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Abstract

The aim of the present paper is to provide a global presentation of
the theory of special Finsler manifolds. We introduce and investigate
globally (or intrinsically, free from local coordinates) many of the most
important and most commonly used special Finsler manifolds: locally
Minkowskian, Berwald, Landesberg, general Landesberg, P-reducible,
C-reducible, semi-C-reducible, quasi-C-reducible, P*-Finsler, C"-recur-
rent, C”-recurrent, C°-recurrent, S’-recurrent, SV-recurrent of the sec-
ond order, Ca-like, S3-like, Sy-like, P»-like, Rgs-like, P-symmetric, h-
isotropic, of scalar curvature, of constant curvature, of p-scalar curva-
ture, of s-ps-curvature.

The global definitions of these special Finsler manifolds are intro-
duced. Various relationships between the different types of the consid-
ered special Finsler manifolds are found. Many local results, known in
the literature, are proved globally and several new results are obtained.
As a by-product, interesting identities and properties concerning the tor-
sion tensor fields and the curvature tensor fields are deduced.

Although our investigation is entirely global, we provide; for com-
parison reasons, an appendix presenting a local counterpart of our global
approach and the local definitions of the special Finsler spaces consid-
ered.

1. Introduction

In Finsler geometry all geometric objects depend not only on positional
coordinates, as in Riemannian geometry, but also on directional arguments. In
Riemannian geometry there is a canonical linear connection on the manifold M,
while in Finsler geometry there is a corresponding canonical linear connection,
due to E. Cartan, which is not a connection on M but is a connection on
7~ Y(TM), the pullback of the tangent bundle TM by 7 : TM — M (the
pullback approach). Moreover, in Riemannian geometry there is one curvature
tensor and one torsion tensor associated with a given linear connection on the
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manifold M, whereas in Finsler geometry there are three curvature tensors and
five torsion tensors associated with a given linear connection on 7= (TM).

Most of the special spaces in Finsler geometry are derived from the fact
that the m-tensor fields (torsions and curvatures) associated with the Cartan
connection satisfy special forms. Consequently, special spaces of Finsler geom-
etry are more numerous than those of Riemannian geometry. Special Finsler
spaces are investigated locally (using local coordinates) by many authors: M.
Matsumoto [16], [18], [15], [14] and others [6], [19], [8], [7]. On the other hand,
the global (or intrinsic, free from local coordinates) investigation of such spaces
is very rare in the literature. Some considerable contributions in this direction
are due to A. Tamim [24], [25].

In the present paper, we provide a global presentation of the theory of spe-
cial Finsler manifolds.  We introduce and investigate globally many of
the most important and most commonly used special Finsler manifolds: lo-
cally Minkowskian, Berwald, Landesberg, general Landesberg, P-reducible, C-
reducible, semi-C-reducible, quasi-C-reducible, P*-Finsler, C"-recurrent, C'"-
recurrent, CO-recurrent, SV-recurrent, SU-recurrent of the second order, Cs-like,
Ss-like, Sy-like, Py-like, R3-like, P-symmetric, h-isotropic, of scalar curvature,
of constant curvature, of p-scalar curvature, of s-ps-curvature.

The paper consists of two parts, preceded by a preliminary section (§2),
which provides a brief account of the basic concepts of the pullback approach to
Finsler geometry necessary to this work. For more detail, the reader is referred
to [1], [3], [5] and [24].

In the first part (§3), we introduce the global definitions of the aforemen-
tioned special Finsler manifolds in such a way that, when localized, they yield
the usual local definitions current in the literature (see the appendix). The
definitions are arranged according to the type of the defining property of the
special Finsler manifold concerned.

In the second part (§4), various relationships between the different types of
the considered special Finsler manifolds are found. Many local results, known
in the literature, are proved globally and several new results are obtained. As a
by-product of some of the obtained results, interesting identities and properties
concerning the torsion tensor fields and the curvature tensor fields are deduced,
which in turn play a key role in obtaining other results.

Among the obtained results are: a characterization of Riemannian man-
ifolds, a characterization of SY-recurrent manifolds, a characterization of P-
symmetric manifolds, a characterization of Berwald manifolds (in certain cases),
the equivalence of Landsberg and general Landsberg manifolds under certain
conditions, a classification of h-isotropic C"-recurrent manifolds and a presen-
tation of different conditions under which an R3-like Finsler manifold becomes a
Finsler manifold of s-ps curvature. The above results are just a non-exhaustive
sample of the global results obtained in this paper.

It should finally be noted that some important results of [8], [9], [11], [13],
[19], [20],..., etc. (obtained in local coordinates) are immediately derived from
the obtained global results (when localized).

Although our investigation is entirely global, we conclude the paper with
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an appendix presenting a local counterpart of our global approach and the local
definitions of the special Finsler spaces considered. This is done to facilitate
comparison and to make the paper more self-contained.

2. Notation and preliminaries

In this section, we give a brief account of the basic concepts of the pullback
formalism of Finsler geometry necessary for this work. For more details refer
to [1],[3],[5] and [24]. We make the general assumption that all geometric
objects we consider are of class C*°. The following notations will be used
throughout this paper:

M: a real differentiable manifold of finite dimension n and of class C°,
F(M): the R-algebra of differentiable functions on M,

X(M): the F(M)-module of vector fields on M,

7wy TM — M: the tangent bundle of M,

7w :TM — M: the subbundle of nonzero vectors tangent to M,

V(TM): the vertical subbundle of the bundle TT' M,

P: 7 Y(TM) — T M: the pullback of the tangent bundle TM by ,

P* . 7= 1(T*M) — T M: the pullback of the cotangent bundle T*M by ,
X (mw(M)): the F(TM)-module of differentiable sections of 7~1(TM).

Elements of X' (7(M)) will be called m-vector fields and will be denoted by
barred letters X. Tensor fields on 7#~(T'M) will be called 7-tensor fields. The
fundamental 7-vector field is the m-vector field 77 defined by 7(u) = (u,u) for
all u € TM. The lift to 7= (T'M) of a vector field X on M is the m-vector field
X defined by X (u) = (u, X(7(u))). The lift to 7=1(T'M) of a 1-form w on M
is the m-form @ defined by W(u) = (u,w(w(w))). The tangent bundle T'(7 M) is
related to the pullback bundle 7=1(TM) by the short exact sequence

0— 7 Y(TM) L T(TM) 2 7= (TM) — 0,

where the bundle morphisms p and v are defined respectively by p = (w7, d7r)
and y(u,v) = ju(v), where j, is the natural isomorphism j, : Ty, )M —
TU(T‘/T]W(U) M)

Let V be a linear connection (or simply a connection) in the pullback
bundle 7= (T M). We associate to V the map

K:TTM — 771 (TM) : X — Vx7,

called the connection (or the deflection) map of V. A tangent vector X €
T (T M) is said to be horizontal if K(X) = 0. The vector space H, (7T M) =
{X eT,(TM): K(X) =0} of the horizontal vectors at u € T M is called the
horizontal space to M at v . The connection V is said to be regular if

T (TM)=V,(TM)® H,(TM) YueTM.
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If M is endowed with a regular connection, then the vector bundle maps

v TM) — V(TM),
placran : H(TM) — T (TM),
Klvran : V(TM) — o~ (TM)

are vector bundle isomorphisms. Let us denote 3 = (p| g (7)) ", then

(2.1) poB = idr—1 (T, Bop = { 0 ran on V(TM)

1 2
For a regular connection V we define two covariant derivatives V and V
as follows: For every vector (1)7-form A, we have

1 — — — 2 - — —
(VA)X,Y) = (Vg A)(Y), (VAX,Y) = (Vg A)Y).
The (classical) torsion tensor T of the connection V is defined by
T(X,Y)=VxpY —VypX —p[X,Y] VXY € X(TM).

The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors, denoted respectively
by @ and T, are defined by

QX,Y) =T(BXpY), T(X,Y)=THX,0Y) VXY € X(r(M)).
The (classical) curvature tensor K of the connection V is defined by
K(X,Y)pZ =—-VxVypZ +VyVxpZ + V[X)y]pZ VX, Y,Z e X(TM).

The horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors, denoted
respectively by R, P and S, are defined by

RX,V)Z = K(BXV)Z, P(X.Y)Z =KX, V)7,

S(X,Y)Z =K(X,7Y)Z.
We also have the (v)h-, (v)hv- and (v)v-torsion tensors, denoted respectively
by R, P and S, defined by

R(X,)Y)=R(X,Y)s, PX,Y)=PX,Y)p SX,Y)=SX,Y)q.

