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The global profile of blow-up at space infinity in
semilinear heat equations

By

Masahiko SHIMOJO

Abstract

We consider semilinear heat equations on RY and discuss the blow-
up of solutions that occurs only at space infinity. We give sufficient
conditions for such phenomena, and study the global profile of solutions
at the blow-up time. Among other things, we establish a nearly optimal
upper bound for the blow-up profile, which shows that the profile u(z, T)
cannot grow too fast as |z| — oco. We also prove that such blow-up is
always complete.

1. Introduction

In this paper we consider the initial value problem for a semilinear heat
equation of the form

_ N
(1.1) { ur = Au+ f(u), zeRY, t>0,

U(.T,O):UO(.T)ZO, J,‘ERN,

where f : [0,00) — [0, 00) is a locally Lipschitz function, and discuss the blow-
up of solutions that occurs at space infinity. The equation appears, for example,
as a model for combustion, in which the term f(u) represents heating due to an
exothermic reaction. We assume certain growth conditions on f, as specified
in (A1), (A2) below. Typical examples include:

f(u) =u? (p>1),
flu) =e* (a > 0),
f(u) =u(log (1+u))’ (8> 2).

We say that the solution of (1.1) blows up in finite time if there is some
T = T(ugp) < oo such that

limsup [Ju(:,t)|| o @) = 00
¢ T

Received September 18, 2007
Revised January 24, 2008



340 Masahiko Shimojo

and T'(ug) is called the blow-up time of the solution u with the initial value ug.
We define the blow-up set by

B(ug) = {a e RN

limsup |u(x,t)| — oo}.
rz—a,t /T

Each element of B(ug) is called a blow-up point of u. It is easily seen that B(ug)
is a closed set and that a & B(up) if and only if the solution remains bounded as
t /' T in a neighborhood of a. Therefore, by the standard regularity theorems
for the parabolic equations, u(-,*) remains bounded in CEI*(RN \ B(ug)) as
t /T for some 0 < a < 1, which then implies the boundedness of u(-,t) in
Cp (RN \ B(ug)). Consequently, the pointwise limit

u(z, T) := th/nql« u(z,t)

exists for every z € RY \ B(ug) and it belongs to CHE*(RN \ B(ug)). We call
this limit the global blow-up profile of u.

We say that the solution of (1.1) blows up at space infinity if there exist
sequences {z,,}2°_; C RN and {t,,}5°_; C (0,7 such that

(1.2) |Tm| — 00, tm T, [w( @y tm)| — 00 as m — oo.

We say that u blows up only at space infinity if, in addition to (1.2), the
following holds for any compact set K C RY:

(1.3) limsup [[u(-, t)]| o (x) < o0
t,/ T (uo)

In this case, the global blow-up profile u(z,T) := lim;—, u(x,t) is defined for
every x € R, and belongs to C?T*(RY) for some 0 < o < 1. It is not difficult
to see that the combination of (1.2), (1.3) is equivalent to the following two
conditions:

(a) w blows up in finite time;

(b) B(up) = 0.

In this paper, by “blow-up at space infinity”, we always mean that (a), (b)
hold.

Let us recall known results on blow-up at space infinity. Lacey [8] con-
sidered a one-dimensional problem on the half-line and constructed examples
of solutions that blow up (only) at space infinity. He also obtained results of
the blow-up profile. Giga and Umeda [6] considered the equation u; = Au+ uP
on RN and derived sufficient conditions for blow-up at space infinity. Roughly
speaking, they showed that blow-up at space infinity occurs if the initial data ug
satisfies 0 < ug < M, ug — M as |z| — oo for some constant M > 0. Shimojo
[17] improved their result by using a different method borrowed from [11], [12].
More precisely, he showed that blow-up at space infinity occurs under a weaker
assumption on the initial data, namely the conditions (1.7), (1.8) in Theorem
1.1 below. More recently Giga and Umeda [7] extended the result of [17] to a
more general equation of the form u; = Au+ f(u), where the nonlinearity f(u)
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satisfies certain growth conditions; it also gives a result on “blow-up direction”
(See also [15], [16] for quasilinear equations, which generalized the results of
[7]). For the continuation problem, Galaktionov and Vazquez [5] proved that
blow-up at space infinity is always complete, provided that the initial data is
nonnegative and radially symmetric.

The aim of the present paper is to give a simple proof for blow-up at space
infinity and, more importantly, study the global profile of solutions at the blow-
up time, particularly the growth rate of u(x, T) as |x| — oo. We also prove that
the blow-up at space infinity which occurs under the conditions (1.7), (1.8) is
always complete. This means that the solutions can not be extended beyond
the blow-up time as a mild solution.

Throughout this paper, we assume that f(o) is C? in ¢ > 0 and C* in
o > 0, and that the following conditions (A1) and (A2) hold:

(A1) f(0) >0, f'(o) >0, and f"(c) > 0 for o > 0;
(A2) There exist K > 0 and a C? function F : [K,00) — (0,00) such that
F'(c) > 0,F"(c) >0 for 0 > K , and

(1.4) /: Fd((;) <,

(1.5) f(o)F(o)— f(o)F'(0) > uF(0)F'(c) for o> K.

