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Positive continuous additive functionals of
multidimensional Brownian motion and the

Brownian local time
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Hideaki Uemura

1. Introduction

The local time of multidimensional Brownian motion was first introduced
by Imkeller and Weisz [7]. They showed the existence of the limit L(t, x) of∫ t

0
pN (ε, Ws − x)ds as a generalized Wiener functional unless x = 0, where

Ws denotes the N -dimensional Brownian motion starting from the origin and
pN (s, y) the Gaussian kernel:

pN (s, y) =
(

1√
2πs

)N

e−|y|2/2s, (s > 0, y ∈ R
N ).

Let ϕ ∈ D, a smooth function on R
N with compact support, satisfy

∫
ϕ(y)dy =

1. Put ϕε(y) = ϕ(y/ε)/εN . Then, using the same technique we also find that∫ t

0
ϕε(Ws − x)ds has the same limit. We note that the functions pN (ε, y − x)

and ϕε(y − x) approximate the delta function at x. We call the limit L(t, x)
the local time of N -dimensional Brownian motion.

The local time is interpreted as a generalized Wiener functional corre-
sponding to the delta function. Now we are interested in the existence of a
generalized Wiener functional corresponding to another positive distribution T .
To explain more rigorously, we determine the limit point of

∫ t

0
T ∗ϕε(Ws +x)ds

under some conditions. Here T ∗ ϕ(y) =
∫

ϕ(y − x)µT (dx), µT (dx) denoting
the corresponding measure of T , i.e., 〈T, ϕ〉 =

∫
ϕ(x)µT (dx). We also discuss

on the integral representation of this functional using this measure µT and the
Brownian local time. Details are discussed in Section 3.

Next we consider positive continuous additive functionals (PCAF in ab-
breviation) of N -dimensional Brownian motion. In the case where N = 1,
one of the most typical additive functional is the local time, and every PCAF
of the Brownian motion can be represented by the integral of the local time
with respect to the Revuz measure associated to the PCAF(see, for instance,
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Revuz and Yor [12]). On the other hand, many authors investigated on the
PCAF for given positive distribution T on R

N . Appealing to Itô’s formula,
Fukushima [3] investigated on PCAF’s corresponding to T under some condi-
tions. Yamada [16] also studied on such PCAF’s and showed that these PCAF’s
satisfy the occupation time formula. Moreover he obtained that these PCAF’s
can be represented by one-dimensional Brownian local times on hypersurface
in the sense of distribution through Radon transform. It should be mentioned
that Bass [1] obtained the same representation in almost sure sense under a lit-
tle more restricted conditions. We also mention that, based on the occupation
time formula, Nakajima [10] discussed on PCAF’s corresponding to T through
Fourier transform under milder conditions.

Now we are interested in the integral representations of PCAF with respect
to the associated Revuz measure. In the case where N ≥ 2, we cannot apply
the argument developed in one-dimensional case, because there does not exist a
Brownian local time as a random variable. There exists, however, the Brownian
local time as a generalized Wiener functional, which had been introduced by
Imkeller and Weisz [7] as mentioned above.

The second aim of this paper is to obtain the integral representation of
square integrable PCAF using the associated Revuz measure and the Brown-
ian local time. We also clarify that, under some conditions, square integrable
PCAF of multidimensional Brownian motion is also identified with the general-
ized Wiener functional corresponding to the distribution defined by the Revuz
measure which is determined in Section 3. Details are discussed in Section 4.

2. Preliminaries

In this section we prepare some notation. Let (WN
0 ,Ft, P ) be the N -

dimensional standard Wiener space, i.e.,

WN
0 = {Wt = (W 1

t , W 2
t , . . . , WN

t ) : [0,∞) → R
N ;

Wt is continuous and W0 = 0},
Ft = σ{Ws; 0 ≤ s ≤ t}

and

P = the standard Wiener measure.

Definition 2.1. A = {A(t, x; W·); t ≥ 0, x ∈ R
N} is called a positive

continuous additive functional (PCAF) of the N -dimensional Brownian mo-
tion if and only if A(t, x) = A(t, x; W·) is an Ft-measurable continuous non-
decreasing process satisfying A(0, x) = 0 such that, almost surely,

(2.1) A(t + s, x; W·) − A(t, x; W·) = A(s, x + Wt; (θtW )·),

where (θtW )s = Wt+s − Wt.
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Remark 1. In Revuz and Yor [12], positive additive functionals are de-
fined as follows: Let {Bt; t ≥ 0} be the N -dimensional Brownian motion. A =
{A(t); t ≥ 0} is called a positive additive functional of the N -dimensional Brow-
nian motion if and only if (i) A(t) = A(t; B·) is an Ft-measurable non-decreasing
process satisfying A(0) = 0 and (ii) A(t+s; B·)−A(t; B·) = A(s; (τtB)·) is sat-
isfied almost surely, where (τtB)· = Bt+·.

Noting that Bt = B0 + Wt, we set A(t, x) = E[A(t)|B0 = x]. Then A(t, x)
(t ≥ 0, x ∈ R

N ) is a random variable of W· and satisfies the conditions as in
Definition 2.1.

We introduce the Revuz measure associated to the PCAF (see McKean
and Tanaka [9], Fukushima, Oshima and Takeda [4] and Revuz and Yor [12]).

Definition 2.2. The Revuz measure νA associated to an additive func-
tional A is the measure on R

N such that

(2.2)
∫

RN

f(x)νA(dx) =
∫

E

[∫ 1

0

f(Wt + x)dtA(t, x)
]
dx

for all bounded Borel measurable function f .

Remark 2. Since dx is an invariant measure of the Brownian motion,
(2.2) above is equivalent to the following:

∫
RN

f(x)νA(dx) =
1
h

∫
E

[∫ a+h

a

f(Wt + x)dtA(t, x)
]
dx

for any a ≥ 0 and h > 0.