Theorem 2.1 ([25]).  Let (M, L) be a Finsler manifold. There exists a
unique regular connection V in 7= (T M) such that

(a) V is metric: Vg =0,
(b) The horizontal torsion of V vanishes: @ =0,

(c) The mized torsion T of V satisfies g(T(X,Y),Z) = g(T(X,Z),Y).
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Such a connection is called the Cartan connection associated with the
Finsler manifold (M, L).

One can show that the torsion T of the Cartan connection has the property
that T(X,7) = 0 for all X € X(n(M)) and associated with T we have:

Definition 2.1 ([25]). Let V be the Cartan connection associated with
(M, L). The torsion tensor field T' of the connection V induces a m-tensor field
of type (0, 3), called the Cartan tensor and denoted again T', defined by:

T(X,Y,Z2)=g(T(X,Y),Z), forall X,Y,Zc X(TM).
It also induces a w-form C, called the contracted torsion, defined by:
C(X)=Tr{Y — T(X,Y)}, forall X e X(TM).

Definition 2.2 ([25]).  With respect to the Cartan connection V asso-
ciated with (M, L), we have

— The horizontal and vertical Ricci tensors Ric" and Ric’ are defined respec-
tively by:

Ric"(X,Y) :=Tr{Z — R(X,Z)Y}, forall X,Y € X(TM),

Ric’(X,Y) :=Tr{Z+— S(X,2)Y}, forall X,Y € X(TM).

— The horizontal and vertical Ricci maps Ricl and Ricy are defined respectively
by:

g(Ric}(X),Y) := Ric"(X,Y), forall X,Y € X(TM),

g(Ricy(X),Y) := Ric*(X,Y), forall X,Y € X(TM).
— The horizontal and vertical scalar curvatures Sc” , Sc¢¥ are defined respec-
tively by:
Sc := Tr(Rich), Sc? := Tr(Ricg),

where R and S are respectively the horizontal and vertical curvature tensor
fields of V.

Proposition 2.1 ([12]).  Let (M, L) be a Finsler manifold. The vec-
tor field G determined by ic{) = —dFE is a spray, called the canonical spray
associated with the energy E, where E = %LQ and Q :=dd;E.

One can show, in this case, that G = (o, and G is thus horizontal with
respect to the Cartan connection V.

Theorem 2.2 ([26]).  Let (M, L) be a Finsler manifold. There exists a
unique reqular connection D in 7= (T M) such that
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(a) D is torsion free,
(b) The canonical spray G = fo1] is horizontal with respect to D,

(c) The (v)hv-torsion tensor P of D vanishes.

Such a connection is called the Berwald connection associated with the
Finsler manifold (M, L).

3. Special Finsler spaces

In this section, we introduce the global definitions of the most important
and commonly used special Finsler spaces in such a way that, when localized,
they yield the usual local definitions existing in the literature (see the Ap-
pendix). Here we simply set the definitions, postponing investigation of the
mutual relationships between these special Finsler spaces to the next section.
The definitions are arranged according to the type of defining property of the
special Finsler space concerned.

Throughout the paper, g, g, V and D denote respectively the Finsler metric
in 771(T M), the induced metric in 7= (T*M), the Cartan connection and the
Berwald connection associated with a given Finsler manifold (M, L). Also, T
denotes the torsion tensor of the Cartan connection (or the Cartan tensor) and
R, P and S denote respectively the horizontal curvature, the mixed curvature
and the vertical curvature of the Cartan connection.

Definition 3.1. A Finsler manifold (M, L) is:

(a) Riemannian if the metric tensor g(z,y) is independent of y or, equivalently,
if

T(X,Y)=0, forall X,Y € X(n(M)).

(b) locally Minkowskian if the metric tensor g(z,y) is independent of x or,
equivalently, if

VixT =0 and R=0.
Definition 3.2. A Finsler manifold (M, L) is said to be:
(a) Berwald [24] if the torsion tensor T' is horizontally parallel. That is,

VxT=0.

(b) C"-recurrent if the torsion tensor 7T satisfies the condition
Vix T =X(X)T,

where )\, is a m-form of order one.
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(c) P*-Finsler manifold if the m-tensor field V5T is expressed in the form
Vg T = ANz,y) T,

=C(C) #0;

where A\(z,y) =
C being the m-vector field defined by ¢(C, X) = C(X)

§(VﬁcﬁQCvC) — g(vﬁcﬁf’a) and 02 = /g\(C, C)
Definition 3.3. A Finsler manifold (M, L) is said to be:

(a) C"-recurrent if the torsion tensor 7' satisfies the condition
(V. xT)(V,Z) = \(X)T(YV, Z).

(b) C°-recurrent if the torsion tensor T' satisfies the condition
(DVYT)(Ya Z) = X(X)T(Y, 2).

Definition 3.4 ([25]). A Finsler manifold (M, L) is said to be:

(a) semi-C-reducible if dim M > 3 and the Cartan tensor T has the form

T(X,Y,7) =

where p1 and 7 are scalar functions satisfying 4+ 7 =1, h = g - ® £ and
U(X) = L™ g(X, 7).

(b) C-reducible if dim M > 3 and the Cartan tensor T has the form

1
n+1

T(X,Y.Z) = (W(X.Y)C(Z) + WY, Z)C(X) + hZ,X)C(Y)}.

(c) Cs-like if dim M > 2 and the Cartan tensor T has the form

Definition 3.5. A Finsler manifold (M, L), where dim M > 3, is said
to be quasi-C-reducible if the Cartan tensor T is written as:

T(X,Y,Z)=AX,Y)O(Z)+ AY,Z)O(X) + A(Z, X)C(Y),
where A is a symmetric indicatory (2) w-form (A(X,7) =0 for all X).
Definition 3.6 ([25]). A Finsler manifold (M, L) is said to be:

(a) Ss-like if dim M > 4 and the vertical curvature tensor S(X,Y,Z, W)

= g(S(X,Y)Z, W) has the form:

S(X,Y,Z, W) = %{5(7, 2T, W) — h(X, W

~—
=t

(Y, Z)}.
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(b) Sy-like if dim M > 5 and the vertical curvature tensor S(X,Y, Z, W) has
the form:

/—\

- S(X,Y,Z,7W) =h(X, Z)F(V, W) — h(V, Z)F(X, V)
' +h(Y,W)F(X,Z) - i(X,W)F(Y,Z),

%I

where F is the (2)r-form defined by F =

n13 {Ricv B 2(n 2)}
Definition 3.7. A Finsler manifold (M, L) is said to be:

(a) Sv-recurrent if the v-curvature tensor S satisfies the condition

(V. %8) (V. Z,W) = AX)S(TV. 2)W,
where \ is a m-form of order one.

(b) Sv-recurrent of the second order if the v-curvature tensor S satisfies the
condition

where © is a m-form of order two.
Definition 3.8 ([24]). A Finsler manifold (M, L) is said to be:
(a) a Landsberg manifold if
ﬁ(Y, Y)=P(X,Y)1=0 VX,Y € X(n(M)), or equivalently V; T = 0.
(b) a general Landsberg manifold if
Tr{Y — P(X,Y)} =0 VX, € X(x(M)), or equivalently Vgm C =0.

Definition 3.9. A Finsler manifold (M, L) is said to be P-symmetric
if the mixed curvature tensor P satisfies
P(X,Y)Z = P(V,X)Z, ¥ X,Y,Z € X(x(M)).

Definition 3.10. A Finsler manifold (M, L), where dim M > 3, is said
to be Py-like if the mixed curvature tensor P has the form:

PX,)Y,Z,W)=a(Z)T(X,Y,W) - a(W)T(X,Y,Z),
where a is a (1) m-form (positively homogeneous of degree 0).

