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On the damped nonlinear Schrödinger equation
with delta functions as initial data

By

Kazuyuki Doi

Abstract

In this paper, we consider the Cauchy problem for the damped
nonlinear Schrödinger equation with superposed delta functions as initial
data. The aim of this paper is to study the influence of nonlinearity and
damping (absorption) on the solution. The case where the nonlinearity
makes the solution unstable is of special interest, because the dissipative
nature from the damping comes into play in this case.

1. Introduction

We consider the Cauchy problem for the damped nonlinear Schrödinger
equation

(1.1)

⎧⎨⎩i∂tu + Δu + idu = λN (u) in [0,∞) × Rn,

u(0, x) =
∑
j∈Z

μjδja(x) for x ∈ Rn,

where i =
√−1, n ≥ 1, ∂t = ∂/∂t, Δ =

∑n
k=1 ∂2/∂x2

k, and the unknown
function u = u(t, x) is complex-valued. The nonlinearity N (u) is given by

N (u) = |u|p−1u, p > 1.

For b ∈ Rn, let δb(x) denote the Dirac mass at b. In this paper we assume the
condition

(1.2) p < 1 +
2
n

, d ∈ R, a ∈ Rn \ {0}, λ ∈ C, {μj} ∈ �21,

where �2α is defined by

�2α := {{Aj}j∈Z ; ‖{Aj}j∈Z‖�2α
< ∞},

‖{Aj}j∈Z‖�2α
:=

( ∑
j∈Z

(1 + |j|2)α|Aj |2
)1/2

.
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We will abbreviate {Aj}j∈Z to {Aj} for simplicity of description.
This work is inspired by the pioneering work of Kita [3], [4], where the evo-

lution of the superposition of delta functions under the nonlinear Schrödinger
flow was studied. More precisely, when d = 0, Kita [3], [4] shows, among other
things, the following results under the assumption (1.2): (i) there exists a local
solution of (1.1) which has the special form like (1.3) below; (ii) if Imλ > 0,
then the local solution blows up in finite time; (iii) if Imλ ≤ 0, then the so-
lution exists globally in time. In particular, we see that if Imλ > 0, then the
nonlinearity makes the solution unstable. On the other hand, if d > 0, then
the linear term idu has the stabilizing property, so that it is often called the
damping term or absorbing term (for the literature on the damped nonlinear
Schrödinger equation, we refer to [1], [2], [5], [6], [7] for instance). Therefore,
the following question naturally arises: When d > 0 and Imλ > 0, does the
dissipative nature coming from the damping term violate the nonlinear effect
or not? In fact, an analogous question was posed by Tsutsumi [7], where the
Cauchy problem for the damped Schrödinger equation with supercritical non-
linearity was studied when the initial data is more regular and decays at spatial
infinity, say u(0) ∈ Hs(Rn) (s > n/2) and |x|u(0, x) ∈ L2(Rn). In this situa-
tion, the answer is completely negative. However, Theorems 1.1 and 1.2 below
tell us that the answer is different from the above result from [7], if the initial
data is a superposition of delta functions.

First of all, we state the result on the local solution. For d ∈ R and b ∈ Rn,
let Ud(t)δb denote the solution of the damped linear Schrödinger equation{

i∂tu + Δu + idu = 0 in [0,∞) × Rn,

u(0, x) = δb(x) for x ∈ Rn,

that is, Ud(t)δb = exp((iΔ − d)t)δb = exp(−dt)(4πit)−n/2 exp(i|x − b|2/4t).

Proposition 1.1 (local result). Assume (1.2). Then there exist a time
T > 0 and a unique solution of the Cauchy problem (1.1) described as

(1.3) u(t, x) =
∑
j∈Z

Aj(t)Ud(t)δja ∈ L∞
loc((0, T ]; L∞(Rn)),

such that {Aj(t)} ∈ C([0, T ]; �21) ∩ C1((0, T ]; �21) with Aj(0) = μj (j ∈ Z).

The idea of the proof of Proposition 1.1 is based on [4]. Specifically, we
shall reduce the PDE (1.1) to the ODE system for {Aj} and use the contraction
mapping principle (see Section 3).

