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An initial-boundary value problem for
the pseudo-hyperbolic equation of
gravity-gyroscopic waves

By
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0. Introduction

The equation of gravity-gyroscopic waves (1.1) is a linear evolu-
tionary partial differential equation of 4-th order and composite type.
Similar equations yield both elliptic and hyperbolic characteristics and
therefore they share properties of both elliptic and hyperbolic equations.
Such equations are also called pseudo-hyperbolic. The equation (1.1)
governs non-stationary internal waves in an ideal stratified and rotational
inviscid incompressible fluid.

In [1]-[6] exact solutions of non-stationary boundary value problems
for small oscillations of plates in an unbounded stratified rotational fluid
were obtained. In doing so pressure or normal velocities were specified on
both sides of the plate. This led to the first or second boundary value
problem.

The problem of non-stationary internal waves in a two layer stratified
fluid excited by small vibrations of a plate placed at the boundary of
separation between layers was studied in [7]. Impulsively started
vibrations of a sphere were discussed in [30], [31].

In [8]-19] initial boundary value problems for small oscillations of
plates in a bounded layer of a stratified fluid were considered.

Both classical and weak solvability of initial boundary value prob-
lems for the equation of gravity-gyroscopic waves in arbitrary simply
connected regions was analysed in [5]. Problems in arbitrary multiply
connected domains were studied in [33-36].

Solvability of the problem on non-stationary oscillations of an open
arc in a stratified and rotational fluid was studied in [5], [16]-[18].

The problems of generation of stationary internal gravity waves by
oscillations of a sphere and diffraction of internal waves from an
oscillating cylinder were studied in [19], [20], [28], [29] (see also
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references in these articles). Diffraction problems with other geometries
were studied in [21]-[27]. It is essential to note that diffraction problems
for internal gravity waves lead to unusual boundary value problems for
the hyperbolic equation, where propagation of singularities from the
singular points on the boundary along the characteristics of the hyper-
bolic equation takes place.

In the present paper the explicit solution of the initial boundary value
problem on vibrations of several double sided plates in a stratified and
rotational fluid is obtained. In doing so dynamic pressure is specified on
one side of each plate and normal velocities are specified on the other side.
This is a mixed boundary condition.

Hence, the present paper is the attempt to consider excitation of
nonsteady internal waves by vibrations of several bodies and to solve the
pseudo-hyperbolic boundary value problem in a multiply connected
domain with the mixed Dirichlet-Neumann boundary condition. All the
previous papers mentioned above dealt with either Dirichlet or Neumann
boundary condition.

The basic method for the analysis of the classical solvability of initial
boundary value problems for the equation of gravity-gyroscopic waves is
the potential theory, which has been constructed in [4], [5]. The potential
theory for the pseudo-hyperbolic gravity-gyroscopic wave equation is
similar to the potential theory for the parabolic equations. With the help
of the potential theory, initial boundary value problems for the gravity-
gyroscopic wave equation can be reduced to the time-dependent integral
equations on a boundary of a region. The existence of solutions of the
integral equations in the case of an arbitrary smooth boundary was
studied in [5], and these solutions can be computed. Sometimes the
solutions can be found in an explicit form.

The scheme of the present paper is as follows. The rigorous mathe-
matical formulation of the initial mixed boundary value problem is given
in Section 1 together with the uniqueness theorem. The reduction of the
problem to the integral equations on the boundary by the method of
dynamic potentials is presented in Section 2. The solution of the integral
equations is found in Section 2 in an explicit form with an accuracy up to
unknown functions depending on time only. These unknown functions
are found from the linear algebraic systems of equations derived in
Section 3. Thus, in Section 3 the construction of the explicit solution is
completed and the theorem on the solvability of the problem is for-
mulated.
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1. Formulation of the problem

In Cartesian coordinates x= (x;, x;) ER? let us consider an ideal fluid
which is exponentially stratified along the Ox; axis and uniformly rotates
around it. The dynamics of small two dimensional motions of such a fluid
in the Boussinesq approximation are described by the equation of gravity-
gyroscopic waves [5, 6, 10, 26, 32] :

2
S AD+010., +0i0., =0 =S+ .1
where the Vasala-Brunt frequency w; and twice the angular velocity of
rotation w, are constants and w;, w;>(). The potential function ®(, x) was
introduced in [10]. It is related to the dynamic pressure p(¢, x) and the
velocity vector v= (v, v;) by

2 2
o= —% ?91; %+w§) 0=, <%+w%> 0, =90,
where o, is the average stationary density of the fluid.

We note that (1.1) is a fourth order equation of complex type. This
equation yields both elliptic and hyperbolic characteristics. Such
equations are called pseudo-hyperbolic and were not studied in classical
mathematical physics.

We denote by Os the coordinate axis obtained from the Ox, axis by
rotation through an angle 8 around the origin.