Definition 3.11 ([25]). A Finsler manifold (M, L), where dim M > 3,
is said to be P-reducible if the 7-tensor field P(X,Y,Z7) = g(P(X,Y), Z
can be expressed in the form:

P(X,Y,Z)=6X)WY,Z)+6(Y)WZ,X) +6(2)h(X,Y),

where 6 is a (1) m-form satisfying 6(7) = 0.
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Definition 3.12 ([2]). A Finsler manifold (M, L), where dim M > 3,
is said to be h-isotropic if there exists a scalar k, such that the horizontal
curvature tensor R has the form

R(yv ?)7 = ko{g(?v 7)y - g(y, 7)?}

Definition 3.13 ([2]). A Finsler manifold (M, L), where dim M > 3,
is said to be:

(a) of scalar curvature if there exists a scalar function k : 7M — R such
that the horizontal curvature tensor R(X,Y,Z, W) := g(R(X,Y)Z, W)
satisfies the relation

R, X,7,Y) = kL*N(X,Y).
(b) of constant curvature if the function k in (a) is constant.

Definition 3.14. A Finsler manifold (M, L) is said to be Rs-like if
dim M > 4 and the horizontal curvature tensor R(X,Y,Z,W) is expressed

in the form
' + g(? W)F(

where F is the (2)7-form defined by F = - {Ric" — 2‘?;—}1‘{)}

4. Relationships between different types of special Finsler spaces

This section is devoted to global investigation of some mutual relationships
between the special Finsler spaces introduced in the preceding section. Some
consequences are also drawn from these relationships.

We start with some immediate consequences from the definitions:
(a) A Locally Minkowskian manifold is a Berwald manifold.
(b) A Berwald manifold is a Landsberg manifold.
(¢) A Landsberg manifold is a general Landsberg manifold.
(d) A Berwald manifold is C"-recurrent (resp. P*-Finsler).
(e) A P*-manifold is a Landsberg manifold.
(f) A C-reducible (resp. Cs-like) manifold is semi-C-reducible.
(g) A semi-C-reducible manifold is quasi-C-reducible.
(h) A Finsler manifold of constant curvature is of scalar curvature.

The following two lemmas are useful for subsequent use.
Lemma 4.1 ([25]).  For every X,Y € X(w(M)), we have:

(a) P(ﬁv Y)? =0, (b) P(Yv ﬁ)V =0, (C) P(Y’ 7)ﬁ = (VBWT)(Yv ?)
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Lemma 4.2.  If ¢ is the vector m-form defined by
(4.1) dX) =X LX)y, or ¢:=1-L"H®7,
where € is the w-form given by {(X) = L™'g(X,7), then we have:
(a) h(X.Y) = g(6(X).Y), (b) ¢(7) =0, (c) podp =09,
(d) Tr(¢) =n—1, (e) Vyx =0, () Vyxh=0.

As we have seen, a Landsberg manifold is general Landsberg. The converse
is not true. Nevertheless, we have

Proposition 4.1. A C-reducible general Landsberg manifold (M, L) is
a Landsberg manifold.

Proof. Since (M, L) is a C-reducible manifold, then, by Definition 3.4,
Lemma 4.2, the symmetry of  and the non-degeneracy of g, we get

1

T(X,Y)= {W(X,Y)C+ C(X)p(Y) + C(Y)d(X)},
where C' is the m-vector field defined by ¢(C,X) := C(X). Taking the h-
covariant derivative V 57 of both sides of the above equation, we obtain
— 1  — — — — —
(V7 1)K, V) = (V5 WYX V)T + (X, V)V 50+ C(X)(V 17 6)(T)
+(Vz C)X)o(Y)+C(Y) (V7 0)(X)+(V57 O)Y)o(X)},

from which, by setting Z = 7 and taking into account the fact that V gzh=0
and V7 ¢ =0 (Lemma 4.2), we get

(Von T)(X, V) = —— {h(X, V)V 33 O+ (Vg O)(X)6(V)+ (V3 OV )6}

Now, under the given assumption that the (M, L) is a  general Landsberg man-
ifold, then Vi C = 0 (Definition 3.8) and hence Vg; C' = 0. Hence Vg T =0
and the result follows. O

Also, a Berwald manifold is Landsberg. The converse is by no means true,
although we have no counter-examples. Finding a Landsberg manifold which
is not Berwald is still an open problem. Nevertheless, we have

Proposition 4.2 ([25]). A C-reducible Landsberg manifold (M, L) is a
Berwald manifold.

Combining the above two Propositions, we obtain the more powerful re-
sult :

Proposition 4.3. A C-reducible general Landsberg manifold (M, L) is
a Berwald manifold.
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Summing up, we get:

Theorem 4.1.  Let (M, L) be a C-reducible Finsler manifold. The fol-
lowing assertion are equivalent:

(a) (M, L) is a Berwald manifold.
(b) (M, L) is a Landsberg manifold.

(c) (M, L) is a general Landsberg manifold.
We retrieve here a local result of Matsumuoto [15], namely

Corollary 4.1.  If the h-curvature tensor R and hv-curvature tensor P
of a C-reducible manifold vanish, then the manifold is Locally Minkowskian.

Remark 1 ([15]). It may be conjectured that a Finsler manifold will be
Minkowskian if the h-curvature tensor R and hv-curvature tensor P vanish. As
above seen the conjecture is verified already under somewhat strong condition
“C-reducibility”.

Theorem 4.2.  Let (M, L) be a Finsler manifold. Then we have:
(a) A C-reducible manifold is P-reducible.

(b) A P-reducible general Landsberg manifold is Landsbery.

Proof.
(a) Since (M, L) is C-reducible, then by Definition 3.4, we have
— 1 — —
TX,Y,Z)= X, Y)C(Z
@YD= Y (EVIO@).

XY,z

where the symbol Z denotes the cyclic sum over X,Y and Z.
XY, Z
Applying the h-covariant derivative Vgw on both sides of the
above equation, taking into account the fact that (Vg T)(X,Y,Z2) =

9(Vaw T)(X,Y),Z) and V g h = 0, we obtain

From which, by setting W = 7 and noting that P(X,Y) = (Vg T)(X,Y),
the result follows.

(b) Since (M, L) is a P-reducible manifold, then by Definition 3.11, taking into
account the fact that g is nondegenerate, we obtain

(4.2) P(X,Y) =6(X)$(Y) +0(Y)p(X) + h(X,Y)
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where C is the m-vector field defined by g(¢, X) := 6(X).
Since 6(77) = 0, then Tr{Y — 6(Y)o(X) + i(X,Y) ¢} = 26(X). Taking the
= (

trace of both sides of (4.2), using the fact that P(X,Y)7 = (Vg T)(X,Y)
(Lemma 4.1) and Tr{Y — (Vg; T)(X,Y)} = (Vg C)(X), we get

— 1 —
(43) 5(X) = — = (Vem O)(X).
Now, from Equations (4.2) and (4.3), we have

— . — 1 — —
@ WPETRT) = Y (E Ve D))
XY,z

According to the given assumption that the manifold is general Landsberg,
then Vs C = 0. Therefore, from (4.4), we get P(X,Y )77 = 0 and hence the
manifold is Landsberg. a

Proposition 4.4.
(a) A C"-recurrent manifold is a P*-Finsler manifold.
(b) A general Landsberg P*-Finsler manifold is a Landsberg manifold.
Proof. The proof is straightforward and we omit it. a

Proposition 4.5. A Cy-like Finsler manifold is a Berwald manifold if,
and only if, the w-tensor field C' is horizontally parallel.

Proof. Let (M, L) be Co-like. Then, T(X,Y,Z) = ﬁC(Y)C(?)C(?),
from which T'(X,Y) = & C) L _C(X)C(Y)C. Taking the h-covariant derivative of
both sides, we get

— —VﬁgC(é) — —— 1 — —
1 o 1 — _
ey V2O + o CRICT)T 5
In view of this relation, VezT =0 if, and only if, V fC’ = 0. Hence the

result. O

Corollary 4.2. A Cs-like general Landsberg manifold is a Landsberg
manifold.

In view of the above Theorems, we have:

Corollary 4.3. The two notions of being Landsberg and general Lands-
berg coincide in the case of C-reducibility, P-reducibility, Cs-likeness or P*-
Finsler.
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As we know, a C-reducible Landsberg manifold is a Berwald manifold
(Proposition 4.2 ). Moreover, A Cs-like Finsler manifold is a Berwald manifold
if, and only if, the w-tensor field C' is horizontally parallel (Proposition 4.5).
We shall try to generalize these results to the case of semi-C-reduciblity.

Theorem 4.3. A semi-C-reducible Finsler manifold is a Berwald man-
ifold if, and only if, the characteristic scalar u and the w-tensor field C are
horizontally parallel.

