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Certain unstable modular algebras
over the modp Steenrod algebra

By

Yusuke KAWAMOTO

I. Introduction

Let p  be  an odd  prime. W e assume that all spaces are completed at p  by
means of the Bousfield-K an [4]. In this paper, a cohomology is taken with Z ip
coefficients unless otherwise specified, and H*(— ) means H * (— ;Z Ip ) . Let S ip  be
the modp Steenrod algebra and ,f( denote the category of unstable Al p-algebras. The
objects of .Y( are called .Y(-algebras. For a space X, H*(X ) is a .* '-a lgebra . It is
known, however, that a i(-algebra need not be of the form H *(X).

A .Y(-algebra A  is said to be realizable if A  is represented as the cohomology
of some space, that is, there exists a space X  with A  H  *(X ) as ,f(-algebras. The
realizability of an algebra is one of the major problems in the unstable homotopy
th e o ry . T h e re  are, in d e e d , m a n y  re su lts , su c h  as the Steenrod problem
[6], the Cooke conjecture [1], and others.

In this paper we investigate the realizability of the following algebras for n>1:

A „=Z Ip[x ,„]® A(y,„_, z1 % 2n + 2p—  1)

with Steenrod operation actions /3 (x  1  tfl (x21)2ri, 
=

;2n + 1 and Y 1(y 2 „, 1 )= z  2n+ 2 ,  — 1 • Our first
result gives a necessary condition for A be a A( -algebra:

Theorem A .  If  A „ is a 1 - algebra, then n=p t f or som e i>0.

By Theorem A, we concentrate on the algebras of the following form:

B, = A pi = ZiP EX2pd 0 AU 2p1 + I 2pl _ ,)

with fl(x 2 p ,) =y 2 p ,,.
1
 and gil(y2p,+1).= 2 p ' +  2 p —  1  •

Actually, the ;fir-structure of B . is uniquely determined for i > 0  (see §2). On
the other hand, Bo has two .*'-structures  and the realizability of B , has completely
determined by [2] (see Theorem 3.1). We show the 1 - -algebra B , is realizable as
the cohomology of some H-spaces (see Proposition 3.2).

C om m un ica ted  b y  P ro f. A. Kono, A p r i l  7, 1997
The au tho r w as pa rtia lly  suppo rted  b y  JSPS Research Fe llow sh ip s  for Young Scientists.



344 Y usuke Kawamoto

The .Y(-algebra B2 is realizable as follows: Let X (p) be the H-space constructed
b y  H a rp e r  [7 ]  so  th a t H*(X(p)) A (u  u2 p ,  1)0Z /p[u 2 p „]/(u i2'p + 2 )  with .9 1(u3 )
=u 2 p +  a n d  13(u2 p + 1 ).= 142p +  2 . Then the three-connective cover of X(p) realizes B2,

namely we have

H *(X(p)<3>)- B2 .

Thus the realizability of A n is completely determined by the following:

Theorem B .  If  B . is realizable as the cohoinology of  a space, then i=0, 1 or 2.

We shall prove Theorem B using the work of Lannes about his T-functor [8],
which has been remarkable in  the  recent study of unstable homotopy theory.

This paper is organized as follows: In §2 and §3, we prove Theorem A and
show the realizability of B ,, respectively. §4 is devoted to the proof of Theorem B.

T he author would like to thank Professors Akira Kono, Takao M atumoto,
Yutaka Hemmi and Mitsunori Imaoka for their suggestions.

2. Proof of Theorem A

In  this section we prove Theorem A, that is, if the algebra A „ with the given
Steenrod operation actions is a ..Y(-algebra, then n=p i fo r  some i>0.

F irs t w e  show  th a t  th e  ideal /=(1 + 1 z2n + 2p— 1) generated by v, 2n + 1 and
z

2 1 + 2 _ 1 is c losed  under the action of ,¢1 If ace I, then Ma), Y P'(oc)e I for i> 0
since /3(y2 „  i )= /3(z2 „+  2p _  i)=  0  and (c (a))P=1 ( x ) = 0. H e n c e  Z lp[x 2 ]Lf A„II
has a S . -structure, and this implies that n = p i!. for some i> 0 and rl(p — 1). Thus, to
complete the proof, we have only to show that r = I.