Let two sets of plates (cuts) I'* and I'? be placed in the fluid along the
Os axis. The first set I'! involves N,>( cuts and the second set I'? involves
Ny;>0 cuts:

& &

N,

r'=rl, rl={x. x=scosf xs=ssinf, s€(@al, b))}, n=1, .., N;;
n=1
N

r’=Jrt rIl’={x. x;=scosb, x3=ssinf, s, b2)}, n=1, ..., N.
n=1

The notations @} and ¥, (n=1, ..., N;; j=1, 2) will be used for the
points (@) cos 0, a} sin 8) and (¥} cos 8, b}, sin 8) in the plane (x;, x3) to make
formulae shorter. The totality of cuts is denoted by I': I'=r*ur
Suppose that the closures of all cuts are disjoint.

Let 7 be a normal vector to I. The direction of 7 is chosen so that it
will coincide with the direction of the Os axis if 7 is rotated clockwise
through an angle of z/2.

We orient each cut I'J (n=1, ..., N;;j=1, 2) by distinguishing
between the sides (I7)* and (I'f) ", where (I"})* is that side of the cut I}
which is on the left when the parameter s increases. The opposite side of
I'; will be called (I})".

Similarly the side of the contour I, which is on the left when the
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parameter s increases, will be called (I7)* and the opposite side will be
called (M)~ (=1, 2).

Definition. A function W (¢, x) belongs to the smoothness class G if
k=0,1,2):
D DEWeC([0, =) XRAD);
_ o

) DFWeEC'([(, o0) X RA\I'\X), where D!= P X is the set of end-

points of the plates, that is X={d’, ¥,; n=1, ..., N;, j=1, 2};
3) in the vicinity of any point dEX we have

| DIPW | <A.(D)|x—dl|°, x—d a.2)
for some A,(t)EC'[(), ) and 6> —1.
Assuming that N;+N;>(0 we formulate the initial mixed boundary

value problem K(V,, Ny).

Problem K(N;, N,). Tofind a function ®(¢ x) of the class G which sat-
isfies the equation (1.1) on (0, ) X (R?\I") in a classical sense, the initial
conditions @ (0, x) =®,(0, x) =0, x&R*\I", the boundary conditions on I'':

Bl.wearty =f1(t, 5), (1.3a)
N, .®.weah-=1(¢, ), (1.3b)
the boundary conditions on I'?:

Nt.1z®|ﬁt(5)(5(l‘2)+ :fZ(t, S), (13C)
Dl iweard-=fi(t, S), 1.3d)

and the regularity conditions at infinity
| Did | <B.(1), k=0, 1, 2; (1.4
| DWW | <B.@®) x| k=0,1, 2; 1.5)

where B.(t), B,(t)EC'[(), ), e>0 and |x| = (x}+x})*— .

All conditions of the problem must be satisfied in a classical sense.
In the formulation of the problem the following operator on I" was
denoted by N, .:
62

N.:®|:wer= ¥ %q') +wf cos (7)) ., + w} cos (7%3) B,

2 2
= cos (%)) (%-&-w%) ®,,+ cos (7x3) <%+w§> ?.,,

where cos(7x)) is the cosine of the angle between the vector 7 and the
direction of the Ox; axis (j=1, 3).
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From the definition of the class G it follows that

1) the boundary conditions (1.3a), (1.3d) must hold at the ends of
the cuts I"* and I'?;

2) the validity of the boundary conditions (1.3b), (1.3c) at the ends
of the cuts I'* and I'? is not required.

The problem KN, N;) describes non-stationary wave motions
excited by small vibrations of the plates I" starting at the moment =
(before this moment the system was at rest). In doing so pressure is
specified at the side (I'')* of the plates I'* and at the side (I"?)~ of the plates
I'? and this yields the first boundary condition.

Normal velocities are specified at the side (I"?)* of the plates I'? and at
the side (I'Y)~ of the plates I'' and this produces the analog of the second
boundary condition with time derivatives.

Let us note that the conditions (1.2) at the ends of the cuts and the
regularity conditions at infinity (1.4), (1.5) ensure an absence of point
sources at the ends of vibrating plates and at infinity.

It follows from [6, 10] that the statement holds:

Theorem 1. There is not more than one solution of the problem K (N,, N,).

The proof of the theorem is based on the method of energy equalities
for the equation (1.1).

2. Time-dependent integral equations on the boundary and their
solution

Let
£, $)ECH0, ) ;C-H()),
f2(4, )EC([0, ) ;C* ),
where the Holder index 2€ (0, 1].

We denote by C*([(, ©);B) the class of abstract functions w()
having k& continuous derivatives with respect to . For every ¢ a function
w(t) belongs to the Banach space B in a spatial variable. We denote by
Ct([0, =) ;B) the class of abstract functions w()EC*([(, «);B) which
satisfy the initial conditions: w{()=---=w®*(0)=0.

We denote by I the closure of I'.

