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Coliftings and Gorenstein injective modules

By

Edgar E. ENOCHS and Overtoun M. JENDA

1. Introduction

Throughout this paper, R  will denote a commutative noetherian ring.
We recall that an R-module M  is said to be Gorenstein injective if and only if

for any R-module Q of finite injective or projective dimension, Ext i
R (Q,M), Extr(Q, M)

for all i > 1 and Ext c
R

i (Q, M ), Extg(Q, M ) vanish (see Enochs-Jenda [4] for equivalent
definitions). W e note that Gorenstein injective modules are dual to Auslander's
maximal Cohen-Macaulay modules. While the latter m odules are studied in the
category of finitely generated modules, Gorenstein injective modules are rarely finitely
generated (see [4]).

T he a im  o f th is paper is to  study  M aranda type  o f results for Gorenstein
injective modules. W e no te  that these type of results have been generalized to
maximal Cohen-Macaulay modules over R-algebras where R  is  a  complete local
Gorenstein ring (see Auslander-Ding-Soldberg [1] and Ding-Soldberg [2]).

We recall that an R-module M  is said to be strongly indecomposable if End(M)
i s  a  local r in g , a n d  M  is  s a id  to  b e  reduced i f  it h a s  n o  nonzero injective
subm odules. We note that every strongly indecomposable module is indecomposable
and thus reduced.

If x  is an R-regular element that is not regular on an R-module M , then r(M )
will denote the least integer r  such that xr• Ext 1 ( , M )= O. W e  w il l  show th a t if
r(M ) is finite, r>r x (M )> 0 and M  is a  strongly indecomposable Gorenstein injective
R-module such that Hom R (A, M) - Hom R (A ,N ) for some strongly indecomposable
Gorenstein injective R-module N with r > x (N)> 0, then I I/ N or S2(N)
(showing that N  has periodic injective resolution of period 2) where S i(M ) denotes
the ith cosyzygy of M .  Furthermore, if r( M )  is finite and  r>r x (M )>0  and M  is
strongly indecomposable, then Hom R (A , M ) is indecomposable o r  H o m , ,  M)

LCIS R i x ,R (L) for some indecomposable L  (Theorem 3.3). This result is obtained
without requiring the Gorenstein condition on the ring. As an easy consequence,
w e get that if  x  is R-regular, and  E , E ' are indecomposable injective R-modules
w ith  H o m 4 , E)'-'Hom R (s

4
R , E ')  0, then E  E '.

A linear m ap  : M  G  where G is a Gorenstein injective R-module is said to
be a  Gorenstein injective preenvelope if Hom(G, G')—> Hom(M, G')—> 0 is exact for all
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Gorenstein injective R-modules G '.  If furthermore,f o  =t1J forf e Hom(G, G) implies
f  is an automorphism, then tif is called a Gorenstein injective env elope. It was shown
in Enochs-Jenda-Xu [8] tha t if R  is n-Gorenstein (that is, the injective dimension
o f R  over itself is a t m ost n), then every R-module has a Gorenstein injective
envelope. Gorenstein injective envelopes are unique up to isom orphism . Further-
more, since every injective module is Gorenstein injective, we see that Gorenstein
injective envelopes are monomorphisms. So if : M -> G is a Gorenstein injective
envelope, we say that G , denoted G(M ), is  the Gorenstein injective envelope of
M .  Likewise, E(M ) will denote the injective envelope of M.

A  linear map : E  M  where E  is  an injective R-module is  sa id  to  be  an
injective precover if Hom(E',E)-+ Hom(E', M)—> 0 is exact for all injective R-modules
E'. If furthermore, O. f =  for f  e Hom(E, E) implies f  is an automorphism, then
is called a n  injective cover. Injective covers were shown to exist over noetherian
rings in Enochs [3]. Again, injective covers are unique but they are not surjective
in  general.