We prepare some notation of Wiener chaos as is the main tool of our
consideration. For every n = (n1, n2, . . . , nN ) ∈ Z

N
+ , where Z+ denotes the

totality of non-negative integers, we set |n| = n1 + n2 + · · · + nN . We denote
n-ple Wiener-Itô integral with a kernel function fn by In(fn) :


fn = fn(t1, t2, . . . , t|n|) = fn(t(1)1 , . . . , t

(1)
n1 , . . . , t

(N)
1 , . . . , t

(N)
nN ),

In(fn) =
∫ ∞

0

· · ·
∫ ∞

0

fn(t(1)1 , . . . , t(1)n1
, . . . , t

(N)
1 , . . . , t(N)

nN
),

dW 1

t
(1)
1

· ·dW 1

t
(1)
n1

· · · dWN

t
(N)
1

· ·dWN

t
(N)
nN

,

where (t1, t2, . . . , t|n|) = (t(1)1 , . . . , t
(1)
n1 , . . . , t

(N)
1 , . . . , t

(N)
nN ) and fn ∈ L2([0,∞)|n|

→ R) is symmetric with respect to t
(j)
1 , . . . , t

(j)
nj for all fixed j(j = 1, . . . , N).

We denote the totality of such functions by L2
n or L2

n(dt). I0(f0) represents
a constant and we also use the notation f0 together with I0(f0). We remark
that multiple Wiener integrals admit the following equality:

(2.3) E[In(fn)Im(gm)] =

{
0 if n 
= m,
n!〈fn, gm〉L2 if n = m,
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where n! =
∏

ni! and 〈·, ∗〉L2 denoting the L2(dt1 . . . dt|n|)-inner product.
With the notation above, we define Meyer-Watanabe’s Sobolev spaces Ds

2

of square integrable type. It is well-known that every L2(P ) function F admits
the Wiener chaos expansion (see Itô [8]):

F =
∑

n∈Z
N
+

In(fn).

For s > 0 we define Ds
2 ⊂ L2(P ) as follows:

Ds
2 =


F =

∑
n∈Z

N
+

In(fn) ∈ L2(P ); ‖F‖2
s =

∑
(1 + |n|)sn!‖fn‖2 < ∞




where ‖f‖ denotes the L2-norm of f . We note that Ds
2 endowed with the

norm ‖ · ‖s forms a Banach space and that D−s
2 is the dual space of Ds

2, which
is considered as the totality of series of multiple Wiener integrals satisfying
‖F‖−s < ∞. Ds

2 (s ∈ R) is called Meyer-Watanabe’s Sobolev space. Note that
Ds

2 above coincides with D2,s in Ikeda and Watanabe [5] or D
s,2 in Nualart

[11].
We now introduce local times L(t, x) of multidimensional Brownian mo-

tions (see Imkeller and Weisz [7]).

Proposition 2.1 ([7]). Let x( 
= 0) ∈ R
N and t > 0 be given. Then

there exists L(t, x) ∈ Dα
2 such that∫ t

0

pN (ε, Ws − x)ds → L(t, x) as ε → 0 in Dα
2

for all α < 1 − N/2.

Remark 3. In the proposition above, pN (ε, · − x) is used for a test
function converging to δx. This can be replaced by ϕε(·−x) = ϕ(( ·−x)/ε)/εN

where ϕ ∈ D.

Remark 4. Proposition 2.1 is shown by the H-derivatives of∫ t

0
pN (ε, Ws−x)ds, and then Imkeller and Weisz also proved that L(t, x) admits

the following Itô-Wiener chaos expansions (cf. Imkeller and Weisz [7]):

L(t, x) =
∑∫ t

0

1
n!

In

((
1√
s

)|n|
1[0,s](t1) × · · · × 1[0,s](t|n|)

)

× Hn

(
x√
s

)
pN (s, x)ds,

where, for x = (x1, . . . , xN ) ∈ R
N and n = (n1, . . . , nN ) ∈ Z

N
+ ,

Hn(x) =
∏

Hni
(xi),
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Hn denoting the Hermite polynomial;

Hn(x) = (−1)nex2/2 dn

dxn
e−x2/2, x ∈ R.

From (2.3), we find that the above expansion coincides with the following one
(see Uemura [14], [15]);

L(t, x) =
∑

In(fn(t, x)),

fn(t, x) =
∫ t

0

gn(s, x) ds,

gn(s, x) =
1
n!

(
1√
s

)|n|
Hn

(
x√
s

)
pN (s, x)1[0,s](t1) × · · · × 1[0,s](t|n|).

(2.4)

Remark 5. gn(s, x)(n ∈ Z
N
+ ) above are kernels in Itô-Wiener expan-

sion of δx(Ws), i.e.,

δx(Ws) =
∑

In(gn(s, x)).

This is also obtained by the same way as in Remark 4.

Proposition 2.2. The local time L(t, x) of N-dimensional Brownian
motion is continuous with respect to x( 
= 0) in Dα

2 where α < 1 − N/2.

Proof. L(t, x) − L(t, y) admits the following chaos expansion:

L(t, x) − L(t, y) =
∑

In(fn(t, x) − fn(t, y)).

Let B(x, r) be the closed ball centered at x with radius r. We set r < |x|. Note
that for δ ∈ [1/4, 1/2]

(2.5) sup
ξ∈R

∣∣∣Hn(ξ)e−δξ2
∣∣∣ ≤ C

√
n!n−(8δ−1)/12

and that, for every fixed a > 0, s−ae−(1−2δ)|y|2/2s is bounded uniformly in
(0, t)×B(x, r) (see Imkeller et al. [6] and Szegö [13]). Thus a slight computation
gives that, if y ∈ B(x, r),

∑
|n|>M (1 + |n|)αn!‖fn(t, y)‖2 < ε for all ε > 0 and

M large enough. Therefore it suffices to show that limy→x fn(t, y) = fn(t, x)
in L2

n.