We can replace the boundary conditions (1.3a) on (I")* and on (I"?)"
by the following equivalent conditions

Q2.1

O | e =it =F1, 9, (2.2a)
O | et = & D =£ ), (2.20)
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o, a)=f a), n=1,..,N; j=1,2. (2.2¢)

The conditions (2.2a), (2.2b) must hold at all points of (I"))* and (I"%)"
except their ends.
We will seek a solution of the problem K (N, N;) in the following form

O, )=Vl x)+Th]E x)+c®), 2.3

where c(?) is an unknown function of time, so that c(¢) €Ci[(, ) ={c(®) E
0, ), c(0)=c(0)=0} and V[l x), Tl x) are the dynamic
potentials for the equation (1.1) which were studied in [4, 5, 12]. The
potentials are defined by formulae

Vil x)=fn(t s)loglx—y(s)|ds
1 Ix y(s) |
+ff,u(t T, §)— <1 cos (1= () I"))dsdr
Tv]( x)=frv(t, )¢ (x, s)ds—fofr‘u(t—r, s)U(¢(x, s), T)dsdr,

where

y(s)=(scos @, ssin@) T,
|x|=(xf+ap)v?
lx o= (w%x3+w2x1)m
$(xs,
UG ), 0= 6®sin(tO®)dE
@(E) = (w? sin®* +w} cos¥) V2

A function ¢(x, s) is determined (up to indeterminacy 2zm, m==*1,
+2, ...) by the formulae

08 $ s S*Tsf%sﬁe
__x3—ssin @
sin ¢, 5) =73 T

More precisely, we fix a point x& " and choose an arbitrary fixed
branch ¢(x, s) of this function which varies continuously with s along
each cut I'7, (n=1, ..., N;, 7=1, 2). Under this definition of ¢(x, s), the
potential T[v] (¢, x) is a many-valued function. In order that the potential
T[v](, x) be a single-valued function it is necessary to require the validity
of the following (V,+N,) additional conditions for the function v(¢, s) (see
(41-[51, [12]1-[13]):

j;zv(t, Ods=0, >0, n=1,.., N, j=1,2. ©.0
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The functions ¢ (¢, s), v(¢, s) and ¢(¢) are unknown and must be found
in the process of solving the problem.

We will seek functions (¢, s), v(t, s) in the following smoothness
class:

©(t, s), v(@, s)ECH([0, =) ;CR(IM),
where 2,&(0, 1], /&[0, 1). We denote by C¥(") a Banach space of
functions f(£) defined on I' and such that

[ TTE-ad G- T E-ad G- | fOEcha),

1@ lego=| | TTE-ad E=oDTTE—a) E—5D | £© |

If the conditions (2.4) hold and the functions ¢ (2, s), v(¢, s) belong to the
required class of smoothness, then it can be verified directly using the
properties of potentials from [4]-[5], that the function @ (¢, x) from (2.3)
belongs to the class G and satisfies the equation (1.1) and the initial
conditions of the problem K (N;, Ny).

In order for the function @(¢ x) to satisfy the regularity conditions at
infinity (1.4), (1.5) it is necessary to require the following additional
condition

fru(t, s)ds=0, t>0. (2.5
We arrive at the theorem.

Theorem 2. If u(t, s), v(t, s)EC}([0, ) ;CUN) where 2,€ (0, 1], K E
[0, 1) and the conditions (2.4), (2.5) hold, then the function (2.3) satisfies all
conditions of the problem K(N,, Ny) except the boundary conditions.

The theorem follows from [4, b, 12], where dynamic potentials were
studied. Besides, the theorem can be checked directly on the basis of the
explicit formulae for the dynamic potentials introduced and discussed
above.

By using the limiting formulae for the values of potentials on the
boundary (see [4, 5, 11, 12]) and by satisfying the boundary conditions of
the problem K(IV,, N;) on I (the conditions on (I'")* and (I"?)~ are taken
in the form (2.2)) we obtain the following system of singular integral
equations on I'Y, I'? for unknown functions ¢ (¢, s), v(¢ s):

R IOR))

o s do—nj, * Jo,* V(i s)

er =it 9), (2.6a)
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2
g atz v(t, 0)do— nSwl*Swz*%/z(t, $) | 1 =r(t 5, (2.6b)

ro—s 0

1 & &
_fr s Wy(t' 0)d0+ﬂSwl*Sw2*Wu(t, s)

ser? =£(¢, ), (2.72)

1t o)
r 0—S

do+ o *Jo, ¥ vt $) | a=Ft, 5, (2.7b)

where the equations (2.6a), (2.6b) result from the boundary conditions
(2.2a), (1.3b) and the equations (2.7a), (2.7b) result from the boundary
conditions (1.3c), (2.2b).

We define the convolution operators /. * and S, * (7=1,2) by

J*90 =00 ~0, [ 11,(-D)0@ds

5,420 =00 -0, [ Sw,t-)2@dx

where J,(¢) is a first-order Bessel function and
wjl d

S(a),-t) = _f ]1(0)_0.
0 ag

It is essential to note that the operators /., * and Swj * are self-inverse,
that is Jo, *S,,,l. * =Su,l.*](.,]. * =F, j=1, 2, where E is the identity operator.
We get the following assertion.

