
J . M ath. K yoto Univ. (JMKYAZ)
36-2 (1996) 389-422

Physically reasonable solutions to steady compressible
Navier-Stokes equations in 3D-exterior domains (I) = 0)

By

Antonin NOVOTNY and Mariarosaria PADULA

I. Introduction

In  this paper we study the asymptotic properties of the  kinetic and  density
fields of a compressible viscous Navier-Stokes fluid, filling a  three dimensional
domain exterior to a compact reagion Q c , when the prescribed velocity at infinity
is zero . A s fa r as the  authors know, this is the first contribution in the subject.
(The existence and uniqueness to this problem was studied in  several papers of
Matsumura and Nishida, Novotny and Padula, Novotny, Padula, see [14], [15],
[19], [16], [21].)

The same problem, in the simpler case of incompressible Navier-Stokes fluids
attracted mathematicians since the paper of Leray [12], who constructed (for the
arbitrary size o f external data) a solution of problem:

Au + = — u • Vu + f, div u = 0 , = 0 (1.1)

(here u denotes the velocity and p  the pressure), with the finite Dirichlet integral
for the velocity (so called Leray solution). In 1965, Finn [4] proved (for small
external forces) existence of solutions with the spatial decay of rate lx1 - 1  fo r the
velocity (so called physically reasonable solutions) 1 . 1-le also proved, in [4], [5],
[6 ]  that any physically reasonable solution (if it exists) possesses the  decay:

u I x ,  Vux 2 1g 1x , H 1x1- 2  1 g 1x1 (1.2)

This statement was (for small data) in a certain sense improved by Borchers and
M iyakaw a [2]. They have proved existence of solutions in weak Lebesgue spaces
L 2 (Q)2 . M o r e  precisely

u,-.- ix ,E  1 , 2 ( 2) . (1.3)

Similar result was derived independently by Galdi and Simader [10]:

Communicated by Prof. T. Nishida, Ju ly 28, 1995
'  Only recently, in  1991 , G a ld i [7 ] proved that the L eray solution was a  physically reasonable

one, provided external data are  "small".
2 Recall th e  definition of L 2 (0 ) ,  1 < t <  a o .  It is  a  B nach  space o f  functions tp with th e  finite

norm II (P11 w = supE  (m eas E) - 1 + 1 /̀ kpl d x  .  (The supremum is taken over all bounded measur-[
E

able subset of Q.)
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3u V u, H e L ( Q )
f o r  any q  >  .

2
(1.4)

Only recently, Novotny a n d  Padula [20] obtained (again only fo r  small data)
existence of solutions w ith the  decay

u ,V u -1x1-2 H I x 2.( 1 . 5 )

This result is optim al in  the sense that the decay (1.5) is precisely the  same as
the decay of the fundamental solution to  the Stokes operator.

The goal of the present paper is to prove similar result for the (compressible)
Poisson-Stokes equations. 3

M ore precisely, we investigate th e  asymptotic s truc tu re  o f the  isothermal
compressible flow. W e prove, for the small external data, existence and unique-
ness  o f  so lu tio n s  in  th e  c lass o f  functions w ith th e  following properties at
infinity:

• The velocity decays to 0 with the  ra te  1x1- 1  a s  Ix' co.
• The gradient of velocity decays to 0 w ith the  ra te  1 x I- 2  a s  I x1 cc.
• The density tends to  a constant w ith the  ra te  1x1- 2  a s  1x1 co.

Thus, we get, also for the compressible fluids, the solutions with the same decay
at infinity a s  tha t one  o f the  fundamental S tokes tensor. Moreover, we show,
th a t the com pressible part of the velocity field decays m ore  rap id ly  than  the
incom pressible one. For the m ain results see Theorems 5.1, 5.2, 5.3 and  5.4.

The proofs rely o n  th e  following techniques
( i ) The method of decomposition introduced in  [19] which splits the  lin-

earized Poisson-Stokes system into a Stokes-type equation (governing
the incompressible part of the velocity), a Neumann problem (governing
the com pressible part of the velocity field), and a transport equation
(governing the  density).

(ii) Known results fo r the  above auxiliary linear problems in  th e  exterior
domains.

(iii) Integral representation formulas for the Laplace and Stokes operators,
due to  F in n  [4], C hang and F inn  [3].

(iv) A n  estimate for weakly singular integrals of certain particular structure,
see Section 3.

(y )  S o m e  standard estimates of the decay of weakly singular integrals, see
e.g. Smirnov [28].

(vi) Estim ates o f  t h e  singular integrals o f  Calderon-Zygmund type  in
weighted Sobolev spaces with the polynomial weights, due to  Stein [29].

3 T h e  first existence theorem s for sm all external d a ta  in  th is  situation were proved by M atsu-
mura, Nishida [14]—[15] an d  Novotny, Padula [19]. T he velocity a n d  its  gradient possess the
decay i x1- 1 . From  the point of view of the above observation, this classes of functions a re  not
optimal.
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2. Equations and heuristic approach

We consider a  steady isothermal motion' of a viscous compressible fluid in
a  3-D  ex te rio r dom ain  Q . The motion is governed by the classical Poisson-
Stokes equations for the unknown functions p  0 (the density) and y = (v,, y 2 , y 3 )
(the velocity):

-  p ,A v  -  (p i  + p 2 )V div u + V p = P I -  div (pv v )  , x  g2  ,

div (pv) =  0 , x e Q . (2.1)

Here p,, 11 2 are the constant viscosities satisfying

Pi > 0 , 112 (2.2)

and f  i s  the external force. The boundary conditions and the conditions at
infinity are

vl a Q  = 0 , v(x) 0 , p(x) 1 as I x I -> co . (2.3)

The equations for the perturbations (y, a) where p = 1 + a, read

with

Av -  (pi + /1 2) 17 div y + V a = F(a, y),

v + div (o- v) = 0 , x e Q ,

vlos2 = O,

v(x) -O , a (x ) -*O as I x1 - 4  GO

x e ,

(2.4)

F (o-  , v) = -div ((1 + o -)v v) + (1 + (2.5)

As in [19] we firstly solve the linearized system

- p , -  (p , +  p 2 )V div v + Vo- =  37; x e Q ,

div +  div (o -w) = 0 , x e Q (2.6)

with the boundary conditions and the conditions at infinity

vlaQ -= 0,

v(x) -0 , a(x) - O a s  I CO (2.7)

for the unknown functions (a, y) (and w, ,97  given).
The solution of (2.6), (2.7) is found as follows. We define a (linear) operator

in the following way:

The results are  valid also for the barotropic (i.e. in  particular for the isentropic) case. T hen  V p
in  equation (1.1) is replaced by V7c(p), where the pressure i r  is  a  scalar function, a restriction on
RI,  (the positive real axe) of an  analytic function on C „. (a  complex half-plane containing W).



392 A ntonin Novotny and M ariarosaria Padula

j)  F o r  a  given we find (H, u) by solving the Stokes problem

—tt i A u + V H = ,97 x e  Q

div u = 0 , x e S2 ,

ulef2 =  — f7 1‘2,

u(x) 0 as . (2.9)

ii) W hen H  is known, we find a  as a  solution of the  transport equation
(with w given)

o- + (2,u, + div (o-w) = H x E ,

o- (x)-4 0 as x co . (2.10)

iii) Once a  is know n, 0  is found as a solution of the N eum ann problem

40  = —div (o-w) , x E ,

00
Ov

=  0 ,
dS2

  

V0(x) —> 0 as 00 (2.11)

T h e  reader easy verifies that th e  fixed p o in t  0  o f  _V' ( if  it ex ists) and  the
corresponding (H, a, u), satisfy the  system of equations

— tt,Au + 17 17 = ,97x  E

div u = 0 , x E S2 ,

14 1052 = VOIPQ

,

u(x)—■ 0 as lx1 co , (2.12)

o- + (2/2 1 + 1 12)

a(x) 0

.610 = —div

ao
ay

div (o-w) = H ,

as x co ,

(o-w) , x c Q ,

 = 0 ,
012

x e ,

(2.13)

V0(x) —* 0 a s  Ix oo

o r equivalently

a and v = u + 17 0

(2.14)

satisfy the linearized problem (2.6), (2.7).
If  th e  system (2.12)—(2.14) is solved, we find the  so lu tion  of the  nonlinear

problem (2.4), (2.5) in  th e  form
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o , v = V O +u

where (cr, q ,  u )  is  a fixed point of the nonlinear operator

(r, z) (o- , u) . (2.15)

In  (2.15), (a- , u )  i s  a solution of the problem  (2.12)—(2.14) corresponding to
= F(T, + z )  and w = + z.

