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Regularities of local times of two-parameter
martingales
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Jicheng L1U and Jiagang REN

Abstract
We prove that, as Wiener functionals, local times of two-parameter
martingales belong to some fractional Sobolev spaces over the Wiener
space and, therefore, exist (2, 00)-quasi surely.

1. Introduction

Regularities in various senses of local times of one-parameter Brownian
motion or, more generally, semi-martingales, have received much attention (see
e.g. [26, 22, 30, 2, 3, 32, 1, 11, 23]). More concretely, let M be a one-parameter
Brownian motion and L(t,a,w) its local time. Then on the one hand, its
regularity with respect to the variable a € R has been studied in depth in
[2, 3, 23] and this study has been continued and extended to semi-martingales by
Zhang in [32] recently. On the other hand, its regularity as a Wiener functional
has been obtained for the first time by Nualart and Vives in [22], then improved
by Watanabe in [30]. Recently, this latter result of Watanabe has been proved
to be true for smooth semi-martingales in [1]. More precisely, it is proved in
[1] that L(t,a) € D? for all p > 1 and r < 1, and L(t,a) ¢ D% for any p > 1,
where D? is the usual Sobolev space over the classic Wiener sp2ace in the sense
of Malliavin calculus.

Taking this last result into account, it could be surprising at the first
glance at the (2, 1)-quasi-sure existence result of L(¢,a), proved by Shigekawa
for Brownian motion in [26], since one must wonder how the differentiability
index has been raised. To answer this query for ourselves we were led in [11]
to the following comparison result concerning capacities on the Wiener space

022,7;(‘4) < Cp,r(A)v if pr > 2n.

With this inequality the result of Shigekawa seems to become more natural and
has been extended to semi-martingales in [11], thanks to the previous result on
the smoothness of L established in [1].

In the present work we shall study the regularity of local times of two-
parameter martingales in the sense of Malliavin calculus. Compared with the
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one-parameter case, however, some new phenomena appear in this situation.
First, while the quadratic variation process plays a unique role in the one-
parameter case, naturally associated with a two-parameter martingale M there
are two increasing processes, say (M) and (M), and it is proved in [21] that
none of them alone, but their sum, is the right increasing process to define the
local time. Secondly, the powerful Tanaka formula no longer holds for this sum
process and, therefore, the arguments in [1] cannot be adopted here.

To overcome these difficulties we shall deal with the local times L; with
respect to (M) and L, with respect to (M) separately. For Li, a Tanaka
formula holds true and we can therefore use arguments similar to [1]. But Ls is
more troublesome since there is no analogue of Tanaka formula for it and it is
quite irregular with respect to the variable (s,t,a) near the origin (see [25]). To
deal with it we shall use a truncation technique and start form the occupation
density formula. The smoothness of L; and Lo together will give that of L,
which in turn will yield the quasi-sure existence of L.

The organization of this paper is as follows. After giving necessary notions
and notations in Section 2, we obtain the regularity of L in the sense of Malliavin
calculus in Section 3. Finally we prove the quasi-sure existence of L in Section
4.

To simplify notations, we will use two conventions throughout the paper:
1. unimportant constants will be denoted by the same letter C; 2. If f and g
are two functions, then “f < ¢” will mean that “there exists a constant C' such

that f < Cg.

2. Notations and Preliminaries

Throughout the paper, the parameter set is T = [0,1]? with the usual
partial order, that is, for z3 = (s1,t1), 22 = (s2,t2) € T, 21 < z if and
only if s < sy and t; < t3. (s1,t1) < (S2,t2) means that s; < sy and
t1 < ta. If 21 < 23, (21,22] denotes the rectangle {z € T,2; < z < 29}
and R, := [0,z]. When z = (s,t), we also write Ry for R,. The increment
of a function f : T — R on a rectangle (z1, 23], 21 = (s1,%1), 22 = (82,t2), is
(21, 22]) := f(22) — f(s1,t2) — f(s2,t1) + f(21)-