W e remark that the generator x 2 pir  can be taken to satisfy

(2.1) YP'(x20.)=rxs2+1„Ir

for s=(p — 1)/r. I n  f a c t ,  using the variation o f a  result of Adams-Wilkerson as in
[3 , Th. 4.2] (see also [1, Th. 2.1]), Z /p[x 2 p „.] is isom orphic to Z Ip[t 2 p ,]z Ir with
Y PV 2 p ,)= t5p ,  as .Y(-algebras, where Z ir acts as ring autom orphism s and as the
usual multiplication on t 2 p ,.

Now we divide the proof into two cases for i> 0 and  i= 0. F i r s t  assume that
i> 0. Then, there is an Adem relation

(2.2) y p i i3  = y l f l y p i  — 1 + 1 (3yp..

Using (2.1) and applying the operations of (2.2) on x 2 p ,„  we have

(2.3) Y11(Y2p,r+1)=(r — 1 )-17s2p ,rY 2pir + 1 •

For the dimensional reason, we can put .P '(z 2 p ,,,, 2 p _ ,)=axs2 p ,,z2 p ,,.+ 2 p _ , for some
a E Z I p .  Then applying (2.2) to z2 p ,r + 2 1 ,_  , we have a = 0 . T h u s
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(2.4) •9 P ' ( 2. 2p , r+ 2p- 1) — 1 3 .

When i> 1, there is a n  Adem relation .9 1'.9 11‘ P +  -  -  Y t Y P ‘ = , and we apply
these o n  t;2er + 1 • Then, using also (2.3) and (2.4), w e have g)'((r — 1)4 p'r.•v2p'r + 1)

=  Y
P '

( Z  2 e r +  2 p -  1 ) - 0. Since Y 1 (f 2 V 2p.r + 1) X s2p'rZ2p'r+  2 - O, we can conclude
th a t  r = 1 .  W hen i=1 , applying th e  operations in  th e  Adem relation Y P Y P +  1

2p+ 1 + y2p ,9 1  o n  y 2 p r l _ y l y 2 p ( y 2 p r +  0 = 1 1 , 2  ,we obtain ./..%ip5r'2pr + 2p- 1 • On
t h e  o th e r  h a n d , u s in g  t h e  Adem re la tion  Y P gw = 2 Y 2 P-1-.9 2 P- ' g ' 1 , w e get

1 ,9 2 P (Y2pr+ 1) = ((r — 1)(1• — 2 )/2 )x i  Z, spr 2 pr + 2 p - 1 • Thus we also have the result r= 1 in
this case, which completes the proof for i>0.

Next consider the case i = 0 .  Applying the Adem relation

(2.5) 1013Y' =Y 1 Y 113-Ef3.91g i

on x2 ,., we have

(2.6) •9 1 (Z 2 r+  2 p -1 ) = 2 (r —  1 )X s2rZ2r + 2p- 1 1)X2'srY2r + 1 •

We apply (2.5) on Y 2 + 1 '+ 1  and  see that 13 1(z2r+ 2p - ,) = 0 .  By (2.6), we also have
fO i (z2r+ 2 p  - 1 )= 2 (r  —1)sxs, vzr 1 ., 2r+ 1Z2r+2p- 1 •  From these equations, we can conclude
that r =1 since s Hence we have completed the proof of Theorem A.

3. Realization of Bo and B1

By Theorem A, the realizability of A„ is concentrated on the following cases:

Bi — Ap i= ZIp[x 2 p ] 0 IVY2 p/ + Zr2p i +2 p _ i ) for i>0

with fi(x 2 ) =y 2 +  , and Y l (y2 p ,+ 1 ) =z 2 p 1+ 2 ,_  i .

First we consider the realizability of Bo . B y  (2.6) we have g l (z2 ) =0, and
for the dimensional reason and  unstability, we see that the d p -actions on  B , are
completely determined except for .9P(z 2 p + 1 ). Let B(p) be the  H-space introduced
b y  Mimura-Toda [9] s o  th a t  H * (B (p ))-A (u 3 ,u 2 p + , )  w ith  .9 1(u3 ) =u 2 , 1 ,  and
B(p)<3 ; p>  denote  the homotopy fiber of the m ap of degree p

[P]: 13(p) K(Z,3).