Remark 1.  The same hypothesis as (A2) appears in the paper of Fried-
man and McLeod [2]. For technical reasons we also require that f(c) > 0 (o >
0), although these may be weakened for the inequalities to hold with o suffi-
ciently large in Theorem 1.1 and Theorem 1.2 below.

Since the inequality (1.4) and the positivity of f imply

> d
70<oo, ( for any [ > 0)

l (o)

the solution of the following ODE blows up in finite time, where M is any
positive constant:

(1.6) U’ = f(U), U(0)=M (>0).

We denote this blow-up time by T'(M).

Now let us state our theorems. The first is a preliminary result which gives
a sufficient condition for blow-up at space infinity:

Theorem 1.1 (Blow-up at infinity).  Suppose that f satisfies (Al) and
(A2). Let ug € C(RN) satisfy

(17) OSUOSM,U()%M



342 Masahiko Shimojo

for some constant M > 0. Assume also that there exist a sequence of points
ai,as,as,--- € RN with |a,| — 0o as n — 0o, and a sequence 0 < Ry < Ry <
- — 00 such that

(1.8) Jimlug = M| (Br, (an)) = 0,

where Br(a) is a ball of radius R centered at a. Then the solution of (1.1) has
the following properties:

(1) T(uo) = T(M).

(ii) B(ug) = 0.

(i) limy,— oo w(an, T(M)) = co.

Note that Theorem 1.1 (under the same hypotheses (1.7), (1.8)) was first
proved in [17] for the equation u; = Au+ u? (p > 1). Giga and Umeda [7]
then extended this result to the equation u; = Au+ f(u) under the assumption
that f(o)/oP — oo as ¢ — oo for some p > 1. Our assumptions (Al), (A2)
relax this growth requirement by allowing such nonlinearities as u(log (1 + u))®
(b > 2). Note also that our proof is different from those of [6], [7], [17]; it relies
genuinely on a simple sub- and supersolution argument.

Before stating our next theorems, which are the main focus of the present
paper, we define ©(s) as the unique solution of the following problem:

(L9) ¢ = 1) (s> 0), limp(s) = oc.

Equivalently, ¢ is characterized by the identity

* do

Thus ¢ is a monotone decreasing function and it satisfies
(1.10) p(s) >0 (0<s<s"), o(s) =0 (s 7s"),

where
* d
s = =7 ¢ (0, o0].

0 (o)

As is easily seen, under the present hypotheses on f, we have
s*=o00 if f(0)=0, s* < oo if f(0) > 0.

Next we denote the inverse function of ¢ by 1. More precisely, the function
¥ 1 (0,00) — (0,s*) is defined by the relation ¥ (¢(s)) = s. Differentiating this
relation gives

P (p(s)) ¢'(s) = L.
Therefore 1) satisfies
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Note also that
(1.11) () — s* asv\,0, Y(w) -0 asv— oo.
For example, if f(u) = uP for some p > 1, then s* = oo and
p—(P—1)

(1.12)  p(s) = KksTPT (0 < s < ), Y(v) = P (0<v< o)

where x := (p—1)"Y®=D_If f(u) = e** for some a > 0, then s* = 1/a and

e—Ot'U

(1.13) o(s) = —é log(as) (0<s<1/a), ()= (0<v< ).

We note that the solution of (1.6) is written as U(t) = ¢(T'(M) — t), where
T (M) is the blow-up time for the initial data U(0) = M. Substituting ¢t = 0
gives

(1.14) M = o(T(M)).
This implies
(1.15) Y(M) =T(M).

Now we state our main results on the global profile of solutions at the
blow-up time. The first theorem gives a general upper bound on the profile.
For this theorem we need the following additional condition:

(A3) There exists a constant v € [1,2) satisfying

rw([ ) <c
for some C > 0.

In the following, G is the fundamental solution of the heat equation in RV:

_ 1 |22
Furthermore, we employ the notation
@2 0)@)= [ Gla=y. by
Theorem 1.2 (General upper bound).  Assume (Al), (A2) and (A3).

Then for any initial data uo € C(RN) satisfying (1.7) and T(uo) = T(M),
there exist ¢; > 0 and a € RY such that

(1.16) u(z,T(uo)) < (1 Gz —a,T(ug)) ),

where u is the solution of the problem (1.1) with initial data ug.
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Let f(u) = u? for some p > 1. Then from (1.12), the inequality (1.16)
reduces to:

u(x,T(up)) < Cex (ﬂ> e RN
N R L Tl |

Similarly, if f(u) = e* for some a > 0, then (1.16) reduces to:

+C, z e RY,

|z —af
u(z, T(up)) < 17 (o)

where the constant C' depends on a € RY and ug.

Remark 2.  The following examples satisfy the conditions (A1) to (A3):
flu) = u? (p>1),

flu) =e* (a>0),

f(u) = u(log(1+u))”  (8>2).

On the other hand, the function f(u) = u(log (1 + u))?{log (log (1 4 u))}" sat-
isfy (A2) if and only if v > 1 but do not satisfy (A3)

Next result gives a lower bound for some special solution of the problem
(1.1), which implies that the estimate of Theorem 1.2 is optimal.