(X, H, p) is the two-parameter classical Wiener space (see [20]), namely X
is the space of all continuous functions w : T — R vanishing on the axes and

H= { h € X; h is absolutely continuous,

02h(s,t) 2
2 ._ )
Il = /E < 950t > dsdt < oo

and p the two parameter Wiener measure.
Denote by DP the (p,r)-Sobolev space over X endowed with the norm

[ lp.2r = I(1 = L)"Fllp,
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where L is the Ornstein-Uhlenbeck operator. When r is a natural number, this
norm is, by Meyer’s inequality, equivalent to

1

[p2r = I D* Fllp + || F|,

where D is the gradient operator. Given an open set O of X, its (p, r)-capacity
is defined by ([12, 18])

Cpr(O) =inf (J|ul|p,r;u > 0,u > 1 p-a.e. on O);
and for any subset A C X,
Cpr(A) =inf (C, (0); 0 D A).

In terms of complex interpolation theory, for 0 < r < 1, the fractional
Sobolev spaces D? can be regarded as intermediate spaces between LP and DY.
The other fractional Sobolev spaces EP (1 < p < 00,0 < r < 1), introduced
by Watanabe in [29, Definition 1.1], are defined by real interpolation method:

Ef“) = (va Df)?",pa

where (-,-) denotes the real interpolation space as in [28]. There are several
equivalent norms in E? and the one we shall use is given by Peetre’s K-method:

-

[ u

where
(1) Kleu) = inf {Jurlly + elluallpswr + w2 = w,u1,u € L7}

According to [29, Theorem 1.1] (see also [10, Proposition 10]), for every r € R,
1 <p< oo and e >0, we have

(2.2) EY . CcDPCE!_.

Let w = {w,, z € T} be the Brownian sheet realized on X as the coordinate
process and (F,),er its associated filtration. Let M = {M,,z € T} be a
two-parameter martingale with respect to (F.).er, vanishing on the axes and
bounded in L?. By Wong-Zakai’s representation theorem ([4, Theorem 3.1]),
M can be written as

(2.3 M= [ otoduct [ vl nugdu,

where ¢ = {¢(¢), & € T} is an Fe-adapted process such that E( [ ¢(£)*d¢) <
oo, P = {(&,m),(&n) € T x T} is a measurable and F¢y,-adapted process,
vanishing unless

EneD:={&n)eTxT:&=(u,v),n=(u,v),u<u,v>0v},
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such that E([[}, ¥ (€,n)*dédn) < oo.
Let M be a two-parameter martingale with the expression (2.3) and write

z = (s,t). By standard calculation it follows that

<M>st:/]R g(u, v)dudv

with
(2.4) g, v) = B(u, v) / (@, v; u, y) dedy;
/ Flu,t)d

where

fun = [ t (¢<uvv> + w(f;u,v)dws>2dv;

t
()i = [ hs, o

where

h(s,v) = /O ) <¢(u,v) + /R w(u,v;n)dwn)Q du.
Set again

b =om+ | U )

and

Ia(2,€) = B(€) + /R (&, m)dwy,

then M can be rewritten as (see [31, 8, 9] and here we use notations similar to
[9] which is a little bit different from those of [31, 8])

M, = / li(z,n)dw, = / lo(z, &) dwe.
R, R,
Also write
i [[ v nni v duedu,
R, xR,
and denote by (M), the quadratic variation process of M., i.e.,

Ny, = / /R eV e v n ey
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The quadratic covariation process of M and M is given by

(]\/[,]\;[>Z:/]R k(z"dz

(2.5) k() = / /R GV m (€ V0, e

We will need the following Stroock type commutation formula between D
and stochastic integrals which is remarked by Liang in [15]:

(26) DM, = / Do(€)duwe + / o(€)de

] P[] s

Now let 7 be a finite random measure on the Borel algebra on T. Following
[6,7],amap L : T x R x X — R is called a local time for M at w € X with
respect to 7 if the following occupation time formula holds:

(2.7) /R Fla)L(2 a,w)da = /]R F(M) (w)r(de, w)

for every positive Borel function F' on R and every z € T.