Next we collect some notation to state our main results. Let T = R/2πZ
where Z stands for the set of integers. The Lebesgue space Lq = Lq(T) is
the Banach space of complex-valued q-summable functions on T. The norm
‖ · ‖Lq denotes ‖g‖Lq :=

( ∫ 2π

0
|g(θ)|q dθ

)1/q if 1 < q < ∞, and ‖g‖L∞ :=
ess.supθ∈T|g(θ)|. The Sobolev space Hs = Hs(T) is defined by Hs = {g(θ) ∈
L2; ‖g‖Hs < ∞}, where ‖g‖Hs = ‖{Cj}‖�2s

with Cj = (2π)−1/2
∫ 2π

0
g(θ)e−ijθ dθ.

Let us write 〈g, h〉θ =
∫ 2π

0
g(θ)h(θ)dθ for g and h ∈ L2, where h(θ) denotes the
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complex conjugate of h(θ). In addition, we define positive constants under the
assumptions d > 0 and Imλ > 0 (recall the assumption (1.2)):

ε0 :=
(
C∗

d1−n(p−1)/2

Imλ

)1/(p−1)

,

ε1 :=
1√
2π

(
C∗

d1−n(p−1)/2

C0

)1/(p−1)

,

C∗ :=
( 4π

p − 1

)n(p−1)/2

Γ
(
1 − n(p − 1)

2

)−1

,

C0 := C1 + C2, C1 := γp+1
p+1Imλ, C2 := pγp−1

∞ |λ|,

(1.4)

where Γ is the gamma function, and γp+1, γ∞ are the best constants in
Gagliardo-Nirenberg inequalities, namely, they are the smallest constants C
satisfying

‖v‖Lp+1 ≤ C‖v‖(p+3)/(2(p+1))
L2 ‖v‖(p−1)/(2(p+1))

H1 ,(1.5)

‖v‖L∞ ≤ C‖v‖1/2
L2 ‖v‖1/2

H1(1.6)

for all v ∈ H1, respectively.
Now we state the main results of this paper.

Theorem 1.1 (blowup result). Assume (1.2), d > 0 and Imλ > 0. If
‖{μj}‖�20

> ε0, then the solution (1.3) blows up in finite time, that is, there
exists a finite time T ∗ > 0 such that lim

t→T∗−0
‖{Aj(t)}‖�21

= ∞.

Theorem 1.2 (global result). Assume (1.2), d > 0 and Imλ > 0. If
‖{μj}‖�21

≤ ε1, then there exists a unique global solution of (1.1) described
as (1.3), such that {Aj(t)} ∈ C([0,∞); �21) ∩ C1((0,∞); �21). Moreover, if
‖{μj}‖�21

< ε1, then there exists a unique {νj} ∈ �21 such that lim
t→∞ ‖{Aj(t)} −

{νj}‖�21
= 0.

Remark 1. Both ε0 and ε1 are independent of a, which is related to
the support of the initial data u(0, x) =

∑
j∈Z μjδja(x) (see (4.2) and (4.3)).

Remark 2. Theorems 1.1 and 1.2 can be rephrased in a slightly differ-
ent form by treating the conditions on the initial value {μj} ∈ �21 as those on
the damping coefficient. We define

d0 :=
(
C−1

∗ (Imλ)‖{μj}‖p−1
�20

)1/(1−n(p−1)/2)
,

d1 :=
(
C−1

∗ (2π)(p−1)/2C0‖{μj}‖p−1
�21

)1/(1−n(p−1)/2)
.

Then we have the following.

Corollary 1.1 (blowup result; see Remarks 4 and 7). Assume (1.2)
and Imλ > 0. If d < d0, then the solution (1.3) blows up in finite time,
that is, there exists a finite time T ∗ > 0 such that lim

t→T∗−0
‖{Aj(t)}‖�21

= ∞.
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Corollary 1.2 (global result). Assume (1.2) and Imλ > 0. If d ≥ d1,
then there exists a unique global solution of (1.1) described as (1.3), such that
{Aj(t)} ∈ C([0,∞); �21) ∩ C1((0,∞); �21). Moreover, if d > d1, then there exists
a unique {νj} ∈ �21 such that lim

t→∞ ‖{Aj(t)} − {νj}‖�21
= 0.

Remark 3. When ‖{μj}‖�20
≤ ε0 and ε1 < ‖{μj}‖�21

, we have not
known in general whether the family {Aj(t)} is global or not. However, in
Section 2 we shall give an example, for which we can find the critical value of
the size of the initial data.

Remark 4. In Corollary 1.1, we observe that the conditions Imλ > 0
and d ≤ 0 imply that {Aj(t)} blows up in finite time for all nontrivial initial
data {μj} ∈ �21 (see Remark 7). This remark and Theorem 1.2 signify that the
signature of d determines the nature of the stability of the zero solution when
Imλ > 0.

