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Entropy numbers in LP-spaces

for averages of rotations

By

Michel WEBER

1. Introduction

L e t (E , d ) be  a  m etric space with finite diam eter D. L et u s  denote for
any O<  N (E, d , E ) the minimal covering number (possibly infinite) of
E  b y  d - open ba lls  o f  ra d iu s  e. These num bers, called entropy num bers of
(E, d), analysing the global scattering of the space  (E, d ) ,  a re  classical tools
o f  a n a ly s is . I n  a  re c e n t w o rk  ([2 ], Theorem  1 .3 ), m ainly devoted to  the
s tu d y  o f  t h e  reg u la rity  o f  gaussian p ro c e sse s  in d e x e d  b y  p ro d u c t sets,
Talagrand proved an estimation of the entropy numbers related to averages of
hilbertian contractions. M ore  precisely, le t  (H, II •  11) b e  a H ilbert space and
U: 11--q1 a contraction of H. Put for any x EH

n-1

V17/ 1 i'
2
1 1

1
(X )

=-1- D - P ( X )  A U (X) = {/41([ ( X ) ,  n .1} . ( A l)

Then, there exists a  universal constant K > 0 such that

VxEH w ith 411=1, V 0<s_<1, N(A u (x), ' 1,)  
6 2

 ( A2)

That result allow ed him  to solve a question ra ised  by  the  author in  [4] , but
for L 2 -spaces a n d  ergodic a v e ra g e s  o n ly . A  com plete  answ er based on  a
different m ethod, th e  S te in 's  randomization technic , is  p ro v id e d  i n  ( [3] ,
Theorem 3.2).

That estimate is also op tim al. L e t T= be the circle. Put,

n-1

V OET, Vn (e)= 1 Ee ( A3)

By the spectral lemma,

A,11 ( f) — Ag (0 ) — Vm (0)12 f (de) , ( A4)
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A  closer look into Talagrand's proof revea ls tha t (A 2) is deduced from  the
following stronger property: to any nonnegative bounded measure v on T  and
0< E l) ( T )  can be a  finite set of numbers F associated, such that

Card (F) 1)(ET) ) 2 , (A5)

V  n  1 , 3  m  e F  If iVn (0) —  Vm(0)I 2 (d Ks2, (A6)

w here K  i s  a  un iversa l c o n s ta n t. B y  Hahn - Jordan decomposition theorem,
that result extend to arbitrary bounded m easures on T  by replacing v (T ) by

0 everyw here. It is a lso  clear from  (A4) th a t  (A5), (A6) im plies (A2).
It is quite  natural to  inquire how  Talagrand's result can be extended for

mean averages of LP - co n trac tio n s . L et T  deno tes a t f irst an  LP - contraction
and use the notation (Al). We may ask whether

Problem 1: there exists a  universal constant K > 0  such that

V xEL P with 0 .4 p  1 , V  0 <  E N (A T  (X) , II •
EP

W e may also weaken Problem 1 by only asking a n  (e - P) behavior for the
covering numbers:

Problem 2: is it true that

V x ELP with IxDp l, V  O < E i ,  N (A T  (x) . s ) <   K e(px) 

where K (x) depends on x only?

I t  is  instructive to  observe that Problem 2 can be answered affirmatively
when the spectral measure o f T  at x  is  suggiciently smooth, assuming for the
re s t  o f  th e  paper tha t T  i s  a  ro ta tion  on  T .  L e t (0 ,, j  E  Z } b e  th e  family
characters of T and corresponding eigenvalues { a,, j EZ}  of T .  Let

X = ECAD j
ie Z

be an element of LP (g) and denotes

Q(x),(E E CA » )  2 (2)
i e Z

its square function. The so-called dyadics intervals (i Z )  are  defined as
follows

21+1, ..., 2i - 1 } i f i >0,
Ai = 0 i f i =0,

i f i <0,
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Then, b y  (A3)

y=Ak (x) — A(x)(x) = Ec JO ; ( VN(cr;) — Vm(a;)).
IEZ

According to the Littlewood - Paley theory  (see [1], Chapter 1, p.4)

A pli Y lip Q (3)) ilp y (3)

where Ap, B p  are universal c o n s ta n ts . By Cauchy - Schwarz inequality

 

Ec , 07N(a,)—vm(ce,))
2 / (- 1 \

Ici12) 2. , I vN ( a,) — vm(am2).