If R  S  is  a ring homomorphism and L  is  an S-module, then an R-module
M  is said to be a  colifting of L  to  R  if

1) L  Hom R (S, M)

2) Ext i,(S, M )= 0  for all i > 1.

If L  is a direct summand of Hom R (S, M) satisfying (2), then M  is said to be a  weak
colifting of L . W e say that L  is  coliftable o r weakly coliftable to  R , respectively,
if  the re  is  such  an R-m odule M .  Clearly, every coliftable S-module is weakly
coliftable. B u t weakly coliftable modules need not be coliftable (see Example
4.3). W e  note tha t if  M  is Gorenstein injective, then ExtR(S,M)=0 for a ll i > 1
whenever pdR S < c o . Thus if M  is Gorenstein injective and pdR S < co, then M  is
a colifting of an S-module L  if and only if L' Hom R (S, M).

I f  x  is R-regular, then we will denote A  by  R .  The aim  of Section 4 is to
study coliftings of fi-m odules. W e show tha t if M  is a  strongly indecomposable
Gorenstein injective module over an n-Gorenstein ring R  and M  is a colifting of a
nonzero fi-module L  such that x • Ext'( ,M)=0, then SR (Hom R (P ,S  i (M ))) is  a
reduced Gorenstein injective R-module and  G R (L) M ® 5 1 (M) where GR (L ) and
S - 1 (M ) denote the Gorenstein injective envelope of the R-module L  and the kernel
of the injective cover of M , respectively (Theorem 4.2).

An R-module M  is said to be an essential colifting of an fi-module L  if M  is
a colifting of L  and the R-imbedding L g  M  is  an  essential extension. We also
say that L  is essentially  colif table. We argue that if R  is n-Gorenstein and M  is
an essential colifting of an fi-module to  R , then H om ,(fi,G ,(M )).G (H om (R,M ))
(Proposition 4.6). We use this Lemma to obtain an  analog of Proposition 5.2 of
Auslander-Ding-Soldberg [I], nam ely that if L  is essentially coliftable to R , then
Gk(L) and  G R ( L )  a r e  also coliftable to  R  (Theorem 4.7). W e then characterize
essentially coliftable fi-modules over 2-Gorenstein rings in Theorem 4.9 giving us
a n  analog o f  P ro p o sitio n  4 .3  o f  [I] . Finally, we characterize weakly coliftable
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a - modules in  Theorem 4.11.

2. Preliminaries

W e start with the following easy

Lemma 2.1. Let a:M — > N be a surjective homomorphism of R-modules M and
N . If  a f ac to rs  through E(M ), then N  is a direct summand of  Em

r a
) .

P ro o f  Since a  fac to rs  through E(M ), w e have  the  following commutative
diagram

M c  E ( M )

with o- '(Ker o- )= 0 . S o  w e  have the followed induced commutative diagram

E(M)
K err

But then we have the following commutative diagram

0 0

0 —> ker a —> 0

j. I T (r -

o ker — > E(M) -->

S(M )  =  S(M )

where o -" ok oa= o - " o t im = o - 'im = a .  But a is o n to .  So o- " .k = id N . Thus the result
follows.

Proposition 2 .2  (H ilto n  [9 ] ) .  Let a: M  --> N  be  a hom om orphism  of  R -
m odules. T hen the following are equivalent.

1) a factors through an injective R-module.

E(M) 
kera
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2) a f actors through the injective envelope of M.

3) a factors through the injective cover of N.

4) a • Ext 1 ( , M)= 0

5) a- • (0 M  E ( M )  - 4 SW ) -> 0) = 0 in Ext l (S(M), N).

Furthermore, if a is onto and factors through an injective R-module, then Es(m)Q N.