Proof. Firstly, if (M, L) is semi-C-reducible, then

=

-
B
>
=
N
——
+

T(X,V,7) = __c(X)CV)C(D).

c(o)

(VDX V,2) = — 3 (WX )V wO) @) + (V) D))
XY, Z
taz 2 (Vw@OT)e@)
XY, Z
- {V‘;”Z” e (C)} @)

Now, if the characteristic scalar p and the m-tensor field C' are horizontally
parallel, then V5T = 0 and (M, L) is a Berwald manifold.
Conversely, if (M, L) is a Berwald manifold, then V%7 = 0 and hence

VﬁyC’ =0, vﬁyﬁ = 0. These, together with the above equation, give

1 — S |
Vg m_Z_{h(X’ Y)C(Z)} - @C(X)C(Y)C(Z) =0,
XY, Z
which implies immediately that V gzzp = 0. |

Remark 2. It should be noted that the local expressions of the obtained
intrinsic results (Theorem 4.2 to Theorem 4.3), when calculated, coincide with
the classical local results of [7], [13], [17], [15], and [18].

The following lemmas are useful for subsequent use

Lemma 4.3. For all X,Y € X(7(M)), we have:
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Lemma 4.4. For all X,Y,Z,W € X(n(M)) and W € X(TM), we
have:

(a) g((VWT) (Yv ?)77) = g((VWT)(Yv 7)77)7

(b) 9(S(X,Y)Z, W) =—g(S(X,Y)W,Z).

Proof.
(a) From the definition of the covariant derivative, we get

(4.5) I(VwT)(X.Y),Z2) = g(VwT(X,Y),Z) - g(T(VwX,Y), Z)
' - g(T(y, VW?)aé)

Now, we have

9(VwT(X,Y),Z2) =W - g(T(X,Y), Z) - g(T(
X.Y).Z

Similarly,

9(T(X,VwY),Z) =W - g(T(X,Z),Y) - g(VwT(X,2),Y).
Substituting these two equations into (4.5), noting the property that
g T(VwX,Y),Z)=g(T(VwX,Z),Y) (cf. §1), the result follows.

(b) follows directly from the general formula (which can be easily proved)
9(K(X,Y)Z,T7) + g(K(X, Y)W, Z) =

by setting X = vX and Y = ~Y, where K is the (classical) curvature tensor
of the Cartan connection viewed as a linear connection in the pull-back bundle
(cf. §2). O

Proposition 4.6.  Let (M, L) be a C"-recurrent Finsler manifold (i.e.,
VixT = Mo(X)T). Then, we have:

(a) If K, := A\o(7) = 0, then the hv-curvature tensor P is expressed in the
form :
P(X.¥,7,) = W(Z)T(X, ¥, ) - 0, (W) T(X. V. 2)
and the (v)hv-torsion P vanishes.

(b) If K, # 0, then the U(hv)-torsion tensor P is recurrent:
~ o — Vg
(VizP)(X.Y) = (\(Z) + E)P(X,Y).
Proof.

(a) The hv-curvature tensor P can be written in the form [25]:

PX,Y,Z,W)=g((VzzT)(X,Y),W) - g(VywT)(X.Y), Z)

+ g(T(Y, 7)) ﬁ(W’ 7)) - g(T(Y, W), (7’ 7))
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Then, by using P(X,Y) = (VgrT)(X,Y) (Lemma 4.1) and the CP-recurrence
condition, we get

Now, if \,(7) = 0, then (a) follows from the above relation.

(b) If K, := X\(7) # 0, then by Lemma 4.1 and the recurrence condition, we
have

P(X,Y) = K,T(X,Y),
from which
(VzP)(X,Y) = {V 2K, + Ko)o(2)}T(X,Y).
Then, (b) follows from the above two equations. !

Theorem 4.4.  Assume that (M,L) is C"-recurrent. Then, the v-
curvature tensor S is recurrent with respect to the h-covariant differentiation:
VxS =0(X)S, where 0 is a w-form of order one.

Proof.  One can easily show that: For all X,Y,Z € X(T M),

> AKX, Y)pZ + VxT(Y, Z) + T(X,[Y, Z])} = 0.
X,Y,Z

Setting X =X, Y =~Y and Z = 37 in the above equation, we get
S(X,V)Z =V 3T(X,2) -V 5TV, Z) - V 1 T(X,7)
— T(vX, (WY, BZ]) + T("Y,[vX, Z]) + T(7X,~Y ], BZ).

Using Lemma 4.3 and the fact that T(yX,vZ) = 0, the above equation reduces
to

(4.7)

From which, since g(T(X,Y), Z) = g(T(X,Z),Y), we have

9(S(X,Y)Z,W) = g(V.5T)(X,Z),W) — g(V,xT)(Y,2), W)
T T
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Similarly,

9(SX, Y)W, 2) = g(V.yT) (X, W),Z) = g(V.xT)(Y, W), 2)
+9(T(X,2),T(Y,W)) — g(T(Y,Z),T(X,W)).
The above two equations, together with Lemma 4.4, yield
(4.8) (V. xD)Y,2),W) =g(V,yT)(X,Z),W).
By (4.7) and (4.8), we obtain
(4.9  S(X,Y,Z,W)=g(T(X,W),T(Y,2)) - g(T(Y,W),T(X, Z)).

Now, using the given assumption that the manifold is C"-recurrent, Equa-
tion (4.9) implies that

= VxSV, Z,V,W)
(VY Z,V, W) = S(V,V 5 Z,V, W)
SV, 2,V 5V, W) = S(V, Z,V,V ;W)

—9(T(VexY W), T(Z,V)) + 9(T(Z,W), T(V ;%Y. V))
—9(T(Y, W), T(VyxZ V) +9(T(VyxZ, W), T(Y,V))
— g(T(Y, W), T(Z,¥ V) + g(T(Z, W), T(V, ¥ 1 V)
—g(T(Y,VxW), T(Z,V)) + g(T(Z,V 5xW),T(Y,V)).
=9(VexD)(Y, W), T(Z,V)) + g(T(Y,W),(V3xT)(Z,V))
—9(VgxT)(Z, W), T(Y,V)) = g(T(Z,W),(Vg=xT)(Y,V))
=2X,(X)S(Y,Z,V,W) = 0(X)S(Y,Z,V,W)
Hence, the result follows. a

Corollary 4.4.  In the course of the proof of Theorem 4.4, we have
shown that (Equations (4.8) and (4.9)):

(a) (VWYT)(?v 7) = (VVVT)(Xv 7)7
(b) S(X.Y,Z,W)=g(T(X,W),T(Y,Z)) - g(T(Y,W),T(X,Z)).

Corollary 4.5.  Let (M, L) be a Cs-like Finsler manifold. Then the v-
curvature tensor S vanishes.

Proof. Substituting T(X,Y) = ﬁC(Y)C(?)U in Corollary 4.4(b),

we get the result. O
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Corollary 4.6.  Let (M, L) be a C-reducible manifold. Then,

(a) the v-curvature tensor S has the form

S(X,Y,Z,W) = (n+11)2 20(X, W)Y, Z) — C*(T, W)i(X, Z)
+ WX, W)CY)C(Z) + WY, Z)C(X)C(W)
— WY, W)C(X)C(Z) — WX, Z)C(Y)C(W)}.
(b) the vertical Ricc tensor Ric’ has the form
v B e (=)
Ric’(X,Y) CESIE (X)C(Y) CESIE C°h(X,Y)

(c) the vertical scalar curvature Sc¥ has the form

v_(2_n) 2
S _(n+1)c

Theorem 4.5. A Finsler manifold (M, L) is P-Symmetric if, and only
if, the v-curvature tensor S satisfies the equation VgzS = 0.

Proof. One can show that: For all X|Y,Z € X(TM),

X,Y,Z
Setting X =+vX,Y =~Y and Z = 37 in the above equation, we get
VY 7S(X, V)W + V3 P(Z, X)W - V

- S(X,Y)VzW + P(Z,Y)V
~K(WX, 1Y, B2)W — K([7Y, BZ],7 X)W — K([BZ,7X],7Y)W = 0.

By using Lemma 4.3, the above relation reduces to
(4.11) +S(P

Setting Z =7 in the above equation, taking into account Lemma 4.1 and the

fact that T'(X,7) = 0 and (V. xP)(1,Y,Z) = —P(X,Y)Z, we get
(4.12) P(X.Y)Z =P(Y,X)Z — (VS)(X,Y,Z).
The result follows immediately from (4.12). O

According to (4.12) and Lemma 4.1, we have
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Corollary 4.7.  The w-tensor fields PandT defined by

~

P(X,Y):= P(X,Y)] and T(X,Y):= (Vs T)(X,Y)
are symmetric.
Theorem 4.4 and Theorem 4.5 give rise the following result.

