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On the damped nonlinear Schrodinger equation
with delta functions as initial data

By

Kazuyuki Do1

Abstract
In this paper, we consider the Cauchy problem for the damped
nonlinear Schrédinger equation with superposed delta functions as initial
data. The aim of this paper is to study the influence of nonlinearity and
damping (absorption) on the solution. The case where the nonlinearity
makes the solution unstable is of special interest, because the dissipative
nature from the damping comes into play in this case.

1. Introduction

We consider the Cauchy problem for the damped nonlinear Schrédinger
equation

10w+ Au+idu = AN (u) in [0,00) X R™,
(1.1) w(0,2) = Y pjdje(x) for x € R,
JEZ
where i = /=1, n > 1, §; = 0/0t, A = Y _, 0?/0x}, and the unknown
function u = u(t, x) is complex-valued. The nonlinearity N (u) is given by
N(u) = [uff~tu, p>1.

For b € R", let dy(x) denote the Dirac mass at b. In this paper we assume the
condition

2
(1.2) p<l+=, deR, acR"\{0}, NeC, {u}ed,
where /2 is defined by
0= {Aj}jez; A jezlle < oo},

1A}zl = (5 0+ lfl?)“iAj|2)1/2~

JEZ
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We will abbreviate {4;};ez to {4;} for simplicity of description.

This work is inspired by the pioneering work of Kita [3], [4], where the evo-
lution of the superposition of delta functions under the nonlinear Schrodinger
flow was studied. More precisely, when d = 0, Kita [3], [4] shows, among other
things, the following results under the assumption (1.2): (i) there exists a local
solution of (1.1) which has the special form like (1.3) below; (ii) if ImA > 0,
then the local solution blows up in finite time; (iii) if ImA < 0, then the so-
lution exists globally in time. In particular, we see that if ImA > 0, then the
nonlinearity makes the solution unstable. On the other hand, if d > 0, then
the linear term idu has the stabilizing property, so that it is often called the
damping term or absorbing term (for the literature on the damped nonlinear
Schrédinger equation, we refer to [1], [2], [5], [6], [7] for instance). Therefore,
the following question naturally arises: When d > 0 and ImA > 0, does the
dissipative nature coming from the damping term violate the nonlinear effect
or not? In fact, an analogous question was posed by Tsutsumi [7], where the
Cauchy problem for the damped Schrodinger equation with supercritical non-
linearity was studied when the initial data is more regular and decays at spatial
infinity, say u(0) € H*(R") (s > n/2) and |z|u(0,z) € L?(R™). In this situa-
tion, the answer is completely negative. However, Theorems 1.1 and 1.2 below
tell us that the answer is different from the above result from [7], if the initial
data is a superposition of delta functions.

First of all, we state the result on the local solution. For d € R and b € R",
let Uy(t)d, denote the solution of the damped linear Schrodinger equation

i0su+ Au+idu =0 in [0,00) x R™,
u(0,2) = 0p(xz) for x € R™,

that is, Ug(t)d, = exp((iA — d)t)dy, = exp(—dt)(4mit)~"/? exp(i|x — b|?/4t).

Proposition 1.1 (local result).  Assume (1.2). Then there exist a time
T > 0 and a unique solution of the Cauchy problem (1.1) described as

(1.3) u(t, x) = _EZZAj(t)Ud(t)5ja € Lis.((0, T]; L= (R™)),

such that {A;(t)} € C([0,T);63) N CH((0,T); £2) with A;(0) =, (j € Z).

The idea of the proof of Proposition 1.1 is based on [4]. Specifically, we
shall reduce the PDE (1.1) to the ODE system for {A4;} and use the contraction
mapping principle (see Section 3).

Next we collect some notation to state our main results. Let T = R/27Z
where Z stands for the set of integers. The Lebesgue space L? = L%(T) is
the Banach space of complex-valued g-summable functions on T. The norm
| - |z denotes [|g|lre = ( 027T \g(@)\qu)l/q if1 < g < oo, and ||g|lp~ =
ess.supger|g(6)|. The Sobolev space H® = H*(T) is defined by H* = {g(0) €
L?; ||gll e < oo}, where [|g|l zrs = [[{C;}|e2 with C; = (2m)~1/2 OQW g(0)e=% do.