Theorem 3. If the assumptions of the theorem 2 hold, (1, s), v(t, s)
satisfy the equations (2.6), (2.7) and the function (2.3) satisfies the condi-
tions (2.2c), then the function (2.3) is a solution of the problem K(N,, N,).

Let us construct the solution of the system (2.6), (2.7).

By taking into account the assumptions introduced relative to u (¢, s),
v(¢ s) and inverting the operators of convolution with respect to time we
rewrite the equations (2.6) and (2.7) in the following form:

LIel? 45i50,9] =-Lra s, (2.82)
o+ KD gy —Lras, (2.85)
u -1 [ZeDgo| —Lra s, (2.8

(D) (2.84)

1 (e o) .
) et
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where

0(@, 8)=Ju * Jo, ¥ v (8, 5), (2.9a)
ﬁ@ﬂ=h*@*£@—ﬂﬂn@ﬁ (2.9b)

In order for the function v(¢, s) to belong to the class C([(, o) ;Cﬁg(]“ ),
where 2,= (0, 1], &[0, 1), we have to seek the function (¢, s) from the
same class.

We note that the equations (2.8) contain the time ¢t as a parameter
@=>0).

Let us formulate the assertion.

Proposition 1. A solution of the system (2.6), (2.7) is transformed by
the substitution (2.9a) into a solution of the system (2.8); conversely, any
solution of the latter system yields one of the former.

We introduce the functions

o+t s)=u(t, s)+o(, s),
o-(t s)=ult s)—0o(t s).

By adding and subtracting relationships (2.8a) and (2.8b), we arrive at
the following equations for the new unknown functions p. (¢, s), p-(¢ s):

R R B (IO RE A W R )
ot -L[8D gyl —Lipao-fesn.  @im

By adding and subtracting relationships (2.8c) and (2.8d), we get the
following equations for p. (¢, s) and po-(¢, s) on I'%:

oo -1 08D g5 Lipioihesn @100
0+ [0 D gyl = Ligeo-Fa . @100

Equations (2.10a), (2.10c) can be written in the form of a singular
integral equation for the function p. (¢, s). This new equation has to be
valid on whole contour I" and is

R.(s) (p:(t 0) do

p+(t, S)+ = . o—s

wer=R (). (8, 9), Q.11

where
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0. 9)=—L(G 9470 ). ser (2.122)
1, ser
R-{" Tl (2.12b)

In a similar manner by combining the equations (2.10b), (2.10d) we
get a singular integral equation on the whole contour I" for the function
o-( s):

0+ R [0-0D 45| g (99,9, @.19
where
0 =Lt Al ), sET, (2.142)
_[-1, ser!
R_(S)_[L cer (2.14b)

Thus the original system of singular integral equations with respect
to the functions (¢, s), v(t, s) is reduced to the pair of independent
singular integral equations (2.11), (2.13) for the new unknown functions
0:(t s) and p_(t s) respectively. The equations (2.11), (2.13) must be
solved for every t>(. In order for the functions ¢ (¢ s), v(¢ s) to belong to
the class C§([0, ) ;C(IM), 2,E (0, 1], k€ [0, 1, the functions p.( s) and
0-(t s) have to belong to the same class.

We arrive at the following assertion.

Proposition 2. A solution of the system (2.8) is transformed by the
substitution

5@ $) =%<p+<t, 9 +o-( ),
5t =504t ) =0-t )

into a solution of the system (2.11), (2.13); conversely any solution of the
latter system yields one of the former.

To solve equations (2.11), (2.13) we use the following Lemma.

Lemma 1. Let L* and L™ be two sets of segments on a coordinate axis :

N-

N.
L= L_Jl (al, b)), L = Ul (a;, b))
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such that no two of the segments have any common points (including ends).
Let us denote L=L*UL™ and consider the singular integral equation

n+XL [ 2O 45 ~HE (), seL 2.15)
where
[, seL”
r(S)—[_L seL-

and H(s) is an arbitrary Hélder function on the closed segments L.
Then there exists a solution h(s) of the equation (2.15) such that h(s) E
C), 20, 11, K& [0, 1), and the general form of this solution is

Py v -
h(s)z%Ho(s)—r(s)<2”Q10(s)jL‘Q"(O)H‘)(U)da— i (s)>

o—s Qu(s)
or
_1 1 Q()H (o) Py, +n_-1(s)
his) —7r(s)H(s) Q). o—s do+ Q(3s)
where

N.
Q) =11 I s—as | ¥+ | s—bS | V*sign(s—a;))
n=]1
N.
XTI |s—a; |V« | s—b, | ¥sign(s—b;)
n=1
=Q(s)r(s),
N.
Q=TI |s—a | ¥+ | s—b} | Vsign(s—a;)
n=1
N-
XTI |s—a, | Y+ | s—b, | ¥*sign(s—a,),
n=1

Py, +n_-1(s) is an arbitrary polynomial of degree (N.+N_—1).