Theorem 1.3 (Lower bound).  Assume (A1), (A2). For any e > 0
there exists a solution u of (1.1) with an initial data ug € C(RY) satisfying
(1.7) such that T(ug) = T(M) and that

u( @, T(ug)) > cp(cQ G(z,T(up) + z—:))
for some constant co > 0.

The following result gives a estimate for some special solution of the prob-
lem (1.1). This theorem asserts that we can calculate the blow-up profile only
by solving a linear heat equation.

Theorem 1.4 (Characterizing profile).  Suppose the function f satisfies
(A1), (A2), (A3) and

- X))
1.17 liminf ~——*=1
for any A > 1. Let u be a solution of the problem (1.1) that blows up att =T
with an initial value ugy satisfying (1.7). Assume the function ng := ¥ (ug) — T
satisfies

(1.18)
lim 7o(z) =0, limsup|Vno(z)| < oo, mno(z) > c3G(x,6), xRN



The global profile of blow-up at space infinity in semilinear heat equations 345

for some cs > 0 and 6 > 0. Then we have

u(x,T)

(1.19) p(eTA0)

-1 as |z] — 0.

Note that the condition (1.17) is satisfied if, for example, f(u) = uP or
f(u) = e*®. The following theorem shows that any function p(z) with a mod-
erate growth rate at infinity can be a candidate for the global profile u(z,T),
at least asymptotically.

Theorem 1.5 (Prescribed profile).  Assume the function f satisfies the
conditions of Theorem 1.4. Let M > 0 be any constant and let p(z) be any
positive function on RN with lim| | oo p(x) = 00 and

/70
(1.20) \zl|lgloo f(p())v(p(z))

In the case where s* # oo, assume further that p(xz) > @(s* — T(M)) for
all z € RN, Then there erists a solution u of (1.1) with the initial data ug
satisfying (1.7) such that T'(ug) = T (M) and that

u(xz, T(ug))

(1.21) D

—1 as |z] - 0.

As a Corollary of Theorem 1.5, we have

Corollary 1.1.  Let f(u) = uP for some p > 1. Let M > 0 be any
constant and let p(x) be any positive function such that

lim p(x) = oo, lim |Vp(x)|/p(z) = 0.

Then there exists a solution u of (1.1) with the initial data ug satisfying (1.7),
T(up) =T(M) and (1.21).

Corollary 1.2.  Let f(u) = e** for some a > 0. Let M > 0 be any
constant and let p(x) be any positive function such that

| l‘im p(x) = oo, ‘ llim [Vp(z)| =0.

Then there exists a solution u of (1.1) with the initial data ug satisfying (1.7),
T(ug) =T(M) and (1.21).

Remark 3. It is clear from Theorem 1.5 that the growth rate of the
global profile u(z,T) as |x| — oo can be made as slow as one wants. On the
other hand, Theorem 1.2 shows that the growth rate cannot be arbitrarily large.

The proof of Theorems 1.2—1.5 will be done by using an appropriate pair
of subsolutions and supersolutions.
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Our next theorem is concerned with the question of whether a blow-up
is complete or not. First let us recall the notion of complete blow-up due to
Baras and Cohen [1]. Assume T'(ug) < oo. Let fp,(u) = min{f(u), m}. For
each m=1,2,3,---, let u,, be the solution of the approximation problem

(122) {(um)t = Aup + fm(um)7 S RN, t >0,

Um (2, 0) = up(x), z € RN,

The solutions wu,, exist globally for 0 < ¢ < oo and up,(z,t) < Upme1(z,t)
(m=1,2,3,---). Set

(1.23) a(z,t) ;== lUm wuy,(x,t) € [0, 0], zeRN te0,00).

m— 00

Then @ = u for any 2 € RV, ¢ € [0,T(ug) ). We call the function @ the proper
extension (or the minimal continuation) of the solution u. Note that, by the
boundedness of each f,,(u) the function wu,,(z,t) is globally defined for x € RV
and ¢t > 0. Each u,,, satisfies

t

wnlot) = [ G- ytuidy+ [ [ Gyt 9 fnlunly.s))ds
RN 0 JRN

for + € RN and ¢t > 0. By the positivity of G(x,t) and the monotonicity of

the sequences {un,}5°_; and {fm (um)}o_;, we can let m — oo in the above

integral identity to obtain

(1.24) a(z,t) = Gz —y,t)uo(y) dy—|—/ Gz —y,t —s)f(aly,s))ds
RN 0 JRN

for z € RY and t > 0. Here the identity (1.24) is understood in a generalized

sense allowing the value co for @ and f(@). Furthermore, @ is the minimal

element among all the functions that satisfy (1.24). See [1] for the detail.
Next we set

T¢ = T(up) := sup{t > 0; (x,t) < oo fora.execRY}.

Clearly we have T'(up) < T°(ug). Moreover one can easily see from the expres-
sion (1.24) that

i(x,t) = oo forae x € RN if > T°up).

See [9] for the detail. We say that the blow-up is complete if T'(ug) = T(ug)
and incomplete if T'(ug) < T(ug).

Theorem 1.6 (Completeness).  Let the hypotheses of Theorem 1.1 hold.
Then the blow-up is complete.