P ro o f . 1 2. L e t  a  fa c to r  through an injective R-m odule E .  T h en  the
diagram

M  c  E ( M )
6  i
N 4-  E

can be completed to a commutative diagram since E  is injective. So (2) follows.
2 3 .  Let E  N  be the injective cover of N .  Then the diagram

M  c  E ( M )
v ,

N E

can be completed to a commutative diagram. So (3) follows.
3 1 is trivial.

r
1 4. Let a: M  E N  be the factorization of a through an injective R-module

E .  Then we have the following induced commutative diagram

a * : Ext 1 ( , M )   E x t 1 (  , N)

Ext 1 ( , E)= 0

Thus a * = 2 / * = 0  and so  a • Ext 1 ( M )=0.
4 .5 .  W e  s im p ly  no te  that 0 M  E (M )  S (M ) .—  0  e  Ext l (S(M), M )  and

so a • (0 M S(M) --4 0 )= 0  in Ext l (S(M), N ) since a • Ext 1 ( , M )= 0.
5 We again consider the exact sequenct 0 — >  M  E ( M )  S ( M )  0. We

have the long exact sequence

0 —> Hom(S(M), N) -4 Hom(E(M), N)—> Hom(M, Exti (S(M), N)—+ • • •

But a • (0 M  E ( M )  S ( M )  0 )  =  0  in Ext 1 (S (M ), N ). So the diagram
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M c  E ( M )
6 1 A ' '

can be completed to a commutative diagram and thus (2) follows.
Now suppose a:  M  Nis onto and factors through an injective R-module. Then

a factors through E(M ) by the ab o v e . S o V e
4 ,),., --'-S (M )ON  by Lemma 2.1 above.

Corollary 2.3. L e t  x  be R -regular an d  M  b e  an x -div isible R -m odule. If
x• Ext 1 ( , M )= 0, then H o m

Ea . m ) S(M)C , M.

P ro o f  Let m ultiplication b y  x  o n  M  b e  th e  m a p  a  in the Proposition
above. T hen  a  is onto since M  is x-divisible. So the result follows immediately
from the Proposition.

Corollary 2.4. L et x  be R-regular and M  be an x-divisible R-module such that
H o m ,(f i, M ) M  is an essential extension. If x • Ext. 1( , M )= 0, then S(Horn,(fi, M))

S (M )0M .

P ro o f  W e simply note th a t in  this case E(M) E(Hom R (fi, M )) and so  the
result follows from Corollary 2.3.

3. Gorenstein injective modules and regular elements

If x  is an R-regular element and M  is a Gorenstein injective R-module, then
Ext 1(fi, M)=0 sincepdfi< 1. Thus we have the exact sequence 0 —> Horn ig ,  M )-4 M

M  O. In particular, we have that Gorenstein injective modules are x-divisible.
W e start with the following

L em m a 3.1. L e t  x  be R -regular an d  M  h e  a  reduced Gorenstein injective
R-module such that Hom R (fi, M )0 0  an d  x-Ext 1( , M )= 0 , then Hom R (fi, M ) is  an
essential R-submodule of M.

Pro o f . W e  f ir s t  n o te  t h a t  E(M )' .' E(Hom R (fi, M ))(D E f o r  so m e  injective
R-module E .  And so by Corollary 2.3, we have that S(Hom,(fi, M )))  S (M )C )M  •
If M  is reduced, then S (M ) is  reduced . It is  then  easy  to  see  tha t S (M )O M  is
a lso  reduced . H ence  E= 0  a n d  E(M) E(Hom R (fi, M ) ) .  S o  th e  result follows.

We also need the following

Lem m a 3.2. L e t x  be R -regular and  L  be  an  -m odule . T hen  L  is w eak ly
colif tahle to R  if  and only  if
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Hom(R,S R (L))':4.' LC)SR(L).