The validity of the Lemma follows from the results of the mono-
graphs [14], [15].
Let us return to the consideration of the equation (2.11). We set

al=a!, b.=b! n=1,..., N\=N,, I''=L%*;
a:=a,, b=b,, n=1,..,N,=N_, I'*=L",
R.(s)=r(s).

We suppose that the timé ¢ is fixed and put p. (¢, s)=h(s), ¢.(t s)=H(s).
This change of notations transforms the equation (2.11) into the equation
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(2.15). Hence according to Lemma 1 the solution of the equation (2.11) is

_1 . 1 Q:+ (e o) Pﬁl*”z‘l(t’ s)
0+ s)= 9 R.(s)o.({, s) 920.(5) Jr o—s do+ 0.9 .
(2.16a)
where
QJf(s)Il!fIl | s—al | ¥+ | s—bl | Ysign(s—al)
Xlljl |'s—al |+ | s—b%| ¥ sign(s—al) (2.16b)
and
Py w1t 8) =an w1 (D81 o e (D5 +ag (1) (2.16¢)

is a polynomial of degree (N;+N,—1) in s whose coefficients are arbitrary
functions of ¢ of class C3[(, o©). If the last requirement holds then
proceeding from the explicit formula (2.16a) and properties of singular
integrals presented in [14] one can show that

0+ )ECY0, ©);Cce), (e 1], el D.
We solve the equation (2.13) in a similar way. The substitutions

al=a;, bl=b,, n=1, ..., Ny=N_, I''=L";
al=al, b:=b}, n=1,..., N.=N., I’=L"
R_(s)=r(s), p- s)=h(s), ¢-( s)=H(s)

(for ¢t fixed) transform the equation (2.13) into (2.15). By using Lemma
1 we obtain the solution of the equation (2.13)

PA_11+N2—1(t, s)

1 1 Q-(0e- 0)
o, s)—iR_(s)fp-(t, s)— ZnQ_(S)\f; do+

o—s Q.-(s)
(2.17a)
where
N,
Q-()=II1Is—a |+ |s—by| ¥ sign(s—a
n=1
» (2.17b)
XTI | s—a2| ¥+« | s—b2| Ysign(s—a?)
n=]
and
Py sny-1 (8, 8) =an w1 (D17 o +ar (Ds +aq (O (2.170)

is a polynomial of degree (N;+N,—1) in s whose coefficients are arbitrary
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functions of ¢ of class C}[(, ©). If the last requirement holds then
proceeding from the explicit formula (2.17a) and properties of singular
integrals presented in [14] it follows that

o-( $)ECH0, ©);Cce), e 1], xeE D.

Now the solution of the system (2.8) can be easily found, namely

1 9 =5(0.G )0 )

L 11 (0. o)
=0 B 94 (g ). do

o g—s
1 Q-(0e-, o)
+Q_(s) r g—s do)
1P s)  Puwn @, 8)

VAN RO X )

(2.18)

vt s) Z%(m(t, s)—po-(t s))

_ 1 , 1 1 Q+(0)e.(t, o)
o R-()fiCs, ) 4z <Q+(s) ﬁ do

ag—S
1 Q-(0)e- o)
@ T do)

1 P;1+N2—l(t, s) P§1+N2—1(t, S))
AN RO EC A

where s&I, t>(; the functions f{(¢, s), fo(¢t, s) are defined in (2.2a, b),
(2.9b), the functions ¢.(, s), ¢_-(t s), R_(s) are defined in (2.12a),
(2.14a, b), the functions p. (%, s), Q+(s), Pf,+x,-1(t, s) are defined in (2.16)
and the functions p-(t, s), @-(s), Py +n,-1(, s) are defined in (2.17).

We have proved the Lemma.

2.19

Lemma 2. If fi(¢, s)EC}([0, ) ;C"*()); £t s)EC ([0, =) ;C* (D))
and A€ (0, 1] then the general solution from the class u(t, s), v(t, s)&E
Ci([0, 0);CR(M), 20, 1], K& [0, 1) for the system of singular integral
equations (2.8) is given by the formulae (2.18), (2.19) where the coefficients
ar@®), a, &) (m=0, ..., Ni;+N,—1) of the polynomials Py vt s) and
Py +n-1(t, s) are arbitrary functions of t of class Ci[(, o). Besides, for the
general solution 2y)=min{A, 1/4}, k,=23/4.

The last statement of the Lemma follows from the explicit form of
u(t, s), v(t, s) and properties of singular integrals from [14].

By using the formula (2.9a) and inverting convolution operators we
obtain from (2.19) the expression for v(z s):
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vt ) =5 R 9
f Q+ (0)¢+ (t U)

An ( Q+(s)

1 Q-(o)w-(t, 0)
Q-(s) Jr o—s da)
1 PN 1 +Ny—1 (t s) P];1+N2—l(ty S))
2 Q+(s) Q-(s) ’

(2.20)

where
filt, $) =8, xS, * fit, 9),
2.6 9= —L([t-0hG@ Dar+7G 9),

0-G 9=~ ( [ t-DAG Dar-7G 9),
Pﬁlwz-l(t, $) =an +ny (DS - af (D s +ad @),
Py swp-1(8 8) =0 jawy- (O SMHN oe ar (D)s+aq (1),
ar () =S, *Su,,*xa; (@), n=0, ..., Ni+N,—1, (2.21a)
a; () =8, *Su,*xa; @), n=0, ..., N+N,—1, (2.21b)

a; (@) and a;(¢) are coefficients of the polynomials Py .v,-:1(z, s) and
Py +n,-1(t, 8) from (2.16¢), (2.17¢); all other notations are the same as in
(2.19).