‖fn(t, y) − fn(t, x)‖2

=
(

1
n!

)2 ∫ ∞

0

· · ·
∫ ∞

0

dt1 . . . dt|n|
∫ t

0

(
1√
s

)|n|{
Hn

(
y√
s

)
pN (s, y) − Hn

(
x√
s

)
pN (s, x)

} |n|∏
j=1

1[0,s](tj) ds




2
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=
(

1
n!

)2 ∫ ∞

0

· · ·
∫ ∞

0

dt1 . . . dt|n|(∫ t

0

(
1√
s

)|n| ∫ 1

0

{
∂

∂ξ
Hn

(
x + ξ(y − x)√

s

)
pN (s, x + ξ(y − x))

}
dξ

×
|n|∏
j=1

1[0,s](tj) ds




2

=
(

1
n!

)2 ∫ ∞

0

· · ·
∫ ∞

0

dt1 . . . dt|n|(∫ t

0

(
1√
s

)|n|
·
(

1√
s

)

×
∫ 1

0

〈
y − x, Hn+e

(
x + ξ(y − x)√

s

)
pN (s, x + ξ(y − x))

〉
dξ

×
|n|∏
j=1

1[0,s](tj) ds




2

≤ |y − x|2
(

1
n!

)2 ∫ ∞

0

· · ·
∫ ∞

0

dt1 . . . dt|n|
∫ t

0

(
1√
s

)|n|
sup

z∈B(x,r)

∣∣∣∣
(

1√
s

)
Hn+e

(
z√
s

)
pN (s, z)

∣∣∣∣
|n|∏
j=1

1[0,s](tj) ds




2

,

where Hn+e(x) = (Hn+e1(x), . . . , Hn+eN
(x)) and ek = (0, . . . , 0,

k∨
1, 0, . . . , 0) ∈

Z
N
+ (k = 1, 2, . . . , N). Since the last term goes to 0 as y tends to x, the proof

is completed.

3. Generalized Wiener functionals corresponding to distributions

Let T ∈ D′ be a positive distribution and x ∈ R
N be fixed, where D′

denotes the dual space of D. In this section we discuss on the existence of
the generalized Wiener functional corresponding to T . We denote the Radon
measure corresponding to T by µT , i.e., 〈T, ϕ〉 =

∫
RN ϕ(y)µT (dy) for all ϕ ∈ D.

To state our claims, we prepare three conditions on measure µ on R
N .

Condition 3.1. supy∈RN µ(B(y, r)) < ∞ for all r > 0.

Condition 3.2. For all δ > 0 and for all η > 0, r > 0 small enough,

sup
z∈B(x,r)

∫
|y − z|2−N−ηe−δ|y−z|2µ(dy) < ∞.

Condition 3.3. For all δ > 0 and for all η > 0 small enough,∫
|y − x|2−N−ηe−δ|y−x|2µ(dy) < ∞.
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Our first assertion is as follows:

Theorem 3.1. Let T ∈ D′ be a positive distribution and µT be the cor-
responding Radon measure. Let α < 1−N/2. Suppose µT satisfies Conditions
3.1 and 3.2. Then it holds that

(3.1) lim
ε→0

∫ t

0

T ∗ ϕε(Ws + x)ds = AT (t, x) in Dα
2 ,

where

AT (t, x) =
∑

In(a0
n(t, x)),

a0
n(t, x) =

∫ t

0

∫
gn(s, z − x)µT (dz)ds,

(3.2)

gn(s, z−x) is as in (2.4), ϕε(y) = ϕ(y/ε)/εN , ϕ ∈ D satisfying
∫

RN ϕ(y)dy = 1
and T ∗ ϕ(y) =

∫
ϕ(y − z)µT (dz).

Remark 6. If we set T = δ0 and x 
= 0, then we obtain the local
time L(t, x) of N -dimensional Brownian motion as AT (t,−x). If x = 0, then
Condition 3.2 is not satisfied and we do not have any limit point in (3.1).

Proof of Theorem 3.1. From Condition 3.1 we have T ∗ ϕε ∈ C∞
b (RN ),

the totality of smooth functions which and whose derivatives of any orders are
bounded. Thus

∫ t

0
T ∗ϕε(Ws +x)ds admits the following Itô-Wiener expansion:

∫ t

0

T ∗ ϕε(Ws + x)ds =
∑

In(aε
n(t, x)),

aε
n(t, x) =

∫ t

0

∫∫
ϕε(y − z)µT (dz)gn(s, y − x)dyds.

Let y ∈ R
N , δ ∈ [1/4, 1/2) and η > 0. From (2.5) and that

e−(1−2δ)|y|2/2s ≤ C(
√

s)N−2+η|y|−N+2−ηe−(1−2δ)|y|2/4t,

we see that

(3.3)∣∣∣∣Hn

(
y√
s

)
pN (s, y)

∣∣∣∣ ≤ C
√

n!n−(8δ−1)/12s−1+η/2|y|−N+2−ηe−(1−2δ)|y|2/4t,

and therefore

|ϕε(y − z)gn(s, y − x)| ≤ C
√

n!n−(8δ−1)/12s(−|n|−2+η)/2|y − x|−N+2−η

× e−(1−2δ)|y−x|2/4t × 1[0,s](t1) × · · · × 1[0,s](t|n|)1B(0,ερ)(y − z),
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where na =
∏

na
j and ρ > 0 is a constant such that the support of ϕ is

included in B(0, ρ). By taking η < 2, the right-hand side above belongs to
L1(dsdyµT (dz)) from Condition 3.1. Therefore, from Fubini’s theorem,∫ t

0

∫∫
ϕε(y − z)µT (dz)gn(s, y − x)dyds

=
∫ t

0

∫∫
ϕε(y − z)gn(s, y − x)dyµT (dz)ds

=
∫ t

0

∫∫
ϕ(w)gn(s, εw + z − x)dwµT (dz)ds.