2. An example: The special case u(0, x) = μ0δ0(x)

When the initial data of (1.1) is of a special form u(0, x) = μ0δ0(x), we
have the following stronger version of Proposition 1.1, Theorems 1.1 and 1.2.

Proposition 2.1. Assume (1.2) and u(0, x) = μ0δ0(x).
1. There exist a time T > 0 and a unique solution of the Cauchy problem

(1.1) described as

(2.1) u(t, x) = A(t)Ud(t)δ0 ∈ L∞
loc((0, T ]; L∞(Rn)),

such that

A(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

μ0

(
1 − (p − 1)(Imλ)|μ0|p−1

∫ t

0

f(τ ) dτ
)iλ/((p−1)Imλ)

if Imλ �= 0,

μ0 exp
(
− iλ|μ0|p−1

∫ t

0

f(τ ) dτ
)

if Imλ = 0,

where

(2.2) f(t) :=
(
exp(−dt)(4πt)−n/2

)p−1
.

2. Suppose d > 0 and Imλ > 0. If |μ0| > ε0, then the solution (2.1) blows
up in finite time. More precisely, there exists a finite time T ∗ > 0 such that

lim
t→T∗−0

|A(t)| = ∞.

3. Suppose d > 0 and Imλ > 0. If |μ0| ≤ ε0, then there exists a unique
global solution of (1.1) described as (2.1). Moreover, if |μ0| < ε0, then there
exists a unique ν0 ∈ C such that lim

t→∞A(t) = ν0.
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In this section we prove the above proposition.

Proof of the part 1. Substitution of (2.1) into (1.1) yields the ODE of
A(t):

(2.3)

⎧⎨⎩i
dA

dt
= λf(t)N (A), t ∈ [0, T ],

A(0) = μ0.

To solve (2.3), we multiply A(t) to both sides of the equation. Taking the
imaginary part, we have

d

dt
|A(t)|2 = 2(Imλ)f(t)|A(t)|p+1,

and hence we obtain

(2.4) |A(t)|p−1 =
|μ0|p−1

1 − (p − 1)(Imλ)|μ0|p−1
∫ t

0
f(τ ) dτ

.

Note that the integral in (2.4) makes a sense when p < 1 + 2/n, and we find
sup0≤t≤T |A(t)| < C for sufficiently small T > 0. We have the solution A(t) by
substituting (2.4) into (2.3). This completes the proof of the part 1.

Proof of the part 2. By the assumptions Imλ > 0 and d > 0, (2.4) and
an elementary computation with a change of variables as d(p − 1)τ = σ, one
obtains that A(t) blows up in finite time if

1 − (p − 1)(Imλ)|μ0|p−1

∫ ∞

0

f(τ ) dτ < 0, i.e. |μ0| > ε0.

Thus we have proven the part 2.

Proof of the part 3. From the argument in the proof of the part 2, we
find immediately that if |μ0| ≤ ε0, then A(t) is global in time. Moreover if
|μ0| < ε0, then A(t) converges to a ν0 ∈ C:

lim
t→∞A(t) = μ0

(
1 − (p − 1)(Imλ)|μ0|p−1

∫ ∞

0

f(τ ) dτ
)iλ/((p−1)Imλ)

= μ0

(
1 −

( |μ0|
ε0

)p−1)iλ/((p−1)Imλ)

=: ν0.

This completes the proof.

Remark 5. When |μ0| = ε0, using l’Hôpital’s rule yields

lim
t→∞

(
1 − (p − 1)(Imλ)|μ0|p−1

∫ t

0

f(τ ) dτ
)−iReλ/Imλ( A(t)

edttn/2

)p−1

= (4π)n(p−1)/2 μp−1
0 d

|μ0|p−1Imλ
.
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By taking the absolute value of both sides of the identity, in view of (2.4), we
have the following relation:

lim
t→∞

( |A(t)|
edttn/2

)p−1

= (4π)n(p−1)/2 d

Imλ
,

that is, |A(t)| = O(edttn/2) as t → ∞. It is the same order as (Ud(t)δ0)−1.
Therefore we conclude that |u(t, x)| → (d/Imλ)1/(p−1) as t → ∞ for all x ∈ Rn,
that is, the absolute value of the solution of (1.1) described as (2.1) converges
to the constant.

Remark 6. Analogously to the above argument, we can show that there
exists a unique solution of the final value problem⎧⎨⎩i

dA

dt
= λf(t)N (A), t ∈ [0,∞),

lim
t→∞A(t) = ν0,

such that

A(0) = ν0

(
1 +

( |ν0|
ε0

)p−1)iλ/((p−1)Imλ)

.

