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Tame extension operators for Hermite's
interpolation problem on

algebraic varieties

By

P. B. DJAKOV* and M. I . MITREVAt

I. Introduction

L et V  b e  an algebraic variety in  C "  and let H (C ") and H (V ) denote
respectively the space of entire functions on C "  and the space of holomorphic
functions on V  These spaces w ill be regarded w ith the topology o f uniform
convergence on compact subsets, then they are nuclear Fréchet sp aces . In the
following we shall consider these spaces as graded (i.e. with fixed system of norms)
Fréchet spaces with the system of norms

11F  =  sup F (z)I,12.1 r
r 1, FeH(C"),

and

II f  II r = sup I f1z11, r 1, f e H (V).

W e shall consider a lso  as graded the space H ( V ) "  , k  = 1, of all
(k  + 1)-tuples f = . . .  „A), where f 0 , ...,f,,e H (V), w ith the system of norms

f  II, =  max { 0 k}, r > 1.

Suppose L is  a first order linear differential operator in C " with polynomial
coefficients. F o r  any k  = 0, 1, 2, ... we study the following

Problem. For given f 0 ,..., fk e H (V ) find an entire function F  such that the
restrictions of F, LF, L "F on V coincide with f o , f i , f k respectively.

By analogy with the classical case we call this problem Hermite's Interpolation
Problem. Our a im  here  is  to  study  th is interpolation problem  from  the point
of view of linear functional analysis. W e improve our previous results (see [4])
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on existence of linear extension operators solving the Hermite's interpolation
problem  show ing that these operators a r e  linearly  tam e in  th e  sense of the
following

Definition. S uppose  (E, 11 • ) a n d  (F , II • IL) a r e  tw o  g raded  F réche t
spaces. A n operator T: (E, 11 • 11,) ( F ,  II • MO is said to be linearly tam e if there
exists a constant a such that

V raC,.: 11 Tx 11,. Cr x  „,. Vxe E.

The notion of tame operator appeared in  the  paper of Sergeraert [15]; see also
Dubinsky and Vogt [5].

We obtain even a  little stronger "tameness" (see Theorem 3) by proving that
fo r ou r extension operators constants C r =  Cr", w h e re  C, d  d o  not depend on
r. Using this fact we show that the extension operators act between some spaces
of holomorphic functions with radial bounds on  the  g ro w th . A s a  consequence
w e ge t tha t the Hermite's interpolation problem  has fo r  d a ta  w ith bounds on
the  growth a solution with almost the same bounds on  the  growth.

O u r  proofs a r e  based  o n  th e  s tru c tu re  results f o r  ideals, generated by
polynomials, obtained in  [ 3 ] .  F o r  a  convenience o f  th e  readers we formulate
here these results in  a n  appropriate form (see [3], Corollary 4 and  its proof).

Theorem O. L et Q = {Q,(z)} ,  be  a f inite  se t o f  polynomials o f  variables
z = (z 1 ..... z )  and let

.1(2) = { Gk Qk  G k  11(c")}
k= 1

be  the ideal, generated by  Q  in the algebra o f  the  entire functions H (C ) .  Then
there ex ist linear operators

Rk : H (C") H  ( C " ) ,  0  k p ,  such that:

(a) F = R o F  + E (Rk F)Qk  f o r all F E H (C ");
k= 1

(b) ker R o  =  J (Q), RP = R o , R o (H (C")) is a coordinate subspace of  H (C ) with
respect to  the natural basis f  = z 1 i • • • z - ,  c eZn+

(c) RkF C1 r" F I a ,r , k  =  0 , 1 ,...,m , F  e  H (C ),  w here  t h e  constants
C 1 , a l , d , depend only on  Q.