P r o o f  Let M  be  a  weak colifting o f L  t o  R .  Then we have the following
commutative diagram

0 M  -  4  -> 0

0  -> L E(L) -+ S R (L ) -> 0

We now apply Hom R ( f i, - )  to  the diagram to get

OL :0  -> L  -> H om ,(P,M ) H o m ( )  - >  L  - >  0

th :0  -> L Hom R (R ,E(L)) -+ Hom R (fi,S R L) L  -> 0

since  H om ,(fi,L ) Extk(17Z, L).=.' L.
But Hom R (fi, E(L))= ER(L). So Extl(L, SRL)) - . Ext 2

R (L, L). Furthermore, we
n o te  th a t  OL ,

 ' L
 t h e  same elements in  E x t( L ,L ) . B u t  i  i s  a  split

monomorphism by assumption and so OL  is zero in Exti(L ,L). Therefore, h is zero
in ExtTz(L,SR(L)). T hat is, 0 S R (L) H o m R (R , S R (L)) - 0  is split exact and
so the result follows.

The converse is trivial.

If x  is R-regular bu t not regular on an R-module M , then for r > 0 , we set

rx (M )=m ity{ r:xr•Ext 1 (  , M)=0}.

If there is no such r, we set r,( M )= os.  W e  note that r(M )=O  if and only if M
is an injective R-module.

We are now in a position to state the following Maranda type of result.

Theorem 3.3. L et x  be R-regular and M  he an x-divisible R-module such that
r(M )  is finite an d  r>r,( M ) >0 . Then

1) If  H om R (A ,M ) H o m R („Ir'R , N )  f o r some x -div isible R -m odule N  with
r>r„(N )>0 and Hom R (A ,M )  g  M  and Hom R (A , N )  N  are essential extensions,
then MC)S(M) NOS(N).

2) I f  M  is a  strongly indecomposahle Gorenstein injective R-module such that
Hom R (A , M )'-'Hom R (A ,N )  J .  some strongly indecomposahle Gorenstein injective
R-module N with r>r x (N )>O, then M N  or N '.'S (M )'‘.5 2 (N).

3) I f  M  is  a  strongly indecompo,sable Gorenstein infective R-module, then
Hom R (A , M )  is indecom posable o r  H o m ( , L e S A ( L )  f o r  som e in-
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decomposable A -module L.

P ro o f . 1) easily follows from Corollary 2.4.
2) I f  M ,  N  a r e  strongly indecom posable, then Hom R (A , g  M  and

H om ,(A ,N )  ç  N  are essential extensions by Lemma 3.1 and so M S ( M ) N S ( N )
b y  p a r t  (1 ) . B u t S (M ), S (N ) a re  also strongly indecom posable. So th e  result
follows by the Krull-Remak-Schmidt-Azumaya Theorem.

3) Suppose Hom,(A, M )= LC) L' . Then S(Hom R (A , M)) = S(L)0 S(L'). But
S(Hom,(A, M)) - S (M )O M  by Corollary 2.4 a n d  Lemma 3.1 a n d  S (M ) is also
strongly indecom posable. So we m ay assume th a t  )1/1.7 S(L). B ut L  is weakly
co liftab le  and  soH om ,(A ,M )-H om ,(A , S(L)).-_-' LC) S x t,!R (L ) by L em m a 3.2 . But

M  is a  strongly indecomposable Gorenstein injective R-module and therefore so is
S(L). But then L  is indecomposable.

Corollary 3.4. Let x be R-regular and E, E' be indecomposable injective R-modules
with H o m ,(, O. T h e n  E  E'.

W e now state the following easy properties of rx (M).

Proposition 3.5. 1 )  L e t  0 M" —> M —> M' —> 0  b e  a n  ex act sequence of
R-modules such that rx (M ") and rx (M ') are f inite, then rx (M )< r x (M ")+ r x (M ).

2) If  M  is an  R-module with rx (M )< co, then rx (S (M ))<r x (M).

3) If  M  C )7 = ,M  then r ,(M )= max {r,(M i)}.

P ro o f  1) We consider the long exact sequence • --Ext i (—, M") E x t 1 (—,
M)--> Ext I ( ,  M')—* • • •. If rx (M ")=tn and rx (M ')=n, then x"'" • Ext 1 ( , M)= 0 and
so rx (M) < n.