3. Proof of Proposition 1.1

In order to prove Proposition 1.1, we use the following lemma:

Lemma 3.1. Let {Aj(t)} ∈ C([0, T ]; �21). Then we have

(3.1) N ( ∑
j∈Z

Aj(t)Ud(t)δja

)
= f(t)

∑
j∈Z

Ãj(t)Ud(t)δja,

where Ãj(t) = (2π)−1e−i|ja|2/4t〈N (v), e−ijθ〉θ with

v = v(t, θ) =
∑
j∈Z

Aj(t)e−ijθei|ja|2/4t,

and f(t) is defined by (2.2).

The proof of this lemma can be reduced to the case d = 0, and such an
assertion is proved by Kita [4].

Now we shall show Proposition 1.1 following the argument in [4].

Proof of Proposition 1.1. Substituting (1.3) into (1.1), and using Lemma
3.1 and the fact that i∂tUd(t)δja + ΔUd(t)δja + idUd(t)δja = 0, we see that∑

j∈Z

i
dAj

dt
Ud(t)δja =

∑
j∈Z

λf(t)ÃjUd(t)δja.

Equating each term on both hand sides, we arrive at the following ODE system:

(3.2)

⎧⎨⎩i
dAj

dt
= λf(t)Ãj, t ∈ [0, T ], j ∈ Z,

Aj(0) = μj .
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It suffices to prove the existence and uniqueness of (3.2) for proving Proposition
1.1. To solve (3.2), we deal with the following integral equation:

{Aj(t)} = {μj} − iλ

∫ t

0

f(τ ){Ãj(τ )} dτ

=: Φ({Ak(t)}), t ∈ [0, T ].
(3.3)

By noting an inequality e−d(p−1)t ≤ max{1, e−d(p−1)T } for all 0 ≤ t ≤ T , the
same argument as [4] shows that for T > 0 sufficiently small, the mapping Φ is
a contraction on the complete metric space{{Aj} ∈ L∞([0, T ]; �21); ‖{Aj}‖L∞([0,T ];�21)

≤ 2‖{μj}‖�21

}
furnished with the norm of L∞([0, T ]; �20). Hence a solution of (3.3) exists in
L∞([0, T ]; �21). Furthermore, we have {Aj(t)} ∈ C([0, T ]; �21)∩C1((0, T ]; �21) and
the uniqueness of {Aj(t)} in C([0, T ]; �20) in the same way as [4]. This completes
the proof.

4. Proofs of Theorems 1.1 and 1.2

From (3.2), v = v(t, θ) =
∑

j∈Z Aj(t)e−ijθei|ja|2/4t defined in Lemma 3.1
satisfies

(4.1) i∂tv = −|a|2
4t2

∂2
θv + λf(t)N (v),

where f(t) is defined by (2.2). One can justify ∂tv, ∂2
θv and so on, by using the

mollifier Pr(θ) = (2π)−1
∑

j∈Z r|j|eijθ (0 < r < 1). However we avoid this kind
of issue, for the sake of simplicity. Note that ‖{Aj(t)}‖�20

= (2π)−1/2‖v(t)‖L2

and ‖{jAj(t)}‖�20
= (2π)−1/2‖∂θv(t)‖L2 by Parseval’s identity. Thus it is suffi-

cient to consider the norm ‖v(t)‖2
H1(= ‖v(t)‖2

L2 +‖∂θv(t)‖2
L2 = 2π‖{Aj(t)}‖2

�21
).

Now multiplying (4.1) by v, integrating on T and taking the imaginary part,
we obtain

(4.2)
d

dt
‖v(t)‖2

L2 = 2(Imλ)f(t)‖v(t)‖p+1
Lp+1 .

Applying ∂θ to (4.1), multiplying ∂θv, integrating on T and taking the imagi-
nary part, we obtain

(4.3)
d

dt
‖∂θv(t)‖2

L2 = 2f(t)Im
(
λ〈∂θN (v(t)), ∂θv(t)〉θ

)
.

