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Stable splitting of the space of polynomials
with roots of bounded multiplicity

By

M.A. GUEST, A. KOZLOWSKI and K. YAMAGUCHI

§ 1 .  Introduction

The motivation for this paper derives from the work of F. Cohen, R . Cohen,
B . M ann and R. M ilgram ([5], [6]) and  tha t of V. Vassiliev ([15]). The former
gives a description of the stable homotopy type of the space of basepoint preserving
holomorphic maps of degree d from the Riemann sphere S 2 = Cu co to the complex
projective space C P " .  We denote this space by Hol,r(S 2 , C P " ) .  Let Di  =F (C ,j),A , i

Sj be the j-th subquotient of the May-Milgram model for SI'S' ([11], [14]), where
F(X,j) denotes the con figuration space of j  distinct points in X,

F(X,j)={(x,,•••,x ; ) X j  : x i x ,  if i OjI,

F(X, = F(X, j)u {4, } (4, is  a disjoint base point) and E i  is  the symmetric group on
j letters which acts on both F(X,j) and the j-sphere Si = S ' AS' •• • AS' by permuting
coordinates.

Cohen, Cohen, Mann and Milgram proved

Theorem ([5], [6]). There is a stable homotopy equivalence

H o l l , ( S 2 ,
cp .- 1) vd_ E 2(n 2 ) i p i

where Ek  denotes the k fold reduced suspension.

O n the other hand, Vassiliev studied the space S P (C ) consisting of all monic
complex polynomials g(z)=z d  +a,z d -  + • • • +a d _ i z + ad  (a i e C) of degree d without
roots of multiplicity >n  and proved

Theorem ([15]). There is a stable homotopy equivalence

HolAS 2 , sSP(C).

Remark. Let Cd (X ) denote the quotient space Cd (X)=F(X,d)/E d . Then since
SPd

2(C )=C d(C ) and there is a stable homotopy equivalence C2 d (C) V1= ,D;  ([3]),
the above two results coincide when n = 2 .  However, it is easy to see that they

Communicated by Prof. A. Kono, May 9, 1997
Revised July 25, 1997



352 M .A . Guest, A . Kozlowski and K. Y amaguchi

do not coincide when n> 3.

Combining these two theorems we see that SP d„ (C ) and V 1 I 2 ( " 21DJ
,1

are
stable hom otopy  equivalent. Th is ra ise s  th e  p rob lem  o f  establishing this
equivalence directly. The first aim of this paper is to do ju s t  th a t . In other words,
in this paper we shall prove, without using the above results, the following:

Theorem I. T h e re  is  a  stable homotopy equivalence

f, : V , E 2(n - 2)j D sp c inn(c).

We prove this basically by imitating the method of [6 ] with Hol:(S 2 , CP" -  1 )
replaced by SP"(C ). One virtue of this approach is that we can then apply the
result of R. Cohen and D. Shimamoto ([7]), to obtain immediately the following
stronger version of Vassiliev's theorem:'

Theorem 2. If  n> 3, there is a  homotopy equivalence

SPd„(C )-1 - 101[
4:11„1(S 2 , CPn -  i ),

where [x ] denotes the integer part of  x.

Corollary 3  ([1 0 ]) . L et n> 3. Then there is a map

sp (C) _, L-ex p. - 1,....,n 2s  2m - 1

which is a homotopy equivalence up to dimension (2n - 3)[dIn].

First we recall a few definitions and results. Let SP(1z1<d) denote the subspace
of SP d„(C ) consisting of all polynomials g(z) a ll of whose roots are contained in
l iz i  < d l. We may identify SP d„(C) SP„d(1z1 <d) in a natural way. Let a e C  be any
fixed number such that la' > d. Define the stabilization map SP,d,(C )  S P  ' ( C )'(C) by

S P ( C )  S P z 1 < d ) ' ( C )

g(z) g(z) • (z — oc)

Although the definition of of this map depends on the choice of the number a, we
only  need  its  hom otopy  class, w hich does n ot. Sim ilarly w e can define the
stabilization map (homotopy class) S P ( C )  S P d

n 'i(C ) as the composite

S r(C ) ' (C ) • -+ SP ' (C )  S P ( C )

'Similar result is stated in  a  recent pre-print of S. Kallel
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an d  le t SP H AC)/SPAC) b e  th e m a p p in g  c o n e  o f  th e  stabilization map
SPAC)-+ SP`i + i(C).