By a similar argument as above, we get

|ϕ(w)gn(s, εw + z − x)| ≤ C
√

n!n−(8δ−1)/12s(−|n|−2+η)/2|εw + z − x|−N+2−η

× e−(1−2δ)|εw+z−x|2/4t1[0,s](t1) × · · · × 1[0,s](t|n|)1B(0,ρ)(w),

which belongs to L1(dsdwµT (dz)) from Condition 3.2. Thus we have

aε
n(t, x) =

∫ ∫ t

0

∫
ϕ(w)gn(s, εw + z − x)µT (dz)dsdw.

Therefore

‖aε
n(t, x) − a0

n(t, x)‖2

=
(

1
n!

)2 ∥∥∥∥
∫ ∫ t

0

ϕ(w)
(

1√
s

)|n| |n|∏
j=1

1[0,s](tj)

{∫
Hn

(
εw + z − x√

s

)
pN (s, εw + z − x)µT (dz)

−
∫

Hn

(
z − x√

s

)
pN (s, z − x)µT (dz)

}
dsdw

∥∥∥∥
2

=
(

1
n!

)2

{I(ε, ε) + I(0, 0) − 2I(ε, 0)},

where

I(ε1, ε2)

=
∫ ∞

0

. . .

∫ ∞

0

(∫ ∫ t

0

ϕ(w1)
(

1√
s

)|n| |n|∏
j=1

1[0,s](tj)

∫
Hn

(
ε1w1 + z1 − x√

s

)
pN (s, ε1w1 + z1 − x)µT (dz1)dsdw1

)

×
(∫ ∫ t

0

ϕ(w2)
(

1√
u

)|n| |n|∏
j=1

1[0,u](tj)
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∫
Hn

(
ε2w2 + z2 − x√

u

)
pN (u, ε2w2 + z2 − x)µT (dz2)dudw2

)
dt1 · · · dt|n|

= 2
∫∫ ∫ t

0

∫ 1

0

∫∫
ϕ(w1)ϕ(w2)sv|n|/2Hn

(
ε1w1 + z1 − x√

s

)
pN (s, ε1w1 + z1 − x)

Hn

(
ε2w2 + z2 − x√

sv

)
pN (sv, ε2w2 + z2 − x)µT (dz1)µT (dz2)dvdsdw1dw2.

From (2.5) and (3.3) it holds that supε1,ε2

∑
|n|=n 1/n!I(ε1, ε2) < C(1+

n)N(1−(8δ−1)/6)−2, where C is a constant independent of n (see Imkeller and
Weisz [7]). Thus, by setting α < 1−N(1− (8δ− 1)/6), ‖∑|n|≥K In(aε

n(t, x)−
a0

n(t, x))‖α is small enough uniformly in ε if K is large enough. Therefore it
suffices to show that limε→0 I(ε, ε) = limε→0 I(ε, 0) = I(0, 0).

Set A00 = {(z1, z2); |z1−x| ≤ M, |z2−x| ≤ M}, A01 = {(z1, z2); |z1−x| ≤
M, |z2 − x| > M} and A1 = {(z1, z2); |z1 − x| > M} for M > 1. From (3.3) we
have∫

|z−x|>M

∣∣∣∣Hn

(
εw + z − x√

s

)∣∣∣∣ pN (s, εw + z − x)µT (dz)

≤ Cs−1+η/2

∫
|z−x|>M

|εw + z − x|−N+2−ηe−(1−δ)|εw+z−x|2/4tµT (dz)

≤ Cs−1+η/2

∫
|εw+z−x|>M−1

|εw + z − x|−N+2−ηe−(1−δ)|εw+z−x|2/4tµT (dz)

≤ C(M − 1)−η/2s−1+η/2 sup
y∈B(x,1)

∫
|z − y|−N+2−η/2e−(1−δ)|z−y|2/4tµT (dz)

for any ε < 1/ρ. Therefore∣∣∣∣
∫∫ ∫ t

0

∫ 1

0

∫∫
A1

ϕ(w1)ϕ(w2)sv|n|/2Hn

(
ε1w1 + z1 − x√

s

)
pN (s, ε1w1 + z1 − x)

× Hn

(
ε2w2 + z2 − x√

sv

)
pN (sv, ε2w2 + z2 − x)µT (dz1)µT (dz2)dvdsdw1dw2

∣∣∣∣
≤ C(M − 1)−η/2

∫∫ ∫ t

0

∫ 1

0

ϕ(w1)ϕ(w2)s−1+ηv|n|/2−1+η/2

× sup
y1∈B(x,1)

∫
|z1 − y1|−N+2−η/2e−(1−δ)|z1−y1|2/4tµT (dz1)

×
∫

|ε2w2 + z2 − x|−N+2−ηe−(1−δ)|ε2w+z2−x|2/4tµT (dz2)dvdsdw1dw2

≤ C(M − 1)−η/2 sup
y1∈B(x,1)

∫
|z1 − y1|−N+2−η/2e−(1−δ)|z1−y1|2/4tµT (dz1)

× sup
y2∈B(x,1)

∫
|z2 − y2|−N+2−ηe−(1−δ)|z2−y2|2/4tµT (dz2),

which converges to 0 uniformly as M tends to infinity. We also see that the
integral on A01 converges to 0 uniformly as M tends to infinity by the same
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computation. We finally consider the integral on A00. Note that

1A00(z1, z2)1[0,t](s)1[0,1](v)ϕ(w1)ϕ(w2)µT (dz1)µT (dz2)dvdsdw1dw2

is a finite measure. From (3.3) and Condition 3.2, it is easy to see that

sv|n|/2Hn

(
ε1w1 + z1 − x√

s

)
pN (s, ε1w1 + z1 − x)

× Hn

(
ε2w2 + z2 − x√

sv

)
pN (sv, ε2w2 + z2 − x)

is uniformly integrable with respect to this measure. Therefore

lim
ε1,ε2→0

∫∫ ∫ t

0

∫ 1

0

∫∫
A00

ϕ(w1)ϕ(w2)sv|n|/2

× Hn

(
ε1w1 + z1 − x√

s

)
pN (s, ε1w1 + z1 − x)

× Hn

(
ε2w2 + z2 − x√

sv

)
pN (sv, ε2w2 + z2 − x)µT (dz1)µT (dz2)dvdsdw1dw2

=
∫ t

0

∫ 1

0

∫∫
A00

sv|n|/2Hn

(
z1 − x√

s

)
pN (s, z1 − x)

× Hn

(
z2 − x√

sv

)
pN (sv, z2 − x)µT (dz1)µT (dz2)dvds.