If we take 7 := d(M) (resp. 7 := d(M)), we obtain the local time L; (resp.
Ly) with respect to (M) (resp. (M)). Using a two-parameter It6 formula,
Nualart [19] proved the almost sure existence of Ly and established a Tanaka
formula (see also [24]). The existence of Ly is more delicate and is proved by
Sanz in [25].

There are non-zero continuous martingales M with (M) = 0 and non-zero
continuous martingales M with (M) = 0. But if (M) = (M) = 0, then M
will be constantly zero. Thus the natural measure induced by (M) + (M) is
proposed to define the local time of M in [21].

3. Smoothness of the local time

To study the smoothness of L, we treat L; and Lo separately. First we
prove the following result concerning L;.

Theorem 3.1.  Suppose that M satisfies the condition
(c1) 8(£),%(&:n) € Mapcos DY, Jp 16(E) ||p,1df + .ff’]l‘x’l[‘ [¥(&, 77)||p 1d€dn < oo
for all p > 1.
Then for every (s,t,a) € T xR, Ly € DP for allp > 1 and r < 1/2.
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Proof. 'We may and shall assume p > 2. Denote z = (s,t), £ = (u,v). By
a Tanaka type formula (see [19, Theorem 3.1] or [24, Theorem 5.2]),

1) Lalorta) = J1-a) T = 0 —a) P 2 [ (Mg — o) g

+4=/R (Mg — a)*dM;e + 2 /Ot(MSU —a)Td(M,.),

z

+2 /OS(MM —a)td(M.)y, — Q/R (Mg — a)Td(M)¢

z

8

4 [ Vo d(M 3T = 3 Lis. ).
R2 i=1
By (2.6) and (cl), it is easily known that
(3.2) sup || M,|lp1 <oo and  sup ||<J\;[>Z||p,1 < oo.
z€T zeT

Using this, the chain rule of D and (2.6) we trivially have 21'7:1 I, € DY.
It remains to prove Is € DP for r < 1/2. By (2.2), it suffices to prove
Ig(s,t,a) € EP for r < 1/2. By definition, this will be done if we prove

(3.3) K(e,Ig) < &2

where the functional K is defined by (2.1).
To this end we set

Ig(s,t,a):/ F.(Mo)d(M, M), €€ (0,1),
Rst

where
1 if x>a+e,
1
F(z) = Q—(m—a—l—e) if |z—al <e,
€
0 if z<a—e

We then have

IS(s,t,a) — Ig(s,t,a)

/R (P (M) — 1aoe) (Me)|d(M, 3¢

1 -
= Z ® [(ME —a+ E)l(a—e,a)(Mf) + (Mf —a-— E)l(a,a-i-e) (Mﬁ)]d<M7 M>§
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By Kunita-Watanabe inequality (see [5, Proposition 4]),

|Ig(s,t,a) — Ig(s,t,a)]
1 -
< Z |(M§ —a+ 6)1(0476,(1) (ME) + (MZ —a— 6)l(a,a+e) (Mf)|d<Ma M>€

1
3] Namearo(Me)d(M. N
st

IN

1 N 1/2 s
5 ([ a0t x 00

IN

By (3.1) it is easily seen that

sup E|Li(s,t,z)|P <C, VK >0.
lz|<K

Consequently
E|I§(s,t,a) — Is(s,t,a)|P

) 1/2
( [ tecarotod <M>g|p) < (EJ(M) o ])1/?

) 1/2
(B[ tamearoatating
]Rct
1/2
= (E/ (s,t,2) dx|p>
a—e
1/2
§ ( E|L1 st x)|pd:c) < ep/Q,

where the equality is due to the occupation time formula (2.7). Thus,
(3.4) 175 (s, £, a) — Is(s, t,a) | S €'/2.