Theorem 4.6.  Assume that a Finsler manifold (M, L) is C"-recurrent
and P-symmetric. If 0(7) # 0, then the v-curvature tensor S vanishes identi-
cally.

Remark 3. It is to be noted that some important local results of [13],
[19] and [20] are retrieved from the obtained intrinsic results (Proposition 4.6
to Theorem 4.6) when localized.

Now, we shall prove the following lemma which provides some important
and useful properties of the torsion tensor T and the v-curvature S:

Lemma 4.5.  For every X,Y,Z, W € X(n(M)), we have
(a) T(X,Y)=T(Y,X),
(b) T(7,X) =0,

Proof.
(a) From Corollary 4.4(a), we have

(V,YYT)(V, Z) = (V,Y?T)(Y, 7).
Setting Z =7 and using the fact that T(X,7) = 0 and K 0y = idx(r(ar)), the
result follows.
(b) Follows from (a) together with the relation T'(X,7) = 0.
(c) Setting X =X, Y =~Y and Z = vZ in (4.10) and using Lemma 4.3,
we get
(V,ny)(?, Z,W)=0.
Xv.Z
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Again, setting W = 7 in the above equation and using S(X,Y)7 = 0 and
K oy =idxx(n)), the result follows.
(d) Follows from Corollary 4.4(b), noting that 7" is symmetric.
(e) and (f) are clear.
(g) From the relation D,yy? = V'VYY —~T(X,Y) [27], we get

(Dx1)Y.Z)=(VxT)(Y.Z) - T(X,T(Y, Z))
+T(T(X,Y),Z)+ T(Y,T(X,Z)),

(DA/?T)(Yv 7) = (VA/?T) (Yv 7) - T(YvT(Y’ 7))
+T(T(Y,X),Z2)+T(X,T(Y,2)).

The result follows from the above two equations, using Corollary 4.4 and the
symmetry of T'. a

As a direct consequence of the above lemma, we have the
Corollary 4.8. A P,-like Finsler manifold is P-symmetric.

Proposition 4.7.  Assume that (M, L) is C?-recurrent. Then, the v-
curvature tensor S is v-recurrent: V_ xS = W(X)S, ¥ being a (1)m-form.
Consequently, S vanishes identically.

Proof. Taking the v-covariant derivative of both sides of the relation in

Corollary 4.4(b) and, then, using the assumption that V_ 5T = \o(X)T', we
get

(V. xS) (V. Z,V, W) = 20,(X)S(V, Z,V, W) = $(X)S(Y, Z,V, W),

which shows that 5; is v-recurrent.
Now, setting V' = 7 in the last equation, using the properties of S and
noting that K oy = idx(x(ar)), we conclude that S = 0. O

The following result gives a characterization of Riemannian manifolds in
terms of C-recurrence and C°-recurrence.

Theorem 4.7.
(a) A CV-recurrent Finsler manifold is Riemannian,
(b) A CC-recurrent Finsler manifold is Riemannian.

Proof.
(a) Since (M, L) is C-recurrent, then (VWYT)(?v Z) = MN(X)T(Y,Z), from
which, by setting X =7 and noting that V.zT = —T, we get

(4.13) T(Y,Z) = - @) (Y, 7).
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Hence,
(4.14) NoMT(Y,Z) = 0.

Then, the result follows from (4.13) and (4.14).
(b) can be proved similarly. O

Theorem 4.8.  For a Finsler manifold (M, L), the following assertions
are equivalent:

(a) (M, L) is SV-recurrent.
(b) The v-curvature tensor S vanishes identically.

(c) (M,L) is SV-recurrent of the second order.

Proof.
(a) = (b): If (M, L) is S”-recurrent, then by Definition 3.7(a) we have

(V.wS)(X,Y,Z) = NW)S(Y, X)Z,

from which, by setting Z = 7, taking into account the fact that S(X,Y ) =0
and Koy = id-1(rnr), the result follows.

(b) = (a): Trivial.

(b) = (c): Trivial.

(c) = (b): If the given manifold (M, L) is S¥-recurrent of the second order,
then by Definition 3.7(b) we get

oX,V)S(Z, V)W = (vv 8)(V,X,Z,V, )
=V v (Vx)Z,V, W)~ (Vg _xS)Z,V,W)
— (V. x)(V.5Z, V. W)~ (V. x5)(Z.V V., W)
— (V%) (Z.V, V. 5.
By Substituting_z

=7n= W in the above equation and using Lemma 4.5 and
the fact that S(X,Y 0

, we get
S(X,Y)Z = -S(Z,Y)X and S(X.Y)Z = -S(X,Z)Y.

From this, together with the identity > v 7 S (X,Y)Z = 0, the v-curvature
tensor S vanishes identically. O

In view of the above theorem, we have:
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Corollary 4.9.

(a) An SV-recurrent (resp. a second order SV-recurrent) manifold (M, L) is
Ss-like, provided that dim M > 4.

(b) An SY-recurrent (resp. a second order SY-recurrent) manifold (M, L) is
Sy-like, provided that dim M > 5.

Theorem 4.9. If (M,L) is a Py-like Finsler manifold, then the v-
curvature tensor S wvanishes or the hv-curvature tensor P wvanishes. In the
later case, the h-covariant derivative of S vanishes.

Proof. As (M, L) is Py-like, then P(X,Y,7,W) = aMT(X,Y,W) =

a,T(X,Y,W) and hence
(4.15) P(X,Y) =a,T(X,Y).

Now, setting W = 7 into (4.11), we get

From which, together with (4.15) and Definition 3.10, taking into account the
relation (Vny)(?, X)= (Vvyao)T(f, X)+ ao(waT)(7, X), we obtain

Therefore, using Corollary 4.4,
(Vvyoz)( T (X,Z,W) — (V <) MTY,Z, W) =a,S(X,Y, W, Z).

It is to be observed that the left-hand side of the above equation is symmetric
in the arguments Z and W while the right-hand side is skew-symmetric in the
same arguments. Hence we have

(4.16) a,S(X,Y,W,Z) =0,

(4.17) cVI(X,Z,W) — e(X)T(Y,Z, W) = 0,
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where ¢ is the m-form defined by £(Y) := (V. za)@).

Now, If ¢ # 0, it follows from (4.17) that there exists a scalar func-
tion T such that T(X,Y,Z) = Ye(X)e(Y)e(Z). Consequently, T(X,Y) =
T e(X)e(Y)g, where ¢(z, X) := e(X). From which,

5(77 ?7 77 W) (T 77 W)uT(77 7) - g(T(?7 W)>T(7> 7))
e(X)e(Y)e(2)e(W)g(,2) — Te(X)e(Y)e(Z)e(W)g(E,2)

—~
~—

ol
SR e

On the other hand, if the v-curvature tensor S # 0, then it follows from
(4.16) that e = 0 and «(7) = 0. Hence, a = 0 and the hv-curvature tensor P
vanishes. In this case, it follows from the identity (4.11) that VexsS=0. O

Proposition 4.8. A Ps-like Finsler manifold (M,L) is a P*-Finsler
manifold.

Proof. As (M, L) is Py-like, then from (4.15), we have

Using Lemma 4.1, we get
(vﬁﬁT) (Y, ?) = O‘OT(X> ?)7

from which, by taking the trace, VgnC = T, where op = w.

Hence the result. O
The next definition will be useful in the sequel.

Definition 4.1. A 7-tensor field O is positively homogenous of degree
r in the directional argument y (symbolically, h(r)) if it satisfies the condition

Vs©=r0, or D\50=r06.

Lemma 4.6.  Let (M, L) be a Finsler manifold, then we have
(a) The Finsler metric g (the angular metric h) is homogenous of degree 0,
(b) The v-curvature tensor S is homogenous of degree —2,
(c) The hv-curvature tensor P is homogenous of degree —1,
(d) The h-curvature tensor R is homogenous of degree 0,
(e) The (h)hv-torsion tensor T is homogenous of degree —1,
(f) The (v)hv-torsion tensor P is homogenous of degree 0,

(g) The (v)h-torsion tensor R is homogenous of degree 1.
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Lemma 4.7.  For every vector (1)w-form A, we have

11 —— = 11 —— — —— — =
+ (V. ax A P).