Let Td :SP(C)--+ R C P " '  be the je t  map given by

Td (g)(z)=[g(z):g'(z):g"(z): •••:g ( " - "(z)] for z e Cu co =

We shall make use of the following two results of [10] :

Theorem 4 ([10]). If  n> 3, the jet embedding induces a hom otopy equivalence

T = lim  T d :  lim SP(C)
d—, co

d

Here the lim it is taken over the stabilization maps SP d„(C)—>SPd„-"(C).

Theorem 5  ([1 ], [1 0 ]). If  n _>_:3 and 1 •j <n, th e n  th e  stabilization map
S P (C )— >S P (C )  is  a homotopy equivalence.

§2. C 2-structures

In this section we show how to deduce our main results from theorems 4 and
5.

The first step of o u r argument is to define a C2 -structure on S P ( C )  in the
manner of [2 ] and [11], where SP(C)={*} and S P „(0=  II  d > o SP d„(C).

—
Definition 2.1. (1 ) Let a: C=-; D , and #:C=3—  D _  be fixed homeomorphisms,

where:

D + = { z e C : lz -2 \ / - 1 1 < l }  and D {z. C:lz + 2.\ / —11<1 }.

For a monic polynomial f =f (z )=- 11i (z — yi )e C [z ], let a( f )  and ,g(f ) denote the
polynomials:

c((f)= H (z — 040), 13(f)= n (z — /RYA

Define the map *: SP,k,(C) x SP(C ) SP„ IC )  by f (z )*g(z )=a(f)• f l(g).
(2) Let J 2  =Jx J —(0,1) x (0, 1) be an open unit cube in C= R 2 . An open little

2-cube is an affine embedding c :J 2 --, J 2  with parallel axes.
Let C2 (j) be the space of j-tuples (c,,•••,c ; ) of open little 2-cubes with mutually

disjoint images, i.e.

C2(j ) =1(c1 ,•••,c; ):c,'s are open little 2-cubes, ci(J 2 )n c k(J 2 )= 0  if  iOk l.

Define the C2 -structure m ap 5: C 2 (j)x  , j  (SP`,;(C))i S P ( C )  b y
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((c , • • • , , • • • c 1 ( f t ) * 2(f2) * (c 3(f  3) * ( • • • *fr OA) • • .)
where for f (z )=1 - 1,(z — z ,)e C[ z ] and an open little 2-cube a, we let

a(f )= fl(z —a(z i)).

Lem m a 2.2. T he m aps { J: C 2 (j) x E i (SP(C)) -i SR:AC)} induce a  (homotopy
associative) C2 -operad structure on SP„(C)= H d > o SP„d(C).

P ro o f  Analogous to (4.12) of [2].

Corollary 2.3. If  n> 3, there is a hom otopy equivalence

DB(SP„(C)) L-_, S22 CP" - .

P ro o f  This follow s from  the group-completion theorem and theorem  4.

Definition 2.4. Define the jet m ap 7'a : SP(C) H o lA S  2 , CP" - f e , C P " -
by Td (f)= (f( z ), f '(z ), f  "(z

— 1)(z ) ) .

Let *' : Hol,t(S 2 , CP" -  1 ) X  Hol(S 2  , CP" - H o l : 4  , d 2 (S 2 , CP" -  t ) be the product
defined in (4.8) of [2].

Lem m a 2.5. The following diagram is hom otopy commutative:

SP 1(C) x SP 2(C) SNi+d2(C)

Td i x Td 2.T d 1 + d 2 1

Hol (S 2 , CP" -  x HolVS 2 , C P " — 1 1 0 1 : 1 +  d 2 (S 2 , CP" -

P ro o f  Analogous to (4.14) of [2].

Lem m a 2.6. The following diagram is homo topy  commutative:

C2(j) X E i (SP a„(C))i SIV(C)

Id x i (Td)., T id

.9.
C2 (j)x E , (Ho1:(S 2 , CP" -  1 ))i Holfd (S 2 , C P" -

where 5 '  is the C2 operad structure map given in [2], (4.8).