Hence,

jet,

 

Q (y) 2( E E  VN ( a i )  V M  ( a i )  12 ).
iEZ JE1j E A ,

Assume now that x satisfies

m= Eiji' < c)°, (4)
je Z

and let v denotes the bounded measure on T defined by

v= E (E icJi2 )E a  a,•
ie z

We have

Q (y) 2 f  I VN (a) VM (a) I 21) (da)

Thus,

liAr (x) — Alf (x) lip A iT 1 (10
27 1VN (a) — Vm(a)12 1)(da)) 1 ,

which implies with (A5), (A6) that

N(A T  (X) , 11 • lip , 6 ) KM2 (5 )
6

2

for all 0< < m , where K is  an absolute constant.
If x  is exactly a  dyadic polynomial, says

Ecioi,

th e n  b y  (2), Q (X) =  IxI s o  th a t  (3) is em pty  a n d  th e  problem of estimating
LP - norms of x  (a fortiori Ali; (x) — Alf  (x)) rem ains en tire . T h ings are changing
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i f  instead  o f  searching to  m easure  th e  La -s iz e  of A T (x ) by  m eans of the
LP -norm  of x, one searches a  control in  term s o f  th e  conjugate norm of the
Fourier coedfficients of x. This point of v iew  is justified  by the  theorem of
Hausdorff-Young. W e can indeed prove the following

Theorem 1. L et 2 < 0 0  an d  q w ith ,+ 1,- =1; there exists a universal
constant Kp such that for any rotation T on T

V x = Ec io; w ith  11(c1) 11q= 1, V  0 < 5  1 , N (AT  (X ) 1p, 6 )
EP •

(6)
iEZ

2. Proof

The proof w ill require to adapt to the LP - setting and to modify the tools
of Talagrand's proof at many places.
Let {cri, j  E  Z1 be the corresponding eigenvalues of T.

By invoking a plain argument of density, it is enough to prove (6 ) for all
x of the type x=- E 0 2 i< N  C s0 i , Recall that

y=A k (x) — Arf (x) =  E cflo (V N (a ) ) — V m (a ,))
05 i< N

Since y  is  a  finite linear combination of the (I's, by Hausdorff-Young theorem
and by the very proof of Riesz's Theorem  (see [5] , Chapter IX, par. 9.1, 9.2,
9 . 3)

HY 11( (VN (ai) — Vm (cri) )ci) oi<N11q.
In other words

,

IIA (x )  — A  (x)Ilp (Li V N (a) — V m (a) iq !ix (d ) q , (6)

where we put a,--x= Eosi<N1cil a5«..
Talagrand's proof involves a  regularization of the  measure ttx , which we

write simply g in w hat fo llow s. Put

V / 1 , J 1 = {0 E T 1  2- 1 1r<101 2 - 1 + 1 7r}, at=ii(L ). (7)

The sequence fa n , n is indeed regularized as follows; set
CO

bi =E
2 - I k - / l a k . (8)

k=1

In the next lemma, we collect a  few properties of that regularization

Lemma 2.
(Y1)
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(612ql , is strictly  increasing and unbounded.
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(Y2)

(3)3)

(Y4)

(Y5)

Proof. T he  th ree  firs t p roperties a re  o b v io u s . I t  is  e n o u g h  to  observe
that