On the other hand, from the expression (2.5) we know

/T V() llpade < 00, Vp > 1.

Hence I§(s,t,a) € N, D} and we have

DIi= [ DE(MOME+ [ F(M)DHEE = i+

st

From (cl), we see that E|Js|} < C. For the term J;, by Kunita-Watanabe
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inequality and (2.7), we have
E(711%)

1 -
SB[ Gelamcata (MO DM, W1)elly
st i p
<erp ( [t cara 10D, M>g)
st

S| E a—cate) (Me)|[DMe|[Frd(M)e ' 1mx((zu)gt)l/?
(=(L, ))

s

1/4
< P (B(ap DM 1)) (E ( /
S

< eP/2,

~ 2p
l(afe,aJre) (Mf)d<M>f) )

st

Hence
IDIgll, < e /2.
Since (3.4) in particular implies ||I§||, < C, we have
(3.5) 1F5lpr S €%
(3.4) and (3.5) then yield (3.3) and the proof is completed. O
We will need the following result.

Theorem 3.2.  Suppose for every p > 1

/T 16(6)|2de + / /T _lutemlgdedy < o

Then for every N > 0 p > 1 and 6 > 0 there exists a constant C = C(p, N, )
such that

(36) ||L1(S,t,(l) _Ll(sl7tlaal)”p
< O(|S _ S/|1/276 + |t _ t/|1/276 + |a _ a/‘l/Z)

for all (s,t),(s',t") € T and 0 < |al,|a’| < N.

Proof. By the inequality
(3.7) 1La(s,t.0) = Lo(s', ¥, )y S La(s.t,0) = Lo(8, ')l g > P,
it suffices to prove

(38) HLl(Sat,a) 7L1(S/,t/7al)||P
S (s =[PP 4 Jt —|/27VP o — o |V2)
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for every p > 1 since then we will have
L1 (s t.a) = La(s' t' )l S (Is = '[V27Y 9 |t =¢34 4 Ja — d/|V/2),

and this by choosing ¢ sufficiently large will give (3.6).
To prove (3.8) we only need to show that

(3'9) HIZ'(S7 L, a) - Ii(slv tlv al)”p 5 (|S - 8/‘1/2—1/1) + ‘t - tl|1/2_1/p + |a - a/|1/2)

fori=1,...,8.
I, will pose no problem. For Iy we notice

(3.10) B|[(Mgt — a)*]? = (Mg — a)* P
fslaHA4$t|4‘|A4$%’H2pHﬂ4ét_'A4§%4p]

< (Bl + 1My} B0~ My}

We only consider the case (s,t) < (s',t'), since the other cases can be treated
similarly. In this case,

s t s’ t
My — Mgy = / / dMy, — / / AMyy.
s JO 0 t/

We have by Burkholder inequality

(3.11)
l?“ﬂd;t-— A{thSp]

< {E (/:/Oth(U,v)dudvﬂ? + E(/O /tlth(u,v)dude)]%po

s t . s’ t
<|s—s|F1 / / Eg® (u,v)dudv + [t — /| T~ / / Eg¢*? (u,v)dudv
s Jo o Ju

Sls— /%~

! + |t - tl|37p71a
where g is defined by (2.4). Moreover it is trivial that
(3.12) B|[(Mst — a)* P = [(Mg — ) PIP < Ja—a'|P.