P ro o f  The proof is analogous to (4.16) of [2].
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W e can  now  tu rn  to  the  proof o f theorem I. I f  n= 2, there is nothing to
prove. So , from now on, we assume that n> 3 and write SPd„= S P (C ) . First, we
consider the case d=1.

Lemma 2.7. There is a homotopy equivalence S 2 n-  3 .

P ro o f  From  the definition,

SP= { f (z )=z "+a,z " - i  + ••• +a n e g z ]: f ( z )0 (z + a )"  fo r  any  a  e C I .  N o te  that
f(z)= zn + + • • • + a =(z + a)" if and only if

a, = na and a,—  n  a l  I for 2 <i<n .
(  

Consider the map IL : SP:: C  given by

f +a ,z " - - 1 + •••

For any fle C, taking

a,=(). for 2 <i<n ,
i ǹ

defines a  canonical homeomorphism

C" - 1  — {(a2 , • -,a„)} C " -  —  {0}.

H ence there  is a  fibration C" - 1  —101 C  a n d  a  homotopy equivalence
C x (C" -  — S2" 3 . q .e .d .

Recall the following well-known result:

Lemma 2 .8  ([4 ], [14 ]). (1)  There are stable homotopy equivalences

Q C P" 1 Q 2 S 2
t

d > i F ( C ,d ) +  nods 2 " —  3 )

and

D(n,d)=F(C,d),_ AE,(AdS 
2 n  _ 3 )

 '2-2 ,
E 2 (n  —  2 ) d p d

(2) The canonical projection

F(C, d) x E d (S 2 "  3 )d —+ RC, d),_ AId (Ad S 2 "  3 ) = D(n, d)

has a stable section

ed : D(n,d)= RC, d) 4. AOA d S 2 "  3 ) F(C,d)x  OS  2 "  3)d.
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T heorem  2 .9 . L et j d :SP („d - 1 1 " — > S P "  denote th e  stabiliz ation m ap and let
hd :E 2 ( " - 2 1 d Dd —,SPVISP d - 1 )  b e  the stable map given by the composite

E2n-24Dd
ed

131(n,d)—> F(C,d)x E d (s 2 . - 3 )d

l a p r o j
F(C,d)x E d (SP d

— > SP" SP: d /SP: ( d -  1 )

(n )d 7=_>s nrid n( —w h e re  a is the C2 -structure m a p . Then h
E 2 — 2 p d  s p i s p d 1)

d i s  a stable
hotnotopy equivalence.

The proof of theorem 2.9 will be given in the next section. Assuming theorem
2.9 we now complete the proofs of theorems 1, 2 and corollary 3.

Proof  of  theorem  1. Let f d : V  i < d E 2(n-  2 )jp i  _4. SP  b e  the stable map given
by the composite of maps

v  e iv i iv I j
d(F (C  j)x (SP")1 — > V ,S1 3 -1,nf d : Vi

d = ,E2 ( "-  2 ) -iD -+ V1 Ei „ spndn
1

W e want to show that f„ is a stable homotopy equivalence. We proceed by
induction on d. Since D 1 S 1 ,  the case d= 1 follows from lemma 2.7.

Assume tha t the result holds for d —  1, i.e. the map

f d  —  1  V  1  < < d  IE 2 ( n  2 ) i  D • S P ( d  " n

is a stable homotopy equivalence.

Note that the stable m apfd :V, < i <  dE 2 ( n  2 V D --+ SP" is equal to the stable map

V, < ; < d E2 ( "-

_ i y  5 ed

< i 1 E2(n —  n  \  v20 - /1 sp(nd — 1)n v  spdn
L '.11  v

i d  V  id

- SP(1,"

where j
:

) n

-  

S P" td, is the stabilization map and the m ap  f d rr ea  is the composite

ed
E  2(n — 2)d Dd s m n , d ,3—> FTC, d) x , d(S 3 )d

f
F(C, d)x , d (SPD°  —> SPV .