Hence we conclude that limε→0 I(ε, ε) = limε→0 I(ε, 0) = I(0, 0), which com-
pletes the proof.

Remark 7. AT (t, x) admits the Itô-Wiener expansion as in (3.2). Since
this chaos expansion belongs to Dα

2 under Condition 3.3, AT (t, x) exists as an
element of Dα

2 under Condition 3.3.

By the same estimate as above, we obtain that

(3.4) ‖L(t, y − x)‖α ≤ Ctη/2|y − x|−N+2−ηe−(1−2δ)|y−x|2/4t,

where 7/8 − 3(1 − α)/(4N) < δ < 1/2. Since L(t, y − x) is continuous in Dα
2

with respect to y by Proposition 2.2, L(t, y − x) is Bochner integrable with
respect to µT (dy) in Dα

2 , and we obtain the following theorem.

Theorem 3.2. Under Condition 3.3, it holds that

AT (t, x) =
∫

L(t, y − x)µT (dy).

4. Brownian local time representation of PCAF

In this section we first consider a PCAF A = {A(t, x; W·); t ≥ 0, x ∈ R
N}.

We denote the associated Revuz measure by νA. We assume the following
conditions:
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Condition 4.1. For all (t, x), E[A(t, x)2] < ∞.

Condition 4.2. For all R > 0 and 0 < r < t,

∫
E

[(∫ t

r

χR(Wu + x)duA(u, x)
)2

]1/2

dx < ∞,

where χR(x) is a [0, 1]-valued smooth function such that

χR(x) =
{

1, if |x| ≤ R,
0, if |x| ≥ R + 1.

Our assertion is as follows:

Theorem 4.1. Let A = {A(t, x; W·); t ≥ 0, x ∈ R
N} be a PCAF sat-

isfying Conditions 4.1 and 4.2. Suppose νA satisfies Condition 3.3. Then∫
L(t, y − x)νA(dy) exists in Dα

2 (α < 1 − N/2) and moreover

A(t, x) =
∫

L(t, y − x)νA(dy).

Combined Theorem 3.2 and the theorem above, we obtain the following
corollary.

Corollary 4.1. Let A = {A(t, x; W·); t ≥ 0, x ∈ R
N} be a PCAF satis-

fying Conditions 4.1 and 4.2. Let T be a positive distribution corresponding to
the Revuz measure νA. Assume νA satisfies Condition 3.3. Then it holds that
A(t, x) = AT (t, x).

In the rest of this section, we prove Theorem 4.1 with several lemmas.
Without loss of generality we assume t = 1 for the simplicity of the proof.

Lemma 4.1. Assume Condition 3.3. Then the following holds in Dα
2

(α < 1 − N/2):

lim
r→0

∫
L(r, y − x)νA(dy) = 0.

Proof. From (3.4) and Condition 3.3, it follows that

lim
r→0

∥∥∥∥
∫

L(r, y − x)νA(dy)
∥∥∥∥

α

≤ lim
r→0

∫
‖L(r, y − x)‖α νA(dy)

≤ lim
r→0

Crη/2

∫
|y − x|−N+2−ηe−(1−δ)|y−x|2/4νA(dy) = 0,

which completes the proof.

Thus our target turns to
∫ {L(1, y − x) − L(r, y − x)}νA(dy) for r small

enough.
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Lemma 4.2. Assume Condition 3.3. Set si = r + (i− 1)(1− r)/m (i =
1, 2, . . . , m+1). Then the following approximation holds in Dα−2

2 (α < 1−N/2):

lim
m→∞

∥∥∥∥∥
∫

({L(1, y − x) − L(r, y − x)}νA(dy)

−
m∑

i=1

1 − r

m

∫
δy−x(Wsi

)νA(dy)

∥∥∥∥∥
α−2

= 0.

Proof. By the same computation as in (3.4) we get

(4.1) ‖δy−x(Ws)‖α−1 < C|y − x|−N+2−ηe−(1−2δ)|y−x|2/4

where 7/8 − 3(1 − α)/(4N) < δ < 1/2, and therefore
∫

δy−x(Wsi
)νA(dy) ex-

ists in Dα−1
2 . For the later use we remark that the constant C above is in-

dependent of s. Moreover
∫ {L(1, y − x) − L(r, y − x)}νA(dy) − ∑m

i=1(1 −
r)/m

∫
δy−x(Wsi

)νA(dy) admits the following Itô-Wiener expansion:∫
{L(1, y − x) − L(r, y − x)}νA(dy) −

m∑
i=1

1 − r

m

∫
δy−x(Wsi

)νA(dy)

=
∑

In

(∫ {∫ 1

r

gn(s, y − x)ds −
m∑

i=1

1 − r

m
gn(si, y − x)

}
νA(dy)

)
.

