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On Lie algebras of K-invariant functions

By
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Abstract

Let G be a locally compact group and let K be a compact subgroup
of Aut(G), the group of automorphisms of G. (G, K) is a Gelfand pair if
the algebra L1

K(G) of K-invariant integrable functions on G is commu-
tative under convolution. In this paper, we give some charactezations of
this algebra in the nilpotent case, which generalize some results obtained
by C. Benson, J. Jenkins, G. Ratcliff in [1] and obtain a new criterion
for Gelfand pairs.

1. Introduction

Let G be a locally compact group and let K be a compact subgroup of
automorphisms of G. We designate by L1

K(G) the algebra (under convolution)
of K−invariant integrable functions with complex-valued on G. With the Lie
algebra structure induced by the convolution product, L1

K(G) is a Lie algebra.
The purpose of this paper is to study and give some characterizations of this
algebra when it’s nilpotent. When L1

K(G) is abelian, the pair (G, K) is a
Gelfand pair. The notion of Gelfand pair has been sufficiently studied by a
number of authors (refer to [1], [2], [3]). So our main result, in this paper,
provides a new criterion for Gelfand pairs. The first result gives a necessary
condition for L1

K(G) to be Lie nilpotent. We recall that this result is true in
the abelian case.

Theorem 1. If L1
K(G) is Lie nilpotent then G is unimodular.

Now let G be a connected Lie group. We designate by E ′
K(G), the algebra

(under convolution) of K−invariant compactly supported distributions. With
the Lie algebra structure induced by the convolution product, E ′

K(G) is a Lie
algebra. We have a following result:

Theorem 2. Let G be a connected Lie group and let K be a compact
subgroup of Aut(G). Then L1

K(G) is Lie nilpotent with step ≤ p if and only if
E ′

K(G) is Lie nilpotent with step ≤ p.
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Theorem 1.12 from reference [1] gives a necessary and sufficient condition
for (G, K) to be a Gelfand pair. We obtain a similar result as a necessary
condition for L1

K(G) to be Lie nilpotent. Working from these results we show
that Lie nilpotent implies abelian and finally obtain a new criterion for Gelfand
pairs.

Theorem 3. If L1
K(G) is Lie nilpotent then it is abelian. Thus (G, K)

is a Gelfand pair if and only if L1
K(G) is Lie nilpotent.

Taking K = {e} this shows, in particular, that L1(G) is Lie nilpotent if
and only if G is abelian. So we obtain an analytic version of a known algebraic
theorem, namely: A group ring F [G] over a field F of characteristic zero is Lie
nilpotent if and only if G is abelian. See [6].

2. Notations and setup

We use the notations and setup of this section in the rest of the paper
without mentioning.
G is a locally compact group with identity element e. L1(G) denotes the algebra
of all integrable complex-valued functions on G, C(G) (respectively C∞(G))
the algebra of all continuous, complex-valued functions (respectively infinitely
differentiable) on G and Cc(G) (respectively C∞

c (G)) the subalgebra of C(G)
(respectively C∞(G)) of compactly supported functions. We fix a left-invariant
Haar measure dy on G and let ∗ denotes the corresponding convolution of
functions.

K is a compact subgroup of Aut(G), the group of automorphism of G.
Writing the action by k ∈ K on x ∈ G as k.x and letting dk denote the
normalized Haar measure on K, we put for all function f ∈ L1(G),

fK(x) =
∫

K

f(k.x)dk for all x ∈ G.

L1
K(G) denotes the K−invariant functions on G, i.e those f ∈ L1(G) such that

fK = f . We define on L1
K(G) the following bracket: [f, g] = f ∗ g− g ∗ f for all

functions f, g ∈ L1
K(G). Let ad denote the adjoint representation of L1

K(G).
Recall the descending central series for L1

K(G)

L1
K(G) = C(o)(L1

K(G)) ⊃ C(1)(L1
K(G)) ⊃ . . . ⊃ C(m)(L1

K(G)) ⊃ . . .