Deicke theorem [4] can be formulated globally as follows:

Lemma 4.8. Let (M,L) be a Finsler manifold. The following asser-
tions are equivalent:

(a) (M, L) is Riemannian,
(b) The (h)hv-torsion tensor T' vanishes,
(c) The m-form C vanishes.

Theorem 4.10.  Let (M, L) be Finsler manifold which is h-isotropic (of
scalar ko) and C"-recurrent (of recurrence vector \g). Then, (M, L) is neces-
sarily one of the following:

(a) A Riemannian manifold of constant curvature,

(b) A Finsler manifold of dimension 2,

(c) A Finsler manifold of dimensions n > 3 with vanishing scalar ko and
(Vax2o)(Y) = (Va720)(X).

Proof. For a C"-recurrent manifold, one can easily show that

W) =

(Vv D)XV, Z,W) - (VW )V, X, Z
Y) — T(Z,W) = v(X,Y)T(Z, ).

= {(Vsx20) (V) = (V5720) (X) }T(

From which, taking into account Lemma 4.7, we obtain

(X, Y)T(Z,W)=T(R(X,Y)Z,W)+T(Z,R(X,Y)W)

- R(77 Y)T(7 W) ( YR(X)Y) T)(77 W)

Now, as (M, L) is h-isotropic of scalar kg, then the h-curvature tensor R has
the form

R(X,Y)Z = ko{g(X,Z2)Y —g(Y,Z)X} (n>3).
From the above two equations, we get

\II(Ya ?)T(7 W) - kOg(Ya 7)T(?a W) - kOg(?a Z)T(

(4.18) — kog
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) - kog(ﬁa W)T(Z, y) - kOT(y> 77 W)ﬁ
)~koL*(V_xT)(Z,W).

(Y, MU(X, 7)T(Z,W) = —kog(Y, Mg, Z)T(X, W)
—kog(Y, 7)g(7, W)T(Z, X)
(4.19) — kog(Y, )T (X, Z, W)i
—kog(Y, Mg(X, MT(Z, W)
— ko L*g(Y,1)(V xT)(Z, W),
whereas
9 XY, nT(Z,W) = ~kog(X,7)g(1, Z)T(Y, W)
— kog(X,m)g(n, W)T(Z,Y)
(4.20) — kog( X, )T(Y,Z,W)7
— kog(X,Mg(Y,MT(Z, W)
— ko L?9(X,m)(V.5T)(Z, W)

Now, from (4.18), (4.19) and (4.20), we obtain

mY(

T(Z, W{L*¥(X,Y) — g(Y, X
2)T(Y,W

= koL Ug - {N(X,
where the symbol U 7 means: Ux 5 A(X,Y) = A(X,Y) - A(Y, X).
Taking the trace of both sides of the above equation, we get
COALPU(X.Y) — oY, MU (X, 7) + g(X, MUY, 7)} =

(4.21) o I
= 2o L*{N(X,Z)C(Y) — WY, Z)C(X)}.

—

Setting Z = C, taking into account the fact that h(X,C) = C(X), the above
equation reduces to

Now, if C(C) = ¢g(C,C) = 0, then C' = 0 and so C = 0. Consequently, by
Lemma 4.8, (M, L) is a Riemannian manifold of constant curvature.
On the other hand, if (M, L) is not Riemannian, then we have

From which, together with (4.21), we get

(4.22) ko {W(X,Z)C(Y) — K(Y,Z)C(X)} = 0.
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If ko # 0, then, by (4.22), K(X,Z)C(Y) = h(¥,Z)C(X). Setting ¥ = C,
we get (X, Z) = 4zC(X)C(Z), which implies that dim M = 2.

If kg = 0, then R = 0 and (4.18) yields ¥(X,Y) = 0, which means that
(Vi 20)(Y) = (V320) (X). O

Now, we focus our attention to the interesting case (¢) of the above the-
orem. In this case, the h-curvature tensor R = 0 and hence the (v)h-torsion
tensor R = 0. Therefore, the equation (deduced from (4.10))

(VxR)(Y,Z, W)+ (VswP)(Z, X, W) = (V52P)(Y, X, W)
— P(Z, PV, X)W + R(T(X, V), Z)W — S(R(Y, Z)n, X)W
+P(Y,P(Z,X)7)W — R(T(X,Z),Y)W = 0.
reduces to

o~

(4.23)

P — P —

Since (M, L) is C"-recurrent, then, by Proposition 4.6, the (v)hv-torsion tensor
P satisfies the relations (V4 P)(X Y) = (K,M\(Z) + V57 K,)T (X,Y) and

P(X,Y) = AT (X,Y) = K, T(X,Y). From these, together with (4.23), we
obtain

(KoXo(Y) + V gy Ko)T(Z, X) — (KoXo(Z) + V@KO)T(XV)
- K2T(Z,T(X,Y)) + K2T(V, T(X, 7)) =
Hence, by Corollary 4.4,

KZS(?,?,Y,W) YZ{(K A ( )+V[BYK) (X,Z,W)}

As S(Y,Z, X, W) is skew-symmetric in the arguments X and W while the
right-hand side is symmetric in the same arguments, we obtain

(4.24) K2S(Y,Z,X, W) =0,

(4.25) Uy 7{(KoXo(Y) + V gy Ko)T(Z, X, W)} = 0.

Tt follows from (4.24) and (4.6) that



882 Nabil Labib Youssef, Sayed Hassan Abed and Amr Soleiman

On the other hand, if K, # 0, then the v-curvature tensor S vanishes from
(4.24). Next, it is seen from (4.25) that, if V(Y) := KoM\ (Y) + V5K, # 0,
X ZwWrXY,z2)T(Y,Z,W)

xRy Such that

then there exists a scalar function T = =

T(X,Y,W)=YV(X)V(Y)V(W).
Summing up, we have

Theorem 4.11.  Let (M, L) be a Finsler manifold of dimensions n > 3.
If (M, L) is h-isotropic and C"-recurrent, then

(a) the recurrence vector o satisfies: (VgzAo)(Y) = (V5320) (X)),

(b) the h-curvature tensor R = 0 and the (v)h-torsion tensor R = 0,
(c) the hv-curvature tensor P has the property that
P(X.V.Z.W) = A\ (Z)T(X, Y, W) — A,(W)T(X.V,2),
(d) the (v)hv-torsion tensor P(X,Y) = K,T(X,Y).
Moreover, if K, # 0, then
(e) the v-curvature tensor S vanishes,
(f) the (h)hv-torsion tensor T satisfies: T(X,Y,W)="TV(X)V(Y)V(W).
By Definition 3.10 and Theorem 4.11, we immediately have:

Corollary 4.10. A Finsler manifold (M, L) of dimension n > 3 which
is h-isotropic and C"-recurrent is necessarily Py-like.

Remark 4. Some important local results of [13], [19] and [20] can be
deduced from the obtained global results (Proposition 4.7 to Corollary 4.10)
by localization.

Now, we define an operator P which aids us to investigate the Rj3-like
manifolds.

Definition 4.2.

(a) If w is a m-tensor field of type (1,p), then P - w is a m-tensor field of the
same type defined by:

(P w)(X1,.... Xp) = d(w(d(X1), ..., 6(Xp))),
where ¢ is the vector m-form defined by (4.1).

(b) If w is a m-tensor field of type (0,p), then P - w is a 7w-tensor field of the
same type defined by:

(P01, Xp) = w(6(X0), .., (X)),
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Remark 5.  Since ¢(¢(X)) = ¢(X) for every X € X(n(M)) (Lemma
4.2), then the operator P is a projector (i.e. P- (P w) =P w).

Definition 4.3. A m-tensor field w is said to be indicatory if it satisfies
the condition: P -w = w.

The following result gives a characterization of the indicatory property for
certain types of m-tensor fields.

Lemma 4.9.

(a) A vector (2) m-form w is mdzcatory if, and only if, w(X,7) = 0 = w(7, X)
and g(w(X, V),7) =
(b) A scaler (2) m-form w is indicatory if, and only if, w(X,7) = 0 = w(7, X).
Proof.