Note that∫ 1

r

gn(s, y − x)ds −
m∑

i=1

1 − r

m
gn(si, y − x)

=
1
n!

m∑
i=1

∫ si+1

si

(
1√
s

)|n|
Hn

(
y − x√

s

)
pN (s, y − x)

×
(∏

1[0,s](tj) −
∏

1[0,si](tj)
)

ds

+
1
n!

m∑
i=1

∫ si+1

si

{(
1√
s

)|n|
Hn

(
y − x√

s

)
pN (s, y − x)

−
(

1√
si

)|n|
Hn

(
y − x√

si

)
pN (si, y − x)

}∏
1[0,si](tj)ds

= g̃(1)
n (m, y − x) + g̃(2)

n (m, y − x)

and set

A
(1)
∆ (m) =

∑
In

(∫
g̃(1)

n (m, y − x)νA(dy)
)

and

A
(2)
∆ (m) =

∑
In

(∫
g̃(2)

n (m, y − x)νA(dy)
)

.
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We first estimate ‖A(1)
∆ (m)‖α−1. Since

‖A(1)
∆ (m)‖2

α−1 =
∞∑

n=0

(1 + n)α−1
∑

|n|=n

n!
∥∥∥∥
∫

g̃(1)
n (m, y − x)νA(dy)

∥∥∥∥
2

≤
∞∑

n=0

(1 + n)α−1
∑

|n|=n

n!
(∫ ∥∥∥g̃(1)

n (m, y − x)
∥∥∥ νA(dy)

)2

,

it suffices to estimate ‖g̃(1)
n (m, y − x)‖. From (2.5) we have

∥∥∥∥∥
(

1√
s

)|n|
Hn

(
y − x√

s

)
pN (s, y − x)

(∏
1[0,s](tj) −

∏
1[0,si](tj)

)∥∥∥∥∥
2

=

{(
1√
s

)|n|
Hn

(
y − x√

s

)
pN (s, y − x)

}2

(s|n| − s
|n|
i )

≤ Cs−|n|n!n−(8δ−1)/6s−Ne−(1−2δ)|y−x|2/s(s − si)|n|s|n|−1

≤ Cn!n−(8δ−1)/6|n| 1
m

r−N−1e−(1−2δ)|y−x|2 .

Thus it holds that

‖g̃(1)
n (m, y−x)‖ ≤ C

1√
n!

n−(8δ−1)/12
√
|n|

√
1
m

r−(N+1)/2(1−r)e−(1−2δ)|y−x|2/2

and that∥∥∥∥
∫

g̃(1)
n (m, y − x)νA(dy)

∥∥∥∥
≤ C

1√
n!

n−(8δ−1)/12
√
|n|

√
1
m

r−(N+1)/2(1 − r)
∫

e−(1−2δ)|y−x|2/2νA(dy),

which is finite under Condition 3.3. Hence it holds that

(4.2) ‖A(1)
∆ (m)‖2

α−2 ≤ ‖A(1)
∆ (m)‖2

α−1 ≤ C
1
m

(∫
e−(1−2δ)|y−x|2/2νA(dy)

)2

.

We next estimate ‖A(2)
∆ (m)‖α−2. Note that

(
1√
s

)|n|
Hn

(
y − x√

s

)
pN (s, y − x) −

(
1√
si

)|n|
Hn

(
y − x√

si

)
pN (si, y − x)

=
∫ s

si

∂

∂u
∂n

y pN (u, y − x)du =
∫ s

si

1
2
∆∂n

y pN (u, y − x)du

=
∫ s

si

1
2

N∑
k=1

(
1√
u

)|n|+2

Hn+2ek

(
y − x√

u

)
pN (u, y − x)du,
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where ∂n
y = ∂n1/∂yn1

1 · · · ∂nN /∂ynN

N and ∆ denotes the Laplacian. Therefore
it holds that∥∥∥∥∥

{(
1√
s

)|n|
Hn

(
y − x√

s

)
pN (s, y − x)

−
(

1√
si

)|n|
Hn

(
y − x√

si

)
pN (si, y − x)

}∏
1[0,si](tj)

∥∥∥∥∥
≤ C

∫ s

si

N∑
k=1

√
(n + 2ek)!(n + 2ek)−(8δ−1)/12

(
1√
u

)|n|+2

u−N/2

× e−(1−2δ)|y−x|2/2udu × s
|n|/2
i

≤ C

N∑
k=1

√
(n + 2ek)!(n + 2ek)−(8δ−1)/12

∫ s

si

u−(N+2)/2e−(1−2δ)|y−x|2/2udu

and that

‖g̃(2)
n (m, y − x)‖

≤ C

N∑
k=1

√
(n + 2ek)!

n!
(n + 2ek)−(8δ−1)/12

m∑
i=1

∫ si+1

si

∫ s

si

u−(N+2)/2

× e−(1−2δ)|y−x|2/2ududs

≤ C
N∑

k=1

√
(n + 2ek)!

n!
(n + 2ek)−(8δ−1)/12 1

m

∫ 1

r

u−(N+2)/2e−(1−2δ)|y−x|2/2udu

≤ C

N∑
k=1

√
(n + 2ek)!

n!
(n + 2ek)−(8δ−1)/12 1

m
r−(N+2)/2(1 − r)e−(1−2δ)|y−x|2/2.

Since e−(1−2δ)|y−x|2/2 is integrable with respect to νA(dy) under Condition 3.3
and (n + 2ek)!/n! × (n + 2ek)−(8δ−1)/12 ≤ (|n| + 1)(|n| + 2)n−(8δ−1)/12, we
easily see that

(4.3) ‖A(2)
∆ (m)‖α−2 ≤ C

1
m

∫
e−(1−2δ)|y−x|2/2νA(dy).

From (4.2) and (4.3) above, we obtain the desired result.