2) If r (M )= m , then x"' • Ext 1( , M )= 0  a n d  so  V ': M —> M factors through
E(M ) by Proposition 2.2. So we have the commutative diagram

0 M E(M) —> S(M) —> 0

I x "; IX'" -'"
0 M E(M) —> S(M) 0

Thus xm:S(M)-- S(M)--* factors through E(M) and hence xm Ext 1 ( , S(M))= O.
That is, t•,(S(M ))/ ii.

3) This follows from the fact that Ext 1 ( , M)-'10,7 = ,Ext 1 ( , M r).

Corollary 3.6. L et x  h e  R-regular but not regular o n  a  reduced Gorenstein
injective R-module M .  If  rx (M )<oo, then rx (M)== rx (S(M))= r x (S 1(M)).
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P ro o f  If rx (M )<oo, then rx (S (M ))-r x (M ) by Proposition 3.5. If in = rx (S(M)),
then xm:S(M)—> S(M) can be factored through the injective cover E(M) — > S(M). So

M  can be factored through E(M ) a s  in  th e  proof of the Proposition
above. So rx (M )<r x (S (M )). Thus rx (M )=r x (S(M)).

Furthermore, M =S (S -  '( M )) since M  is reduced and  so rx (M )=r x (S - 1 (M)).

4. C o liftings over n-Gorenstein Rings

We start with the following result.

L em m a 4 .1 . L e t  R  be an n-Gorenstein ring, x  be R -regular, an d  M  h e  a
reduced Gorenstein injective R-module such that x  is not regular o n  M .  Suppose
S(Hom R (f i,S - '(M))) is a reduced R-module. Then S(Horridfi,S - 1 (M))) is Gorenstein
injective if  and only  if  S(Hom,(f i, S -  1 (M)))'-' G(Hom R (fi, M)).

P ro o f  Since M  is G orenstein in jective, the  in jective cover E  M  is
surjective. So we have the exact sequence 0 (M )  E  M  — > O. Thus we
obtain the following commutative diagram

0 0

0 —> Hom(fi, S  1(M)) Hom(R, E) —> Hom(!, M) —> 0

0 —> Hom(R,S -  I (M)) E(Hom(R,S - 1 (M))) —v S(Hom(R,S - I (M ))) -+ 0

S(Hom(R,E))

But id,Flom(fi, E)< 1 since Hom(fi,E) is an injective fi-module. So L  is an injective
R-m odule. Thus pdL  <oo since R  is  n-Gorenstein. Consequently, if S(Hom,(fi,
S '( M ) ) )  is  Gorenstein injective, then H om (fi,M ) S(H om R (fi,S -  `(M ))) is  a
Gorenstein injective preenvelope and hence SR (Hom R ( f i ,S  '( M ) ) )  GR (Hom,(fi,
M ))0 E' for some injective R-module E'. But then E' =0 since S(flom,(f?-,S - 1 (M)))
is reduced. The converse is trivial.

Theorem  4.2 . L e t R  be n-Gorenstein, x  he R -regular an d  M  b e  a  reduced
Gorenstein injective R-module that is  a co ltf ting  o f  a  nonz ero f i-m odule L . I f
x • Ext 1( , M )= 0, then S R (Hom ) ) )  is a reduced Gorenstein injective R-module
and G R (L )  M O S  - 1 (M ) .  I n  this case, rx (GR (L ))=r x (M).

P ro o f  We first note that x  Ext t ( , M )=0  if and only if x • Ext ,S - 1 ( 4))=0

since M  A l  factors through the injectivc cover E, M -+ 0  i f  a n d  only if
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S  1 (M) - > S '( M )  fac to rs  through th e  in je c tiv e  envelope 0 -> S -  1 (M )  E0 .
Furthemore, S - 1 (M )  is a ls o  a  reduced G orenstein injective R-m odule. So
S(Hom R (R,S - 1 (M))) M ® S - 1 (M )  by Corollary 2 .4  a n d  Lemma 3.1. Hence
S(Hom R (P,S - 1 (M))) is a  reduced Gorenstein injective R-module since MCIS - 1 (M)
is such. So GR (L)'_-=' 'VM S  - 1 (M ) by the  Lemma above.