It is well known by the theory of functions of several complex variables (see
[7 ]  o r  [8 ])  that any holomorphic function o n  V  can be extended to  a n  entire
function on C . M oreover, using so  called  "cohom ologies w ith  bounds" (see
[14] o r [6 ], [8 ]) one  can prove the following

Lemma I. F o r  any  f e H(V ) there ex ists an  extension  Fell(C ) such that

IF II, 2rd2 II f 11.2 r f o r  r > 1,

where the constants C 2 ,  d 2 ,  a, depend only  on the algebraic variety  V
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Sketch of the proof of this lemma, based on cohomology technique is given
by Mitiagin [13].

2. Spaces of admissible data

The (k + 1)-tuple ( f o„ H (V )"4  is sa id  to  be  "admissible data" for
the Hermite's interpolation problem if there exists a solution for these d a ta . It
is easy to see that in general case not any (k + 1)-tuple gives admissible
data. For example, if k = 1 and L is a tangent operator for V in the point z eV,
then we have LF(z) = Lfo (z) = f l (z) for any solution F of the Hermite interpolation
problem with data f o , f1 , i.e. if L fo (z) f i (z) then the pair ( f o , f i ) does not give
us admissible data.

Let X , be the set of all (k + 1)-tuples which are admissible data ; then X , is
a  linear subspace of the space H (V )" j . Further we give a  characterization of
the spaces X,, k = 1, 2,....

I f  G1 ,...,G s  a r e  en tire  func tions w e  deno te  by  J[G 1 ,..., Gm]  the ideal,
generated by them in the algebra H ( C ) .  It is known (see e.g. [3]) that the ideal

J o = {F e H(C"): Fly = 0}

is finitely generated by polynom ials. Let P 1 ,..., Pm  be  polynom ials such that
= J[P i , . . . ,P „,].  Then we have

Theorem 1. Suppose f o , f1 E H (V ); then ( f o , f,)e  X 1 i f  an d  only  if

F, — LF 0 e J [P ,,...,P m , LP ,,...,LP m ] 0 )

f o r all entire functions F o  an d  F , which are ex tensions of  the functions f o  and f ,
respectively.

P ro o f .  Suppose th a t ( f o , f i )e X ,  and the entire functions F ,  and F ,  are
extensions of f o and f ,  respectively. Then

(fo ) =  (Fo v LF0 v) + (0, [F 1 — LFo ] v )

and  therefore (0, [F , — LF,]„)e X , .  This m e a n s  th a t th e re  e x is ts  a n  entire
function G , su c h  th a t  GI  =  0 , LG lv  =  [F 1 — LF0] v . S i n c e  G  =  0  w e  have

111

G E i o  =  J [P ,,...,P m ],  i.e. G =  E Gi P i , where Gi , i =1,...,m, are entire functions.
Obviously we have i=

LG  = E LG i • P i +  E Gi • LP, e J [P ,,...,P m , LP ,,...,LP m ].
i=1 i=1

On the other hand [F,— LF 0 — = 0, therefore F,— LGeJ[P,,..., Pm ,
LP,,...,LP m ] ,  hence (1) holds.

Conversely, if (1) holds, then there exist entire functions gi , hi ,  i =  1,...,m,
such that
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F, — LF 0E  gi P i +  E h i LPi .
i li=l

Obviously we have

[F,—  L F ( ] =C E  h iL P N •
1=1

Consider the entire function

H  = E hi Pi .

Since

LH1 v  = [  E Lh i • P i +  E hi . L P N  =[ E h i .  L P i]v ,
i=i 1= 1 1= 1

w e obtain Ltil v  =  [F 1 — LF0 ] v ,  hence the  entire function F , +  H  is  a solution
of the Hermite interpolation problem with data f o , f i .

To give an analogous characterization of the spaces X k , k  = 2, 3,..., we need
the following lemma.

Lemma 2. T he ideals

=  {G e H(Cn): Gi v  = 0, L Gi v  = = 0}

are finitely generated by polynomials.