Now we can see that the diagram
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v 2(n - 2)j n \ , 2(n - 2 ) j D .E 2 ( n  -  2 ) d D dV1 < j < d - 1 . ` - ' I

where the horizontal sequences are cofibrations, is  homotopy commutative.
Since f d _ , and hd  are stable homotopy equivalences, f d  is also a stable homotopy

equivalence. q.e.d.

Let J2 X ) denote the  May-Milgram model for 0 2 E2X ([I1 ])

.1 2(X) — ( I I  R C A  x E/101

and let J2 (X)d J 2 (X ) be the subspace

J2(X)d = ( I I RC, j )  x , i 411/

j 2 (x)„, 0 2 E 2 x .

where — denotes the well known equivalence relation.

Proof  of theorem 2. It follows from theorem 5 that it suffices to prove that
there is a  homotopy equivalence

SPd„" H o lI(S  , C P " -

Since the C 2  structure of the  SP's is com patible with that induced from  the
double loop sums, the maps J  a  m ap Ed :J 2 (S 2 " -  3 )d  S P d„" such that the
diagram

V
I (RC, i) x EISPV) —+ VI=  ISP4n

v  q j
v

' '

J-2(S 2 "  -  3 )d

-

SP n
d "

is homotopy com m utative. Since the stable maps ei  are stable sections of the Snaith
splitting, the stable map

s
J= (Vq.)0(Ve.): 2(n - 2)j n v2n - 3 \

I J = Id

is a stable homotopy equivalence.



358 M .A . Guest, A . Kozlowski and K . Y amaguchi

Consider the (stable homotopy commutative) diagram

y  e vi
ini S  n ) i ) V d .  SPE20,-2 d. ( S P ) i ) nV j= 1 DJ

v 
l=  1

(FtC j)x

v  q j v

Ed

y d.= E
2 ( n  — 2 ) i  Dij J2(S2n - 3 )d

Since the stable maps

f d = ( / , ) . ( v f ) . ( v e ) :  v 2 (n  2 ) i p i SF",ljn

and

J=(V q.).(V e.): V 14_ E 20-2 .D j  
2l

2 n  - 31
1 .1— 

a re  b o th  stable homotopy equivalences, the map Ed  i s  a ls o  a  s tab le  homotopy
equivalence. Hence the induced homomorphism

(Ed)*: H(J2(S 2 "  - 3)d, Z) —> H *(SPI,", Z)

is an isom orphism . Since both spaces J 2 (S 2 "- 3 )d  a n d  SP„d " are simply connected,
the map

Ed : J 2 ( 5 2 "  3 )d SP"

is a  homotopy equivalence.
O n the other hand, it follows from [7 ] that there is a  homotopy equivalence

J2(S 2 "
—

 3 ) (1= 1 4 0 1 A V , CP" - 1 ).

Hence there is a  homotopy equivalence SW"Holc*,(S2, c pn- 1). q.
e .d .

Proof  o f  corollary  3. Since the homotopy equivalence given in  theorem 2  is
natural, there is a  homotopy commutative diagram

la

SP"; —1 Q 2 s  2 n  —  I

=

Hol *
/n] (S 2  CP" - ') lim d — H o I (S  cpn - 1) L y s  2 „ -

[d

1.

Since th e  bottom  horizontal m ap  Hol[111„1(S2, Q2s 2n - 1 i s  a  homotopy
equivalence up to dimension (2n — 3)[dIn] from the main result of Segal ([I3]), the
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result follows. q.e.d.

§ 3 .  Proof of theorem 2.9

In  this section we shall prove theorem 2.9.

L e m m a  3 . 1 .  I f  i d : H o l ( S  2 ,  
c p n  -  1 ) is the  inclusion map, the map

( i n d o  T n d ) : 1 c p
,, - , _ 9  2 c p n  - 1

d d > 0 deZ

is a  C2 -map up to homotopy.

P ro o f  Analogous to (4.16) of [2]. q.e.d.

Let

SP= lim  SF"(C)= lim  Sr;,"
d co

be the (homotopy) limit induced by the stabilization maps

s p ,41, n

and let t d :SP d„" -v SP,T be the natural inclusion map.