(a) Let w be a vector (2) m-form. By Definition 4.2(a) and taking into account
(4.1), we get

= ¢{w(X — L7(X)m,Y — LY )m)}
= ¢{w(X,Y) - L7H(Y)w(X,7)
— L HU(X)w(@,Y) + LX) Y )w(7,7)}

Consequently,
(4.26) — {LTHUY)w(X, 1) + L HU(X)w(®,Y)
)

Now, if w(X,7) = 0 = w(7, X) and g(w(X,Y),n) = 0, then (4.26) implies
that (P - w) (X,Y) =w(X,Y) and hence w is indicatory.

On the other hand, if w is indicatory, then w(X,Y) = ¢(w(é(X), d(Y))).
From which, setting X = 7 (resp. Y = ﬁ) and taking into account the fact
that ¢(7) = 0 (Lemma 4.2), we get w(7,Y) = 0 (resp. w(X,7n) = 0). From
this, together with (P - w)(X,Y) = w(X,Y), Equation (4.26) implies that
L_2 g(w(X,Y), )7 = 0. Consequently, g(w(X,Y),7) = 0.

(b) The proof is similar to that of (a) and we omit it. O

Proposition 4.9.  For a Finsler manifold (M, L), the following tensors
are indicatory:

(a) The w-tensor field ¢,
(b) The mixed torsion tensor T,

(c) The v-curvature tensor S,
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(d) The angular metric tensor h,
(e) The w-tensor field P -w for every m-tensor field w.

Now, we define the following m-tensor fields:

F F(XY) = 15{Ric"(X,Y) - S525003,
F, 9(Fo(X),Y) = F(X,Y),
Fe Fo(X) = F(7, X),
P PNX) = F(X,7),
m m(X,Y):=(P-F)(X,Y),
me g(mo(Y),Y) = m(y, 7);
(4.27) a a(X) =L Y(P - F)(X),
a 9(a,Y) = a(X),
b b(X):= L Y(P- F")(X),
b g(b, X) :=b(X),
c c:=L72F(m,m),
R RX,Y) = RX,Y)7,_
H H(X):=R(@,X)1=R(@,X).
Remark 6. One can show that m, m,, a and b are indicatory and
H(m) =0.

Proposition 4.10.  If (M, L) is an Rs-like Finsler manifold, then the
w-tensor field F' can be written in the form

(4.28) FX,Y)=m(X,Y) +4X)a(Y) +LY)b(X) + cl(X)((Y).
Proof. The proof follows from Definitions 3.14 and 4.2(b), taking into

Remark 7. One can show that the w-tensor fields a and b satisfy the
following relations

(4.29)
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Proposition 4.11.  In an R3-like Finsler manifold (M, L), we have:

9 X, Z)F,(Y) + F(Y Z)Y — g(Y,Z)F,(

(a) R(X,Y)Z =

=
|
=
i
N
>

(b) R(X,Y) = g(X,mF,(Y

(c) HY)=L*F,(Y)+cL 7*9(7,ﬁ
(d) Fo(X) =mo(X) +al(X)+ L7'b(X)7 + c L~ H(X)7.
Consequently,

(e) R(X,Y) = L{K(Y)( o(Y) +co(Y)) +b(X)o(

(£) HY) = L{mo(Y) + co(Y)}.

R(X,Y,Z,W)=9(X,Z)F(Y,W) - g(Y,Z)F(X,W)
+9(YWF(X,Z) - g(X,W)F(Y, Z).

From which, using the fact that the Finsler metric ¢ is non-degenerate and

9(Fy(X),Y) = F(X,Y), the result follows.
(b) Follows from (a) by setting Z = 7.
(c) Follows from (b) by setting X = 7.
(d) By (4.28) and (4.27), we get
9(Fo(X),Y)
= 9(mo(X),Y) +9(@Y) ((X) + LT0(X)g(7,Y) + ¢ LTHU(X)g(T, Y.
Hence, the result follows from the non-degeneracy of g.
(e) Follows by substituting F,,(X) (from (d)) and F*(X) (from (4.29)) into (b).

(f) Follows from (e) by setting X = 7, taking into account Remark 6 and the
fact that £(77) = L. O

Remark 8. In view of (4.27) and Lemma 4.2, Definition 3.13(a) can be
reformulated as follows:
A Finsler manifold (M, L) is of scaler curvature if the 7-tensor field H satisfies
the relation H(X) = L?k ¢(X), where  is a scalar function on 7 M.

Definition 4.4. A Finsler manifold (M, L) is said to be of perpendic-
ular scalar (or of p-scalar) curvature if the h-curvature tensor R satisfies the
condition

(430) (P ’ R)(Ya ?7 Za W) = Ro{h(ya 7)h(?a W) - h(y’ W)h(?a 7)}7

where R, is a function called the perpendicular scalar curvature.
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Definition 4.5. A Finsler manifold (M, L) is said to be of s-ps curva-
ture if (M, L) is both of scalar curvature and of p-scalar curvature.

Proposition 4.12.  If m,(X) = t $(X), then an Rs-like Finsler mani-
fold is a Finsler manifold of s-ps curvature.

Proof. Under the given assumption and taking into account Proposition
4.11(f), we have

H(X) = I*’kp(X), with k =t + c.

Thus, the considered manifold is of scalar curvature.
Now, we prove that the given manifold is of p-scalar curvature. Applying
the projection P on the h-curvature tensor R of an Rs-like manifold, we get

+9(¢(Y), 6(W))(P - F)(X, 2)
—9(¢(Y),6(2))(P - F)(X, W)
— 9(¢(X), ¢(W))(P - F)(Y, Z)

Consequently,

(431) + g(¢(f)7 ¢(?))m(_77_7)
= 9(¢(X), o(W))m(Y, Z).
Since

then, by using again the given assumption (m, =
(4.31) reduces to

Therefore, by taking R, = 2t, we have

(P-R)(X,Y,Z,W) = Ro{h(X, Z)A(Y, W) — h(Y, Z)h(X,T)}.

Hence, the given manifold is of p-scalar curvature. 1
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Remark 9. The local expressions of the intrinsic results (Proposition
4.9 to Proposition 4.12) reduce to the corresponding results of [8] and [9].

Theorem 4.12.  If an Rs-like Finsler manifold (M, L) is of p-scalar
curvature, then it is of s-ps curvature.

Proof. Since the considered manifold is Rs-like, then, by the same proce-
dure as in the proof of Proposition 4.12, we have

P R\(X,Y,Z,W) = (X, Z)m(Y, W) + h(¥, W)m(X, Z)
X i '

(4.32) o i - .
— WY, Z)ym(X, W) — h(X,W)m(Y, Z).

On the other hand, since the considered manifold is of p-scalar curvature, then
the h-curvature tensor satisfies

(4.33) (P-R)(X,Y,Z,W) =R, {WX,Z)WY,W) - h(Y,Z)h(X,W)}.
Now, from Equations (4.32) and (4.33), we obtain
Us 7 {RNX, Z)WY, W) = (X, Z)m(Y, W) = h(Y,W)m(X, Z)} = 0.

Using (4.27) and the non-degeneracy of the metric tensor g, the above equation
reduces to

(4.34) MY.,?{ROFL(Xv 7)¢(7) - h(y7 7)"no(?) - m(77 7)¢(7)} =0.
Since the w-tensor fields ¢, m and m, are indicatory, then
Tr{Y +— MX,Y)$(2)} = (X, 6(Z)) = (X, Z),
Tr{Y +— WX,Y)m,(2)} = (X ),
Tr{Y — m(X,Y)o(2)} = m(X, Z).

¢(Z)
2)
Consequently, if we take the trace of both sides of Equation (4.34), making use
of Lemma 4.9, we get

(n—2)R,A(X,Z) — (n—3)m(X,Z) — (n—1th(X,Z) =0
where t := ﬁ Tr(m,). From which, using (4.27) and Lemma 4.2, we get
(4.35) (n—=2)Ro¢p— (n—3)m,— (n—1)tep =0.
Again, taking the trace of the above equation, we obtain

(n—1)(n—-2)(R, —2t) = 0.