It is worth noting, that the fixed point (o- , 4), u) of A f  and the corresponding
H , solve the system

— i 1+ V  H  = F ( o - , u + V 0) , X E Q ,

d ivu=  0 , x e Q ,

ulao = — 1 7 01ao

u (x ) -+0a s  lx 1 co , (2.16)

Aqi = —div (o- (u + V 0)) , X E Q ,

00 = 0 ,
aV 00

VOX) —> 0 as 1x1—> (x) (2.17)

+ ( 2 t 1 +  it 2 ) div (o-(u + 17 0)) = T I, x e ,

o- (x).-+ 0 as x co , (2.18)

which is formally equivalent to system (2.4), (2.5).

3. Fundamental solutions and related estimates

3.1. Fundamental solutions. In connection with our problem, we consider
two linear operators

= -2°201, 1,11A V  + (3.1)

The fundamental solutions to these equations are well known

1
g(x) —  

4n1x1

w i i ( x ) 1  ( 6 i ;x ixi \  , i ( x ) ( x )
lx13 ) Oxi 4n1x13 •

They solve, in the sense of distributions, the following equations'''

(3.2)

5 I f  not stated explicitly otherwise, we use the Einstein summation convention over the  repeated
indeces.

6 I n  order to avoid the ambiguities, we explain our notation of differentiation of particular composite
functions. L et f: 123 R ' .  T h e n  V f(x — y) is a  g rad ien t o f  f  c a lcu la ted  in the point x —  y;
17 ,f (x — y) = (x  —  y ), 17,f(x — y) = — (x — y).



x
lx1 v2071(x )

lx13
V 2  ( x )

 1 2

= ( x ) = 
( 1 : 1 )

1 x 1 (3.5)
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Ax Mx — y) = 5(x —  y) ,

OYi
ILI — Y) + 1x Y) = 6 0 (x  — y ),ax;

OW.
( x y) = 0 . (3.3)
Oxi

H ere 6i ;  i s  the K ronecker delta and i s  the  D irac  d istribu tion . Recall the
asymptotic properties 6', Y  and  *:

11714 0 1  

I Va1(X)1
1 x11 + 2

VOEW(X)1
lx1Œ+1

(3.4)

here c > 0, a = 0, 1, ... and  x  O. M oreover

fwith Ei e L (S ,), E i dS = 0 (i = 1, 2) where S, is a unit sphere, are the singular
s,

kernels of the  Calderon-Zygmund type, cf. e.g. Stein [30].

3.2. Some estimates of weakly singular and singular integrals. First we prove a
lemma, which (besides the decomposition) plays the main tool for the proof of the
decay rate of the solutions (see also Novotny, Padula [20]). It concerns with
the decay of the  weakly singular integral of the type

5 (x) = f ( x —  y) div g(y)dy , (3.6)

where Q is  a n  exterior domain (we suppose, without loss o f generality that the
un it sphere o f center zero is contained in  R3 \f2) a n d  .2 is  a  smooth function
o n  123 \{0} w ith the decay properties

1J(x)1
lx12

117.2(4
lx13

(3.7)

Lemma 3.1. L et g e W i ' (,Q) such that 1x12 g e L (Q )  and  lx13 div g E L'(52).
Let be function satisfy ing (3.7). Then .54 is def ined a.e. in  Q,

IX12 5  G 123 (Q )

and w e hav e the estimate

111x12 .1 110,. c(111x12 9110,0, + 111x13  div 9110,.). (3.8)



cR-3 J( I Y I 2 19(Y)iY1 - 2  dy cR - 3

OR/2

JR/2 

J s
 (13, 12  10.01) dly1 dS
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Proof. Fix x E Q  and  pu t Ix  =  R. F or R sufficiently great, we decompose
the exterior domain into five parts (we denote by BR (x) th e  sphere of center x
and radius R, BR (x) = R 3 \BR (x), OR  =  f2 n /3,(0)):

— Q I 5 B l(X ) =  BRI2OCKB1(X) ,

B 3 R / 2 ( 0 ) \ ( B R / 2 (0)U  B Ri2(X)) , =  B 3 ' ( 0 ) .

L et us estimate integrals A, ,  Jv  defined a s  follows

(3.9)

5(x) = .2(x — y) div g(y)dy =
i=I i=1

(3.10)

1. Estimates of 5 / : W e have the identity

5 1(x) — rvy.Ax — y)• g(y)dy +
aR,2

f ..2(x — y)g(y)• v d‘Sy

012

..2(x — Ag(A• v dSy  = 51 1 (x) + <51
1 2 (x) +  -5 1/3(X) • (3.11)

t3BR / 2 (0)

Now, we estimate th e  integrals at th e  r.h .s. separately a s  follows ( notice that

for ye 1 , I yl —
2

< cR - 2  111x12 g110, .,
15121 cR- 2 111x12 9110,.,

15131 cR -
2 111x12 g110,., a • (3.12)

2. Estimates of 5„: Notice tha t in —
2  •

Therefore

Jr, c•R- 3 1.2(x — IY13 1div g(y)i dy
WI /

1
< cR - 3 111x13  div 0 0 0 d i z i  dS cR 3 II xI 3 div g 0 0 . (3.13)

0 Js 1

3. Estimates of f m : Notice tha t inx  —  yl > 1 a n d  I yi —

R  

Therefore
2 •

cR - 3  1. I x  — Y1- 2 1Y13 idiv g(Y)I dy

< CR - 3  111)C13  diV 0, c 0, f  dl dS < cR - 2 d iv  9 1 1 0 ,0 0 ,o  •
s,

(3.14)
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4. Estimates of 5,v : Notice th a t in Wi v , — yl —
2  

a n d  1y1 —
2  

Hence

 R12
51 ,7c R - 5 1Y 131cliv 91Y 11 dY cR - 5 111x139 1 1 0 , . , o f

< cR - 2 111x13 div gllo,.,o •

IY12 dly1 dS
.3 s1

(3.15)

3R/2

11 32R'5. Estimates of 5 v : Notice tha t in — 1 .17 1 — 11.YI and y

Therefore

lx13 div 9110,.,0 f dly1 dS < cR - 2 1I1x13 div g 6 f 2
3R/2 S,

(3.16)

The decomposition (3.10) and the estimates (3.11)—(3.16) im ply  the statement.
Lemma 3.1 is thus proved.

Further, we recall a classical lemma about the decay of the integrals

11(x) = (3.17)
JoJ — y12  c l Y

The proof can be found e.g. in Smirnov [28].

Lemma 3.2. (a) L e t IxIg e Lq(Q)n LP(Q) with < q  <  3 < p. Then lx111 e
L (Q )  and we hav e the estimate

111x11 (llo,. c ( x I g h , q + Illxigllo,p) • (3.18)

(b) L et lx12g e L ' ( 0 ) .  Then lx111 E  L (Q )  and we have the estimate

111x11 1110,. cIllx12 911o,. • (3.19)

Finally , w e need a  lem m a about the decay of the singular integrals of the
Calderon-Zygmund type, i.e.

x — y

12 (x) = r -iv(i.x_ 3,1) g ( y ) d y (3.20)
j Q Ix — yl

3 

where -/V is H older continuous on the unit sphere S, and 1 IV c/S = 0. The
s,

following lemma is due to  Stein [29].

Lem m a 3.3. L e t  1 < t < oo,

Then ixrI 2 e L'(Q) and

3 3
< a < — (

t  

I t' =
) .

t' t — 1
L e t  Ixrg e (S2).

Hx11/2110,1 chlx129110,1 • (3.21)
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4. Function spaces

Let Q  1 1 3 b e  an  exterior domain such that Q, = R 3 \Q is  a compact set which
contains 0  and its boundary OS2 is of class V + 3 ,  k  = 0 , 1 , ...; the outer normal
to  Of2 is  d e n o te d  b y  v . B y  BR (x), w e denote a  ba ll in  123 w ith  the radius R
and the center in  x, 52„ = BR (0)\Q, (provided 52, c 13),(0)), S2R  = 11 3 \ B ,(0 ). Sup-
pose (without loss o f generality) that B,(0) Q c .

W e use the following function spaces:

• (6,NS-2) is the set of all infinitely differentiable functions with the compact
support in Q.

• Wk (r2) i s  a  Banach space o f  continuously differentiable functions up
t o  t h e  o rd e r  k  u p  t o  th e  boundary  w ith  t h e  f in ite  n o rm  11)1,0 , =
SUP (Emk =0 1Vmb(x)1).