This paper is organized as follows. In Section 2, which is a preliminary
section, we introduce useful sub- and supersolutions that will play a key role
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in the proof of our theorems. Section 3 is devoted to the proof of Theorem
1.1. The proof is based on the comparison argument and is much simpler than
any of the previous methods in [6], [7], [17]. In Sections 4 and 5, we consider
the global blow-up profiles and prove Theorems 1.2 to 1.5. In Section 6, we
discuss the completeness of blow-up at space infinity and prove Theorem 1.6.
The proof is based on our subsolution constructed in Section 2.

2. Preliminaries

In this section, we introduce subsolutions and a supersolution of the prob-
lem (1.1), which are useful in later arguments. We begin with the subsolutions.
Note that the first subsolution has been used in [4], [10], [13], [14] and the
second subsolution has been used in [8].

Lemma 2.1.  Suppose that f satisfies (Al). Let u be the solution of the
problem (1.1) with initial data ug € L (RY) N C(RY). Define t* € (0,00] by

t* :=sup {t > 0; ePug(z) < o(t) for xzeRN }.
Then t* > T(ug), and the following inequality holds:
(2.1) u(z,t) > (P(ePug(z)) —t), zeRN, te[0,T(uo)
Proof. Define
w(z,t) = @(w(v(x,t))—t), zeRN teo,t%),
where v(x,t) := e'®ug(r). Note that the function v satisfies
(2.2) ve =Av,  v(z,0) = up(z), z e RN t>0.

By the definition of t* we have v(z,t) < ¢(t) for z € RN, 0 < t < t*, or
equivalently v (v(x,t)) —t > 0. Therefore the function w is well-defined. First
we prove that w is a subsolution of the problem (1.1). We can easily check that

(2.3) ¢"(s) = —f'(p(s) ¢'(s), s>0.
On the other hand,

oy (W)Y () 2
(2.4) Pi(v) = -

It follows that

— @' (Y(v) =)+ ¢ (P(v) = )¢ (v) vy,
Vw w( (v) =)' (v) Vo,
Aw =" ($(v) = )| ' ()| Vo [ + ¢ (9 (v) = £ )9" ()| Vo [
+@'((v) = )Y (v) Av
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Combining these and using (1.9), (2.2), (2.3) and (2.4), we obtain
—Aw = f(w)
= —¢"(Y(v) = )¢ ()’ Vo [* = &' (9 (v) = )y (v)| Vo ?
v) 12
=~ ()~ WO Vo P~ () — ) CEDEOE o

' (Y(v))
" (Plv) —t)  ¢"(P))

_ v) — Y _ 2| vy |2
=0 - S =0~ e Y@ FIvel
(

=— @' (0(0) =) {F (e($(0))) = £ (e((v) = 1)) }1¥/(0) [2| Vo 2 < 0.

The last inequality follows from the convexity of f and the inequality ¢’ < 0.
Therefore w is a subsolution of (1.1). Moreover, w(z,0) = ug(z) = u(x,0).
Consequently,

(2.5) u(z,t) > p(b(v(z,t) —t), = RN te(0,t),

where ¢1 := min (t*, T'(ug)).

Next we prove t* > T'(ug). Suppose T'(ug) > t*. Then the inequality (2.5)
holds for 0 < ¢t < t*. On the other hand, from the definition of ¢t*, we have
sup,ern v(z,t*) = @(t*). This implies

lim sup w(zx,t) = oco.
E=1" peRN

Combining this and (2.5), we have

lim sup u(zx,t) = oo,
=t perN

which contradicts the assumption that T'(ug) > t*. Finally, letting ¢t /" T'(uo),
we obtain the desired inequality for all ¢ € [0, T (uo)]. O

Lemma 2.2.  Suppose (Al). Let u be a solution of the problem (1.1)
with initial data ug € L= (RYN)NC(RYN) and let n be the solution of the problem

(2.6)

m = An, z e RNt >0,
n(z,0) = P(ug) =T, z€RN,

where T > 0 is the blow-up time of u with the initial data ug. Then the following
inequality holds

u(z,t) > (T —t+n(x,t), = eRY,te[0,T].

Proof. Set w™(z,t) := (T —t + n(x,t)). Then the function w™ is sub-
solution if and only if

m>An—f(o(T—t+n)|Vy?, zeRY, te(0,T).
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This inequality holds if the function n satisfies 7; = Az. On the other hand,
w™ (x,0) = up(x). Thus, by the comparison principle, we obtain the desired
inequality for ¢ € [0,T). Finally letting ¢t /T, we obtain the inequality for all
t € [0,T]. The lemma is proved. O

Next we introduce an supersolution of the problem (1.1). We obtain this
supersolution by modifying the argument in [8].

Lemma 2.3.  Assume (Al), (A2) and (A3). Let u be a solution of the
problem (1.1) with initial data ug € L®°RN) N C(RY) and let T > 0 be its
blow-up time. Let n be the solution of the problem (2.6). Then there exists
a positive continuous function u(t) defined for t € [0,T) such that p(0) = 1,
w(T) >0 and

u(z,t) < (T —t+ p(t)n(z,t),  =eRY,te[0,T).
To prove Lemma 2.3, we need the following estimate.