~

Combining (3.10), (3.11), (3.12) gives

3.13) || La(s,t,a) — In(s',t',a)||, < |s — s'|27 3 + |t — /|23 + |a — .
P

Next comes I3. It is easily seen that

(3.14) | I3(s,t,a) — I3(s,t,a")||, < la—d|.
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On the other hand, by Burkholder and Hélder inequalities we have

(3.15)
0 / [(Me — a)*2dM / / (Me — a)*|2dM;

<E<// (Me — a)* (dg) +E<// (Me — a)* (g)dg)

/ / [(Me — a)*| g% (¢)) e
v [ [ mlov - Pt oas

Sls— o5 |- )5,

This together with (3.14) gives

(3.16) | Is(s,t,a) — Is(s',t',a') ||, S|s— |27 % + [t — |27 +|a—dl.

In a similar way we can show that
(317) ||I4(S,t, a) - I4(S/at/a a/)”;ﬁ + ||I7(S,t, a) - I7(S/at/a a/)HP
Sls=s |27 +[t—t|277 +]a—dal.

We now turn to Is. We have

(3.18) /(M a)*d(M, ), - / (May — ') (M),

/dv/ suvadu—/ dv/ (s',u,v,a)du,

where
2
¥(s,,0,0) = (e~ )" (0(w0) + [ vtvsnpi)
Rsv
Since
t p
(3.19) dv | (¥(s,u,v,a)— V(s ,u,v,a))du
t s
5/ dv/ E|¥(s,u,v,a) — V(s ,u,v,a)|Pdu
0 0
Sls—s57
and
t t s’ P
(3.20) dv \Il(s’,u,v,a)duf/ dv/ V(s u,v,a)du
0 0

Sls—sP =P,

P
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we have

(3:21) (s, ta) = Is(s', @) S b = | F7T s =1
Trivially

(3.22) | I5(s,t,a) — Is (s, t,a")||, < la—d|.

(3.21) and (3.22) imply

(3.23) |Is(s.t,0) — Is(s, ¢, a) | S |s — 8|37 + [t =277 +|a—d|.
In the same way

(3.24) |[Is(s,t,a) — Is(s', ¢, a ), S |s— |2 F + [t —|27% + |a—da|.
Finally we look at Ig. First it is obvious that

(3.25) 1 Is(s,t,a) — Is(s', ' a)|lp < |s— §|2 + [t — 1|3,

Assuming ¢’ < a and using Kunita-Watanabe inequality, Holder inequality and
the fact that sup, st ;< n [1L1(8, ¢, 2)[|p < oo, we have

(3.26) E|Ig(s,t,a) — Is(s,t,a")|P

5 E ’/}R 1(a>M§>a’)d<M7 M>§

p

) 1/2
< (B[(M)ufP) /2 <E| / 1<a>M€>a/>d<M>g|p)

a 1/2
< <E|/ Ll(s,t,x)da:|p>

5 ‘(1 - a’/|p/2a
Adding (3.25) and (3.26) we obtain
(3.27) |s(s,t,a) — Is(s', ¥, d)|l, S |s— |27 + |t — |25 + |a—d|.

Finally we combine (3.13), (3.16), (3.17), (3.23), (3.24) and (3.27) to obtain
(3.9). O

We now turn to the smoothness of Ly. According to [25], to insure its
existence and continuity, we have to impose the following additional conditions.
(c2) ¢(€) and (&, n) are continuous adapted processes.

(c3) For each v > 0, the processes g(-,v), f(-,v) are strictly positive semi-
martingales; If g(-,v) = m,(+) + ay(+), f(-,v) = ny(-) + b, () are their canonical
decompositions, then there exist measurable, adapted and jointly continuous
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processes (, X, k such that

Moreover, the total variations of a, and b, are integrable on [0, 1].
(c4) Foreachn>1,s>1/n,t > 1/n and p > 4 we have