• Lt(Q) = W "(Q), 1 < t < co is the usual Lebesgue space with norm 11'1104

a n d  W "(0) (resp. W ,`(Q ), 1 < t < co), k  = 1 , 2 , . . . a re  usual Sobolev
spaces w ith th e  n o rm s 11'11 = Ekm=0 Vtm O t  ( I n d e x  z e r o  denotes the
zero traces.)

• J 4 (Q) = V(Q) 1.11. ,̀ 1 < t < oo, is a  Banach space with the n o r m  11,, =
11V•110,t. Here and in the sequel, the superposed bar with a  norm denotes
the completion in  this n o rm . I f  1 < t < 3 then the elements u of fiP(52)
a re  such  tha t u E L 31 3 - t ) (Q ), Vu E 11(Q), ul a p = O. M o re o v e r , w e  have
the  classical estimates

1140,30(3-0 c II Full 0,„ Ix' 0,t
<  c  Vullo,t • (4.1)

    

If t > 3 then a n  u, u e (Q), Vu c Lt(Q), belongs to flP (Q ) if and only
if ul a Q  = O.

• The dual space to 1-1V (Q), t 1 + t ' fri / 0 )' =  1  is denoted by and its
norm is I t  i s  w o r t h  n o t i n g  t h a t  fo r  1 < t < 3, recT(Q) OE f r 1 , t ( Q )

a n d  th e  im bedding  is d e n se . T h e  first inequality  i n  (4.1) yields, for
u G L 3 t 1 ( 3 + 1 ) (Q ) , t  E (I,

 ° D ),

t41- 1,t MI410,3 0(3+0 • (4.2)

! a l p  =_ ri)o• 1 < t < oo, is a  Banach space with the norm  1 '11,t =
11V • 110,,. I f  1 < t < 3  then the  elements u  of f t (Q) a re  such  tha t u e
L 3 ` 3 - `) (0 ), V u e L t(Q). Moreover, we have the classical estimates

11.14110, 30(3-0 C1117141104 • (4.3)

If t > 3, then the elements of l l oo"(Q ) are the equivalence classes fit + cl,
where u e Vu e 12(Q) and  c e

• The dual space to  f l cc,"'(Q), + = 1  is denoted by (11 c(s2s,*)) and
its norm is
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•  W e emphasize, that we d o  not distinguish in  the  nota tion  between the
spaces of the scalar and the vector valued functions, e.g. (sz) means
either Wk 't(Q, 10) o r  14/1"(t2, R3 ). T he  difference is always clear from
the context.

For the detailed description and properties of spaces Wk 't(S2), fiV(Q) and 1-1- 1 4 (Q)
see Adams [1], S im ader, Sohr [26], S im ader [25], G aldi [8].

Recall some useful technical estimates which a re  th e  consequences of the
interpolation and imbeddings and which will be currently used without an explicit
reference:

( i ) L e t 1 < q < t < p < c o .  Then Lq(0)(1 LP(52) OE L'(Q) and

11z110,, 11z11(01,-,. ) 1̀1z11,p ,

p(t - q)
a -  t(p - q)

(4.4)

(ii) For t >  3, 1/1/1 .t(Q) OE e (Q ) and

lzko • (4.5)

(iii) L e t 1 < q < 3 < p  a n d  z e W i 'q(52), lvz e LP(S2). Then

Vz e Ls(Q), q s p, +

Z  E Ls(Q)n e ( r 2 )  ,  q s ,

11z11o,, c(11z111,q  + 1141,p) (4.6)

(iv) L e t  1 < q < 3 < p  a n d  z e 1-1(
1
) .( (Q)n fikt(Q), Vz e W"q(S2)n 1,17 1 -P(S2).

Then

V2 zeLs(Q), q r s<p ,

11V2 z110,s c(11[7 2 z11o,q  + dr7 2 z11o,p);

VZ E  LW) n w°0 , q s  <  c c ,

1117z110,, c(11Vz111, q  + 11 17z111,p);

3q
z G Ls (Q)n ce°(D) , < s < Go

(3  -  q)

11z110,, c(111741, q + WZH 1,p) • (4.7)

Let I  = 0, 1, k, k = 0 , 1 , .. . ,  <  q < 3, 3 < p < co. To investigate the
existence of solutions to system (2.12)-(2.14) (or to system (2.6)-(2.7)), and conse-
quently to the fully nonlinear systems (2.4), (2.5) (or (2.16)-(2.18)), it is convenient
to introduce the following functional spaces:

(1) Space for LP-estimates (see Theorem 5.1). W e set

G := la: a e W 1 + 1 (Q )n  wk+ , , P(Q)} ;
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:=  { 0 :  e  f i l , q(Q)n Wo , P(Q), VO e W 1 + 2 'q (Q) n wk+ 2 , P(Q)} ;

:= fu: u G Wo 'q (Q )n faP(Q ), vu e W 1+ "(Q )n w k+ 1 , P(Q)}

V:= U ;O U {(0, u): 0 e  0 , e  U }  ;

GOU := {(a, 0, u): a e G, q c 0, u E U} (4.8)

which become the Banach spaces when equipped with the  norms

Il• MG = M•11/+1, q +

= 11 17 • b + 2 ,q 1117 • h + 2 ,p

• =  V  •  11 / +1,q W • Ilk+1,p

q  V  = • 11U MO, UY1OU = 1411 U  ;

11(0-, 0, u)11G0u = 110- 1IG + 110110 + Ilullu •

If wl o n  = 0 and div vv1 a 0  =  0  th en  th e  equation (2.6) 2 yields formally
div yl a 0  =  0 . T ak ing  in to  accoun t th is  observation and the boundary
conditions for u, y, it is convenient to introduce some auxiliary subsets:

:= {(0, u): e 0, u c U, div u = 0, (3: = 0 ,
Os2

z101,1f2 = 0 , +  l7 0)1,10 = 0}

(it is  a  subspace of 0U);

(4.9)

V , := {y: c  V, div yl an  = 0, ul o o  = 0} (4.10)

(it is  a  subspace o f  V);

:= {0:0 c 0, .6101 0 ,2 -  0 ,
°
: v = 0} (4.11)

(it is  a  subspace of 0) and

af2

GOU,:= { (a, 0, u): a c G, (0, u) E 0U ,} (4.12)

( it  is  a  subspace o f  G O U ). N otice th a t  if (0, 0 U ,  then  y = u +
170 e V .

(2) Spaces f o r  estimating th e  decay (see Theorems 5 .2 , 5 .3 ) . Let 0 < y
y' <  1, 3 <  r < co. W e set

G := la: a c G, lx1
2
a E LNS2), xlVo-  E  L'(52), xj 2 Va e L"(52)} ;

(I) :=  { 0 :  G 0,1XIVO E L '(Q),IxI 2 V2 0  e  W (Q )}  ;

:= {u: u e U , xu  e  L '(Q ),Ix1 2 17 u e L '(Q )}  ;
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V :=  U , (DU := {(0, u): e u e ;

GOU := {(o- , 0, u): a c G, 0 e (13, u e . (4.13)

These spaces are the Banach spaces with the  norms

110 1G  = 115 11G ± M X1 2 0 . 110,0° + 1-07 6 110,0o ± 11 Xl 2 V°10,r ;

110110 =M  p + 11, C1170110,0D 111X12F720111,r

111'4 U = 1114 6 11104110, ± 111X12 /714 110,..0

• 11V = U ; MO/ OM (DU = 0110 ± MUM U

efi, 011 GO U = 10- 11 G  + I M + 114 U •

Taking into account the  boundary conditions, we are  led to define the
following auxiliary spaces and  subsets:

00
av

u): c u c U, div u = 0,

= 0, zlofilaQ  = 0, (u + v0)15,2 = 0}
Of2

(4.14)

(it is a  subspace of (DU);

:= {v: V E V, div v}, f2 = 0, vl a Q  = 0} (4.15)

(it is a  subspace of V);

00:= {0: e 401 0 ,2 = o, 0} (4.16)
Of2

=

(it is a  subspace of (D) and

G(DU, := {(a, 0, u): a c G, (0, u) E OU,} (4.17)

(it is a  subspace of G U ) .  N o t ic e  that if  (0, u) c  O U , then y  = u +
V0 E V , .