Example 4 .3 .  L et R = k [[x 2 ,x 3 ] ]  with k a field. T h e n  R is a  Gorenstein local
ring since {0,2,3,4, • • •1 N is symmetric (see Kunz [1 1 ] ) . In fact, R is a 1-Gorenstein
domain.

Now le t G = k + k x ' +  k x  2 • • • .  Then G  is a divisible R-module and thus
it is Gorenstein injective since R is 1-Gorenstein. Moreover, Hom R (G, k [[x ]].
Hence G is a strongly indecomposable Gorenstein injective R-module. Furthermore,
Hom R (A ,  +kx - 1 =Socle(G). Also k + kx -  1  c  G  is  a n  essential extension
(where we recall that x 2 • x  = 0 ) .  Hence G is an essential colifting of the A-module
k+kx - 1 . We also note that E(G) E(k)C1E(k). So G is not an injective R-module.

We now recall from N orthcott [12] that ER (k)= k  k x -  +  kx -  + • • • where
x 2 • x 3 =O . So the imbedding G  E (G ) is given by

(1,x)
G  -> E(k) E(k)

where 1: G c E(k) maps x - 1 to 0 but is an identity on 1,x - 2 , x - 3, • • • and x '.X - 2  = 0 .

We now consider k x '  c  G .  We get the imbedding ,2-1 E(k)CI E V) . But
G--f C'So we have that the sequence 0 -> kx RO Eils) E(k )T  Ea) o  is split

exac t. B u t kx -  c  H om  R (A , G) c  G .  So the sequence

GE ( k ) E ( k ) E(k)CE(k)
0 - + 0

Hom R (A , G )  Hom R (A , G) G

is split e x a c t. Therefore,

E(k)C, E(k) E(k) E(k)
- + 0

Hom R (xA , G) G

is also split exac t. B u t then we have the following commutative diagram
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0 0

X2
0 H om ,(A ,G ) G G —■ 0

,
Hom R (A ,G ) E(k)e E(k)

E(k)0E(k)
HomR(A,G)

E(k) E(k) E(k)e E(k)
G G

0 0

-4 0

w it h  t h e  la s t  v e r t ic a l sequen ce  sp lit e x a c t .  H e n ce  x 2 •Ext 1 (  ,G )= 0  a n d  so
r,2(G)= l. Thus

GR (Hom R (
x

, G ) ) 1 --.'G R (k+kx - 1 ) S R (k+kx - 1 )- G eG
2  R

b y  Lem m a  4.1 an d  Theorem  4.2 since S(G) S - 1 (G) G .  Moreover, it follows
from  th e  above a n d  Theorem  3.3 that every R-m odule N  with r ( N ) = 1  and
Hom R (R/x 2 R ,N )--k+ kx - 1  is isom orphic to  G.

W e fin a lly  n o te  th a t the  A -m o d u le  k  is  w eak ly  coliftable t o  R .  I f k  were
coliftable to  R, then it is not hard to see that k''H om(k,E(k)) would be liftable to
R .  B u t R = k [[x 2 ,x 3 ] ]  is  n o t a  discrete valuation ring. So  k  is  no t liftab le  to  R
(see Exam ple 2  o f  Auslander-Ding-Soldberg[1, P ropo s it io n  3.2]), a n d  thu s  k  is
weakly coliftable bu t no t coliftable to  R.

W e now  study properties o f essential coliftings. W e start w ith the follow ing.

Proposition 4.4. L et L be an  R -m od u le . Then

1) Every essential co lt ft in g  of  L is isomorphic to a subm odu le of  SR (L).
2) If M is an essential coltfting of L, then S R (M) is an essential co liftin g of  S(L).