P ro o f .  W e shall use an induction with respect to  k. It is know n that the
ideal J , =  { f e  1-1(C"): fl y  = 0} is generated by polynomials P 1 , ,  P m . Assume
that for some k  = 0, 1, 2,... the ideal Jk is generated by polynomials ■21 ,...,Q,E.1,.
Since

Jk +1  = Efk: Lk + i flv = - 0 1,

w e have

j k + 1  = g iQ i :  gi e ll(C "), L k +  1 ( E g i v v =
j=1 j= 1

It is  easy  to  check (using Q;  E Jk), that

[L k+1( E  g i m v  _ [ E  g i L k+i
j=1 j=1

therefore

1 E  g i ■Q; : g i e H (C"),CE = 0 1.
i= 1 i= 1
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Consider the polynomial homomorphism

tfr: H ( c n ) m +1 H (C") 2 ,

where
IflS

0(h 0 ,  h ,,. . . ,h m , g i , . . . ,g s ) = (h o  —  E gi Qi ,  E h i P, —  E gi Lk '  Q i ).
J=1 i =1i = 1

T he m odule  ker is  genera ted  by  a  finite  num ber o f  s  + m +  1-tuples with
polynomial components (see [8 ,  Lemma 7 .6 .3 ] ) .  Suppose these generators are
(G0 ,e , Gs + ,n +  (  =  1,...,r. Then it is easy to see that the polynomials
Go ,e , =  1 , 2 , ... , r  generate the ideal J, + ,.

S uppose  the  polynomials Q , , . . . ,Q ,  a r e  generators o f  t h e  ideal e.

=
Theorem 2. Suppose f 0 , . . . , f , ,  f , + , eH (V ); then (f 0 , . . . , f , ,  f , + 1 ) e +  if  and

only  if  ( f 0 , . . . , f , ) e X k and

Fk + 1
Lk+ 1421,...5Lk+1Q 5] (2)

f o r any  solution F  o f  the  Herm ite's interpolation problem  w ith data f 0 , . . . , f „ and
f o r any  entire function F k + i ,  which is an ex tension of  the function f , , , .

Proof. ( f o , . . . , , f k ,  fk+i)E X  k + 1, then obviously ( fo ,• • • , fk )E  X k . Suppose F
is a solution of the Herm ite's interpolation problem with data f o , . . . , f k a n d  Fk + i

is  an  entire function, such that F k . = 1+,. T h e n  w e  have

(f o ,•••,f k , f k +i)=(Fly ,•••, L k  F (y , Lk + 1  Fl y ) + ( 0 , . . . , 0 ,  [Fk + 1 — L
k+  I n v )

and certainly (0, ... , 0, [F k + , — Lk  '  F] y) e X  k + i .  Therefore there exists an  entire
function H e f k ,  such that L k +  ' H I11/ - [Fk+1

L k + I n y .  Since J , =  J [ Q1,...,425]
we have

H  =  E

for some hi e H ( C " ) .  It is easy to see that

Lk + 1 1 - 1 1v  = EE h i Lk+ 1 Q i ] , ,
j= 1

thus Lk + 1 H e J[P ,, . . . ,P „,,L k 4 - 1 121,••• + j On the other hand [F k + , — Lk ' F

—  L". 1 H ]„ =0 , i.e.

F k +1  L 'F — L k - " H e J , [p pm, +  1  Q +  Q j

hence (2) holds.
Conversely, if (2) holds, then there exist entire functions g i ,  i  = 1 ,...,m , and

j  =  1,...,s, such that

Then the following theorem is true:
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F„,—  L k + i F  = E +  E hi Lk + 1 Q .
i=1 i=1 (3)

Consider the  function H  = E;= , hi g i . It is easy to see that

+ = EE hi Lk+1,2 ; ]„  =  [F k + ,  -  Lk ±  n v,
j = 1

hence the entire function F + H  is  a solution of Hermite's interpolation problem
with da ta fo ,...,fk , fk+ l .