Lemma 2.4.  Let g be a bounded continuous function satisfying ng > 0,
no £ 0. Then, for any § € [0,1), there exists a constant Cs > 0 such that

=5
|V€tA’I70‘2 CJH”OH}/OO(RN)

N
(cBgyTHs = r , R t>0.
Proof. By the Holder inequality, we have
r—y
Vel = | [ <5 6 () dy|
RN
T—Y|l 1= 1=3 146 145
< [ 6T @ non® 0) 6 - on ™ W)y
R

1-95 1496

< (/RN (%;ty') 1—35G($ =y, t)no(y) dy) N ( » G(x —y,t)n0(y) dy) ’

Thus we obtain

% = (/RN (%)I%G(w—y,t)no(y) dy)H

-5 5 B
_ ||U0||1th(RN) (/RN (%)MG(%U dy)l 5

1-6

—d
:||n0||L°°(RN)( 1 / z%e—zzdz)l s

t

and the lemma follows. a
Proof of Lemma 2.3. Set

wh(z,t) := (T —t+ h(z,t)), hz,t):= ut)n,
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where 7 := e'®ng with 79 := 9(uo) — T. Then the function w™ is supersolution
if and only if

(2.7) hi < Ah— f'(p(T —t+ 1)) |[VA]?, xRN, te(0,T).
This is equivalent to

: 2
(2.8) —% Zf'(ap(TtJr;m))@, reRY te(0,T).

From an inequality T —t + un > 2 (T —t)*/?(un)'/?, we find that the condition
(2.8) follows from the following inequality:

p ’ 1/2 1/2 |V77|2 N

29 ~Lzrpea-orm ) T cer e o),
. . : , C

We can easily check that (A3) is equivalent to f'(¢(s)) < = for some v € [1,2).

Therefore, we have

[ Q( 1 )7/2<i)v/2 [Vnl?

p? =20 \T —t [ 1
C ]. ’7/2 |V77|2 1 N
:E(T—t> (171+’Y/2)(M,Y/2)3 'TeR ,tE(O’T)_
Consequently,
p c V| N
(2.10) e 2 (T 1) (7714_7/2), reRY, te(0,T).

By Lemma 2.4, we can see that (2.10) holds if the function pu(t) satisfies

i Cslinollp= @) N
T T T zeRY te(0,7).

Since v/2 € [1/2,1), we can integrate this equality from 0 to 7. Hence we
obtain

27
1—7~/2
Thus let us define

1-~/2)C oo (RN t 1=
u(t) == 1+( 7/2)Cslmoll == )/ ds g '
o (T

27 —5)1/2s

¢ ds
2 1y =C oo / —————dt, t>0.
{n (t) } slimoll (RN) , (T—s/2s " >

Immediately, we have

1-7/2)C, o T e
(2.11) w(T) = <1+( 1/2)solx (RN)/ 7 s dt) >0
0

27 —5)1/2s
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and p(0) = 1. Thus wt(z,0) = ug(x) for z € RY. Finally, by the comparison
principle and the limiting argument, we obtain the desired inequality. 1
3. The blow-up time and the blow-up set

Now let us prove Theorem 1.1. In this section v(z,t) will stand for the

solution of the problem

(3.1) {vt:Av, zeRN t>0,

v(z,0) = ug(z), S RNv

where the function ug is determined from (1.1).

Lemma 3.1.  Assume the same conditions as in Theorem 1.1, then
(3.2) lim v(a,, T(M)) = M.
n—oo

Proof. The comparison principle yields
0<wv(x,t) <M, (x,t)eRN x(0,00).

In particular, v(a,, T(M)) < M for n =1,2,3---. On the other hand,
0< M — v(an, T(M)) =/ Glan =, TOD) (M o) dy
Br,, (an

+ / Glan —y, T(M)) (M — ug(y)) dy
RN\BRn(an)

<|NG(T(M)) || poe @iy IM = ol 1 (Br, (an))
+ M||G(-,T(M) )|l L1 (®~\Br, (0))-

From (1.8) and limy, o [|G(-, T(M) )|[21®N\B s, (0)) = 0, we obtain (3.2). O
2

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. First we show (i). By the comparison principle,
we have 0 < u < U in RN x [0,T(M)), where U is the solution of (1.6). Hence
T(ug) > T(M). To obtain a contradiction, suppose that T'(ug) > T(M). If we
substitute (z,t) = (an, T(M)) in (2.1) and use (1.15), we get

i T e vy > wan, TOM) 2 0 (9 (0 an, T(M))) = (M)

By Lemma 3.1, the right-hand side tends to infinity as n — oo, which contra-
dicts T'(ug) > T(M). Therefore T'(ug) = T (M) must holds..

Next we prove (ii). Since ug is continuous and satisfying (1.7), we can
find a point b € RV and a continuous monotone function Wy(r) (0 < r < o0)
such that

up(z) < Wo(lz — b)) < M (z € RY), lim Wo(r) =M, Wy # M.

T—00
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Let w be the solution of (1.1) with initial data w(x,0) = Wy(|z — b|). By the
comparison principle, we have

u(z,t) <w(zx,t) <U(L), reRN 0<t <T(M).