Lemma 3.2. There is a  homotopy commutative diagram
v..srd

Vd9
= ,F(C,d) X E ci(S .  2 "  3 )dV T  1 RC, d )  X  Ed (S P:DdV T _  S

vel d  .1 " I d  I

j 2 ( s 2n-3 ) „
1

2s  2n - 1-1 CP" - 1 4- SP"

where qd :F(C,d) x ,„(S 2n -  3)(1 j 2 ( s  2n - 3■)  denotes the natural projection map.

P ro o f  It follows from  lem m a 3.1 an d  th e  group completion theorem that
there is an  induced C2-map

2n - 1

such that the diagram
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C(7)
J2(sP,T) 

▪  J

2 (1 2s2 n-  1 )

(a) "
r2

SP,° -+ n 2s  2n - 1

is homotopy commutative, where r 1 a n d  r2 a re  natural retractions. Note that, by
theorem 3, ,T is also a  homotopy equivalence.

Similarly, since S P S2 3 , it fo llow s from  lem m a 3 .1  th a t  th e  diagram

V ,F ( C ,d ) x  , d(s 2 "  3 ) IJ 2 ( S  2 n  3 ) — >  J 2 ( S P )

(b)
V 5  d r i j

V  Id

VT_ , SP"s P , T

is homotopy commutative, where i :S 2"-  3  SP"„ --+ SP,°°,  denotes the natural inclusion
map.

It fo llow s from  (a) a n d  (b ) th a t  th e  follow ing diagram  is also homotopy
commutative:

q d 201 J2(J)

w,0=,F(C,d) X E d (S  2 "  3 )d 2 (s 2n - 3) 2 ( s p  pcio )  _ )  j  2 ( c 2 s 2n - 1)

v  d r i
r2

V id

—4S p o i -125' 2n - 1

7
Since the homotopy class of the map S 2 " - 3  

s p n .
 12S 2 "

 -  1  is the generator of

Tr2n _3 4-12s  2n -
Z ,  this m ap is homotopic to  the natural inclusion of the bottom

cell E 2 : S2" 3
3 1 l 2 s  2 n -  1 .  H en ce  th e re  is  a  homotopy commutative diagram

J2(70 /)
J 2 (s  2n - 3) ../2 (Q 2 s 2 n  -  1 )

r2

0 2s 2n - I

Hence the map
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J 2 (7 )°J2 ( 1 ) r2
j 2 (S 2n - 3) J2(c2s 2n - 1) ip s  2n - 1

is homotopic to  the natural homotopy equivalence J2(S2"-3) 2L-2 s 2n - 1. Thus the
above diagram reduces to the diagram in the statement of the lem m a. q.e.d.

Lemma 3.3. The stable map

(Vi0).(V.i d 0e0 ):VT_ 1

E 2 ( n - 2 ) A p d

—>VT_ I SP d

is a stable homo topy equivalence.

P r o o f  Consider the homotopy commutative diagram of lemma 3.2:

w ci) 1 1 . 2(n - 2)jp d

v

v i a
VT_ F(C, d) X ( S  2 "  3 )d - 4  wf=,F(C,d) X E d (S P )°  - 4  VT_ S P : d

v qd v  Id

J 2 (s 2n - 3) Lys 2n - 1 4— SP;,'

Since the e s  are stable sections of the Snaith splitting 112S2 '- 1 vdx, 1 E2(n - 2)dp d

the m ap (V q d) <, (V ed):V 1 E 2
 -  2 ) d p d

 1 2 S 2 " i s  a stable homotopy equivalence.
Hence the map

(\ d) 0 (V(5 0 0 e 0)) : V T,_ t E 2 ( "  2 ) 0 13 d —> V°= i SP;:d —> SP,̀ ,°

is also a stable homotopy equivalence. q.e.d.

The following lemma is the key to the proof of theorem 2.9.

Lemma 3 .4 . (1 ) The induced homomorphism H *(SP 1 -  1 ) ", Z)—> H*(S131 ,
Z) is injective.

(2) The induced homomorphism

(11 d) *: I f  (E '
 - 21c1D d  n H  * ( s p  s p(nd - 1»,

is injective fo r  F= Q  or Z lp  (p: any prime).