3. Tame extension operators

Suppose as in the previous section th a t V  is  an  algebraic variety in  C" and
the  ideal J o =  {feH (C "): f lv  = ol is generated by polynomials P .  Let
f  eH (V ) and F eH(C") be any extension of the function f . Applying Theorem 0
to  the ideal Jo =  J[P ,,... ,P„,] we obtain corresponding operators R i , i = 0,...,m.
Then the function k J '  does not depend on  the  choice of an extension F  (since
ker Ro J 0 ), therefore the  operator

So : H(V )--÷H(C"), S o f  = R o F,

is a  correctly defined linear continuous operator (see [3]). Moreover as we show
in  the  next lemma the  operator S o is tame.

L em m a 3 . There exist constants C, a, d depending only on V  such that

11, 5 0.1'11r C rd  f  lia r,r  > 1 .

Proof . W e fix an  arbitrary function f e H ( V ) .  By Lemma 1 there exists an
entire function F  such that Fl v  = 1 a n d  'Fi rC 2 rd 2 1 f I,a2r, hence we get by (e)
of Theorem 0 that

=  R o F

rd2 f =  C r d  f  Ilar,

where C  =  C , C 2 , d = d, + c12 ,  a = a 1 a2 .

L e t  u s  n o t e  t h a t  th e  e x is te n c e  o f  a  ta m e  lin e a r  extension operator
So : H(V ) - +H (C )  follows by the results of the  paper [3] a s  it was observed by
Aytuna [ 1 ] .  Indeed, by ([3], Cor. 3) it  is  k n o w n  th a t operators R i , O <  i <p ,
act continuously in  th e  spaces H(4, 8 ) ,  r >1 ,  where B =(B ,,...,B „)  is  a  vector
with positive coordinats and A r g  =  {z e C" <  rB i , 1 < i < Let us consider
also the  space H ( V n d r e ) ,  r >  1, and put

IF = sup A IF ( z ) l , FeH(4,.B), 1 < p  < r;

If lo = suPv,,4 p B 1 f ( z ) l , f e H (v n A r B ), 1  < p  < r.

A s above (corresponding to any function g e H(V n /1,3)  the  function R o  G , where
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G e H(4, B )  is any  extension of g) we obtain a  linear continuous operator

Sg9 : H(V n H(z1,.,).

O bviously i f  f e H ( V )  then f  =S A ,Bfl therefore t h e  o p e ra to r  S , a c t. ,
continuously from the  space H(V nA ,B )  into the  space H(4,13), i.e.

V p < r  3 p , <  r, C p : S o  f i p B  C p  I f i p ,B .

Taking p  r/2 we obtain

I Sof Cr if  1p1B CrIf IrB for a n y  r> 1 ,

hence

MS O f  Mr CrMi f  Ilbr,r >  1 ,

where b = 2 max (B ,,...,B „)/m in (B ,,...,B , r). However in  such a  way we get no
inform ation about the constant Cr . F o r  u s  i t  i s  im portant to  k n o w  h o w  C r

depends o n  r  because we apply Lemma 2 to spaces of functions with bounds on
the growth.

Consider for any k  = 1, 2,... the  operator

T k : H(C") —> H(V)k  + 1 , T ,F = (Fi r , LFi r ,...,L k Fi r ).

I t  i s  e a s y  t o  s e e  t h a t  t h e  o p e ra to r  T k  is  con tinuous a n d  X  k  = Tk(11(C")),

.1k  = ker Tk. O f course the following natural question arises : Does there exist
a  linear continuous righ t inverse opera tor f o r  th e  o p e ra to r  Tk, k  = 1, 2,...?
Obviously if there exists such an  operator, then it corresponds a solution to every
admissable data for the Herm ite's interpolation problem . Therefore w e call it
"extension operator" for the Hermite's interpolation problem.