This implies that T (wg) = T'(up) = T(M) and B(ug) C B(wp). Moreover, it is
easily seen from the maximum principle that w(z,t) is radially symmetric with
respect to x = b for every 0 <t < T(M), and that

0
50 >0 reRN,0<t <T(M),

where r = |x — b|. In view of this and the assumptions (A1) and (A2), and
applying the result of Friedman and McLeod [2], we see that B(wg) = 0, hence
Finally we prove (iii). By Lemma 2.1, we obtain

(3.3) u(an, t) > ga(z/;(v(an,t)) — t)

for all n € N and ¢t € (0,7 (up)). By the result of (i), we have T'(up) =
T(M). Moreover since (ii) holds, the global blow-up profile u(x, T(M)) :=
limy_,p(ary u(z,t) exists and is finite for every z € RY. Thus, letting ¢t —
T(M)=4(M) in (3.3), we see that

w(an, T(M)) 2 (¥ (v(an, T(M))) = (M)

for all n € N. Combining this with Lemma 3.1 and (1.9), we conclude that
lim;, o0 u( @y, T (M) ) = oco. O

4. The global profile

We begin with proving Theorem 1.2. In the following, we will write T'(ug)
simply T" when no confusion can arise.

Proof of Theorem 1.2.  Since (1.7) holds, there exist constants r > 0, § > 0
and a € RN such that

up(z) < (T + dx(z)) = wo(x), xRV,

where y is the characteristic function for the ball B,.(a). Let w be the solution
of the problem (1.1) with initial value wg. Then, from the comparison principle
and Lemma 2.3, we have

(4.1)  w(z,t) <w(z,t) < o(T —t+ pt)de®x(z)), zeRY, tel0,T).
Furthermore, there exists a constant € > 0 such that

(4.2) setAx(x) > eG(x — a,t), z e RNt e (0,T).
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Since ¢ is monotone decreasing, (4.1) and (4.2) imply
u(w,t) < (T —t +ep(t) Gz —a,t)), xRN te(0,T].
Substituting ¢ = T, we conclude that
u(z,T) < p(ep(T)G(z — a,T)), z€RY.
Hence the theorem is proved. O
Next we shall prove Theorem 1.3.

Proof of Theorem 1.3. Define ug(z) = @(¢(M) + 6G(z,¢€)) for some
d > 0. We can easily check that ug satisfies (1.7) and that lim ;| uo(z) = M.
Thus, by Theorem 1.1, T = T'(up) = T(M). From Lemma 2.2, we have the
following inequality:

O(T —t + 6G(x,t +¢)) <wu(x,t), xRN te(0,T]
Substituting ¢ = T', we obtain the result. O
Finally, we prove Theorem 1.4. We need the next lemma to prove it.

Lemma 4.1.  Assume that (1.17) holds for any X > 1.  Then
limy oo ¥(B) /¥ (A) = 1 implies limg_,o B/A = 1.

Proof. First we prove that

. P(A4)
43 G

for any A > 1. By (1.17), there exists some constant § € (0,1) such that
A fQw) < 0/ f(w) for sufficiently large w > 0. Hence

<1

 dw  Ndw * dw
vy = [ [T 2 < [T —oua
= )T = L 10w =0, T
for sufficiently large A > 0. This gives (4.3).
Without loss of generality, we assume that B > A. Suppose there exists a
sequence A,, B, such that lim4 oo ¥(Bn)/¥(An) =1but limy, o Bn /A, #
1. Since this implies

A, <(1+4+0)A,<B,
for some § > 0, we have

P U 0A L (B

b= A}}TOO w(An) - Anlgoo QZ}(An) = Ap—o0 w(An) 7

which contradicts (4.3). This contradiction proves the lemma. O



354 Masahiko Shimojo

Proof of Theorem 1.4. Let n := e'®ng with 79 =: ¥(ug) — T and let
{nn}52, be solutions of n; = An with initial values

1
Nn,o(2) := min {no(x), —}, z e RY.
n
First we prove that

n(z,T)

(44 |z|—oo n(x,T)

=1

for all n € N. Note that 1,0 < n and that there exists a constant r = r(n)
such that 7, 0(x) = no(x) for |z| > r. Define w(x,t) := n(z,t) — ny(z,t) and
wo(z) = w(x,0). Since the support of wy is compact, w(z,t) < c4G(x,0/2) for
some ¢4 > 0. By the comparison principle and (1.18), we have

n(x,t) > 3Gz, t+96), w(z,t) < C4G<$7t+ g), zeRN t>0.

This yields

Gz, t+ /2
o< Ut aGthd) o lz| — oo.
n(z,t) csG(z,t + 0)
Consequently,
" (2,1) =1- w(z,?) —1 as |z|]—
n(z,t) n(z,t)

and we obtain (4.4).

Furthermore, lim,, o pr (1) = 1, where p,,(t) are functions corresponding
t0 7,0 introduced in Lemma 2.3. This is a result of the inequality (2.11) in
the proof of Lemma 2.3 and lim, oo [|74,0(2)|| L @~y = 0. Therefore, for any
0 > 0, there exists ng € N such that

(4.5) 1—6 < pa(T)

for all n > ng. From the assumption (1.18) along with Lemma 2.2 and Lemma
2.3, we have

(4.6) pn(T)ia (2, T) < P(u(e,T)) < n(e,T),  zeRY.