(3 )
 

Spaces for description of the right hand sides. We always have the right
hand sides o f  a  particular structure which is suggested by the nature
of the nonlinearity, see (2.5), namely

.97  = + div

T he terms in  . °  have their origin in  th e  external force, while , f ; '  is
coming from the nonlinear convective t e r m . Since the goal of the pres-
ent paper is, essentially, to estimate the contributions to the decay rate,
of the nonlinear term, we suppose, without loss of generality, that .54 7 °

has a  com pac t support. We denote

L , =  1g: g e L 3 q1 (3 +q) (Q)n w' , q(on wk , , (Q), supp g e /3, 0 (0)1 (4.18)
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a set of adm issib le ,F° 's. (Notice t h a t  i t  i s  n o t  a  Banach space).
Further denote

:= 11- 1 , q(Q) n wi , q(D) n wk , P ( Q ) (4.19)

a  Banach space with the norm

11•11L:= H-1, q +  II. 11,,, + Hk,p

and

L:= W (Q) fl w k - " , P(Q) (4.20)

a  Banach space with the norm

II • II := • 111+1,„ + II k+ i, „  •

Finally, we introduce

L := {g: g e L , x 3 div g e e L'(52),

lx1V div g E Lq (Q)n LP P I  . (4.21)

This is  a  Banach space with the norm

= 1194 111x13 div 9110,. + 111x129110,.
V div ++ 111x1 111xIV div g110 ,p .

(4) The coefficients in estim ates. In the sequel, c, c', c i , c; (i = 1, 2, ...) are
positive constants dependent only of k , 1, p, q, r, R o , 3S 2 and ji , /22;
they are in particular independent of f . The constants c , c ' can  have
different values even in the same formulas.

5. Main theorems

H ere w e present the m ain  results: Theorems 5.1 an d  5.2 d ea l w ith  the
linearized problem (2.6)–(2.7), or equivalently with system (2.12)–(2.14). Theorem
5.1 contains a  fundamental statement about the existence and estimates of solu-
tions to this problem in Sobolev-type spaces (similar proof as presented here can
be found in  Novotny, Padula [19]), while Theorem 5.2 is  an existence result in
the spaces with the convenient pointwise decay. Theorem  5.3 deals with the fully
nonlinear system (2.4), (2.5), or equivalently with (2.16)–(2.18). Its proof is based
on a fixed point argument and on Theorem 5.2. Theorem 5.4 shows, th a t the
compressible part of the velocity field of the fully nonlinear system decays more
rapidly than the incompressible one.

Theorem 5.1 (the linearized system—solutions in  LP-spaces): Let

1 = 0, 1, k , k  = 0, 1, , < q  < 3 , p > 3 , w k + 3

Let
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WE := w e faq(S2) n P ( Q )  ,

vw e  w i ( Q )  n (sz) div wl iq2 = 0, wl aG = 0}

and

n wi , q(Q)n wk , q(o) .

Then there ex ists y' > 0 such that if

IlwIlv < 7'

then there ex ists a unique solution (H, a, 0, u) of  the  system (2.12)–(2.14)

/7  G , (o- , u )  G O U  , div (o- w) e G ,

i.e.

(H, a, div (0-W))) G W 1 + 1 'q (Q )n  wk+ , , P(D) ,

U G f l l ' q (Q)n P ( Q )  , VU E W i ± " q (Q )n  wk+ 1 , P(o) ,

o e f-il'q(Q)n vo c W '+2(Q )n  Wk+2'P(Q),

00
div u = 0, —

av OC2
= 0 , AOIasz = 0 , (u 170)10s2 = 0 • (5.1)

   

It satisf ies the estimates

II HII G + 11(0- , 0, u)I1Gou 11, - / II
II div(0- w)11G y111, 11. (5.2)

Consequence 5.1 (of Theorem 5.1). Put y  = u + 170. Then (o- , y) is a (unique)
solution of  the problem (2.6)–(2.7) and satisfies the estimate

IlalIG + IlvIlu ci 11,97 Ili:. (5.3)

Theorem 5.2 (the linearized system — solutions with the decay). Let

1 = 0, 1, , k , k  = 2, 3, ... , 2 q

p > 3 , QE 3 , r > 3 , Ro > 0

and

w e  V  := {w E 17,„ xlvv e L'(52), Ix1 2 124 e (S2)}

(f or the definition of see Theorem  5.1). Let

=  °  +  div

where

,F•A l E Lo := g E L 3 q 1 ( 3 + q ) (Q )n  w i . q (Q )n  wk , P(Q), supp g G BR 0 (0)} ,
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e L := 1g: g E L , x ( 3  div g e L'(52), lx 2 g e L"(Q) ,

1)07 div g E L"(Q) fl LP(S2)} .

T hen there ex ists y ' > 0  such that if

v <

then there ex ists a  unique solution (H, a, q5, u) of  the  system (2.12)–(2.14)

H e G , (a, 0, u) e

i.e. H, a, çb, u  satisfy, besides (5.1), also the following decay properties

lx12 (o- , H, div (o-w)) e L ' (S2) , lx117(0-, TI, div (cm)) e

I x12 17  (7, H, div (o-w)) E

1)0 7'0 eL:° (D) lx12v20 E  wl,r(g2)

1X U  E L '(2 ) , x1217u E (Q) (5.4)

M oreover, we have the estimate

111/11G 11(Cr, 0, 011 GOU c2(11Y7C)Ili, (,97111L) (5.5)

Consequence 5.2 (of Theorem 5.2). Put y = u + 17 0. Then (a, v) is a (unique)
solution of  the problem (2.6)–(2.7) and satisfies estimate

1101G ± U C2(11,*71311E b-971111,) (5.6)

Theorem 5.3 (the fully nonlinear system—solutions with the decay). Let

1 = 1, k , k = 2, 3, ... , 3  <  <  3

p > 3, r > 3 , Q e e + 3 , Ro  > 0

and

i.e.

f e L.( OE

f e  L  =  L 3 0 3 +0 (Q )fl wi , q(Q )n W (Q ) and supp f e BR 0 (0) .

Then there exist 70  >  0  and 71 >  0  (dependent o f  1, k, p, r, OS2 and R 0 ), such that if

II f < yi

then in the set

13,0  = {(0 . , 0, u): (a, 0, u) e GOU 11( 0 ", 0, OM Gou y0 }

(see (5.1) and (5.4) or (4.8), (4.13), (4.17)), there ex ists a unique triplet (a, 0, u) such
that

a ,v  =  u  +  1 7 0
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satisfy the nonlinear system (2.4) - (2.5). 7 Moreover, we hav e the estimate

11(a, 
çb,

 14)11 G(DU C 3 IlL • (5.7)

Here c3 > 0  is a constant dependent of  R o ,  I, k , q , p , r and Q .

Theorem 5.4 (further decay of 0). L e t  e  e  (0, 1). L et H e G, (a- , 0, u) c GOU,
with r>  3/e, p >  3, 3/2 < q < 3, k  = 2 , 3 , ..., 1 = 1, k  be a  solution of  the
problem (2.16)-(2.18). Then

ix12 - TO e /24(2) ,

lx13 - ' 4 0 = lx1 3  div y e Lc° (Q) (5.8)

6. Representation formulas

In  this section we list the representation formulas for the Laplace and Stokes
operators in the form convenient for the further applications. We refer the reader
to  [8], V ol. I, C h. 5  and V ol. II, Ch. 9, for m ore details.