P ro o f  I f M  is an essentia l colifting o f L  t o  R , then E(M) E(L) and so we

have the fo llow ing commutative diagram



Gorenstein injective modules 251

0

0 Ker f

0  - > L E(M) S(L) 0

i f

0 -> 1 1 E(M) S(M ) 0

0
J.
0

with M  Ker f  and so (1) follows.
But Extk(fi, M )=0 by assumption. So we have an exact sequence 0 -+ Hom,(fi,

M )  H om ,(R , E(M )) H om R (R , S(M ) )  0. Furtherm ore, ER(L) H om R (fi, E(M)).
So S R(L) - Hom R (R ,S (M )) .  Moreover, ExtR(fi, SR (M))--,--' Ext i

R
+  '( M )= 0 for all i > 0

and so (2) follows.

Lemma 4.5. Let R  be n-Gorenstein and M  be a colifting of an R -m odule. Then
pdiflom R (fi, Gr)<  o o .

P ro o f  By lwanaga [10], idR <  o o  s in c e  pd, G  (4f )  G CO . So let 0 E°
E E '  0  b e  an  in jec tiv e  resolution o f  -Gi l l  .  T h e n  t h e  sequence

0 H o m R (fi, G r )  H o m R (fi, E
°
) -4 • • • Hom R (fi, E r)-*  0  i s  exac t since Ext i

R (fi,
-1/)'•= Ext i

l r ( f i ,  M)= 0  for a ll i> 1. B ut for each  i, f lo m R (fi, E i)  is  an injective
fi-m odule . So idAHom R (fi, G r ) <  c o .  B u t  t h e n  t h e  result follow s since
is also Gorenstein.

Proposition 4.6. L et R  be n-Gorenstein and M  be an  essential colifting of  an
1-m odule. Then

HomR(fi, GR(M))-= GR(HollnR(R• M)).

Proo f  H om R (P, M ) is an  essential R-submodule of M  by assumption and M
is a Gorenstein essential submodule of G(M) by Enochs-Jenda [7, Theorem 3.3]. So
it is easy to argue that Hom R (fi, M) is a Gorenstein essential submodule of G (M ). But
Hom,(fi, M ) g Hom R (fi, G (M ))  G (M ) . So H om R (fi, M ) g Hom R (R ,G(M )) is a
Gorestein essential extension as R-modules and hence as fi-modules.

Since M  is a colifting, we have the exact sequence

_ G(M)
0 -*Hom R (R, M) H o m R (R,G(M))-■ Horn R (R, ) - > 0.
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But pd,Hom R (fi, G r)  <  oo  by Lemma 4.5 above and Hom R (fi, G(M)) is a Gorenstein
injective fi-module by Enochs-Jenda [6, Lemma 3.1]. Hence Hom R (fi, G(M)) is a
Gorenstein essential Gorenstein injective extension of the fi-module Hom R (fi, G(M))
and so is the Gorenstein injective envelope by Theorem 3.3 of [7].

The following result is dual to Proposition 5.2 of Auslander-Ding-Soldberg [1].

Theorem 4.7. L et R  be n-Gorenstein and L  be an f i-m odule. If L is essentially
colif table to R, then Gk(L) and G(L )/L  are colif table to R.

P ro o f  If  M  is an  essential colifting of L  to  R , then GR(L):•—.'HomR (fi, G(M))
b y  P roposition  4 .6  ab o v e  a n d  s o  GR(L)/L= Horn i (E, V i ) .  B ut E xeR (fi, G T ))

E xt,r(fi, M )= 0  for a ll i > O. T h u s  G(M ) and  Gr  are coliftings of  G (L )  and
G t ) t o  R , respectively.

As a consequence, we get the following Gorenstein version of part 2 of Proposition
4.4 above.