2 T\ T\

=[5 9(0)h(0)db for g and h € L?, where h(f) denotes the

Let us write (g, h)g
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complex conjugate of h(6). In addition, we define positive constants under the
assumptions d > 0 and ImA > 0 (recall the assumption (1.2)):

d=n(p=1)/2\ 1/(p-1)
0= (O )
1 dt—ne=1)/21/(p—1)
&1 = *
(1.4) e
dr \n(p-1)/2 — Dy
Coom (L) (1o ne = 0y
p—1 2
Co:=C1+Cy, Ch:= ’Yzﬁﬂm)‘v Ca = pylc A,

)

)

where I' is the gamma function, and 7,41, Yoo are the best constants in
Gagliardo-Nirenberg inequalities, namely, they are the smallest constants C'
satisfying

3 2 1 —1 2 1
(1.5) 0] Lo+r < CJo]| B/ CEED g BmD/ A1),
1/2 1/2
(1.6) o]l < Cllolli& ol 3

for all v € H', respectively.
Now we state the main results of this paper.

Theorem 1.1 (blowup result).  Assume (1.2), d > 0 and ImX > 0. If
{1}z > €0, then the solution (1.3) blows up in finite time, that is, there
exists a finite time T* > 0 such that . 1iTr£1 o {4 (@) }Hlez = oo.

Theorem 1.2 (global result).  Assume (1.2), d > 0 and ImA > 0. If
[{rj}lez < e1, then there exists a unique global solution of (1.1) described

as (1.3), such that {A;(t)} € C([0,00);¢3) N C((0,00);¢3). Moreover, if
[{#j}Hlez < €1, then there exists a unique {v;} € 03 such that tlim I{A4;()} —

{vitle =0.

Remark 1. Both gg and e, are independent of a, which is related to
the support of the initial data w(0,z) = 3, 7 p;jdja(2) (see (4.2) and (4.3)).

Remark 2. Theorems 1.1 and 1.2 can be rephrased in a slightly differ-
ent form by treating the conditions on the initial value {u;} € ¢2 as those on
the damping coefficient. We define

- —-1\1/(1=n(p—1)/2)
do 1= (O (ImA) {5}z ) ! ,
di == (G @m) VPO (g ) VT,
Then we have the following.

Corollary 1.1 (blowup result; see Remarks 4 and 7).  Assume  (1.2)
and ImA > 0. If d < do, then the solution (1.3) blows up in finite time,
that is, there exists a finite time T* > 0 such that , I%Fql . [[{A4; () }Hlez = oo.
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Corollary 1.2 (global result).  Assume (1.2) and ImA > 0. If d > d,
then there exists a unique global solution of (1.1) described as (1.3), such that
{A;(t)} € C([0,00); 2) N C1((0,00); £2). Moreover, if d > dy, then there exists
a unique {v;} € 2 such that tlggo {4, ()} = {vj}Hle2 = 0.

Remark 3. When [{y;}[lz < 0 and e1 < [[{p;}[|z, we have not
known in general whether the family {A;(¢)} is global or not. However, in
Section 2 we shall give an example, for which we can find the critical value of
the size of the initial data.

Remark 4. In Corollary 1.1, we observe that the conditions ImA > 0
and d < 0 imply that {A,(¢)} blows up in finite time for all nontrivial initial
data {u;} € €3 (see Remark 7). This remark and Theorem 1.2 signify that the
signature of d determines the nature of the stability of the zero solution when
ImA > 0.

2. An example: The special case u(0,z) = pgdo(x)

When the initial data of (1.1) is of a special form w(0,2) = podo(x), we
have the following stronger version of Proposition 1.1, Theorems 1.1 and 1.2.

Proposition 2.1.  Assume (1.2) and u(0,z) = podo(z).
1. There exist a time T > 0 and a unique solution of the Cauchy problem
(1.1) described as

(2.1) u(t,z) = A(t)Uyq(t)do € Lis.((0,T]; L= (R™)),
such that
¢ ix/((p—1)Im])
—(p— mA L d
o1 = (= DI ol [ () ar)
Alt) = t if Im\ # 0,
) p—1 7)dr
poesp (=il [ 1) ar)
if ImA\ = 0,
where
(2.2) F(8) i= (exp(—dt)(dmt)~/2)P

2. Suppose d > 0 and TmA > 0. If |ug| > €9, then the solution (2.1) blows

up in finite time. More precisely, there exists a finite time T* > 0 such that

(R 1A = o

3. Suppose d > 0 and ImX > 0. If |po| < €0, then there exists a unique
global solution of (1.1) described as (2.1). Moreover, if |uo| < eo, then there
exists a unique vy € C such that tlim A(t) = vp.

—00
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In this section we prove the above proposition.