/Rg;” b H f%z(l;))2

o [P

n 1 1
Ry = 1] x 2],
n n

Lemma 3.1.  If the conditions (c1) through (c4) hold, then there exists
an almost surely jointly continuous process {La(s,t,a)},a € R —{0},(s,t) € T
satisfying

p
] dudv < o0,

P
] dudv < o0,

where

Then we have

Lg(s,t,a)z/R ?EZ’Z;Ll(du,v,a)dv=A ‘ZEZ’Z;LQ(U,dv,a)du

and
(3.28) /]Rst F( My, )d{M) .y = /RLz(s,t,a,)F(a)da a.s.,

where L'(s,t,a) (resp., L?(s,t,a)) is the local time associated to M. (resp.,
Ms.). Lo is called the local time of M with respect to (M). Moreover, set

g(u,v) 1,(n)
Lo (s, t,a): = = L") (du,v,a)dv,
an(s,t,a) /Rg?) Flwv) (du,v,a)dv

where
1
LL(”) (u7/u7a) = Ll (’U,,’U,a) — Ll (_7U7a) .
n

Then for eachmn >1,0 >0, 0 < K1 < Ky < 00, p > 4, there exists a constant
C =C(n,0,K1,Ks,p) such that
(3.29) E|Ls (s t,a) — Lo (8", t',a’)|P

<O(ls— 8PP0 [t — '[P |a — o/ [P/?)
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for (s,t),(s',t") € T, Ky < |al, |a'| < Ka, where T = [0,1/n] x [0,1/n]. In
particular

sup E|Ly p(s,t,a)P < .
(s,) €T K1 <[a|< K>

Proof.  All the results and proofs except (3.29) are found in [25, Theorem
1 and Theorem 2]. For (3.29) we notice that the estimate

(3.30) E|Ly,(s,t,a) — Loy (s, t,a")|P < |a— a/[P/?

is implicit in the proof of [25, Theorem 2]. By (see [25, (8)]) we have

t
Lo (s,t,a) :/ G(s,v) LY (s,v,a)dv — /( )Ll’"(u,v,a)le(u,v)dv,
€ R}

where
u,v) 1= 9(u,v U, v (n)
Glu) = 2D (o)t
and
1 Glu,v) = ———dig(u,0) — Ly f(u,v)
f(u,v) ’ fu,v)? ’
9(w,v) 1 Ky (u)du
e 0 e

But by Ito formula we have
S
G(s,v) = G(g,v) —|—/ d1G(u,v).
€
Thus

L2,n(svt7a) = /( )LLn(S,'U,a)le(U,’U)d’U
Ry}

t
+/ G(E,U)Ll’”(s,v,a)dv—/ LY (u, v, a)d; G (u,v)dv.
€ R

@
By standard stochastic calculus we deduce from this that
(3.31)  E|Lan(s,t,a) — Lon(s'st',a)|P < |s — ' [P/270 4 |t — t/|P/279.
(3.30) and (3.31)give (3.29) and this ends the proof. O
We can now state

Theorem 3.3.  If (c1) through (c4) hold, then for everyn > 1, Ly, €
D? forallp>1 and r < 1/3.
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Proof. First notice that by definition it is easily seen that

(3.32) (MM = / () Lon(5,t, 2)da.
RET R

Set

where

it ze€(a—¢a+e),
0 otherwise.

Then we have

E‘L;n(s’ t, a) - L2,n(5a t, a)|p
p

=F /( ) FE(ME)d<M>§ — Lgm(s, t, CL)
RS?

=F /RFE(I)(LZn(Sa t,x) — Lo, (s,t,a))dz

p

<E / 5_11((1_5@4_5) ()(Lan(s,t,x) — Lap(s,t,a))dx
R

a+te p
<ePE / (Lo.n(s,t,x) — Lo n(s,t,a))dx
a-+te
5 E—pgp—l E|L27n(5,t,l’) - L2,n(sat7a)|pdx
a—¢e
< sup  E|Lan(s,t,x) — Lo (s, t,a)?
z€(a—e,ate)
< sup o —alP/? <eP/2
z€(a—e,ate)
Hence
(3.33) IL5,0 (5, t,0) = Lon(s,t,a)], S €2
In particular
(3.34) sup HLg’n(s,t, a)ll, < C.