where C(m)(L1
K(G))=[L1

K(G), C(m−1)(L1
K(G))] for an integer m such that

m ≥ 1. If p is a non-negative integer we say that L1
K(G) is Lie nilpotent

of step p if C(p)(L1
K(G)) = {0} and C(p−1)(L1

K(G)) �= {0} or equivalently if
adp(f) = 0 for all f ∈ L1

K(G).
We denote by � the modular function on G. In the Theorems 2 and

3, G is a connected Lie group. Then we designate by E ′(G) the space of
compactly supported distributions. The convolution of distributions D1, D2 ∈
E ′(G) is defined by 〈D1 ∗D2, f〉 = 〈D1, ϕ〉 where ϕ(x) = 〈D2,x−1 f〉∀x ∈ G and
x−1 f(y) = f(xy)∀y ∈ G.
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K is always a compact subgroup of Aut(G). Let E ′
K(G) denote the alge-

bra of K−invariant compactly supported distributions that is the distributions
D ∈ E ′(G) such that DK = D where DK is defined by 〈DK , f〉 = 〈D, fK〉
for all f ∈ C∞

c (G). We define on E ′
K(G) the following bracket [D1, D2] =

D1 ∗ D2 − D2 ∗ D1.
If δx is the delta function at x ∈ G, then δK

x ∈ E ′
K(G) has compact support

K.x. One has for all functions f ∈ Cc(G),

〈δK
x , f〉 = 〈δx, fK〉 = fK(x) =

∫
K

f(k.x)dk.

We show that for all x1, x2, . . . , xp ∈ G,
(2.1)

〈δK
x1

∗ δK
x2

∗ . . . ∗ δK
xp

, f〉 =
∫

KP

f ((k1.x1) (k2.x2) . . . (kp.xp)) dk1 dk2 . . . dkp

for all f ∈ C∞
c (G). Let Sp denote the set of all permutations of order p. For

i ∈ {1, 2, . . . , p}, let put

Si
p = {σ ∈ Sp : σ (i) = p;

σ (1) < σ (2) < . . . < σ (i) and σ (i + 1) > σ (i + 2) > . . . > σ (p)} .

We note that :

S1
p = {σ} where σ (1) = p, σ (2) = p − 1, . . . , σ (p) = 1,

Sp
p = {id}.

In general Si
p = Si,1

p ∪ Si,1∼
p where

Si,1
p =

{
σ ∈ Si

p; σ (1) = 1
}

and

Si,1∼
p =

{
σ ∈ Si

p; σ (p) = 1
}

.

3. Proofs of results

In this section we will give the proofs of ours results.

Theorem 3.1. If L1
K(G) is Lie nilpotent then G is unimodular.

Proof. Suppose L1
K(G) is Lie nilpotent of step p then C(p−1)(L1

K(G)) �=
{0} and C(p)(L1

K(G)) = {0}. Thus for all function f ∈ L1
K(G) and for all

function g ∈ C(p−1)(L1
K(G)) not identically zero, one has for all x ∈ G,

f ∗ g(x) = g ∗ f(x) i.e∫
G

f(y)g(y−1x)dy =
∫

G

� (
y−1

)
f(y)g(xy−1)dy,
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which implies ∫
G

f(y)
(
g(y−1x) −� (

y−1
)

g(xy−1)
)
dy = 0.

Thus for all function h ∈ L1(G),

0 =
∫

G

hK(y)
(
g(y−1x) −� (

y−1
)

g(xy−1)
)
dy

=
∫

G

∫
K

h(y)
(
g(y−1(k.x)) −� (

y−1
)

g((k.x) y−1)
)

dk dy

which implies that∫
K

(
g(y−1(k.x)) −� (

y−1
)

g((k.x) y−1)
)
dk = 0

for all y ∈ G and for all function g ∈ C(p−1)(L1
K(G)). In particular, for x = e,

we obtain g(y−1) − � (
y−1

)
g( y−1) = 0 for all y ∈ G. We deduce that

� (y) = 1, for all y ∈ G and so G is unimodular.

We will first show the following result which is useful for the proof of
Theorem 2.