We shall prove theorem 2.9 using lemma 3.4, whose proof will be postponed
to  the next section.

Proof of theorem 2.9. Let F = Q  o r  F= Z Ip  ( p :  any p rim e). It follows from
the Snaith splitting, (1) of lemma 3.4 and theorems 3, 4 that there is an isomorphism
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of F - vector spaces

H *(V 2E (n— 2 )d p d H  . ( v 3 0  S P " /SP -  F )

Hence for each j

dim, 1,2(n 2)d D d )— dimdripT=isPd„./spnw -  I >n, <  c o .

However, from (2) of lemma 3.4

(Vhd) *  : H * (VT_ E 2 ( '  2 ) d Dd , F) —) H * (\13°_ ) SP „d " I SP„d  - I ) ", F)

is injective and so that

(V h d) * : H * (V  1
E 2 ( , i

 2 )  ̀D d , F) —) H * ( V  i SPd„" I i)n, F)

is an isom orphism . Hence

d ) *: H * (E2(n - D d- 4  H ( S P dn. sp n(d - 1 ) ", F)

is also an isom orphism . Thus from the universal coefficient theorem, hd  induces an
isomorphism o n  integral homology. Hence hd i s  a stable homotopy equivalence.

§ 4 .  Transfer homomorphisms

In  this section we shall prove lemma 3.4. For this purpose, we use Dold-type
transfer homomorphisms ([8]).

F o r  a  based space (X,x 0 ) , le t  S p (X )  denote the  infinite symmetric product

Sp"(X)= lim X '/E d .

An element of Sp(X) may be thought of as a formal finite sum a =E i x i , where x • e X
Assume that n> 3. T h e n  b y  th e o r e m  5 , S P ' n) ,,, s p dn n — 1 .

Define the transfer map

t :S r ( S 1 1 "  1) S p " (S P („1 -  "")

by
an an an

f(z) = f l (z  — 0 1—* E f l  (z -
j= 1 i = 1  j= 1 , j* i

The m ap T  naturally extends to a homomorphism of abelian monoids

td —1: Sp"(SP") -*Sp"(S13 (: - 1 ) ")

such that the following diagram is commutative:
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s Pdn n SI711

n

rd -

Sp"(S12 ) S r ( S P r

The next result follows easily from the definition.

Lemma 4.1. The diagram

id

Sp° (S P  -  1 )n ) —> Sp"(SP")

proj j t a - i I
pro jsp s p ( n d  - 1)0)  spoo (spLd - 1)0)

is homotopy commutative.

For 0 < j< d , define the transfer map Td.i: S p ' ( s pann) S p o O r  T s  in •) as the composite

ta _j rd - 2 Of

Sp"(SP") --> Sp"(SP; ,̀1 - 1 1 ") --> • • • —> Sp"(SPr 1 ) ") —> Sp"(SP),

where we take t d ,d  i d .

Lemma 4.2. (1) The induced homomorphism

*: H *(S13
; ,
d -  1 )

"  ,  Z) -+ H *(SP`',",Z)

is injective.
(2) The induced homomorphism, p ro j.( r d .i)* :

* (S P d:  ,  Z e0<k<dfi*(sptn,z)/IinRik)*:ti*(SP;,' 
1 ) 0 )

 -.17*(spk„n)]

is an isomorphism.

P ro o f  It is well-known that if X is connected n i (Sp 0 D(X)) 17; (X ,Z ) .  It follows
from lemma 4 .1  th a t  (T ( j (T (m  c (l I i 1 ) dd - 1,k, 4,-0- .TTI v  k , a nd  td .d=  id. T h e n  the
assertion follows from lemma 2  of [8 ]. q .e .d .

Corollary 4.3. (1) There is a homotopy equivalence

d

sp-(sP ) fl sp-(sPir/sP(nk-  1 )n)
k = I
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where the m ap fd , k  is the composite

rd ,k p ro j
s p cci(spn) spoo(splinn) spoo(spkinispLk- 1 )r)

(2) In particular, there is a homo topy  equivalence

p ro j  X  rd ,d  - 1
Sp 0 9 ( S p 1 1 ) Sp O C ( S i l t  / SpLd 1)1) x  Sp aD(Spd —

Lemma 4.4. The stable map

S p " ( e

td,d- 1 ° S P N J °  S p (e d): SPNE 2 ( n  2 ) Dd) SPNRC d )x
2 n  -  3 ) ( 1 )

S P ' ( f ) r d , d  -  I

Sr(SPI,") S r (S P -1 )" )

is null-homo topic.