Proof of the part 1. Substitution of (2.1) into (1.1) yields the ODE of

A(t):
dA

(2.3) i = MON(A), te0T],
A(0) = po

To solve (2.3), we multiply A(t) to both sides of the equation. Taking the
imaginary part, we have

L1A0P = 2000 () AP,
and hence we obtain

bl [P~
(2.4) AP~ = 1= (p—1)(ImA)|polP= [y f(r)dr

Note that the integral in (2.4) makes a sense when p < 1+ 2/n, and we find
supg<;<r |A(t)| < C for sufficiently small 7' > 0. We have the solution A(t) by
substituting (2.4) into (2.3). This completes the proof of the part 1.

Proof of the part 2. By the assumptions ImA > 0 and d > 0, (2.4) and
an elementary computation with a change of variables as d(p — 1)7 = o, one
obtains that A(t) blows up in finite time if

oo
1= (p— 1)(Im)\)\,u0\p_1/ f(F)dr <0, ie. |uol > co.
0
Thus we have proven the part 2.

Proof of the part 3. From the argument in the proof of the part 2, we
find immediately that if |uo| < €0, then A(t) is global in time. Moreover if
|po] < €0, then A(t) converges to a vy € C:

> iA/((p—1)ImA)
lim A(t) :,Lto(l— (pfl)(ImA)|uO|p—1£ £() d’]’) M/ ((p—1)ImA

t—o0

|/”‘0| p—1\ iA/((p—1)ImA)

S
0

This completes the proof. 1

Remark 5.  When |ug| = €9, using 'Hopital’s rule yields

ﬂ‘Re,\/Im,\(%)pq

Jim (1= (o= )N~ [ siryar)

-1
po_d

— (4m\n(p—1)/2 _
(4) op— T
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By taking the absolute value of both sides of the identity, in view of (2.4), we
have the following relation:

. JA®)| \P~t n(p—1)/2_4
Jim (L) = (m) Ty

that is, |A(t)] = O(e®t™/?) as t — oo. It is the same order as (Uy(t)dg) "
Therefore we conclude that |u(t, z)| — (d/ImA\)Y/ =1 as ¢t — oo for all z € R™,
that is, the absolute value of the solution of (1.1) described as (2.1) converges
to the constant.

Remark 6. Analogously to the above argument, we can show that there
exists a unique solution of the final value problem

dA

’LE =A(t)N(A), te][0,00),
tl—i»IEoA(t) =Y

such that

R C

3. Proof of Proposition 1.1
In order to prove Proposition 1.1, we use the following lemma:

Lemma 3.1.  Let {A;(t)} € C([0,T];¢3). Then we have
3.1) N (X Aj0)Ua(t)5ja) = (1) 3 A;(1)Ua(t)ja,

JEZ JEZ
where A;(t) = (2m)~te ol /4 (N (v), 6110y with
v=0(t,0) = 3 A;(t)ed0¢ilial* /4t
JEZ
and f(t) is defined by (2.2).

The proof of this lemma can be reduced to the case d = 0, and such an
assertion is proved by Kita [4].
Now we shall show Proposition 1.1 following the argument in [4].

Proof of Proposition 1.1.  Substituting (1.3) into (1.1), and using Lemma
3.1 and the fact that i0,U4(t)dj4 + AUqa(t)dj4 + idUq(t)d;q = 0, we see that
dA;
> Zd—tJUd( )3ja = 3 M) A;Ua(t)q

JEZ JjEZ
Equating each term on both hand sides, we arrive at the following ODE system:

dA; - .
32) il =MWOA;, te0.T], jez,

A;(0) = pj.
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Tt suffices to prove the existence and uniqueness of (3.2) for proving Proposition
1.1. To solve (3.2), we deal with the following integral equation:

(450} = {n5} — i / FOA ()} dr
= O({Ar(t)}), te€]0,T).

(3.3)

By noting an inequality e~ ?®~1* < max{1,e=?P=DT} for all 0 < t < T, the
same argument as [4] shows that for T > 0 sufficiently small, the mapping & is
a contraction on the complete metric space

{45} € L2([0, 7% 3); I{A M= o) < 205} lles }

furnished with the norm of L>°([0,T];¢2). Hence a solution of (3.3) exists in
L°(]0,T); £2). Furthermore, we have {A4;(¢)} € C([0,T]; £2)NC*((0,T]; 2) and
the uniqueness of {A4;(t)} in C([0,T]; £3) in the same way as [4]. This completes
the proof. O