Existence (or nonexistence) of continous linear operators solving many linear
problems of complex analysis was proved by Mitiagin and  H enkin  [12]. V ogt
[17] found conditions for splitting of exact sequences of nuclear Fréchet spaces,
i.e. for existence of continuous linear right inverse opera to rs. B y  h is technique
have been obtained m any results on existence of continuous linear operators,
solving som e problem s fo r ho lom orph ic  o r Coe-functions -see Bierstone and
Schw arz [2], M eise and Taylor [9], M eise and Vogt [10], M eise, Taylor and
V ogt [11], T aylor [16], V ogt [18]. Here we prove the existence of tame right
inverse operators of operators T k  directly, using the  results of the  paper [3].

Theorem 3. For any  k = 1, 2,..., there exists a linear operator S k :  X k  H(Cn),
w hich is right inverse to  the opeator Tk  and tam e in the sense

1lSkf C .  r d k  i f  Ilak „ r 1, (4)

where the constants Ck , dk , ak depend only  on k  and  V

P ro o f . Suppose th a t  fo r  som e k  = 0, 1, 2 ,... the re  ex ists  a n  operator Sk,
which is right inverse to  the operator Tk and satisfies (4). T a k e  (fo,..— fk, fk+Oe
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X „ , :  th e n  b y  T h e o re m  2  ( f 0 , . . . ,f , c) e X ,  a n d  th e  re la t io n  (2 )  h o ld s . Put
F = Sk(fo, • • • JO,  F k + 1  =  S a k + i ) .  By the proof of Theorem 2 it is known that
the Hermite's interpolation problem with data f o , . . . , f „ ,  has a solution of the
form F -I- H  =  F  y ;  hi t2i , where the entire functions hi  are determined by (3).

O n  the  other hand it is know n by Theorem  0 that for any ideal in  H (Cn),
generated by polynomials, there exists a  tam e linear splitting w ith respect to
generators. In particular, for the ideal

_ Lk+1Q1,...,Lk+1Qs)

there exist tame linear operators R.: J -+ H (Cn), i = 1 , . . . , m and R :  J H (Cn),
j = 1, s , such that w e have for every G  J

G = R i (G)P i + Rj(G)L k +  1 12i .
i = =1

If we p u t G = Fk +  -  L k + 1  F  we get (3) with hi = Fei (Fk + , — Lk  F ) .  Therefore
the entire function

F R:i(Fk+ —  L k  + 1 F) • IQ;
J=1

is  a solution of the H erm ite's interpolation problem  with data and
w e obtain that the  operator

S k +  l ( f0 ,  •  •  •  , fk +  1 ) S k (f0 , •  •  •  ,fk ) E R (socsk+ o—  L k+ 1 S k (f0 ,--,fk ))12 j

J= 1

i s  a  righ t inverse operator fo r  Tk + 1 . Using th e  obtained explicit formula for
Sk +  1 we get immediately by induction with respect to  k  tha t the  operator Sk + 1,

k 0, 1 , 2 ,..., is  linear a n d  continuous as a  com position  o f linear continuous
operators. Moreover, we get that the operator S k + i ,  k = 0, 1,..., is tame. In d e e d ,
it is easy  to  see  that the  operator L is tame in  th e  sense

L F F  2 ,,

where the constants C, y  depend only on  L .  If the operator S k  satisfies (4) then
using the  estimate (c) o f Theorem 0 a n d  Lem m a 3 w e obtain fo r the  operator
Sk  + 1 t h e  estimate

sk + if II, f „ , , r > 1,

where the constants C k  +  1 , dk  + 1 , ak + ,  depend only on L  and V

4. Application to functions with bounds on the growth

Using th e  tameness o f operators Sic from  T heorem  3  one can obtain that
the Hermite's interpolation problem for data  with bounds on  the  growth has a
solution with "sim ilar" bounds on  the  growth.
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Let for any p > 0, a >  0 , H (Cn) be the Banach space of all entire functions
of order p  and type a (i.e. such that II F C exp (o-rP) for some C > 0) with
the norm

11F j ,  =  sup { !IF I exp ( — o- rP), r > 1}.