It follows from (2.21) that if a;} (¢), a, (¢) belong to Ci[0, o) then &; (¢),
a, () belong to the same class (#=(, ..., N;+N,—1). It now follows from
(2.20) that v(¢ s) belongs to the required class of smoothness.

Thus the functions (¢, s), v(¢, s) from(2.18) and (2.20) are solutions
of the original system of singular integral equations (2.6), (2.7). The
lemma holds.

Lemma 3. If fi(t, s)EC}([0, ) :C*(D)); £, s)EC([0, «);C* (D))
and A0, 1] then the general solution from the class u( s), v(t s)E
Ci([0, ) ;ce), 1€ 1), K& [0, 1) for the system of singular integral
equations (2. 6) (2.7) is given by the formulae (2.18), (2.20), where a; (1),
a,; @) m=0, ..., N;+N,—1) are arbitrary functions of t of class C}[(), o0).
Moreover the indexes Ay, Ky for the general solution are A,=min{A, 1/4},

Ko=3/4.

If we substitute the functions ¢ (¢, s), v(¢, s) which were found in (2.3),
then @ (¢, x) depends on 2(N;+N,) +1 arbitrary functions of time ai (¢), ...,
an, v ()5 a5 (B, ..., ay,+n,-1 (@), c(?). On the other hand the function @ (¢, x)
must satisfy 2(V,+N,) +1 additional conditions (2.2¢), (2.4), (2.5).
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Thus the functions a; (), a, (@) ®r=(, , Ni+N,;—1), which are
coefficients of the polynomials Py .v,-1(2, s), P~1+N2_1(t, s), and the function
c¢(®) from (2.3) have to be chosen to satisfy the conditions (2.2¢), (2.4),
2.5).

3. The linear algebraic system of equations and the solution of the
problem K(N,, N,)

Now we show how to satisfy the conditions (2.2¢), (2.4), (2.5). We
first consider the conditions (2.4). By inverting the convolution operator
Jo *Ju, * we write conditions (2.4) in the form

fr‘ﬁ(t, s)ds=0, t>0, n=1, ..., N, j=1,2, 3.0

where 0(¢, s) is defined in (2.9a), (2.19). By substituting here the
expression for 0(¢, s) from (2.19) we get (N;+N,) linear algebraic
equations in unknowns a;} (¢), a, (¢) (n=0, ..., N\+N,—1):

S ARrar 0 +42 0 1) =g0 O, 3.20)

where n=1, ..., N;, j=1, 2 and

NE— 4 ].
AP ‘—zme oK (3.2b)

g9 (1) = J;(Q (s)f Q+(0)¢+(t 0)

1 Q-(0)¢-(t, 0) _Lf ,
0. Js s da) ds o ”;R_(s)fl(t, s)ds,
m=0, ..., N+N,—1, n=1, ..., N, j=1, 2.

Next we consider the conditions (2.2c). First we note that (up to an
indeterminacy 2zm, m==+1, +2, ...)

(3.2¢)

6@, §)= [ s<da
a, .
+6, s>a,
consequently foralln=1, ..., N;, j=1, 2 the function ¢(a}, s) is constant on

each segment of I". In view of (2.4) we have T[v](¢, a))=0, n=1, ..., N,,
j=1, 2. Hence conditions (2.2c) become

Vel d)+c@®=£G &), n=1,..., N, j=1,2. 3.3

The potential V[u](t x) on the line Os (where x=x(s)=(s cos 6,
ssin 8)) is
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Vil x(s))ZJ;u(t, o)log|s—a|da+f0'frﬂ<z, odol(t—)dr

3.4
Zj;u(t, o)logl|s—oldo,

where

= % [1—cos(t/w} cos’0+w? sin%6) ]

and the condition (2.5) is used.
Using (3.4) the conditions (3.3) can be transformed into

[ 1@ ologlai—oldo+c®=fit @), n=1, ... N, j=12. (3.5

Substituting the expression for (¢ s) from (2.18) into (3.5) we
obtain (N;+N,) linear algebraic equations in unknowns ag (®), ...,
OO N TR OWIOF

"‘%z’o'l (Z2*at () + 282 a5 () +¢ () =29 @), (3.62)

where n=1, ..., N;, =1, 2 and

pr_ Ll 0" i
Z _zfp Q. (o) oglai—oldo, (3.6b)
Dep)— L 1 Q. (e, 0)
z£>(t)—4ﬂj;<Q+(s) [ Qu9.00.0) 4,
+ Q_l(s) ) Q—(Ogﬁ-s(t, 0) do)logla,—s|ds (3.6c)