Since (4.4), (4.5) and (4.6) imply

(D) (2, T) o P(u(z,T))
1-6< pup(T)= lim ———"—=< lim ————*<1
Sl = ey S W e D)
for arbitrary § > 0, we get
CICICIE D)
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Combining this with Lemma 4.1, we obtain

T
fim @D
jol—o0 @(n(z,T))

This completes the proof of the theorem. 1

5. The prescribed profile
To prove Theorem 1.5, we use the following lemma.

Lemma 5.1.  Let p(x) be a positive function on RY that satisfies

o VPl
oy e o)

Then, for any T € (0,00),
5.2 lim ———=
Proof. First we shall prove

oKl < PE+Y)

S eK‘y|7 y c RN
p(z)

(5.3)

for some constant K > 0. By (5.1), there exists a positive constant K > 0 such
that

(5.4) Vo(a)| < Kp(z), @€ RY.
Define h(t) := % Then, by the assumption (5.4),
) = [y TAEED | < gy ) — ey,

Since h(0) = 1, we obtain e~ K1Yt < h(t) < eKI¥It, Substituting t = 1, we have
(5.3). On the other hand, for any 7 > 0, there is some constant Ry > 0 such
that the following inequality holds:

1 lyl?
5.5 7/ e~ AT Rl gy < .
55) (rT)N/2 )y 1> Ry '

Again by the inequality (5.1), for any € > 0, there exists R. > 0 such that
IVp(z)| < ep(x) for |z| > R

Thus
IVp(z +ty)| <ep(z+ty) for [v|>Ro+ R, [yl < Ro
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for any ¢ € (0,1). Hence we obtain

(5.6) el < % < e for |z| > Ry + R., |y| < Ro.

Combining (5.3), (5.5) and (5.6), we have

€72 p(z) - \—\Wm e e+ ) = ot ay

(eKlvl 1 —%d)
y) p(z
47TT |>R Je (z)

+((47TT) N2 /|ng0( = 1e” dy) (o)

1) + (™ = 1) (s /|R e~ dy) ()
< 1ple) + (R0 — 1)p(a) :
for any |z| > Ry + R.. This implies
"2 p(z) — p(=)]
p(x)

Letting |z| — oo, we obtain

IN

<el+ (ef® —1) for |z| > Ry + R..

2 plz)|

lim sup p(z)

— < e+ (efFo —1).

Since €,e1 > 0 are arbitrary, we have (5.2) as desired. The lemma is proved. O

Proof of Theorem 1.5.  Define ug := ¢(T +mno(x)), where no(z) := ¥(p(x))
and T := T(M). In the following, we write n(x,t) = e!“nq for simplicity. From
(1.11) and lim|;| o p(2) = 00, we obtain lim;| s 70(x) = 0. Therefore,

lm ug(x) = limOo o(T(M) 4+ no(x)) = M.

|z|—o0 |z|—
Since ¢ is monotone decreasing, no(z) = ¥(p(z)) > 0 and (1.14) yield
uo(x) < p(T(M)) =M, zcRVN.
On the other hand, p(z) > ¢(s* —T') and (1.10) imply
ug(z) = p(Y(p(x) + T) 2 p(s") =0, = eRY.

Hence (1.7) holds. Thus, from Theorem 1.1, we obtain T = T'(M) = T'(uy).
By (1.20), we have

i Y@l _ V@) [ 0)lIVe(e)]
oo M0(T)  lal—oe Y(p(x))  falmoee  Y(p(2))

(5.7) = lim V()]
' )

V@)l
jzl—oo f(p(x))b(p(x))
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This immediately yields lim|z—o [Vno(z)| = 0. Furthermore, by (5.3), we
obtain 7y (z) > e~ XI#l5y(0) for some K > 0. In particular, we get

no(z) > ¢y G(x,8), xRN

for some ¢4 > 0 and 6 > 0. Then we have verified all the conditions in (1.18).
Therefore, by Theorem 1.4, we obtain

u(z,T)

5.8 lim ——————=1.
(58) el =0 (T A0 ())
. . eTAﬁo(f) .
On the other hand, (5.7) and Lemma 5.1 imply | 1‘1m ( = 1. Combin-
x|—00 Mo (T
ing this with Lemma 4.1, we have
TA
i 2 Cm(@)
jel—oe p(no(z))
From this and (5.8), we conclude that
T T
fm U480 o, @D
lel—oo p(z)  lel=oo (10(T))
O

6. Completeness

In this section we prove Theorem 1.6, which states that the blow-up is
complete. What we have to show is @(z,t) = co for all z € RN and t > T(M),
where % denotes the minimal continuation of the solution u as defined in (1.23).

Lemma 6.1.  Let w be a solution of the problem (1.1) with the initial
value wy and let w be the minimal continuation of the solution w. Assume
wo(x) < ug(x) for allx € RY. Then w(x,t) < u(z,t) for allz € RN andt > 0.