We consider (1−r)/m×∑m
i=1

∫
δy−x(Wsi

)νA(dy). We claim the following:

Lemma 4.3. Assume Condition 3.3. Let α < 1 − N/2. Then it holds
that

lim
R→∞

sup
m

∥∥∥∥1 − r

m

m∑
i=1

(∫
δy−x(Wsi

)νA(dy)

−
∫

χR(y)δy−x(Wsi
)νA(dy)

)∥∥∥∥
α−1

= 0.
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Proof. From (4.1) we easily have∥∥∥∥∥1 − r

m

m∑
i=1

(∫
δy−x(Wsi

)νA(dy) −
∫

χR(y)δy−x(Wsi
)νA(dy)

)∥∥∥∥∥
α−1

≤ 1 − r

m

m∑
i=1

∫
|y|≥R

‖δy−x(Wsi
)‖α−1νA(dy)

≤ C(1 − r)
∫
|y−x|≥R−|x|

|y − x|−N+2−ηe−(1−2δ)|y−x|2/4νA(dy)

where 7/8 − 3(1 − α)/(4N) < δ < 1/2. The right-hand side above vanishes as
R tends to infinity by Condition 3.3, which completes the proof.

Thus we consider (1−r)/m×∑m
i=1

∫
χR(y)δy−x(Wsi

)νA(dy), which admits
the Itô-Wiener expansion

∑
In

(
1 − r

m

m∑
i=1

∫
χR(y)gn(si, y − x)νA(dy)

)
.

From the definition of Revuz measure, we have

1 − r

m

m∑
i=1

∫
χR(y)gn(si, y − x)νA(dy)

=
m∑

i=1

∫
Ê

[∫ si+1

si

χR(Ŵu + z)gn(si, Ŵu + z − x)duÂ(u, z)
]

dz,

where (Ŵ·, Â, P̂ ) denotes the independent copy of (W·, A, P ).

Lemma 4.4. Assume Condition 4.2. Then it holds that

lim
m→∞

∥∥∥∥∥
m∑

i=1

∫
Ê

[∫ si+1

si

{gn(si, Ŵu + z − x) − gn(si, Ŵsi
+ z − x)}

× χR(Ŵu + z)duÂ(u, z)

]
dz

∥∥∥∥∥ = 0.

Proof. We first note that

|gn(si, y) − gn(si, z)|

=

∣∣∣∣∣ 1
n!

(
1√
si

)|n|{
Hn

(
y√
si

)
pN (si, y) − Hn

(
z√
si

)
pN (si, z)

}∣∣∣∣∣
∏

1[0,si](tj)

≤ 1
n!

sup
w

(
N∑

k=1

|∂n+ek
w pN (si, w)|2

)1/2

|y − z|
∏

1[0,si](tj)
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=
1
n!

sup
w


 N∑

k=1

∣∣∣∣∣
(

1√
si

)|n|+1

Hn+ek

(
w√
si

)
pN (si, w)

∣∣∣∣∣
2



1/2

|y − z|
∏

1[0,si](tj)

≤ C
1√
n!

(|n| + 1)n−1/4

(
1√
r

)N+1

|y − z|
(

1√
si

)|n|∏
1[0,si](tj).

Thus we can write∥∥∥∥∥
m∑

i=1

∫
Ê

[∫ si+1

si

{gn(si, Ŵu + z − x) − gn(si, Ŵsi
+ z − x)}

× χR(Ŵu + z)duÂ(u, z)
]

dz

∥∥∥∥∥
≤

m∑
i=1

∫
Ê

[∫ si+1

si

‖gn(si, Ŵu + z − x) − gn(si, Ŵsi
+ z − x)‖

× χR(Ŵu + z)duÂ(u, z)
]

dz

≤ C
1√
n!

(|n| + 1)n−1/4

(
1√
r

)N+1

×
m∑

i=1

∫
Ê

[
sup

si<u<si+1

|Ŵu − Ŵsi
|
∫ si+1

si

χR(Ŵu + z)duÂ(u, z)
]

dz

≤ C
1√
n!

(|n| + 1)n−1/4

(
1√
r

)N+1

×
∫

Ê

[
max

1≤i≤m
sup

si<u<si+1

|Ŵu − Ŵsi
|
∫ 1

r

χR(Ŵu + z)duÂ(u, z)
]

dz

≤ C
1√
n!

(|n| + 1)n−1/4

(
1√
r

)N+1

Ê

[
max

1≤i≤m
sup

si<u<si+1

|Ŵu − Ŵsi
|2
]1/2

×
∫

Ê

[(∫ 1

r

χR(Ŵu + z)duÂ(u, z)
)2

]1/2

dz.

Set

Mk =

{
sup

sk<u<sk+1

|Ŵu − Ŵsk
|2 = max

1≤i≤m
sup

si<u<si+1

|Ŵu − Ŵsi
|2
}

(k = 1, . . . , m).

Then it is easy to see that

Ê

[
max

1≤i≤m
sup

si<u<si+1

|Ŵu − Ŵsi
|2
]

=
m∑

k=1

Ê

[
1Mk

sup
sk<u<sk+1

|Ŵu − Ŵsk
|2
]

≤
m∑

k=1

P̂ [Mk]1/2Ê

[
sup

sk<u<sk+1

|Ŵu − Ŵsk
|4
]1/2

≤ C

√
1
m

.
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Hence, from Condition 4.2, we conclude the assertion.

Remark 8. By setting AR(t, x) =
∫ t

0
χR(Ws + x)dsA(s, x), clearly AR

is also a PCAF. Since dx is an invariant measure, we have

m∑
i=1

∫
Ê

[∫ si+1

si

gn(si, Ŵsi
+ z − x)χR(Ŵu + z)duÂ(u, z)

]
dz

=
m∑

i=1

∫
gn(si, z)Ê[ÂR(si+1 − si, z + x)]dz.

Therefore the proof above gives

lim
m→∞

∥∥∥∥∥1 − r

m

m∑
i=1

∫
χR(y)δy−x(Wsi

)νA(dy)

−
m∑

i=1

∑
In

(∫
gn(si, z)Ê[ÂR(si+1 − si, z + x)]dz

)∥∥∥∥∥
α−1

= 0.