CO CO 0 0 CO CO 0 0

Eb1=EEak2-4- , 1=EakE2-4-11‹ 3
1=1 1=1k=1 k = 1  1 = 1 k=1

W e prove property (9) 4 ) .  One the one hand

b1+1=Eak2 /1/-1-1±a/+22-1-l-ai+32-2+•••,
k=1

and on the other one,

E a k 2 _,k_,1=a 1 2 _,+1± ..., cti + a i + 12 - 1 - Fai + 22 - 2 + a i + 32 - 3 - 1- •••.
k=1

biS in c e  —

2
= a 12  ± • • - ±a/2 - 1 ±ai+12 - 2 ±a1+22 - 3 4 - ar+32 - 4 + • • • ,  we have

B e s id e s , 21)1=a12 - 1 + 2 + •••± 2 a 1 ± a in - Fai + 22 - 1 ± a i + 32 - 2 + — , hence also,

b1+1.

A nd (9) 5 )  follows from b1 + 1 2q""") >N2q ( 1 + 1 ) - 1 >b 12q1.

Fix now 0 < s F o r any k 1, le t  then m (k ) denotes the least integer
greater than 1 and verifying

bm (02"1 4 ) >2 q k sb . (9)

T he  next lemma show s that both sequences fm (k) , i} ,  { b m ( k ) , 1 1  are
very regular

Lemma 3.
m (k) - m (k-F 1 ), (3D6)

Put
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k *th e  greatest integer such that m (k*)

Then k is finite and

k*^ 
 log2 log - - . ( 7)

Eq

V k k * ,  m (k )+ 1 m (k + 2 ), ( 8 )

V k ^ 1 ,  m ( k + 1 ) m (k )+ ] q ,( 9 )

where J q  denotes the least integer] such that j  ^ — 1 )  q.

Y k ^ 1 ,  2_jq<b,n(k+1) <2( i o )
bm(k)

P r o o f .  a )  By definition of m (k +  1), 0 mk+1)
2qm flc+ 1) ( k + l ) P >  2 q k p I

follows that m (k + 1 )  m (k).
b) By definition of m(k+2) a n d  b y  ( 5 ) ,  bm(k+2) 2bm(k+2)_j. H e n c e ,

bm(k+2)_12m + 2 ) 1 )

which shows m(k+2) — 1 ^ m (k ).

c) By definition of m (k) this time,>  k P  F o r  a n y ]  ^  1, bm(k)

we thus have

by n ( ) + 2 m  + j ) + j —  (j-1)q >  ( k + l ) P

w hich show s by taking
 ]  j  that m(k) + q m (k  +  1 ) . F in a lly  th e  la s t

inequality follows from the three previous.

Define f :  N \ { 0 ,  1} R  as fo llow s. For any  n ^ 2 ,  le t k 1 be defined
by 2 k n < 2 / c 4 i .  P u t

f(n ) bm(j)+ ( 2 k f l _ 1 ) b m ( k ) . ( 1 0 )
l<k

Then f  is  s tr ic tly  inc reasing  and  inc reases w ith  constan t jum ps equa l to
2 1'b m (k) i n  

[ 2 k
 +  1  

2 k + 1 ]

 F u r t h e r  f  is bounded and  f (n ) ^ k * b 1  +  6, if n ^ 2.
Indeed

f(n ) ^ bn i (k) ^ k * bj+ bm(k)+ bm(k) k *b j+ 6 .

k=1k ^ k * k^k*
k,ven k,dd

W e build the set  F C N  as follows: we put [1
 2 k * + 1 ]

 i n  F .  Then we put
n 2Jc*+l in  F whenever for some integer r ^ 1 ,

f ( n - 1 ) ^ r E '  rE ^f(n ).( 1 0 ' )

The theorem will be proved if we show



Entropy numbers in LP-spaces 695

Card (F) p  ,

V n 2 , n 'E F : lIA I  V) — 11,71., (1-)1IP K pE. (12)

w here Kp i s  a  c o n s ta n t depending o n  p o n ly  (w h ich  m ay  change at each
occurence). F irst w e  sh o w  ( 1 1 ) .  If k . k * ,  then  estim ation (9 7 ) is enough
to  conclude . If k >k * , observe that if 1 is minimal for the relation