Now we estimate the Sobolev norm of Ly. We have

DI5,(s.t.0) = /

o, PEOIDMM). + [ Fo(MoDg()d€ = Ky + Ko,
RSy RSy
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For K1, we have
P
(3.35) E|K:|y S E

[ [P DM (01)e

ap\ 1/2

S (Blsup [DMFNY  B| [ IFO0s0lata)e
EGT R

st

2p\ 1/2
< (E‘/ |F.(z)|Lan(s,t,z)dx ) (by (2.7))
R

2p 1/2

<ozt ([T 2
Se e 2 E|Ly (s, t,2)|*Pdx
a

—€

a+e
/ € 2Ly (s, t, x)dx
a

—€

1/2

For K5, we have

Dy(u,0) = 200,0)Dowv) + [ 20@.0,0,9) Do, v, y)dudy

Consequently, | Kz g is less than

/ 2. (M)
R

1/2
S (/]R(") Fs(Muv)2¢(u7u)2dudv> (/Rst | Do (u, v)|%1dudv)

st

F.(M,,)?

UV

1/2
) (// ||D7/’($ﬂf,u,y)ll?{dxdydudv> :
RS xR

Hence
(3.36)

‘¢<u,v>D¢<u,v>+ / w<x,v,u,y>D¢<x,v,u,y>dxdyH dudy
R H

1/2

1/2
[Y(x,v,u,y) |2dxdydudv>

Bl
(s
+ (E

o F.(My,)*é(u, v)?dudv
RS”;

p> 1/2< p 1/2
E )

/R(n) FE(Muv)Z ]R(n) w(x’ v, u, y)dedydud’U

[ 1Dotu. 0l duds

p> 1/2
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py\ 1/2

< (E /( )FE(MW)Qg(u,v)dudv
Ry}

//< ) R >”Dw(x’vv“’y)\ﬁfdfdydudv
R,7 XRus

p>1ﬁ
p> 1/2
p) 1/2

< (E /5_21((1,5@“)[;2,”(8,@x)da:
R

N 1/2

<eP2,
A combination of the (3.35) and (3.36) implies

< (E /Fg(x)QLg,n(s,t,a:)dx
R

a+te
/ Ly n(s,t,x)dx
a

—€

E[DL; ,|I5] S €77,
which together with (3.34) gives
IL5, (5., @) [ S
Setting & = €2/3 we obtain

5 5
K(e, Lon) < [|Lan = Lanllp + €l Lo llpa

SOV 4e57)
<,

which implies Lo ,, € D? for r < % O

4. Quasi sure existence of the local time L with respect to (M)+ (M)

Below we shall prove the quasi sure existence of L for martingales satisfy-
ing (c1)—(c4). To this end we first notice that the same arguments as in [15,
Theorem 3.3], [16, Theorem 4.2] allow to give

Lemma 4.1.  Both the quadratic variation process (M) and the product

variation process (M) of M admit (oo, 1)-modifications and we have

2" —1
Jim S0 M(AL)PM(AL)? = (M)
i,j=0
and
2" -1
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uniformly in (s,t) € T, ¢.s., where Agj = (84, Sit1] ¥ (O,tj_H] A2 = (0, 8i41] %
(tj,tj+1}7 Aij = (Si,8i+1] X (t]‘,t]‘+1], S; = 2%/\8 and t]‘ = 2n At. Here ‘(OO, 1)”
means “(p,1) for allp > 17.

Then by [11, Theorem 2.24] we have

Lemma 4.2.  The above lemma still holds true if “(co,1)” is replaced
by “2,00)”, which stands for “2,r) for allrT > 07.

The next result provides necessary estimate to obtain the Hélder exponent
of L.