1) Representation f orm ulas for u and H

From the Stokes problem (2.12) we have for any locally smooth weak solution
(H, u) (weak solution m eans here a  so lu tion  in  the  sense of distributions such
tha t H e 

L ( Q )  a n d  Vu e 
L ( Q )

 w ith  som e q E (2/3, 3)) and  fo r the  r.h.s. g 7  sat-
isfying the  hypothesis o f Theorem 5.2 about the  decay, th e  following formulas
(cf. F inn  [4] o r  Galdi [8], Vol. I, C h. 5 and V ol. II, C h. 9):

Representation form ulas for u

u(x ) = -f  11(x  - y )• .97 (y) dy

+ f {p i v • [17
y ll(x  - y )• u(y ) - V y u(y )• qi(x  - y)]

012

+ H(y )/1(x  - y )• v  - g(x  - y )u(y )• v l dS y

Considering 37;  in  th e  form

= O  + div 37; 1

we have in  particular from (6.1), (6.2)

(u, 0, u) e By .  and  H --- a  + (2 /2 1 + P2 )  div (ov)(e G ) obviously satisfy the nonlinear system  (2.16)—
(2.18) and w e have, besides (5.7), also the estim ate

1111 11G C3 4. •

(6.1)

(6.2)
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u(x) = —f qi(x — y) •°7-.. ° (y) dy + ,°1-• 1 (y) : 17,614x — y) dy
J o

± { Pi v • EVy W (x — Y) • n(y) — Vv u(y) • (x  —  y)]
52

+ 11(y)W(x — y )  v — ,91(x — y)u(y)- v — v • 1(y) • 1.1(x — y)} dSy  . (6.3)

We recall that here and in  the sequel, we use the Einstein summation convention
over the repeated in d ic e s . We have denoted by oli;  th e  vector field (t i , t2 , 11;3)

at(x an d  b y  .F 1(x): Vy all(x — y) the product j .  Differentiating (6.1) and

taking into account (6.2), we get

Vx u(x) = Vxqi(x — y)- ,97 ° (y) dy + Vy * (x  — y) • div 1(y) dy

+ v • [17
x  Vy 41(x — y) - u(y) — Vy ui(Y)Vd i(x —

Q

+ 17(y)Vx q1(x — y) • v — Vx g(x — y)u(y) • v} dS y

W e thus have b y  (6.2), (6.4) the  following result

(6.4)

u(x) = dti?(x) + ..17 ° (x) + 6 ( x ) ,x  e  Q ,

Vx u(x) = Ji t; (x) + 4Ç1 (x) + ei ; (x) , x E Q , (6.5)

where

,/r,;(x) = — — y) • Y7 °  (y) dy , a  =  0, 1, (6.6)
Jo

,/1/;,° (x ) =  f 1 (y) : Vy °11(x — y) dy ,

A f t,' (x) = ly i(x  —  y) • div gfe 1 (y) dy, , (6.7)

and

euip(x) = ly i v  • [vy 0//(x -  y)• u(y) — Vy u(y) • ',I (x —  y )]
■152

+ H (y )°(x  —  y )  v — — y)u(y) • v — v • 3 1 (y) • qi(x — y)} dSy  ,

eul  (x) = { Ply  • [ 17xVy q/(x Y) • u(Y) — Vy ui(Y)Vd,—
a

+ 17(y)V c oli(x — y) • v — Fx Y(x — y)u(y) • v} dSy ( 6 . 8 )



406 A ntonin Novotny and M ariarosaria Padula

Representation form ulas for H

Put

W(x) = — fd it(x — y)• (y) dy , P(x) = (x — y) • g-; (y) dy

Then

—111 A W  + VP =

Therefore (2.12) and (6.1) yield (recall (3.3)2 , i.e. pi  411(x —  y) = — 1(x —  y) for
x 0 y and (3.2) 2 , i.e. — Y) = — y) for x Y ) :

Fx H(x) = VP (x) — Vx{pi v • [Vy (x — y) • u(y) — ry u(y)•Y(x — y)]
a Q

+ H(y )(x  —  y) • vl dSy

W e thus get, for .97  in the form (6.2), in particular

H(x) = 4171 (x )  + A l(x ) + 6 (x ), x E Q ,

V 11(x) = ,411 (x) + A f i l(x) + & 1
1--1 (x) , x  E Q ,

17„17(x) = + ./1/V (x) + (x) , x e Q . (6.9)

Here

(in (6.10) 2 ,

,i011 (x) = — I f —  y ) •  ° (y) dy , a = 0, 1 ,

Ti (x ) = f (x — y) • div g» -(y)dy ,
52

S .1(X ) = A(X — yWy  div (y) dy , ,

;11 (X) = (7 x 3 (X  —  y)• div 1 (y) dy ,
Jo

w e have denoted by 1 the vector field -F310) and

(x)=v  •  [ 1 7
y g(x — y)•u(y) — Vyu( y) • Y (x — y)]

d52

+ H(y)g(x  —  y) • vl dS y  ,

6 '11(x) = { It 17 • [V x Vy — • 14 (Y ) V y141(.0V .x.44i(x — Y)]
052

+ 11(y)V.„Y (x — y) • v + vg/(x — y) • div (y)} dS y  ,

(6.10)
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(x ) = 1/11 V • Evxvy M x -  .0• u(Y) -  vy ui(Y)vxg1(x -

DO

+ 17(y)Vx Y(x — y) • v} dSy( 6 . 1 1 )

2) Representation formulas fo r  0

F o r  a  locally smooth weak solution (weak means here a solution satisfying
the variational formulation and being such that 17 0 e  L (Q ) for some q e (3/2, 3))
of the  problem

A z = g = div g 0 , go e Ç °(Q)

we can write

z(x) = e(x — y)g(y) dy + I v • [z(y)Vy g(x — y) — Vy z(y)6s(x — y)] dSy ,

and for its

JO

gradients

052

Vx z(x) = f  17
x e(x — y)g(y) dy +

ar2
17f7v • [z(y) 3, x e(x — y) — Y 17y z(y) x e(x — y )] dSy ;

Vx
2 z(x) = Vx

2 e(x —  y)g(y) dy
Jo

V • [Z (AVy Vx
2 g (X  -  y) — Vy z(y)17,r

2 e(x — y )] dSy ;

Vx
3 Z (X )  = V x2e(X  -  y)Vy g(y) dy

+ Iv • [z(y)Vy (726'(x — y) — V,,z(y)(72&(x — y)] — vVx
2 e(x — y)g(y)} dS) , .

00

(6.12)

The formulas (6.12) still hold for g , "sufficiently regular" and  having "sufficient"
decay at infinity; the decay I x1 2 80 E /-2 3 (f2 ), lx1 2 div go G L '(0 ), x1 2 17  div g, e / ( 2),
which we use in this paper, largely satisfies this requirement. Applying formulas
(6.12) to problem (2.14), we get

Vx 0(x) =  Xo
l (x) + ( x )  , x E Q ,

17x
2 0(x) = ,i1(02 (x) + 61(x) , x  Q  ,

17x
3 0(x) = A(0

3 (x) + 61(x) , x E (6.13)

where
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A-01(x) f f?'"(x  —  y) div ( o - w ) ( y )  dy ,

A -0 2( x ,  _) f fle -  y) div (aw)(y) dy, ,

.A(03 (x ) =
 — f

f7x
2 (x — y)V div (o- w)(y) dy (6.14)

and

&v
ly (X ) =  f V • [0(y) Vy Vx e(x — y) — Vy  (y) Vx e(x — y)] dS y  ;

as2

0',2b (x) = v  [0 (y)17
3, Vx

2 (x — y) — Vy0(y)17x2—  y)] dS y  ;

(x) = f v • [0(y)Vy Vx
3&(x — y) — 17

y 0(y)Vx
3 e(x — y))052

VVx
2 -  y) div (o-w)(y)] dS y (6.15)

7. Auxiliary linear problems

In this section we recall mostly well-known theorems concerning the solvabil-
ity of the Neumann and Dirichlet problems for the Laplace operator, the Stokes
problem and the transport equation in exterior domains. These results are used
in Section 8, in  the  proof of the existence of solutions of the linearized systems
(2.6)—(2.7) and  (2.12)—(2.14).

Consider in  Q a N eum ann problem

40 = g in  Q ,

= J i , - >  0 a s  1)cl—> co . (7.1)

This problem, in  Sobolev spaces, was studied e.g. by Simader [25], Simader and
Sohr [27]. For our purpose, we need the following version of existence statement:

Lemma 7.1 (Neumann problem for the Laplace operator).
( a )  Let 1 <t < oc, Q  e W 2 and

tp = 0 ,g  c  ( 1 1 1 , 4 '(Q))* n Lt(Q) ( t '  — t  t
 1 )

T hen there ex ists a unique solution of  the problem (7.1)

c (Q) , V0 e l47 1 .̀ (Q)

satisfying the estimate

00
Ov

Mr7 0111,, + 11g110,t). (7.2)
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(b) L e t  < q < 3, 3 < p < co, = 0, 1, k , k  = 0, 1, ..., E V '  and

g G (1114  (0 ))* n P (Q ) ) *  n  w l , q (Q )n  w k , P (Q ) ,

E 14,1,1_01,,, q(as-2 ) n  w k + i- o lp),p (012) (7.3)

T hen there ex ists just one solution 0  o f  the problem (7.1)

G  It' q (Q)n f a P ( Q ) , VO G Wi + 1 4 (Q )n  WH- LP(Q) (7.4)

which satisfies the estimate

11F0111+1,q 1117010-1,p C(Igl*,q 1101,q

110111+1-(110,q,00 11011k+1-(11p),p,OS2). (7.5)

Next consider the  homogeneous Dirichlet problem fo r the  Laplacian:

40 = g , of2 = 0 , 0 —> 0 a s  Ix co . (7.6)

F o r our purpose, we need a  theorem about the  regularity of solutions

Lem m a 7 .2  (Dirichlet problem for the Laplace operator). L e t I  < q < 3,
3 < p < co, = 0, k, k = 0, , e  W k + 2  and

g  c  i i -1 ,q (Q )n  f l - 1 ,p (Q )n  w i, q ( Q ) n  w k,p (Q ) (7.7)

T hen there ex ists a unique solution 0  of  the  problem (7.6)

O E f aq(Q )n P(Q ) v o  e W 1+ 1 "1(Q)n W ( Q ) (7.8)

which satisfies the estimate

Mr7  0 111+1,9 + eh+1, p C(1g - 1,9 ± 1g 1-1 .P 1101,q Mk.pL (7.9)

Next problem to be investigated is the Stokes problem:

— Pidu + V ll= g in  Q ,

div u = h in Q ,

u - 0 , H - 0 a s  Ixl — ■ co (7.10)

In exterior domains, it was studied by many authors, recall e.g. Maremonti and
Solonnikov [13], Galdi and Simader [9], and the exhausting monograph of Galdi
[8]. W e have in  particular

Lemma 7.3 (Dirichlet problem for the Stokes operator).

(a) L e t  < t < 3, f2 e WI  and

E pv1-(110,1(aQ) 5g  c  f r l,t (D ) 5 h e Lt(S2) .

T hen there ex ists a unique solution of  the problem (7.10)

u e fiV(Q) , 17 e (5 2 )
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satisfying the estimate

11F14 1104  + 111 1 1104 c(191-1,1 + 110111-(lio,t,ao + Iltilio,t) •
3( b )  L et I <  q < 3, 3 < p < oo, 1= 0, k, k = 0 , ..., V + 2  and

h =  0,g  E f 1 - 1 , q(Q )n w ' , q(s2)n wk , P(Q),

E w i+ 2 - 01, ),q(a12)n wk+2-(11p),p(3Q)

Then there exists a unique solution (H, u) o f  the problem (7.10)

U E 110(0) n  114, P (Q ) VU E W 1 +1 '
q ( Q ) n  w ' " (

Q )
,

 c  w i+1, qp n  w k, , , (1-2)

which satisfies the estimate

IIVu111+1, q + + 111 7 111+1,q + 111 7 11k+i,p

c(191-1, q +191-1,p+119111,„+ IIg11k ,p

10111-1-2-(11q),q, Q  ± 11 11/ 11k+2-(11p),p, 0 Q )  •

The last axuiliary problem to be considered is the transport equation

+ div (Wm) =  g in Q ,( v v '  •  VI as2 = 0) (7.14)

We have, cf. Novotny [17], Theorems 5.6, and 7.1 and 7.2:

Lemma 7.4 (transport equation).

(a) L e t 1 < q <  3, 3 < p < oo, 1= 0, k, k = 0, c (ek + 1  and

W' E  V = { W ' G n faP(Q), 17 w' E W i + l ' q (Q )n  W 1 + 1 ' P ( Q )}

W ' • VI 5 Q  =  0 ,

g  c  w 1n.,q ( 0 ) n w k p (0 ) (7.15)

Then there exists y >  0  such that if

11Wilv

then there exists a unique solution co o f  (7.14)

E
 w i+i ( 0 ) n  w k+1 ,p (Q ) ,

div w "  c  w i+1,q0  n  w k+i, (Q)

which satisfies the estimate

11(0 111+1,q + 119 -)11k+i,p + +

< c ( g 1+ 1 + lIglIk+i,p) • (7.16)

(7.11)

(7.12)

(7.13)
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(b ) Furthermore, we have

ziw E 1-1- LP(S2)

and the validity  of the estimates

14 (0 1-1,, c(14 g1-1 +

div (Wco)1_ 1 ,, c(14g1- 1  + wlv11(0 111,,),

I f  1> 1 and k > 1, then moreover it holds

t h o  E

and

s = q,
 p .

 (7.17)

11,4 0) 111-1, q +  II A w  k- i,p

c{dAg11/-1, q + 114 911k-1,p + 11W111, (11(-0 111+1,q + 11(-0 4+1,p)}

114  d i v  (W(0 )11/-1,q + 114  div (W0 )11k-i,p

< c{114 g11/-1, a  + 114 911k-1,p ± W1V(11011+1,q 11(0  4+1 ,0 } • (7.18)

Lemma 7.5 (transport equation—the decay). L e t  1 < r < c o ,  1 < q < 3,
3 < p < co, 1 = 0, k, k 1 ,  . . . ,  (e k + 2  and w' eV ., i.e. it satisf ies the assump-
tions (7.15) 1 _2  o f th e  previous lemma and the further assumptions

X tW ' E L (Q ), lx12Vw' e L'(Q).

Let g  satisfy assumptions o f (7.15) 3 o f th e  previous lemma and

1x12g E L'(,Q), 1x1Vg e L"(Q), jx12Vg

T hen there ex ists y > 0 such that if

Mw' vY

then the solution w o f problem (7.14), w hich is guaranteed by  Theorem  7.4, i.e.

E  
W 1 ( Q )

 n W k + 1 . P (Q) ,

div (w'co)E WH- Lq(S2)(1 Wk + LP(S2)

satisfies, besides (7.16)-(7.18), also the estimates

111x12 01o,. + ItlxiV(0 110,. +111x12 Vcollo,,

< c(111x12g6,. +111x1Vgllo,. +111x1 2 V96,,),

111x12 div (w'a)11 0 ,. +111x1V div (w'w) + 111x12V div

< c(11 lx12 9110,. + 111xlvg110,. + lx1 2 17 9110,r) • (7.19)

Pro o f . Take co the solution guaranteed by Lemma 7.4. Consider (7.14) and
V (7.14) in  th e  form
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co = - Vco•w' - o)(2 ' • w' + g ,

Vo) = - 17 2 o) •w' - coV•w' - Vw'• Fa) -  VwF•w' - coFF-w' + Vg . (7.20)

Multiplying the first equation by lx12 and  the  second  by x, w e get estim ates

+  III-1(12 94,0A

11/7 2 wIçoillxIWII0,00+ + Illx1 179116,./ •

The last two inequalities, when added, yield f o r  w v "small enough"

+ (7.21)

and consequently

V d i v ( w ' c o ) o , . I x i 2 clIllx1V9110,.+ Illx1 2 9lI0,.}. (7.22)

Multiplying (7.20)2 scalarly by I v c o l r-zy c o l x  2rI and integrating over Q, we obtain

1
- -

r  Q  

VC • VI VO r IX12 r dx

- f

—  

( Fw' • Fa) -  FwV • w')•117 wir- 2 Vcolx12 r dx

f WV V • 14, '  • i VCOr - 2 V colx12 r dx + v g . i 7 or -217 c o ix 12r d x

= div Vw 1'1 x12 .* dx + w ' x 
r Q 52 'XI

- (Vw' • Fco - Vo)V • w')• I Vcor- 2 17 0x1 2 r dx
52 

— COVV• W' • VLOI r - 2 VCOIX12 r  dX f  Vg • f7 (011- 2 f7 0.)1X12 r  dX
f2

< + 111x12 (011o,oll lx12 17 (0' 11'0;1 + II lx12 [7 9

This estimate and estimate (7.22) yield, for sufficiently small, the estimate
(7.19). Lemma 7.5 is thus proved.

8. Proof o f Theorems 5.1 and 5.2—the linearized system

One version of proof o f Theorem 5.1 was given in  Novotny, Padula [19].
We repeat it here briefly only for the sake of completeness. The proof of Theo-
rem 5.2 is based on Theorem 5.1 and on the representation formulas (see Section
6). F o r  th e  sake o f  simplicity, we use  the  abbreviated no tion  fo r the  function
spaces (G, 0, U, L, G, 413, U, L, ...) introduced in Section 4, formulas (4.8)-(4.21).
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Proof  of  Theorem  5.1. We show that the m ap Y  (see (2.8)) is a contraction
in the space 0  for arbitrary w n V*  "sufficiently small".