Proposition 4.1. Let F (y) be a measurable function on R
N such that∫ |F (y)|e−δ|y|2dy < ∞ for all δ > 0 and E[F (Wt)2] < ∞. Then F (Wt) admits

the following Itô-Wiener expansion:

(4.4) F (Wt) =
∑

In

(∫
F (y)gn(t, y)dy

)
.

Proof. From (2.5) it is easy to see that

|gn(t, y)| ≤ C
√

n!n−(8δ−1)/12e−(1−2δ)|y|2/2t

(
1√
t

)|n|+N ∏
1[0,t](tj)

for δ ∈ [1/4, 1/2), and therefore

∑
In

(∫
F (y)gn(t, y)dy

)
∈ Dα−1

2

for α < 1−N(1− (8δ − 1)/6), which is identified by the Itô-Wiener expansion
of
∫

F (y)δy(Wt)dy. On the other hand, since F (Wt) ∈ L2(P ) ⊂ Dα−1
2 ,

〈F (Wt), G〉 = E[F (Wt)G] =
∫

E[F (y)G|Wt = y]pN (t, y)dy

=
∫

F (y)〈δy(Wt), G〉dy =
〈∫

F (y)δy(Wt)dy, G

〉

holds for any G ∈ D1−α
2 , where 〈F, G〉 denotes the coupling of F ∈ Dα−1

2 and
G ∈ D1−α

2 . Therefore F (Wt) =
∫

F (y)δy(Wt)dy in Dα−1
2 , which completes the

proof.
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Remark 9. Since F (Wt) ∈ L2(P ), the right-hand side of (4.4) con-
verges in L2(P ).

Under Condition 3.3, it is easy to see that∫
Ê[ÂR(si+1 − si, z + x)]dz = m

∫
χR(z + x)νA(dz) < ∞.

Since AR is a PCAF and (Wsi
, Ŵ ) = (Wsi

, θsi
W ) in law,

Ê[ÂR(si+1 − si, Wsi
+ x)] = E[AR(si+1, x) − AR(si, x)|Fsi

]

and therefore

E[Ê[ÂR(si+1 − si, Wsi
+ x)]2] ≤ E[(AR(si+1, x) − AR(si, x))2] < ∞.

Thus, applying Proposition 4.1 to Ê[ÂR(si+1 − si, z + x)], we obtain that

m∑
i=1

∑
In

(∫
gn(si, z − x)Ê[ÂR(si+1 − si, z)]dz

)

=
m∑

i=1

Ê[ÂR(si+1 − si, Wsi
+ x)]

=
m∑

i=1

E[AR(si+1, x) − AR(si, x)|Fsi
].

Proposition 4.2. Let A be a PCAF satisfying Condition 4.1. Let ∆ =
{0 = s0 < s1 < · · · < sn < sn+1 = 1} be a partition of [0, 1], and put
|∆| = max |si+1 − si|. Then we obtain

lim
|∆|→0

E


{A(1, x) −

n∑
i=1

E[A(si+1, x) − A(si, x)|Fsi
]

}2

 = 0.

Proof. Since

E[A(si+1, x) − A(si, x)|Fsi
] = E[A(si+1 − si, x + y)]

∣∣∣
y=Wsi

,

this proposition immediately follows from Dynkin [2, Theorem 6.3].

Proof of Theorem 4.1. From (3.4) and Condition 3.3, it is clear that∫
L(r, y − x)νA(dy) exists as an element of Dα

2 .
Let ε > 0 be arbitrary. From Lemma 4.1 there exists an r > 0 such that∥∥∥∥

∫
L(r, y − x)νA(dy)

∥∥∥∥
α

< ε/7.

Simultaneously this r can be taken such that

E[A(r, x)2] < ε/7.
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Let R be taken such that

E[([AR(1, x) − AR(r, x)] − [A(1, x) − A(r, x)])2] < ε/7

and that

sup
m

∥∥∥∥∥1 − r

m

m∑
i=1

(∫
δy−x(Wsi

)νA(dy) −
∫

χR(y)δy−x(Wsi
)νA(dy)

)∥∥∥∥∥
α−1

< ε/7,

which is ensured by Lemma 4.3. If m is large enough,∥∥∥∥∥
∫
{L(1, y − x) − L(r, y − x)}νA(dy) −

m∑
i=1

1 − r

m

∫
δy−x(Wsi

)νA(dy)

∥∥∥∥∥
α−2

< ε/7

from Lemma 4.2,∥∥∥∥∥1 − r

m

m∑
i=1

∫
χR(y)δy−x(Wsi

)νA(dy)

−
m∑

i=1

∑
In

(∫
gn(si, z)Ê[ÂR(si+1 − si, z + x)]dz

)∥∥∥∥∥
α−1

< ε/7

from Remark 8 and

E


(AR(1, x) − AR(r, x) −

m∑
i=1

E[AR(si+1, x) − AR(si, x)|Fsi
]

)2

 < ε/7

from Proposition 4.2. Therefore∥∥∥∥A(1, x) −
∫

L(1, y − x)νA(dy)
∥∥∥∥

α−2

< ε,

which completes the proof.
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[8] K. Itô, Multiple Wiener integral, J. Math. Soc. Japan 3-1 (1951), 157–169.

[9] H. P. McKean and H. Tanaka, Additive functionals of the Brownian path,
Memoirs Coll. Sci. Univ. Kyoto Ser. A Math. 33-3 (1961), 479–506.

[10] T. Nakajima, A certain class of distribution-valued additive functionals I
— for the case of Brownian motion, J. Math. Kyoto Univ. 40-2 (2000),
293–341.

[11] D. Nualart, The Malliavin Calculus and Related Topics, Springer-Verlag,
New York, Berlin, Heidelberg, 1995.

[12] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion,
Springer-Verlag, Berlin, Heidelberg, New York, 1991.
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