Then the  following results o f Aguadé-Broto-Santos [2] completely determine the
realizability of Bo , by which it turns out that there are just tw o S . -structures on Bo :

Theorem 3.1 (Ea .  (1) On the ,X('-algebra B0 „9P(z 2 p , 1)= 0  or 4 P - ' )z, p + ,.
(2) If  ,9P(z2 p + , )= 4 P - 1 ) z, p + ,, then the S . -algebra B, cannot be realizable as a

cohomology of  some space.
(3) If  .9P(z2 p ± ,)=0 , then the :.1' -algebra B, is realizable as the cohomology of

B(p)(3;p>, namely

II *(B(p)<3 ; B„.
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(4) If  there is a space X  so that H *(X)'-' Bo  as Y  (-algebras, then X  B (p)<3;p>
up to p-completion.

For i > 0, if we impose the unstability condition on B1 ,  the ,ci p -actions on B1

are completely determined except for gP'(y 2
1 ) and YP'(z 2 p r, 2 p  1 ) by dimensional

re a so n . But it follows YP .(y2 p , ,) =Y P'(z 2 p ,, 2p  _ i) = 0 from (2.3) and (2.4). Thus,
B i for i > 0 has a unique Jr-structure.

For the realizability of B  , we have the following:

Proposition 3.2. T he (-algebra B, is realizable as the cohomology of an H-space.

P ro o f  There is an H-space Y(p) satisfying H *(Y (p)) A (u 3 , u ,). In fact,
Y(3)= G2, the exceptional Lie group, if p = 3. For p  5, as a special case of [5], we
have an H-space Y(p) which contains the cell complex

S3 u „e4P

where ()cc 7r4 p _ 2 (S 3) Z  p  is the generator. Computing the Serre spectral sequence,
we see that the three-connective cover Y(p)<3> of Y(p) realizes B ,, namely we have

H *( Y(p)< 3 )) -= B

which completes the proof.

4. Proof of Theorem B

We use the Lannes theory concerning the T-functor in the proof of Theorem
B .  Thus, we recall the theory  first. The functor T : - +  S - is the left adjoint of
the functor H *(B Z  p)(:)- , that is, there is an adjoint isomorphism Hom,(T(A),B)

H *(BZIp)C)B) for Jr-algebras A  and B.
For a Jr-map f :  A H  * (B Z  p ) , its adjoint restricts to a Jr-m ap  T(A)° Z i p ,

where T(A)° i s  the subalgebra of T(A ) of elements of degree O . The connected
component T 1 (A ) of T(A) corresponding to f  is defined by T f (A )= T(A )(i), ( A ) .Z  p,
and there is a natural Jr-map  e 1  :A -> Tf (A).

The evaluation map e: B Z  x M ap(B Z  p, X ) -r X  induces a Jr-m ap  e*, and
taking the adjoint of this yields a Jr-map T H *(X )) H  *(M ap(Z  p, X )). For a
map cp: BZ p -> X , there is a Jr-m ap 20- : To.(H *(X))--■ H *(Map(BZ p,X)0) consider-
ing componentwise. Then, by definition, the composite .10.eo. is induced by the
evaluation : Map(BZ p,X )0 -> X  a t the base point. The following theorem is due
to  Lannes:

Theorem  4.1 ([8]). F o r  a  map 4): BZ I p -+ X ,  if To.(H *(X )) 1 = 0, th e n
20: To(H *(X )) -+ H *(Map(BZ p,X )0) is an  isomorphism.

Moreover, for each Jr-algebra A , T  can be considered as a functor from .11.(A)
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to  .Yl.(T f (A)), where *'(A ) denotes the subcategory of ,Y( each of whose objects has
an A-module structure compatible with its 1-structure.

W e a lso  regard T 1 (M ) as an object of .X (A ) through the natural ,Yr -map
Ef  : A - ) T1 (A) for any object M  of Ar(A), and e s-: M - ) T1 (M ) becomes a morphism
of 1(A)-algebras. It is well known that Tf  is exact, and commutes with suspensions
and tensor products.

T o  p ro v e  T h e o re m  B , w e  n e e d  the T-functor fo r  B i . A s  is know n ,
H*(BZIp) A (it',)®ZIp[w 2 ]  with /3(w 1)=  .  N o w  w e  d e f i n e  a  Jr-m ap  f  :B ,
-) H *(BZ I p) as f (x , p ,) = M I and f(y 2 ,„ i )=f ( Z 2p, „ p _ 1 )

=  O.