Lemma 7.3 (b) applied to problem  (2.9) yields the estimate

IluIlv + 11HMG . c111',9 -1L+Tak+2-(11 1,),p,aol M o l (8.1)

(Here we have used the Gagliardo inequality about the traces and the inequality
IIVIlk+2-(11p),p,asz which holds due t o  the compactness of aQ

and the relations 1 k, q < p.) Taking the div of the equation (2.9),, we get

AH = div

hence we find

;-= + + + Kk ; (8.2)

(Here Ks = 0 if s = 0 and Ks = I otherwise.)
Lemma 7.4 (a) together with (8.1), applied to  (2.10), furnishes

+ (0- w)IG + 01
and Lemma 7.4 (b) together with (8.2) yields, in particular,

]div (o-w)[ c{ILFIIL + IlwIlvIlalIG}

(8.3)

(8.4)

Finally, Lemma 7.1 applied to  (2.11) gives

cfldiv (o-w)„, + div ( 0-4 * ,p + div (aw)Ilo, q + div (o-w)Ilo,p

+ V div ( 0 - W)1 I, q V div (8.5)

Estimating the first four term s as the nonlinear quadratic terms (with the help
of the definition o f  1.4  norm, b y  the H older inequality  and the Sobolev
im bedding theorem s), and the la s t  tw o  te rm s  b y  L e m m a  7.2 (recall that
div (o-w)I n 2 = 0, i.e . it is  enough to  put in Lemma 7.2 0  =  div (ow)), we obtain

PR cOdiv1crw/E + cZ{ILFILL dolawIlii} • (8.6)

Estimates (8.3), (8.4) and (8.6) imply

46 4 c 01•97 11i. + • (8.7)

W hich yields (recall that Y  is  a  linear operator) a contraction in 0  provided
c'3 w v < 1; consequently, there exists a fixed point = of Y .

Estimates (5.2) and (5.3) follow from (8.7), (8.1), (8.3) w ritten in the fixed
point. Proof of Theorem 5.1 is thus complete.

Proof  o f Theorem 5.2. W e take a solution guaranteed by Theorem 5.1 and
estimate the decay at infinity by using the representation formulas (see Section 6).
The proof is devided in to  severa l steps. In the first step, we derive estimates
for (H, u, 0) a t f in ite  distances. In the second step, w e estim ate the decay of
the integrals with the compact support, i.e. those integrals in the representation
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formulas which contain g-", ° and the integrals over the boundary. Third step is
devo ted  to  th e  decay properties containing contributions of „F. 1 ;  th is  p a r t  is
divided into four substeps: (3a) estimates of u and Fu , (3b) estimates of I I ,  F/7,
(3c) estimates of 0, F a , (3d) estimates of 0, F0, V 20, F 30, (3e) conclusions.

Estimates at the finite distances

F o r  a  fixed R > 1, sufficiently large, w e have

X u
MO QR + MIxl 2 FulIo,...(2,, eR2 (1Iullo,.,0 + 11Vull0,.,0) 

II IX 2 HMO, QR + M lx1VHIlo DR + M I xl 2 rUllo,,, K2),

< cR 2  (1 + (meas S 2R )r)1H 1 ,6i c'

F 0110, ap, QR 111)(121720111,r, 52, CR2(1 + (meas g2 R)1/r )I01, 2 c'll ,97 11i. • (8.8)

( In  (8.8), w e  h av e  used estim ates (5.2) a n d  Sobolev imbeddings of the  type
147 s' t (Q) OE cei(S2), provided (s — j)t > 3; this requires to take k  > 2.)

(2) Estimates o f  th e  terms containing „F° a n d  th e  estimates o f  th e  boundary
integrals. Set m = meas (supp . °). W e find fo r  R  sufficiently large (e.g. such
tha t supp ,97° B R / 2 )  and r >  3:

X KM O Q R + IxI 2A ; < en/L*7° 1v

+ M X J i i Mø , r , Q R + MIxI2•/4110,,,QR

c(m + ( I dx) )1 ,-F° Iço,c ' l l g ; ° 1 1 L
lir

Q R

A s far as the boundary integrals are concerned, we have (see (6.8), (6.11), (6.15)):

+ + IHI ço +kaF l iw o)

< +

+ XI o, R + HX MØ ,r ,Q R + IHIwo + 1 ,971 1<ei)

< + 11•*7 1 10

I Xk MO,,QR + lIX 2 MO.r.QR +

< c(101 ,Ki + idiv (crw)Iw o) c'(11g -- + 11g; 1 11L) (8.10)

(3) Estimates o f  the  integrals containing .F 1

(3a ) Estimates of  u , Fu

W e have by Lem m a 3.2 (see (6.7))

IxIX.° 110,. x 1 M0, (8.11)

and  by Lem m a 3.1

(1 )

(8.9)
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dIxl 2 1 110,. c(II1xl 3 div .T- 1 110 ,09 +M Ix12 ,F 1 110,.) • (8.12)

Representation (6.5) together with (8.8),, (8.9) 1 , (8.10) 1 , (8.11) and (8.12), gives

xuM + IxI 2 Vtdi0,. + II ,F 1 4) • (8.13)

(3b) Estimates of 17, V II

W e have by Lem m a 3.1 (see (6.10))

by Lemma 3.2

1114 ) 1410 y .

and by Lem m a 3.3

div

+ M x
g 7 . 1 1 1 0 , 0 0 ) ;

+ lx 47 div g;' 1(),p)

(8.14)

(8.15)

div Mo, r ,r  > 3 . (8.16)

Representation (6.9) together with (8.8)2 , (8.9)2 , (8.10) 2  an d  (8.14)—(8.16), gives

+ M x VHMO + M IxI 2 YHIlo,, + L) • (8.17)

(3c) Estimates of o-, V a

Applying Lemma 7.5 to problem  (2.10), one has

+ Mlx1V010,00 + + 11,9 1 110 (8.18)

and consequently

II I xl 2 div + I xIV div (0-41o..) + M Ix12 V div (0-41o,,
< + (8.19)

provided N I v is "sufficiently small".

(3d) Estimates o f VO, V 2 0, V 3 0

W e have by Lem m a 3.2 applied to (6.14) 1 (n o tice  th a t Illx12 div 0-410,00
+

11(0-, 0, 011 G(DU ; (8.20)

by Lem m a 3.3 (see (6.14)2 ) (notice th a t  111)(12 div ixl2010, co+
II Iø, r 12  V W 110,00 1X1- 2 110,r CIIIXFVW110, co), we obtain

II X1 2 , 4 f02 1100. C W11 yll(a, 0, 14)11G(DU (8.21)

by Lemma 3.3, see (6.14)3 an d  (8.19) (i.e. Illx12 V div (crw)110 ,r  is bounded),

II lx124110 0 . c(1kF° 11i, + 11,-Foe 1110 • (8.22)

Representation formulas (6.13) and (8.20)—(8.22) together w ith (8.8)3 a n d  (8.10)3

yield
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x1 17011o,. + M x12 1720111,r c(b-F° 11i, + IL + yll(a, u) IGou) (8.23)

and, in particular, b y  th e  imbedding W ( Q )  e ( Q ) ,  also,

lx12 f72 06 ,. c(11.-F° 11i. + ILF'11 L + MWM vM(a,0, Oil Got)) (8.24)

(3e) Conclusion

Estimates (5.2), (8.13), (8.17), (8.18) and  (8.23) yield

111111G + 1(9-, 0, UY160U C(11,7°11L + P7 1 11 L VIRG', 0, OM GOO (8.25)

which yields estimate (5.5) (and  a s  a  consequence (5.6)), f o r  11 14'11 v sufficiently
sm all. Theorem  5.2 is thus proved.

9. Proof of Theorem 5.3— the fully nonlinear system

W e show tha t the  nonlinear operator formally defined by (2.15) has the
following properties:

( i ) It is well defined o n  a  closed ball

By0 := {(o-, 0, u) c GOU,, 11(a, OM c To} (9.1)

of the  space GOU, provided To is sufficiently small.
(ii) It m aps B y 0  into itself provided yo a n d  Yi a r e  sufficiently small (recall

tha t y, is  the  bound for l f 4„
 i . e .

 l f y r ).
(iii) D enote  by  G ', 0 ', U ', 17: th e  Banach space G , 0 , U , L ,  respectively

w ith l — 1 and  k — 1 instead of !, k  (I >  k  >  1). Then put

X  :=  (a, u): o- e G', e  0 ', u  e  U '}  , (9.2)

I t  is  a  Banach space with norm

111(1, 0, x = 116 110 ± 110 qb' Ohl' •
Obviously By . X i s  a  closed subset in  X . T h e  operator .i1/' i s  a
contraction in By 0  in  th e  topology of X , provided y, and Yi a r e  suffi-
ciently small.