Theorem 4.1.  Assume the martingale M satisfies (c1)—(c4). Define

L(s,t,a) := Li(s,t,a) + La(s,t,a), s,t>0.
1 1 11 1
Ly (s,t,a) := L(s,t,a) — L <—,t,a> - L (s,—,a) + L (—,—,a) , 8,0 > —.
n n n'n n

Then, for every n > 1, every Ko > K1 > 0, every p > 1, every 0 < r < 1/3
and 0 < a < 1/3 —r there exists a constant C' = C(K1, Ko, p,r, ) such that

(41) [y (s,8,0) = Ly (8,0 [ < Ol = | 2%+ [t ]2 4 [a— a|2)
for all (s,t),(s',t") € T and K; < |al,|a’| < Ks.
Proof. In virtue of Theorem 3.1 and Theorem 3.4, we have

(4.2) sup | L(ny (5,1, a)][p,r < 00.
(s,t) €T K <|a|< K>

By [14, Lemma 2.10], for 6 € (0,1),
Dy = [LP, DY]y.

Hence, by the reiteration theorem (see e.g., [28, Theorem 1.10.2]), we have

Dy = (L7, D7, 0]

r+a

Consequently, according to [28, Theorem 1.9.3/f] we have by (3.6), (3.29) and
(4.2)

||L(n)(87 tv a) - L(n)(sl7 tl7 a’/)”P,T
SN Ly (s, tsa) = Loy (8,8, ) |57/ CHO | Ly (5,8, @) — Ly (8", 8, )|/ 5
S(ls— 830+ |t —t'|2% + |a — a'|3%)
for all (s,t),(s',t') € T and K; < |al, |¢'| < K. O

By Theorem 4.3 and [27, Theorem 3.4], for every p > 1, r < 1/3 and n > 1,
L) admits a (p,7)-quasi continuous redefinition as a C(T™ x ([-Ka, —K;]U



518 Jicheng Liu and Jiagang Ren

[K1, K3]), R)-valued function. Using the standard diagonal procedure we see
that there exists an L(n) such that for every p > 1 and r < 1/3, L(n) is a
(p, r)-redefinitions of L,) as a C(T™ x ([-Ky, —K1] U [K1, K>]),R)-valued
function. On the other hand, M and (M) admit redefinitions which are (p, r)-
quasi continuous ones as C(T,R)-valued functions for every p > 1 and r = 1
respectively.

We still denote these redefinitions by the original symbols themselves for
simplifying notations. By the same as that of [11, Theorem 2.24] we see that for
every n, there exists a set B, with C,,(B,) = 0 for all (p,r) € (1,00) x (0, 3)
such that The equality

43) [ PN+ (M) = [ F@) L (oot 0)ds

holds for every w € B, every (s,t) € T and every positive Borel function F.
Now take B := U,B,, then Cpr( ) = 0 for (p,r) € (1,00) x (0,1/3) and
(4.3) holds for all (s,t,a,w) € (T\{(0,0)}) x ([-K2,—K1]U[K1, K3]) x B°. In
particular, it follows that n ~— L,)(s,t,a,w) is increasing for these (s,t,a,w)
and we can thereby define

L(s,t,a,w) := lim L, (s,t,a,w).

n—oo

If st = 0 we define (of course)
L(s,t,-,-) =0.

Thus L(,-,-,-) is well-defined.
Summing up the above observation we obtain

Theorem 4.2.  There is a set B such that
(1) For every p>1 andr <1/3, Cp,(B) =0;
(2) The equality

@d) [ PMI@AD+ (M0 = [ Pa)Lis.ta,w)is

holds for every w € B¢, every (s,t) € T and every positive Borel function F.
Proof. Letting n — oo in (4.3) gives (4.4). O

As a consequence of Theorem 4.4 and [11, Theorem 2.15], we have the
following

Theorem 4.3. There is a set B such that
(1) For every n, Ca . (B) = 0;
(2) The equality

/ F(Me)(@)d((1)e + (M)e) = / F(@)L(s. 1,2, w)de
Rs¢ R

holds for every w € B, every (s,t) € T and every positive Borel function F.
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