Corollary 4.8. L et R  be n-Gorenstein and L  be an f i-m odule. If  L  is coliftable
to an R -m odule whose Gorenstein injective envelope is an  essential extension of  L ,
then Gk(L) and °T 1') are  essentially coliftable to R.

To prove the converse of this corollary, we need the following easy

Lemma 4.9. L et L  be an f i-m odule. T hen L  is an injective E-module that is
essentially  colif table  to  a G orenste in  in jec tiv e  R -m odu le  if  and  o n ly  i f  L

ER (L)),

P ro o f  If L is coliftable to R, then L Hom R (R,G) for some Gorenstein injective
R-module G .  But idR L = 1 since L  is an injective fi-module. S o  E x t(T , G)— 0
and  thus E(L) is  a  summand o f  G .  B ut then  G "E(L ) since L OE G  is  essential.

Conversely, L is an injective fi-module and E(L) is an essential colifting of L.

Theorem 4.10. L e t  R  be 2-Gorenstein an d  L  b e  an  E -m odule . T hen L  is
coliftable to an R-module whose Gorenstein injective envelope is an essential extension
of L if and only if G k (L) is coliftable to a Gorenstein injective R-module that is an essential
extension of L, L  is essentially coliftable to R, and the image of  the lif ting of
the natural m ap G(L) -+ G I L ) t o  R  has finite projective dimension.

P ro o f . The only if part is essentially Corollary 4.8 above.

We now prove th e  if  p a r t. If  id R = 1, then OR R= 0  and so G (L )= L . T h u s
L  is coliftable to a Gorenstein injective R-module that is an  essential extension of
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L  by assum ption. If idR= 2, then idRR < 1 and so C = 11
/
1-,L I is an injective R-module

by Enochs-Jenda [5, Theorem 3.3]. Hence the injective envelope of C is its colifting
by the Lem m a above. N ow  let G  be a Gorenstein injective colifting of GR(L) to
R  with L  g  G essentia l. Then we have the following commutative diagram

0

0 -+ GR(L) G  - )  G  - * 0

J!

0 -÷ C E (C ) -) E (C ) -) 0

o

So we have an exact sequence 0 - ) L - ) Ker f--* Ker 0. T h u s  L  H om ,(, K er f )
and Ext l (R , K er f)= 0 . Moreover, Ext i

R (R,Ker f )= 0 for all i> 2 since p d R  <1 . So
Ker f  is a colifting of L .  But pdf (G )<oo by assumption. So G G(Ker f )(DE for
some injective R-module E. But then E = 0 since L  g  G is essentia l. So we are done.

W e now conclude the section by characterizing R-modules that a re  weakly
coliftable to Gorenstein injective R-modules.

Theorem 4.11. The following are equivalent for an g-m odule L.

1) L  is weakly  colif table to a Gorenstein injective R-module.
2) L  is a direct summand of Hom R (R,G R (L)).

Moreover, i f R is 1-Gorenstein, then each of the above statements is equivalent to
3) H om ,(R , S R (L)) LIOSR(L).

P r o o f  1  2. Let M be a Gorenstein injective R-module that is a weak colifting
of L .  Then we have the following commutative diagram

0 -) L  -) G  R (L ) -) G  TL )  - )  0

0 - )  L  - )  M  - ) -) 0

We now apply Hom R (fi, -) to  the diagram to get the following commutative diagram
since Hom R (R, L.
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0 L H om R(fi, G R(L)) --+ H o m R ( R , ° V ) ) L  — ÷  0

0 —* L Hom R(R ,  M )  - 4  H o m ( )  —› L —> 0

B u t  L  i s  a  d ire c t  s u m m a n d  o f  Hom(R, M ) .  S o  L  i s  a  d i r e c t  su m m a n d  of
Hom R (R, GR (L)).

2 1 follow s from  th e  definition.
1 3  fo llow s from  L em m a 3.2.
3 1  is  tr iv ia l s in c e  SR (L ) i s  a  Gorenstein in je c tiv e  R-module because  R  is

1-Gorenstein.
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