Proof. Let w,, be a solution of the approximating problem (1.22). Then
by the comparison principle, we have w,, (2,t) < U, (z,t) for all z € RV, ¢ > 0
and m € N. Letting m — oo, we obtain the result. O

First we prove Theorem 1.6 under the condition
(6.1) Jim[lug — M|~ (B4, (a,)) =0
instead of (1.8). Let {,}>2; be a sequence with £, — 0 (n — 00) such that
M — e, < ug(x), z € By, (an), n=123,---
ot

In the following, we define v, (z,t) := (
0 <wvpo < upin RN and

Un,0)(x), where functions v, ¢ satisfy

M—cn, x€Bra_(an),

no(z) =
0, r € RN\ B, (ay)

n
2
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forn=1,2,3,---. Next we introduce functions of the form:

w? (z,t) = e(W(vn(z —2,t)) —t), reRY, t>0, z¢ B%(O).

Let T(wgf)) be the time such that

(6.2) lim  [Jw® (-, t)|pe@yy = lm  w(P(ay + 2,t) = .
=T (W) t—T ()

Since T(wa>) are independent of z € B% (0), we denote these time by T'(wy,).

By Lemma 2.1, we have 0 < w? < uin RY x [0, T'(ug)). Hence T'(ug) < T (w,)
for n =1,2,3,---. This immediately yields T'(ug) < lim,, oo T'(wp).

Lemma 6.2.  Assume (1.7) and (1.8). Then lim, . T(w,) = T(ug).

Proof.  Seeking a contradiction, we assume T'(ug) < limsup,,_,., T(wp,).

Then there exists a sequence ny; < ny < ngz < --- such that
(6.3) T(up) < lm T(wy,).
j—00

Note that wS can be defined for all ¢ € [0, T(uo)] and j € N. Since T'(wy,) is
independent of z € B Rp (0), we assume that z = 0 for simplicity. By the same

argument as in the proof of Lemma 3.1, we obtain lim,, s vy (an, T(M)) = M.
Hence, by (1.15) , we conclude that

wy) (an, T(M)) = ¢ ((vn, (an;, T(M)) ) = T(M))
—o(W(M)-T(M)) =00 as j— oo.

Since T (M) = T'(ug), this contradicts (6.3). The Lemma is proved. O
Now we are ready to prove Theorem 1.6 under the condition (6.1).
Proof of Theorem 1.6 under (6.1). First we prove

(6.4) lim a(x,t) =00, x€ Br,(a,) (n=1,2,3,---).
t—T (wn) 2

This is equivalent to the following:

(6.5) lim (e, + z,t) = oo, 2 € Br, (0).
t—T (wy) 2

To obtain a contradiction, we suppose lithT(wn) t(an + z,t) < oo for some
20 € Br, (0). By Lemma 2.1 and Lemma 6.1, we obtain
2

a(x,t) > 0P (x,t) > w (x,1), 2 € RN, t € [0, T(w,)), for all z € Br, (0),

2
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where @{” be the minimal continuation of the solution to the problem (1.1)
with the initial value v, o(z — z). Hence

lim w0 (an + 20,t) < lim  G(a, + 20,t) < o0,
t—T (wy) t—T(wy)

contradicting (6.2). Therefore, (6.5) must hold.
~ Lemma 6.2 implies that for any 6 > 0, there exists N € N such that
T(wy) < T(ug) + 6 for all n > N. Thus (1.24) yields

a(z, T(ug) +8) > / G(z —y, T(ug) + 6 —t) u(y,t) dy

B%LL (an)

for all 2 € RY and t € (0,T(wy,)). Using (6.4) and Fatou’s lemma, we conclude
that @(z, T (ug) +6) = oo for all z € RN by letting ¢t — T'(w,,). The theorem is
proved. 1

Next we prove Theorem 1.6 under the condition (1.8).

Proof of Theorem 1.6. It is sufficient to prove that the condition (1.8)
yields

(6.6) lim ||u(,7') — U(T)HLOC(BR"/Q(GW)) =0

n—00

for any small 7 > 0, where U is the solution of (1.6). Because we conclude
Theorem 1.6 by replacing ug by w(-,7) and repeating the above argument.
Since U(x,t) > u(x,t) for all z € RY and t € (0,T(M)), for any = € RY
and ¢ € [0, 7], there exists L = L, > 0 such that
(U—-u) <AWU —u)+ LU —u).

Hence, by the comparison principle

(U —u)(z,t) <e™™ | Gz —y,t) (M —uo)(y) dy

RN
= e‘“/ G(x —y,t) (M — uo)(y) dy
B%(ﬂi)
vett [ Gyt (M - ) dy
RN\B gy, ()

2
for any x € B%(an),t € (0,7). Since |z —y| < R,/2 and |z — a,| < R,/2
imply |y — a,| < R,,, we obtain
(U = u)(z,7) < e NG )| oo (B, a(0)) M = w0l 1 (B, (an))
+ Me |G, ) @y Ba, (0))
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for any « € Br, (a,). Therefore,

n
2

I =)l (Br, jatann < € TNGC T LB, 00 1M = tollLr (B, a0))
+ Me "G, )| L @3\ B, (0))-

Letting n — oo, and using the condition (1.8), we obtain (6.6). O
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