4. Proofs of Theorems 1.1 and 1.2

From (3.2), v = v(t,6) = > Aj(t)e_i<jeei‘ja‘2/4t defined in Lemma 3.1

icZ
satisfies !
2
(4.1) 10w = —%agv + A (ON (v),

where f(t) is defined by (2.2). One can justify d;v, d3v and so on, by using the
mollifier P,(0) = (2m) ™+ Y, . 7!e? (0 < 7 < 1). However we avoid this kind
of issue, for the sake of simplicity. Note that [[{A;(t)}]z = (2m) =2 ||u(t)|| 12
and [[{7A4; ()}l = (2m)~1/2||0gv(t)|| 12 by Parseval’s identity. Thus it is suffi-
cient to consider the norm |[v(t)[|%. (= [[v(¢)||32 + [ Oev(t) |32 = 27T‘|{Aj(t)}||?%).
Now multiplying (4.1) by 7, integrating on T and taking the imaginary part,
we obtain

(4.2) %Ilv(t)lliz = 2(ImA) f () [0 (D)1 71

Applying dy to (4.1), multiplying dv, integrating on T and taking the imagi-
nary part, we obtain

(4.3) %Ilae’v(t)lliz = 2f(1)Im (M (OpN (v(t)), D (t))s)-
We see that

0N (v) = I%l|v|p_189v + p%l|v|p_3v2%
by simple calculations. Therefore we have

(4.4) 106N (0)ll12 < pllollE< |90l 2.
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End of the proof of Theorem 1.1. Assume that the conclusion is false, that
is, [[{A4; )}z < oo forallt > 0. We shall show that this leads to contradiction.

Notice that Holder’s inequality gives Hv||1;;i1 > (2m)~®=D/2||v|[2H!. Therefore

(4.2) and the assumption ImA > 0 imply
d —(p—
T o®I[72 > 2(2m) =D 2 (TmA) () o ()73

Hence we have

()2 lv(0)1I7=

1*( = 1) (ImA)[[{p; 172 "y £

Thus we obtain the following: if the condition

(45) 1= (= D) {1 /f )dr <0,

i.e. [[{x;}[ez > €0 holds, then there exists a T > 0 such that . hTrp . lv@)|lzz =

00. Therefore we find , 1¥£1 o [{A;()}lez = oo, which implies a contradiction.

This completes the proof. O

Remark 7. The conditions ImA > 0 and d < 0 imply that {4;(¢)}
blows up in finite time for all nontrivial initial data {u;} € ¢3. Indeed, (4.5)
holds under the conditions, because fooo f(7)dr does not converge.

End of the proof of Theorem 1.2. We shall derive an a priori bound
on [{4;OHE(= @07 (lo@))Z: + [196v(8)]Z2)). Applying the Gagliardo-
Nirenberg inequalities (1.5)-(1.6), Schwarz’s inequality, and (4.4) to (4.2) and
(4.3), we have

d
El\v\liz < 2(ImA) f (2L vl AR (O [
<201 f(t)|v]IB5,
d
E\Iﬁev\liz < 2 ()| M[0oN (v) | 12 |06 | 1.2

< 2f (1) [Alplloll= 1990l 12| Bgv]| 12
< 21 () ApyE ol % ol B [ 9pv) 2.
< 20, f(t)||v]lht,

where the positive constants C; and Cy are defined in (1.4). Thus we obtain
d
vl < 2Cof @) ol

with Cy = C; + Cs. Hence we find

o) 15"
L= (2m)®=D72(p = 1)Coll{p 1% [y f(7) dr

(46) @)} <
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Therefore we conclude the following: if the condition

1= (@)~ 1)Col 1 / f(r)dr >0,

i.e. [[{mj}le < e1 holds, then {A;(t)} € C([0,00);£7) N C*((0, 00); £7).
Furthermore we suppose [[{u;}|ez < e1. By (4.6) we have [[{A4;(t)}|ez =
(2m) Y2 ||v(t)|| g2 < C for all t > 0. Define

{vi} = {uy} =i /OOO F(M{A ()} dr.

Note that the integral above converges in ¢ due to the following lemma:

Lemma 4.1 (Kita [4]). Let I =[0,T] or I =[0,00). Then,

(4.7) I{A; Hl poo (re2y < CI{A ML (162
holds.

Hence we have {v;} € ¢2. Moreover by (4.7), we obtain

{A4;()} —{ws}le < C”{Aj(t)}”poo(()’oo;@)/ f(r)dr
t
gc/ Fr)dr — 0 (t— o).
t
The proof is complete. O
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