kzi odd and J o  i s  the
biggest integer j > i o such  that 1z214-1 0. If n is even put k 2i = 2 M 1 +E i ,  E i =  0 or
1, for 1 _i<n/2, li = 0, In = 0, 12i=2m/, /2.i-F1=k2./±1 fo r 1 j  <n/2, j  Jo, 12;0 +1=
k210+1 - 1, I= . We get

k kn knv n_
V  — V 1  V n V  V 2.io+1 n V2i u  H  V 2iS q 1V2i0

iE l iE l

(

=S q l  v ill v i,r v iv a i ,  il v2, ) +(ki+k,001-1 y i
n
" '  V 1V 2j0

i E l

k l k n  I
+  E  1 1 1  V n  V  V 2 j o V 2 r+ 1  1 1  V2i

re/ e/—irF

w here the  first sum m and lie s  in  ker Sq l  a n d  th e  r e s t  is  a  sum  of vP , p  e U.
For n odd o r  0 0 , w e p u t In =  kn  an d  o m it kn  a n d  v n  in  the com putations. So
every v k can be expressed as a  sum of elements from ker Sq l  and  S 2 .

Define S2m =  0 S 2 . Since 2x=0 for every torsion element of H *  (BO (n);Z),
we can use Lemma 6.7 from  [ T ] .  It implies

H *  (BO (n);Z z .) = pH* (BO ( n ) ;Z )  S2m

which is one of the required splittings. Moreover, a s  an  easy consequence we
get that 0 : S 2 - - *  S 2 m  is  an isomorphism (see also [T ], Lemma 6.11).

Let g  be  the  subring in  R n genera ted  by  z i , 1 ._n/2 and x l , where I
ranges over all finite nonempty subsets o f  11/21 U I E n/2} which do
not contain both 1/2 and n/2 for n>1. From the description of H *  (BO (n);Z)
i n  [B ] a n d  [F ]  it fo llow s tha t 0/g: g  pH* (BO (n )  Z )  is  a  r in g  isomor-
phism.

Let k2 i=2m ,±E,,E i =0  o r 1, i E  11/2 U iiEZ; 1,//21, for a  multiindex
k. Let Ik = S z = 1 1  .  We define S k  in  the  following w a y . P u t

[nd [ n i l ]

S k7= X 1 v 2 i  jj z r fl • yi k

i=1 j=1

Here again the  notation preceding Theorem 1 m ust be  taken  in to  account. In
any case we have

(S k)  =  OV k .

(It can be verfined using form ula (9).)
Let V  be a  subgroup of An generated by S k w here k E U. S ince O: S2  — ) S2n ,

i s  a  group isom orphism  and y", k  E  U , fo rm  a  b a s is  o f  Sz ,  w e ge t tha t
0 / 6//: Szm is a  group isomorphism as well.

pH* (BO (n) ;Z) n S 2 m  =  10} and 0 / g ,  0 / 6/1 are  group isomorphisms, hence
g  /I V =  . It suffices to show that every element of R n  i s  a sum of elements
from subgroups g  and qt.

First of all, every element of An  is  a  sum of elements from g  and elements
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of the form

[1]
zr n x i , .  y r .

1=1 r=1

Using successively relations (5 ) and, if necessary  (6 ) - (8 ), w e get that this
element is a  sum of S k . L et us deal w ith an  element Sk w ith  k not lying in U.
First, suppose that all k21, 1 ._i<n/2, are e v e n .  If ki+k,,, is even for n even or
k1 is even for n odd or co, then S k =  0  (see the definition of sk  and the notation
preceding Theorem 1). If k 1 + k  is odd for n even on k1 is  o d d  for n odd or
00, there is j, 1  j  <n/2, such that k2ti-1±  0 .  Denote th e  biggest such j  by j o

and put /2i+1=k21+1 fo r 1 j
 <n/2 , j# j o , and 12;0+1 =k2;0+1 —  1. W e have Ik =

11/2l o r  In/2l and using the relation (5 ) for x/utiolyo, we get

io

= 1

jo

j=1

14i+1

.141+1
x1,1 xikYtio=s P

where p E  U  and  consequently, S k =  SP G  qt. O f 1 k  = 1 1 1 ./4  , then x1n/2/Y =
Y11/2,n/2,jol and Ip -= 11/2,n/2,jol .)

Now suppose that som e k21 , 1 <n/2 is  o d d . S in c e  k EE U , the re  a re  io
< jo  such that io is  the  biggest i, 1 <n/2, w ith k21 odd and j o i s  the  biggest

j> 7 ..0  such that k2i-Fi * 0. Put 121+1-1 21-1-1 fo r 1 j  < n / 2 ,  j  j o ,  12jo+1 — k2j0+1 - 1 ,

Ik-=  it i; E i=i1  . Then

[ Jo
s k 1/21 n)=, x tr ixt io}Yrk

rfl Jo

_ E z r  n  x id ri • • Y (IkU{io})—(r)
rElr 1=1 j=1

w h ic h  is  a  sum  o f  sP, p c  U. H e re  w e  have  again  applied  re la tio n  (5 )  for
xiuimY e.

T h u s  0 : R n El °LI H *  (BO (n ) ;  Z 2 . )  i s  a  group isomorphism and a
ring homorphism, which completes the proof of Theorem 2.

Finally, w e mention some changes w hich a re  necessary fo r  th e  proof of
Theorem 1 and which simplify it. Since w1 =-0 in H *  (BSO (n); Z2), we have v,
=w ,, Sq l w21=w21+1 if i <n/2 and Sq l w i= 0 o th e rw ise . A ll multiindeces k have
k1 = 0  and the set U is defined only by condition a), w hich is the most substan-
tia l c h a n g e . S o  a ll th e  p a r ts  o f  th e  previous proof concerning condition b)
a re  omitted. In  som e other parts the  cases n even and n  odd o r  00 m ust be
treated separately. N evertheless, the  proof is principally the same as  tha t of
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Theorem 2.
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