We see that

∂θN (v) =
p + 1

2
|v|p−1∂θv +

p − 1
2

|v|p−3v2∂θv

by simple calculations. Therefore we have

(4.4) ‖∂θN (v)‖L2 ≤ p‖v‖p−1
L∞ ‖∂θv‖L2 .
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End of the proof of Theorem 1.1. Assume that the conclusion is false, that
is, ‖{Aj(t)}‖�21

< ∞ for all t ≥ 0. We shall show that this leads to contradiction.
Notice that Hölder’s inequality gives ‖v‖p+1

Lp+1 ≥ (2π)−(p−1)/2‖v‖p+1
L2 . Therefore

(4.2) and the assumption Imλ > 0 imply

d

dt
‖v(t)‖2

L2 ≥ 2(2π)−(p−1)/2(Imλ)f(t)‖v(t)‖p+1
L2 .

Hence we have

‖v(t)‖p−1
L2 ≥ ‖v(0)‖p−1

L2

1 − (p − 1)(Imλ)‖{μj}‖p−1
�20

∫ t

0
f(τ ) dτ

.

Thus we obtain the following: if the condition

(4.5) 1 − (p − 1)(Imλ)‖{μj}‖p−1
�20

∫ ∞

0

f(τ ) dτ < 0,

i.e. ‖{μj}‖�20
> ε0 holds, then there exists a T ∗ > 0 such that lim

t→T∗−0
‖v(t)‖L2 =

∞. Therefore we find lim
t→T∗−0

‖{Aj(t)}‖�20
= ∞, which implies a contradiction.

This completes the proof.

Remark 7. The conditions Imλ > 0 and d ≤ 0 imply that {Aj(t)}
blows up in finite time for all nontrivial initial data {μj} ∈ �21. Indeed, (4.5)
holds under the conditions, because

∫ ∞
0

f(τ ) dτ does not converge.

End of the proof of Theorem 1.2. We shall derive an a priori bound
on ‖{Aj(t)}‖2

�21
(= (2π)−1(‖v(t)‖2

L2 + ‖∂θv(t)‖2
L2)). Applying the Gagliardo-

Nirenberg inequalities (1.5)-(1.6), Schwarz’s inequality, and (4.4) to (4.2) and
(4.3), we have

d

dt
‖v‖2

L2 ≤ 2(Imλ)f(t)γp+1
p+1‖v‖(p+3)/2

L2 ‖v‖(p−1)/2
H1

≤ 2C1f(t)‖v‖p+1
H1 ,

d

dt
‖∂θv‖2

L2 ≤ 2f(t)|λ|‖∂θN (v)‖L2‖∂θv‖L2

≤ 2f(t)|λ|p‖v‖p−1
L∞ ‖∂θv‖L2‖∂θv‖L2

≤ 2f(t)|λ|pγp−1
∞ ‖v‖(p−1)/2

L2 ‖v‖(p−1)/2
H1 ‖∂θv‖2

L2

≤ 2C2f(t)‖v‖p+1
H1 ,

where the positive constants C1 and C2 are defined in (1.4). Thus we obtain

d

dt
‖v‖2

H1 ≤ 2C0f(t)‖v‖p+1
H1

with C0 = C1 + C2. Hence we find

(4.6) ‖v(t)‖p−1
H1 ≤ ‖v(0)‖p−1

H1

1 − (2π)(p−1)/2(p − 1)C0‖{μj}‖p−1
�21

∫ t

0
f(τ ) dτ

.
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Therefore we conclude the following: if the condition

1 − (2π)(p−1)/2(p − 1)C0‖{μj}‖p−1
�21

∫ ∞

0

f(τ ) dτ ≥ 0,

i.e. ‖{μj}‖�21
≤ ε1 holds, then {Aj(t)} ∈ C([0,∞); �21) ∩ C1((0,∞); �21).

Furthermore we suppose ‖{μj}‖�21
< ε1. By (4.6) we have ‖{Aj(t)}‖�21

=
(2π)−1/2‖v(t)‖H1 < C for all t ≥ 0. Define

{νj} := {μj} − iλ

∫ ∞

0

f(τ ){Ãj(τ )} dτ.

Note that the integral above converges in �21 due to the following lemma:

Lemma 4.1 (Kita [4]). Let I = [0, T ] or I = [0,∞). Then,

(4.7) ‖{Ãj}‖L∞(I;�21)
≤ C‖{Aj}‖p

L∞(I;�21)

holds.

Hence we have {νj} ∈ �21. Moreover by (4.7), we obtain

‖{Aj(t)} − {νj}‖�21
≤ C‖{Aj(t)}‖p

L∞(0,∞;�21)

∫ ∞

t

f(τ ) dτ

≤ C

∫ ∞

t

f(τ ) dτ −→ 0 (t → ∞).

The proof is complete.
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