Proposition 4.2. e f  : B i -) T f (B i)  is an isomorphism.

P ro o f  Let Ci = Z/p[x 2 p ,] 0A(y 2 1,-,. ,), and k : B -+ Ci b e  the quotient map.
T h e n  it  is  o b v io u s  th a t  k*: Hom„(C i , H *(BZ1p)) - > Hom,(B i , H *(BZIp)) i s  an
isomorphism. Thus, by the results of Aguadé-Broto-Notbohm [1], T Tg(C,)
for a non trivial map g: 11 *(BZ p), and E g :C i

-* T g (Ci) is an isomorphism. Since
Tf  is  exact, we have the following commutative diagram whose horizontal arrows
are exact sequences of JOB ;)-algebras:

Z2 p i +
 2 ,

B . C.- >  0
(4.1) E f f

0 T1 (z2 p 1 + 2 ,  -  1 C1)T 1 ( B 1 ) T1(C1) 0 .

Z2p i+ 2 p _  C,'- E2 P'' 2 P-  C i as , ' ( B 1)-algebras and T 1 commutes with sus-
pensions, w e  h a v e  Tf (z 2 p ,+  2 p  -  C i )  Z2p 1 + 2p  _  Ci . H ence w e can conclude that
Cf  B . -) T f (B ;) is an isomorphism by the diagram (4.1), which completes the proof.

Proof o f  Theorem B .  W e assume that B. realizable, that is, 11 *(X) for
some space X .  A  result of Lannes [8 ]  implies that there is a map 0 : BZ1p - ) X
such that 0*=f , and then the evaluation map eo: Map(BZ p, X )0 - ) X is a homotopy
equivalence by Theorem 4.1 and Proposition 4.2. L e t : B Z  p - ) Map(BZ I p, X)0 be
the adjoint of Ow, where co is the multiplication map for the H-structure of B Z  p .  We
have the following commutative diagram of fibrations:

(4.2)

B Z Ip  = B Z Ip  -)  E B Z Ip  --)  B2  Zip

0 I

X  <e±  M  - >  MryBZIp B 2 Z

where M -=M ap(B Z Ip,X )0 and M u z i p = EBZIp X Bz ip  M  is  the Borel construction.
We consider the Serre spectral sequence of the bottom fibration whose E 2 -term is
given as E2*.*= 11 *(B2 Z  p)0 B ,.

As is known, 11 *(B2 Z I Z  p[n 2 , 10 ° 14 121.i 0] 048112 Y A ifiri 2 >  0), where

Since
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gA1=YP i  ••• g i and ;1 2  denotes the fundamental class. W e fix the basis F  of the
vector space H*(B 2 Z Ip) by taking all monomials of r/ 2 , f flt12 , fi1 2  and  3 A , [1q2

f o r  j> 0 .  F o r  th e  d p -actions on indecomposables, by definition and unstability,
we have .9P" i (g) ° , ,3 2 ) = Y ° J-"/3i/2  and  Y i (.9 ° J,6t72 )= 0 .  Furthermore, we need the
following:

Lemma 4 .3  ([1]).

So
? 1 J 0 ,

g l (P A-012)=
t(W i - l firlDP . i > 0 .

y I (13 gA J /311 2) fly4j+ 'I 12?I f or j>0 .

. „k(gA,flii2)_gpkuigie, nrj ___p 0 f o r k O, j+1.

From the diagram (4.2), we have r(x 2 p ,)= Y A ' - '/3ri 2 +5 2 p
1 since 4)*(x 2 p 1)=

and r(tviD=g' A .- 13r/ 2 ,  w h e re  t  d e n o te s  the  transgression  and  62 1 5 0 + 1  i s  some
decomposable element in  H*(B 2 Z Ip ) . From  now  on, w e assume that and
deduce a contradiction from this assumption.

We set

0 2 p + 2 p 2 = (13 "  Vr/2) P 2  Y °1 /3 (5 2p. + 1)

in H 2 +  2 P2 (132 Z p). Since j*(0 2 p ,+ 2 1 ,2)= Y ° ' )6'( j*(Y A — '13112 +  2p ,+ I)) = 0, there exists
a n  elem ent o f  to ta l  degree 2p 1+2p 2 -1  w h ic h  k il ls  0 2 p 1„ 2 p 2 in  the  spectra l
sequence. O n the other hand, we shall show that 02p ; 2p 2 cannot be killed in the
spectral sequence, which causes a contradiction.