21 (2 - k bm(k))

then we breing a point n  o f  [2 k , 2 k + 1 ] in F. Estimate 1: b y  (Y 5) 1 • qm (k) —
(q — 1)k . B y (9) 5 ) again,

bmiki - i2g (m (k ) - 1) <2 qk eP ,

thus

/ (k) — (q — 1) k — q — 1

The number of points of [2 k , 2 k + 1 ]  belonging to F  is

Card ([2k, 2k+11 ) 2k <8bm(k) 
2̀ 2qm(k)— (q-1)k— q-1 ep

The total number of n 2k  w ith  k k *  belonging to F  is thus less than

E  brn(k)  < 8  V , m ( k ) <  1 6  r , i <  488
EP u EP L-Ju E P

k*<k51c* k*<k 1 1

where k+ i s  the  greatest integer such that 1. H ence (11 ) is proved.
W e turn  to  (12), which proof relies on estimates concerning the kernels Vn (0)

Lemma 4. For any  O T and n,

IVn(0)i fl
iiço iAl, (13)

Vn (6) — Vm (0) I elln — mi. (14)

Proof. The first assertion follows from the inequality

e B E T , lei ' - 1.1 1(101.
We show  ( 1 4 ) .  Put

Then for any OE T and n, m
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I vn (o)  — vm A I=  ' 95 (n) — 0 (M) I 
le - 1 I

In MI SUPnAm<x<nvml 0 ' (x) I 
lei° — ll

<  In —)11s u p kb' (X ) I.
—  KI el nAm<x<nVm

But 0'(x)= -(1 1, for any x >0 and B E T .  For any zEC with Izi 1 . ,.,

1(1— z) ez — 1 1 -1(12•12,
where K is some numerical c o n s ta n t. Combining now these estimates, we get
for all n, m and IOI 

IV (6) VM (6 ) I el in — 11/

now for any n>m and BET,

m-1 n-1

which proves (14) if 1‘91 _ „L . Observe

I vn ( e)  — vn, (0) I = /1 1 \

e "
1  X -1

L  ° + —n L je

1 1 1
n m

12 n— mi 
n

and thus for any n, m and O T

IV, (6) — Vm <K(101A n y
1

m )In — ml.

Put for any

I k =  U  J 1 ,  I k =  U  J 1 . (15)
ism(k) 1>m(k)

In the sequel of the proof the two following estimates are used

E l. Let 1? .k*  and n ; then

Iv  ( I gfix < EP.

Proof. By means of lemma 4

LiVn(6)1 qpx(de) - LCL E f (cl ,
nq

< Ap_

q E2q1a,
n

Ism(k)
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E 2 g i b i

nq
15m (k )

< 1 1)„,(02gni (k)
nq

E2. For any k and n, m

f iVn  (0) — V m (6) I (d Icaln — miqb.(k)2 - qm( k ) .

Proof. By means of lemma 4

•r f  IVn ( —  Vm (64)1q1/ (d Kpin E f leigte (do)
l t

I>m(k)

E
1>m(k )

— mi q bm(02 - q m ( k ) .

W e can now  pass to the  proof o f  ( 1 2 ) .  Consider 2k*+1, and let 1? k *

such that 2k _ n 2 k + 1 . Let denotes the greatest integer, such that

f (n) re.

Let m denotes the smallest integer satisfying

f (m)

Then m is well defined and belongs to F by definition. W e w ill see that

IT 1Vn (0) Vm  (0) l q (c10) (16)

This point will achieve the proof.
Let 1  be  such  tha t 2 " Clearly, k' k .  W e will distin-

guish three cases: (k = k') , (k= k' - 1) a n d  (k > V + 1 ) as in the original proof.
First case: (k = k')
Then, we have

EP  f  ( n )  f (m ) = (n — m) bm(k).