A s  a  consequence, ./1( possesses a  fixed point, say (o-, 0, u). T he corresponding
a  a n d  v =u +1 70  satisfy the  fully nonlinear system (2.4), (2.5).

Proof of ( i ), (ii). Set

F = F °  + div , w = z + ,

= (1 + , F 1 = — (1 + w.( 9 . 3 )

W e easily find, for (r, z) E B,:

c( + z)II2Gou)

11F
°
11/. clIfIlL , IIFI IIL z)II2Gou (9.4)
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with r >  3, <  g < 3, p >  3 and I = 1, . . . , k , k  = 1, 2, .... 8 T h e o re m  5.2 applied
to system (2.12)-(2.14) w ith F = F(r, w ) yields estimate

11(a, 0, u)IIGou c(Ilf + I(T, z)II 2Gou) (9.5)

This yields existence of Yi a n d  yo  such that

.if1 13,0 c  By . provided 11 -

Proof of  (iii). Let (a i , 01 , u1 ), (a, çb, u) be solutions of problem (2.12)-(2.14)
corresponding to ,.-37; = F(T 1 , w1 = z 1+ t7' 1 ) and ,0)-- = Fer, w = z  + respective-
ly, where ( r1 , z1 ), z) e By o . We want to prove that is a contraction, i.e.

zi) - , 4 ( (x, x < zi) - (9.6)

with a  0 < h  < 1 (provided yo  a n d  yi a r e  sufficiently small).
Denote f  =  — T1, = 0- — 0- 1, =  — 0= 0 — 0i, = z — z 1 , =  u —

u1 , = F ( t i , w1 ) - F(r, w), w 1 = z 1 +  V 1 ,  w = z  + 17 •  W e ca lcu la te

F cl + (II(T, z)IIG(DU 11(T1, )11 )11(f, Z, 2)11X} (9.7), 

Writing system (2.12)-(2.14) for the  differences, we get

- + v f t  = P
div i =  O,

= 17(4 17(x) 0 a s  I xi (9.8)

ô- + ( 2 1-11 + 122) div (5-w) = /7 - (41 + /12) div (al

(1- 0 a s  lxI op , (9.9)

= -div ( iw) - div (cr 1 f4,-),

= 0 , - 0 as CC (9.10)

Applying to equation (9.8) Lemma 7.3, we get estimate

mamw + 111-7k 00'4, + 44 ). (9.11)

Taking the divergence of equation (9.8), we get

A/7 = div

hence

]fl[ ' := 14 1 - 7 I-1,q + + + Kk-i

(for the definition o f Ks , see (8.2)). Lemma 7.4 (a), (b) together with (9.11) and

Condition / > I is required when estimating 111x1V div

av 012
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the previous estimate, applied to (9.9) yields

1161IG, + Mdiv ( 4)11 G' c( 111-11L' + 14110' ± 11(5-111 G(g11 ± V)) (9.12)

and

div (5-w)r c(Mrlis? + 11 1;v1r + 116 11G' 111VM V) • (9.13)

After this, Lemma 7.1 applied to (9.10) furnishes by the similar reasoning as that
one in formulas (8.5)—(8.7)

+ Ilvi)11v, 110-1 MG1 1 6 -11G, 11w11 v) (9.14)

Estimates (9.11), (9.12), (9.14) yield finally (for yo ,  y ,  "sufficiently small")

MM+ + 11511G,c"4.(yo + yi)(11211u , + + (9.15)

The last inequality yields the contraction in By o  fo r  th e  operator „iff, provided

+ Yi) <

The existence of a (unique) fixed point of .i1( in By0 thus follows from the standard
Banach contraction princip le . This fixed point (say (a, 0, u)) determines the solu-
tion (a, y) of the nonlinear problem (2.4), (2.5)

a,v  =  u  +  V 0  .

The estimate (5.7) follows from (9.5) written in  the  fixed p o in t .  Theorem 5.3 is
thus proved.

10. Proof of Theorem 5.4— further decay o f  17 0

L et us se t in  the  representation formulas of Section 6

(1  ±  0 .) f  , _ (1 +  or)(v  ® v),

w = y, r  = a, where (a,v =u + f 7 0 )e G  x V  is  a  solution of problem (2.4), (2.5)
guaranteed by Theorem 5.3. Integrating by parts in  (6.14) 1 ,  we get

.i17.
0

1 (x) = — f 17„2 (x— y) • (o-v)(y)dy — 17„e(x — y)(o- v • v)(y)dS,
f2 an

which yields by (6. 1 3)1

V0(x) = .47'01 (x) + (CIA (x)

where

(x) = 
- J (av )(y ) • f7

x
2 e(x — y) dy

(v.,(x) - vx mx - y)(o-v • v)(y) dSy  + (5' 1
6 .

,112
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We therefore find (see Lemma 3.3)

lx12 - 47 0 G  LW ), r > 3/8.

Recall that (see Theorem 5.3)
x12-ev20 E  op) , r> 3 /2 .

The assertion (5.8), follows thus by the imbedding w i,r ceo,a.) applied to the
function lx12 - EVO.

The proof of (5.8)2 is  no t so  stra igh tfo rw ard . F irst, w e  have to calculate
the decay of

 17
2

17
, V 4 0 and 17 2 u, 17 3 u. W e have, by differentiating (6.5)2 , (6.9)2

and (6.13)

17 2 I7(x) = 417(x) + AY(x) + ( x ) , x c Q — supp

v 2 u (x) = déR x) + Aru2 (x) + gu
2 (x) , x e Q ,

v 3 u (x) = (x) + (x) + eu
3 (x) X E Q — supp

[7 4 0 = ./11(x) + c l (x) , x e Q , (10.1)

where

.417 (x )  =  f  V x
2Y(x — y) • „F ° (y) dy , X E Q — supp

(x) = — Fx2q (x — Y) • •F ° (Y) dY X E Q ,

4'2 (x) = —  f Vx
3 )11(x — y) • °  (y ) d y , , X E Q — supp ,

= — y)Vy div (y) dy, ,

S;,2 (x ) =  — .f Vx
2 11(x —  y) • div ,971 (y) dy

y)Vy div (g ; ) i (y) dy

y ) l72 div (o-v)(y) dy

ez,2 = vx ,

— y) • div „*-71 (y) dSy ,4,3 =  V x 4,2 + J v i7x211(x

61, = + vf7x2S(x — y)Vy div (o-v)(y)dSy( 1 0 . 2 )
017
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Formulas (10.1) and (10.2) yield, for

(a, q5, u) E By . c GOU ,

the following estimates:

x12 - 97 '2 u e Lr(Q) ,

Recall that (see Theorem 5.3)

x12 - 97 3 6/) G Lr (Q)

therefore

r > 3/c.

r > 3/c,

lx12 , v 2v e Lr (Q) r > 3/e,

Now, 1x12 - EF' div F 1 c ( S 2 ) .  Therefore

1x12 - T 2 HeLr(S2), r > 3/e.

Next we get from the transport equation (2.18)9

ix12-EF 2a e  Lr (Q) r > 3/6

1x12 - q72 div (o-v) e L r (Q ) ,r >  3/c.

After this, we deduce from (10.1)3 (the reader verifies that 1x13 - EY div e 11(Q))

1x13 - EV3 u e Lr(S2), r > 3/e

and by (10.1)1 a lso

ix13 - T 2 11 e Lr(S2), r > 3/e .

From  ( 1 0.04
lx12-Er 4o e  Lr (Q) r > 3/E

(see Lemma 3.3) and  as a consequence

1x12 'V 2 v c Lr(S2) , r > 3/e .

Now we find, again from the transport equation (2.18). 9

1X13 - 97 2 0- E L r  ( 2) , r > 3/E.

After this, we obtain

x13 - e  div (o-v) e W "r(Q) , r > 3/e .

9 T h is  requires some explication: Differentiating (7.20)2 (w ith  w' = u, w = a, we obtain an transport
equation fo r 172 0 (w e p u t all terms containing derivatives o f a  in  th e  order less then 2 to  the
r.h.s. of it). O n e  easily verifies that  (r.h.s.) (where a  states firstly fo r  2 a n d  then  fo r  3)
belongs to M O ). Therefore, multiplying this equation scalarly by lxirt° ' ) Iv 2 0-1,  2 v 2 a and integrat-
ing over S2, we obtain, after some standard manipulations, the desired result. See Novotny [17],
Theorems 5.7 and  5.8 for details.
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The last estimate yields by (2.17) and the well known Sobolev imbedding theorems,
the estimates (5.8) 2 . Theorem 5.4 is thus proved.
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