First, we remark the following:

Lemma 4.4. W hen we represent 02p i+2p 2 as a linear combination with basis F,

it  m ust contain the term  (fi 313q2 )1 2 .

P ro o f  I f  i O 4 ,  t h e n  w e  h a v e  th e  c o n c lu s io n  s in c e  w e  c a n  s e e  th a t
. 1A 'f.((5 2 1 ,, , , )  d o e s  n o t c o n ta in  th e  term (fiY ° . - 3 ,6ti2 )P2 b y  the  X -struc tu re  o f
11*(132 Z Ip ) . Thus we assume th a t  i= 4 . W e  set

oc2„4 +1=(fig'°2 13112)(/W
1

lin2r 2— P- 2 (g °1 13112)(13.9 1 P12),

112p4 + 1 = (13 1 ) 2 13 n2)(fig ' ° ' fin2)P 2 - P - 1 ( q 1  #11 2),

and

2p4 + 1 = ( A 2 flq 2)(1° )A  fir  I 2.)P2I  ( fig ' flr12).

Then, for the dimensional reason, we can put 5 2 p 4 „  =ace 2 1,4, , +b,(12 p 4+  4 -  vc, 2 p 4 .4_ I
4-5.

2 p 4+  f o r  some a,b,ceZ 1p, where 5-
2 p 4 ,,  is  an  element which does not contain
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the term a2 p 4,
 1

, /32 p 4+ ,  o r y2 p 4+ 1 . W e note that Y A Ifi(cz, p 4 ), .9° ,6(#2 4, ,) and
Y'i,e(y 2 p , , , )  contain the term (0 i/Ig2 )P2 while '/3(t524+ 1 ) does not contain this
term.

Using 911(x 2 p 4)=-91P(x 2 p 4)-=0 and the I . -structure of H*(B 2 Z1p), we can show
that a = b = c= 0  by a routine calculations. Then 91 A1 P(6 2 p 4+ 1 ) = .9 ° '/3(j2 p 4+ 1 )  does
not contain the term (10.9 ° 1 ,6q2 )P2,  and we have the required conclusion.

For the dimensional reason, the element which hits 02 p 1+ 2 p 2 must have one of
the following forms:

/1 2p2 - 1 OX2p' K2p2 - 2 OY2pi + 1 V2p2 2p0 Z2pi ± 2p 1 •

If i> 4, then any element of the above form cannot hit 021,i + 2 p 2 by Lemma 4.4
and the dimensional reason.

For i = 3, the only possible case 021,3+ 2 p 2 can be hit is that x 2 p ,_ 2 = (I3 g 113112)P

1
(2p+ 2)(p- 1) a n d  t(y 2 p 3+ , )  contain the  term  (fig" fln2 )P2 -  P +  1 , where k ( 2 p +  2)(p _ 1)

e  -1*(B2 Z1p) is some element which does not contain the term (fY ' f'12)" . B u t
we have the following:

Lemma 4.5. W hen we represent t(y 2 p 3+ 1 ) as a linear combination with basis F,
it does not contain the term (100,eri 2 )1 2 - P+1 .

P ro o f  Since t(y 2 p 3+  ,) = /3.9°2 [4/2 +13(521,3+  1 ), it is sufficient to show that 62 p 3+

does not contain the term (/3911/3/12 )P2 - P(911A 2 ). F or the  dimensional reason, we
can p u t 621,3+  =d(139 1

)0q2 )P2 - P(Y '13r/2 ) + 52p3 + 1 fo r some d e  Z ip .  Then w e have
YP(r(x 2 p 3)) = d(9f° '13112 )(16 0 - fin2 )P2 -  P  Y P (15 2 p 3 1 ) ,  where g 9 5 2 p 3+ i) does not contain
the term I 9 1 A 1 M / 2 0 . 9 1 / 3 n 2 ) P 2 -

1' . T h i s  implies that d = 0  since 9I51'(x 2 p 3) = 0 , and we
have the required conclusion.

Then, this causes a contradiction, and we have completed the proof of Theorem B.

D E P A R T M E N T  O F  M A T H E M A T I C S ,  F A C U L T Y  O F  SC IE N C E ,

H IR O S H IM A  U N IV E R S IT Y
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