By m eans o f  (E1) and  the  re la tion  Ix y la c '4 ,i qIY1 q ) (c a i s  a constant
depending on q only)

IT Iv(e) —Vm on 2c„KpEP+ vn (e) — v. (0)iqg (de).

By means o f  (E2)
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J  vn (0) —  v. (6) lqg (do)
(n—m)q2-qmudbm(k)

Eq P b 2 m(k) 

2 q m ( k ) — q k bln(k)

Kpepq—pbL(%) If p e P q = K pE q

and achieves the proof in that case.
Second case: (V  +1<k )
Then,

(n) — f ( m )  ( 2 - k n — 1) bm(u+ E bm(,)+(2-2-km)bm(k,).
k '<l<k

Hence,

E bm(l),
k '<I<k

and by (Y10)

5EP E  bm(I),

k '51<k

and by ( P9) and  ( lo)

Eb1 1OO . Eb (17)
k 'S l<k

-
Recall that IV =  U I k =  U I k =  U l > m ( 1 4 1 .  Put /= U ni(k')<i muo.h•
Then,

Li v. (e) — vm (6) lqg  (de) =  ( f , +  + vn (e) — vm (e) 12p (de).

Since m (V) (k) , we have I V C I k ;  hence by means of estimate (El),

f I Vn (0) Vm (0) Ng (do) - < , ( f  vm (6) ( d  + f  vne)igte(do)).KpEP.
„ ,

(18)

Also,

f iv n (0) - 1/-„,(6) )1qp(do) K p  E  b peP (19)
k '51<k

From estimate (E2)

f iVn(0) V m (6 ) NI (d Ki,(n—m)g2-qmudbm(k)
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<K p2 4 ( k - na( k ) ) b m(k)

K  b 2<  p  m (k )  
—  EP

<K pE 21"  < K pEP  <E q . (20)

Putting together estimates (18), (19), (20) achieves the proof in that case too.
Third case: (k=1' +1)
At first

v„ (

( f T ° —  v. ( 6) ( d  )
r \,

( f r iv,, (6) — v2k (6) N (d ) q  + u r l V2k (0) — Vm (6) (de) r .

As in the first case, estimations ( E l) ,  (E2) show

fr iv.(0) — v2„  (64) N# (d ici,(EP +In —2k1q2- vn(k)bm(k)) ,

IT I v m (e ) —  v2k (e ) (sP+  — 2k Ig2- qm(k)bm(0)

Since f  is increasing and m<2 k <n

EP(n )  — f (m) (n) — f  (21`) = (2- k n — 1) bm(k)

Thus E P ._  (2- k n — 1) bm (k) and,

(n - 29  4 2 - qm(k ) b .( 0 < 2 a ( k - m u m bm(k)1 2 - k n — 1 1P

<K pe P q2q ( k - "“k ) ) 140)

p EPqbL—(t)2—q(k—m(k))1.,um(k)

.KI,EP q — P 1)L 1 )< Ea

Hence

fr v t t  (
0

) 172k  (0) NI (d

Similarly

But

—f (2") —f

(m ) = E bm (,)±  (2-k+im _1) b,„(k_n
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f(21c)= E bm (i) .

15k-1

f  ( 2 k )  - f (m) = brok-u —  (2 - 1 ( ± 1 m - 1)bm(k-1)

=bm(k-D2 - k m

1
-2bm(k)2 - k m.

Thus

—  g 2- q m ( k ) bmoo < 2" - m "bm(k)12 - k m —
< K pepq2"(k -m (k ))bL --( 1)

S "  

2 - q ( k - m ( "bm(k)
•

KpePq - PbLI ) < eq

And finally,

f r l vm ( 0) — v2k ( ) 1 qp (d 0)

which achieves the proof in the last remainding case.
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