W e deno te  by  H p
- (C"), H'1 ( C )  the algebras o f all entire functions o f order p,

which are of minimal or finite type respectively, i.e.

H (C ) =  lim  p ro j„ 0  H p . ,(C n), H ' 1 (C )  =  lim  i n d „  H ( C ) .

Analogously we consider the Banach spaces H (V ) o f all holomorphic
functions of order p and type <  a on the algebraic variety V OE Cn with the norm

f  II =  sup f  II, exP (— arP ),
 r >

 1 1

and correspondingly the algebras of holomorphic functions on V of order p, which
are minimal or finite type respectively:

H p (V) lim proj„. 0  H HP (V) =  lim ind H (V).

Theorem 4. If f o , . . . , f ,  are holom orphic functions on V  of  order p and .finite
type such that (f0 , . . . , f k ) is adm issible data for the Hermite's interpolation problem
then there exists a solution of  order p and finite type. Moreover extension operators
Sk  f rom  T heorem  3  act continuously  as follows:

Sk: X k n Hp (v )+ H p (C n), Sk: X kri H P ( v ) k + 1 H  ° (C ").

P ro o f . By Theorem 3 we obtain

Sk(f) jr C krd k  I f  11,4„ krdk  f  II exp (o- (ak r)P)

<eklIIf II exp (a rP),

where a = 2 o -af „ e k C k  sup {rd k exp (— o- ari rP), r> 1}.

Therefore II Sk(f)11 i f i.e. the operator S k acts continuously from the
space X kn 11 1 (V ) into the space Xk n H p ,,,(C"). S in c e  a ,  is proportional to a
the operator S k  acts continuously from  X k n H p (V)k '  in to  H p (Cn) and from
X k n HP (V)k + 1 into HP(Cn).

The statement of Theorem 4 can be easily generalized if one consider instead
of majorants of the kind exp (arP) another system of majorants. Suppose the
system M  of increasing functions M (r) : (1, co) (1, co), p  = 1, 2,..., satisfies the
condition

(a) V d, D, p 3p ', C: rd  M p ,(D r) < CM  (r), r > 1,

or

(b) V d, D, p 3 p' , C : r d  M p (D r)  < C M  (r) , r> I .
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Consider in the case (a) the spaces

Hm (C") = lim proj p H m p (C " ) ,  HM (V) = lim proj p H m  p (V),

and in the case (b ) the  spaces

H"(C") = lim ind u H m  p (C"), H m  (V ) = lim indu H m  p (V),

where H M ( C )  a n d  H m p (V ) a r e  respectively th e  B an ach  space o f  all entire
functions F  such that

F b t i = sup (  F  M  p (r)) < 00,
P r  >  1

and the  Banach space of a ll holomorphic functions f  o n  V such that

f  II mp = sur? (II f 11,0 4 4,0 )  < 0 0 .

By Theorem 3  we obtain in the case (a)

V pRp', C: ilSk(f)11r Ck rd kC k r d k 1 f  II m „, • m „,(ak r)

< c k c  II f  II m p , • p (r),

i.e . the  operator Sk acts continuously from  th e  space X k  n Hm p ,( V)' in to  the
space Hm p (C " ) .  Analogously we get that V , C  such that the  operator

Sk : X k nH m r (V)k + 1 --* H m  p ,(C")

is continuous. H ence w e have the following.

Theorem 5. Under above notations if  the  system  of  m ajorants M  = (M r )
satisfies (a) (respectively (b)) then the operator S,, from Theorem 3 act continuously
as follows:

sk : x k n Hm  ( V)kH  m (Cn),

o r respectively

Sk : Xk n V)k- - , 1 1 m (C").
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