"%zf,-R -()fult, )logla,—slds+f(t, @),

m=0, ooy N1+N2_]_, n=1, veey N,-, ]=1, 2

Before substituting the expression for (¢, o) in (2.5) we compute
some integrals which are easily derived with the help of the theory of
complex analytic functions (see [14], [15]). Let o be a real variable, then

we put B€ (0, 1))
Ny
@) =1IIlo—all’lo—bi|'* sign(o—a;)
n=1

N,
X I:[1 lo—a?|'#|o—b%|® sign(c—a?),
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0,(0)= H (0—a')(o— b)) 5 x n (0—ad)'*(o—bL)*

2:(0), o€l
={—exp(—inB)R:(0), oEI
exp(inB)§24(0), oEI?

Note that €2,(¢) can be extended analytically from the real axis to the
whole complex plane. Using analytical properties of the function 2,(0)
and setting s a real variable we deduce

ns™ B -
~ Qy(s)sin 7B’ s&l, m=0, ..., N\+N,—1,
0" do _ | ms"cosnp . _ -
erﬁ(a) g—S B Qﬁ(s)Sin H'B' SEI’, m Or eee, Ni+N, 1,
ns™ cos nf3 ) B
T 0.(s)sin 78" E - e -_—
2.sinmg €L m=0 .. N+No—l,
o" 0, m=0, ..., N\9+N,—2,
f——d0= T
r () sin 78’ m=N+N,—1,

fr QE%S) fr h(‘gf‘;(") dads=% fr h(0)do— fr h(©@)do),

where h(0) is a Holder function on I". By substituting the expression for
©(t s) from (2.18) into (2.5) and by applying the formulae for integrals
we reduce (2.5) to the equation

aﬁl+1v2—1(t) +aﬁl+N2—1(t) =(. (3 7)
It follows from (3.1) that

fr 5(t, 0)do=0.

If we substitute 7(¢, o) from (2.19) and apply the above integral
formulae, we obtain

a;l+NZ—1(t) _al;1+N2—1(t) =0.
This, with (3.7) gives
altluvz—l(t) =0, a1~_11+N2—1(t) =0,

but we will not use this fact below.

Thus the conditions (2.4), (2.2¢), (2.5) for the functions v(¢, s), £ (¢, s)
are equivalent to the system of equations (3.2a), (3.6a), (3.7). The sys-
tem consists of 2(V;+N,) +1 linear algebraic equations for 2(N;+N,) +1
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unknown functions ag (&), ..., ai ww,-1(8); ai (®), ..., @y +n-1 (@), c(@). The
coefficients of the system do not depend on time ¢ and ¢ is included in the
system as a parameter. The system (3.2a), (3.6a), (3.7) can be rewritten
in the matrix form

Ma(t) =F(), (3.8a)

where

a®)=(af (@), ..., als+11+1v2—1(t); ag (8), ..., a131+~2—1(t), c(®))?, (3.8b)
F)=@"®, ¢®®, 2°®), 22®, 0)7, (3.8¢)
@D =@PD, o, g, =1, 2,
20 =GO, .., 2B, D), T=1, 2,

the functions ¢ (@), 2’(), (n=1, ..., N;, j=1, 2) are defined in (3.2c),
(3.6¢c) and M is a square matrix of size (2Q(N;+Ny) +1) X (2(N;+N,) +1),
which consists of the coefficients of the equations (3.2a), (3.6a), (3.7).
An exact expression for M can be easily written out by comparing (3.8a)
with (3.2a), (3.6a), (3.7). We observe that matrix M does not depend on
L

Consider the following homogeneous system of linear algebraic equa-
tions

Ma=\, 3.9

where @= (a7, ..., @% +w-1; A5, ..., @x +v,-1, €)7 is an unknown vector, which
does not depend on any variables. Below we will use the scalar form of
(3.9), namely

Ni+N:

-1
2_0 AR+ A 3n) =0, (3.10a)
NNl ‘
X_L Zdran+Z3an) +¢=0, (3.10b)
d1$1+N2—1+d1~71+N2—1=0, (3.10c)

wheren=1, ..., N;, j=1, 2.

Let us prove that the matrix M is invertible. According to the
Fredholm alternative, the matrix M is invertible if (3.10) has only the
trivial solution. We will give a proof by a contradiction. Assume that & is
a non-trivial solution of the system (3.10), and this solution converts the
equations (3.10) into identities.