Substituting the above relation into (4.35), we get m, = t ¢. Hence, by Propo-
sition 4.12, the result follows. O

Theorem 4.13.  If an R3-like Finsler manifold (M, L) is of scalar cur-
vature, then it is of s-ps curvature.
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Proof. Since the given manifold is Rs-like, then the m-tensor H is given
by (cf. Proposition 4.11):

(4.36) H(X) = L*{my,(X) + co(X)}.
And since the considered manifold is of scalar curvature, then
(4.37) H(X) = L*kp(X).
From Equations (4.36) and (4.37), we deduce that
mo(X) = (5 = 0)p(X) =: t¢(X).
Hence, by Proposition 4.12, the result follows. O
Now, let us define the m-tensor field

V(XY Z,W)=R(X,Y,Z,W)

—_

(4.38) RCED) Ux y{9(X, Z)Ric" (Y, W)

+9(Y,W)Ric"(X,Z) —rg(X, Z)g(Y,W)},
where 7 = —— Sc". From Definition 3.14 and (4.38), we immediately obtain
Theorem 4.14.  An Rs-like Finsler manifold is characterized by
W(X,Y,Z,7) = 0.

The tensor field ¥ in the above theorem being of the same form as the
Weyl conformal tensor in Riemannian geometry, we draw the following

Theorem 4.15.  An Rj3-like Riemannian manifold is conformally flat.

Remark 10. It should finally be noted that, although our investigation
is entirely global, the local expressions of the obtained results (Theorem 4.12
to Theorem 4.15), when computed, coincide with the classical local results of
[8] and [9].

Appendix. Local formulae

For the sake of completeness and for comparison reasons, we present in
this appendix a brief and concise survey of the local expressions of some impor-
tant geometric objects and the local definitions of the special Finsler manifolds
treated in the paper.

Let (U, (2%)) be a system of local coordinates on M and (7~ *(U), (z*, y%))
the associated system of local coordinates on T'M. We use the following nota-
tions:

(0;) :== ((gi): the natural basis of T, M, x € M,
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(0;) == (%): the natural basis of Vi,(TM), u € TM,

(0s, d;): the natural basis of T, (7 M), _
(0;): the natural basis of the fiber over u in 7=1(TM) (9; is the lift of 9; at u).

To a Finsler manifold (M, L), we associate the geometric objects:
gij = 5 0;0;L? = 9;0; E: the Finsler metric tensor,
Ciji = 1 3k gij: the Cartan tensor,
hij == g” 0;0; (¢;:= OL/dy"): the angular metric tensor,
Gh: the components of the canonical spray,
T
GZ = @Gf = @-&Gh,
(6;) == (9; — G1y): the basis of H,(T M) adapted to G,
(6:,0;): the basis of T,(TM) = H,(TM) & V,(T M) adapted to GP.

We have
7(9:) _Qi’ . _
p(@) =0, p(0;) =0, p(&;) =0,
J@0) =i, J(B) =0, J(6) =y,

h = fop = dx* ®8—szx7®8 v :=vyoK = dy ®8+sz:ﬂ®8

We define:
A= L 9"(0; goj + 0; gie — 01 9ij),
Cli =5 9" (Di 9o + 0 gi — Do 9i3) = 3 9" D gj0 = g™ Cie,
T = 3 9" (8i gej + 05 gie — 60 9ij)-
Then, we have:
e The canonical spray G: G" = %’y{; yiyl.
e The Barthel connection I': G# = o,Gh = I‘?jyj = G%yj
e The Cartan connection CT: ( T'% Gh C{;)

150
The associated h-covariant (resp. v- covarlant) derivative is denoted by | (resp.
|), where K;lk = 5kK§ + K;’Tﬁnk anI‘% and K}\k = GkKj +K"Cy,.
K:,Co.
e The Berwald connection BI': ( G5, G}, 0).

The associated h-covariant (resp. v- covarlant) derivative is denoted by i (resp.

), where K, := 6, Ki+ K"G:, — Ki,G™ and K!|, := 0, K!.
Jlk
We have also Gh = Fh + kay = I‘ + Cmo, where C/.

_(h .k
ijlo = Viglk Yo

For the Cartan connection, we have:
h-torsion: Rik = (51@G' 9 Gk = Ujk{(SkG‘-},

hv-torsion: P, = G — jk = = Clrjor

(v)
(v)
(h)hv-torsion: Cj, = 1/2{g"" ,,gjk}

h-curvature: R}Lik :ujk{fskFZj Tt — Ol RiL
hv-curvature: Py = 0L, — Chk‘j + ChmPJ?Z,

7k:\m
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v-curvature: Shjk = C’}L'}CC’ C’,’E—C’};lk = Ujk{C’,’[}cC’}ﬁj}.
For the Berwald connection, we have:

(v)h-torsion: R*]k = 0:G — 6,G}, = U {0, G},

h-curvature: R*; hjk = ]k{(;kGhj +GiGhL)s

hv-curvature: P*} . = 8kGh] = Gh]k

In the following, we give the local definitions of the special Finsler spaces
treated in the paper. For each special Finsler space (M, L), we set its name,
its defining property and a selected reference in which the local definition is
located:

e Rimaniann manifold [22]: g;;(z,y) = gi;(z) <= Cijr =0 < C; :=Ck =0
(Deicke’s theorem [4]).

e Minkowaskian manifold [22]: g;;(z,y) = ¢:,(y) < C! ik =0 and R Y = 0.
e Berwald manifold [22]: T'};(z,y) = T} (x) (i.e. 8kfh =0) < Cﬂk =0.

e C_recurrent manifold [13]: Chijik = HxChij,

where p; is a covariant vector field.

e P*-Finsler manifold [7]: Ch|0 = Xz, y)Cl,

where \(x,y) = ch ; P:= Pk Czk|0 = Cy)0 and C? = C;C" # 0.

e C"-recurrent manifold [13]: C“-k|l =)\NC ’- or Cijrli = M Ciji.

e CYrecurrent manifold [13]: k|l— NC t or ngk\l— At Cijie.

e Semi-C- reducible manifold (dim M > 3) [18]:

Ciji = (n+1) (hijCr + R Ci + Ry Cj) + 52 CiCCy, C? #0,

where p and 7 are scalar functions satisfying pu + 7 = 1.

e C-reducible manifold (dim M > 3) [15]: Cy;, = n+1 (R Cr + R Ci + i C5).
e Cy-like manifold (dim M > 2) [17): Cijp = £2CiC;Cr, C* #0.

e quasi-C-reducible manifold (dim M > 3) [23]: Cyjr = Ai;jCr+A4,;,Ci+ A C,
where A;;(z,y) is a symmetric tensor field satisfying A;;4* = 0.

o Sz-like manifold (dim M > 4) [6]: Sy = Gr=gygrmgy Uiinliny — Rijhie},
where S is the vertical scalar curvature.

e S;-like manifold (dimM > 5) [6]: Sijk = WjFip — lpFij + RiFy — Ry jFug,
where F;; := %_3{51‘;' = 2) Shi;}; Sij being the vertical Ricci tensor.
e SY-recurrent manifold [20], [11]: Shijklm = AmShijk

where \;(x,y) is a covariant vector field.

e Second order S-recurrent manifold [20], [11]: Shijk|m|n = OmnShijk,
where ©;;(z,y) is a covariant tensor field.

e Landsberg manifold [7]: P}

Lyt =0 <= (0T )y =0 = Cl .k =0.
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e General Landsberg manifold [10]: PJj,y" =0 <= Cj), = 0.
e P-symmetric manifold [19]: Ph;jx = Phik;-

o Pg—like manifold (dlmM > 3) [14] P}”'jk = ahC’ijk — aiChjka
where ay(z,y) is a covariant vector field.

e P-reducible manifold (dim M > 3) [19]: P = ﬁ_l(hlj Py, + hji, Py + I Pj),
where Pijk = ghz’Pjhk-

e h-isotropic manifold (dim M > 3) [13]: Rpijr = ko{9n;jgir — 9rigi; },
for some scalar k,, where Ry, = githjk,.

e Manifold of scalar curvature [21]: Rijr y'y® = kL*hj,
for some function k : TM — R.

e Manifold of constant curvature [21]: the function & in the above definition is
constant.

e Manifold of perpendicular scalar (or of p-scalar ) curvature [8], [9]:
P - Rpiji == i, B Ry by, Rimne = Ro{hirhng — hijhn},
where R, is a function called a perpendicular scalar curvature.

e Manifold of s-ps curvature [8], [9]: (M, L) is both of scalar curvature and of
p-scalar curvature.

e Rs-like manifold (dim M > 4) [8]: Rpijk = gnjFik — gnk Fij + 9ik Frj — gij Fuk,
where Fj; 1= ﬁ{Rij — %rgij}; R;j == Rl : LRt
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