Assuming lemma 4.4, we can prove lemma 3.4.

Proof of  lemma 3.4. The assertion (1) was already proved in (1) of lemma 4.2
and it suffices to prove (2).

It follows from lemma 3.3 tha t the induced homomorphism

r aoe,o 4,
H  * (E 2(n - D H  * (s  p (in n )

is injective. Consider the composite of homomorphisms

H  * ( E 2(n- D
 ( . 9  doed),

H 3 (S P )
i njective

( P r n i . . ( r d .d -  t ) * )

114 (spdn n/sp(nd- 1 )P1)0 H *(s p(nd - 1)0)

Notice th a t the second homomorphism (proj * ,  ( t d , d - i ) , k )
 i s  an isomorphism (by

corollary 4.3) and tha t ( t. cl a l - 1) * ° (51- d "ed)*=
0  (by lem m a 4.4). Hence the induced

homomorphism

( f  t o e d ) , p r o j *
0 , 0 3 :1 1 3 ( E 20,-2),,D ;) H*(SP°„") H *(S11"/S -  1 )0 )

is injective and this completes the p ro o f . q.e.d.

Now it remains to prove lemma 4.4. For this purpose, we recall the relation
between transfers and covering projections.
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Definition 4.5. Assume th a t 1 <j< d.
(1) Let

q d J : F(C, d) x E „ j(5 
2 n  —  3 )d  — )  

PIC, d) x Ed(S 2 "  — 3 )d

denote the natural covering projection corresponding to the subgroup Ei  x Ed E d .
Define the transfer map for qd ,i ,

o- :F(C,d)x  E d (S 2 "  — 3 )d —) Sr(F(C, d) x E i x  Ea  _ , (S  2 n  — 3 ) d )

by

E

(2) Let pi :F(C,d) X E j( 5 2 n  —  3 )d  

F(C,d) X Ej  x  E d  J (S 2 ' )  denote the projec-
tion m ap onto the first j  coordinates of (S 2 ' 3 )". Define a map

F(C, d) x E d (5 2 " -  3 )d  -* Sp"(FIC, d) x E i , (S 2 n —  3 )i )

by cri =Sp"(p i ). cr.
The map o-

i  naturally extends to a map

: Sp"(F(C, d) x

by the usual addition: di (E ix i) =E icrixi).
(3) Define a C 2 -structure map

F(C,d)x  ,(5 2 n  — — )  SP"

similarly to the way .ird  was defined.

The following is easy to verify:

Lemma 4.6. Let 1  <j <d . Then the following diagram is commutative:

S p'(F(C,d) X ( S 2  3 )d)  — )  S P (R C ,  d ) X Ei  X E d  i (S  2 n  — 3 ) i )

SI) (5 d) Sp"(f au)
raj

S p (S P ) S p (S P )

Lemma 4.7. Let 1< j < d .  Then the composite of stable maps

ed c r
z  2(n — 2)d • d F(C,d)x Ed(S 

2 n  —  3
)

d  
—) S r(F(C, d) X Ei  E d _ j (S 2 n  — 3Y)

is null-homotopic.

2n— 3s d') ) — ) Sp -  (plc , co X Ej  x  Ea _ j (S 2 n  — 3 )i

)
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P ro o f  T h is  is  w e ll k n o w n  (c f. [ 6 ]  p . 44). q . e . d .

N o w  w e  c a n  c o m p le te  th e p ro o f  o f  lem m a 4.4 .

Proof  of  lemma 4.4. I t  f o l lo w s  f r o m  ( 4 .6 )  and (4 .7) th a t

d, d _ 1 ° S PN ,F  °  S p (e d )= " Sr( f d,d —  1) ° d- 1 ° s p (e d )

=sp -( f  d,d— 1 )  SPNO-  d — 1 ° ed)
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