We introduce the functions

_l pﬁl+N2—1(s) P131+N2—l(3)
mwO=3 "o TTem /)
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p;rlwz—l(s) Pﬁlmz—l(s)

Q+ (S) Q— (S) ’
pﬁluvz—l(s) :dﬁlmz—lSN‘m?_l"f‘ - +ai's +ay,

where Q:(s) are defined in (2.16b), (2.17b).
By using formulae (3.2b), (3.6b), we write the identities (3.10) in
terms of the functions u(s), v(s):

VO(S)’:'%—<

f;ﬁuo(s)ds=0, n=1, ..., N, j=1,2, (3.11a)
j;uo(s)logla{.—slds+é=0, n=1, .., N, j=1,2, (3.11b)
fr 15(s)ds =0, 3.11¢)

We introduce the function @,(x) = V,{uo) (x) + Tolvo) (x) +é where

Voli) () = [ m(s)loglx—y(s) lds

is a logarithmic harmonic potential and
T () = [ (©)eG $)ds

is an angular harmonic potential studied in [13]. The kernel ¢(x, s) of the
angular potential was determined in Section 2. It follows from the
identities (3.11a) that the function ®,(x) is a single-valued harmonic
function.

By using properties of the angular harmonic potential from [13] and
by taking into account the identities (3.11) one can show that the
function ®,(x) satisfies all conditions of the following homogeneous
mixed boundary value problem for the Laplace equation (we will call it
problem L)

& (x) ECY(RND), VPy(x) EC'(RAI\X),
A®y(x) =0, xERA\T,

()
2| erys =0 Bu@) =0 n=1, ..., N, (3.122)
0D, 0D
67}0 x(s)E(I'l)_ZO’ 67]0 x(s)E(r2)+=0’
a¢0 . 2\ — R
s I(S)E(,.z)——o, cDo(an)—O, n=1, ..., Ny, (3.12b)

[ Pdy(x) | <Alx—di| ™, |x—a,|—0 =n=1,..,N, j=1,2,
| P@() | <Alx—bil ™, [x—=bi|—=0 n=L .., N, j=12,
| &(x) | <B, | FP®x) | <B/Ix|*, [x]|—>c0.
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When verifying validity of the boundary conditions for &,(x), the
integral relationships listed above (see a derivation of (3.7)) can be
applied.

Due to equivalence of the boundary conditions (3.12) to the following
conditions

o werht*=0, Do | wwerd =0,

it can be shown with the help of the energy equality for the Laplace
equation that the only solution of the problem L is ®,(x) =0. Hence

0P, 0,

o | xwert™ “gp |xwer 2u10(x) =0, (3.132)
%2—_0 xsyert B aafo x(s)Er™ == 2”0 (x) = 0’ (3 . 13b)

where the limiting formulae for derivatives of harmonic potentials from
[13] were applied.

By adding and subtracting formulae (3.13a) and (3.13b) we obtain
B3 v, 1(s)=0 and therefore @f == +n,-1=0 Pi +n,-1(s)=0 and conse-
quently & =--=ax,+v,-1=0. Now from (3.11b) we obtain ¢=(.

Thus we get a contradiction to the assumption that & is a non-trivial
solution of the homogeneous system (3.10). Hence (3.10) has only the
trivial solution, so the matrix M is invertible. This proves the following

Lemma 4. There exists an inverse matrix M~ for the matrix M of the
system of linear algebraic equations (3.2a), (3.6a), (3.7) (or the system
(3.8a) in a vector form).

By inverting the matrix M we write the solution of the system (3.8a)
in the form

a@®)=M"F(), 3.10

where M™! is inverse to M, and the vectors a(¢), F(¢) were defined in
(3.8b, ©).

It follows from (3.14) that the functions af(t) (n=0, ..., Ny+N,—1)
and c(¢) belong to the class C}[0, ). The functions &; (@) (=0, ...,
N,+N,—1) determined in (2.21) belong to C}[0, o) as well.

Thus we have found the functions ¢ (¢, s), v(t, s) and it follows from
their expressions that u(t, s), v(t, s)ECH([0, =);C2U)), 2=min{l/4, 2},
ko=23/4, where 1 is the Holder index in the definition of the functions
£t s), f2(¢ s), thatisin (2.1). These functions u(t, s), v(¢, s) satisfy all the
conditions introduced for them in the beginning of Section 2.

From the properties of time-dependent dynamic potentials presented
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in [4], [5] it follows that the function @(¢ x) from (2.3) belongs to the
class G and satisfies all conditions of the problem K (N, Ny).

In particular the function @(¢, x) satisfies conditions (1.2) near the
ends of I with the index § = —3/4, and the regularity conditions at infinity
(1.4), (1.5) hold, where inequality (1.5) is valid with the index e=1. This
statement can be verified directly with the help of the explicit expression
for ®(t, x).

We have thus proved

Theorem 4. Let £,(t, s) EC([0, ) ;C* (), f2(t, s)EC([0, ) ;C* (),
where 2€ (0, 11, then a solution of the problem K (N,, N,) exists and is given
by the formula (2.3) with the densities u(t, s), v(t, s) defined in (2.18),
(2.20), where the functions a; (t), a; @) (n=0, ..., N;+N;—1), c¢(t) making
up the vector a(t) from (3.8b) are given by the formulae (3.14) and functions
ar), a; () n=0, ..., N\+Ny,—1) are determined with the help of the
functions a, (t), a; ) (n=0, ..., Ny+N;—1) in (2.21).
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