Lemma 3.1. For all x1, x2, . . . , xp+1 ∈ G,

ad
(
δK
x1

)
ad

(
δK
x2

)
. . . ad

(
δK
xp

)
δK
xp+1

=
p+1∑
i=1

∑
σ∈Si

p+1

(−1)p+1−i
δK
xσ(1)

∗ . . . ∗ δK
xσ(p+1)

.

Proof. For p = 1, one has

ad
(
δK
x1

)
δK
x2

= δK
x1

∗ δK
x2

− δK
x2

∗ δK
x1

and

σ ∈ S1
2 =⇒ σ =

(
1 2
2 1

)

σ ∈ S2
2 =⇒ σ =

(
1 2
1 2

)
.

Thus
2∑

i=1

∑
σ∈Si

2

(−1)i
δK
xσ(1)

∗ δK
xσ(2)

= −δK
x2

∗ δK
x1

+ δK
x1

∗ δK
x2

.

Let’s assum that the equality is true for some p and let’s consider x1, x2, . . . ,
xp+2 ∈ G, we have.

A = ad
(
δK
x1

)
ad

(
δK
x2

)
. . . ad

(
δK
xp+1

)
δK
xp+2

= ad
(
δK
x1

) [
ad

(
δK
x2

)
. . . ad

(
δK
xp+1

)
δK
xp+2

]
.
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and puting y1 = x2, y2 = x3, . . ., yp+1 = xp+2, we have

B = ad
(
δK
x2

)
ad

(
δK
x3

)
. . . ad

(
δK
xp+1

)
δK
xp+2

= ad
(
δK
y1

)
ad

(
δK
y2

)
. . . ad

(
δK
yp

)
δK
yp+1

=
p+1∑
i=1

∑
σ∈Si

p+1

(−1)p+1−i
δK
yσ(1)

∗ . . . ∗ δK
yσ(p+1)

.

Thus

A = ad
(
δK
x1

)
B

= δK
x1

∗ B − B ∗ δK
x1

=
p+1∑
i=1

∑
σ∈Si

p+1

(−1)p+1−i δK
x1

∗ δK
yσ(1)

∗ δK
yσ(2)

∗ . . . ∗ δK
yσ(p+1)

−
p+1∑
i=1

∑
σ∈Si

p+1

(−1)p+1−i
δK
yσ(1)

∗ . . . ∗ δK
yσ(p+1)

∗ δK
x1

.

Let put

σ′ (1) = 1, σ′ (i) = σ (i − 1) + 1 for all i ∈ {2, 3, . . . , p + 2}
and

σ′′ (i) = σ (i) + 1, for all i ∈ {1, 2, . . . , p + 1}, σ′′ (p + 2) = 1.

One has σ′ ∈ Si+1
p+2 and σ′′ ∈ Si

p+2.
Hence

A =
p+1∑
i=1

∑
σ′∈Si+1

p+2

(−1)p+1−i δK
xσ′(1) ∗ δK

yσ′(2)−1
∗ δK

yσ′(3)−1
∗ . . . ∗ δK

yσ′(p+2)−1

−
p+1∑
i=1

∑
σ′′∈Si

p+2

(−1)p+1−i
δK
yσ′′(1)−1

∗ . . . ∗ δK
yσ′′(p+1)−1

∗ δK
xσ′′(p+2)

.

=
p+1∑
i=1

∑
σ′∈Si+1

p+2

σ′(1)=1

(−1)p+1−i
δK
xσ′(1) ∗ . . . ∗ δK

xσ′(p+2)

−
p+1∑
i=1

∑
σ′′∈Si

p+2

σ′′(p+2)=1

(−1)p+1−i
δK
xσ′′(1) ∗ . . . ∗ δK

xσ′′(p+2)

=
p+2∑
i=2

∑
σ′∈Si,1

p+2

(−1)p+2−i δK
xσ′(1) ∗ . . . ∗ δK

xσ′(p+2)
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+
p+1∑
i=1

∑
σ′′∈Si,1∼

p+2

(−1)p+2−i
δK
xσ′′(1) ∗ . . . ∗ δK

xσ′′(p+2)

=
p+2∑
i=1

∑
σ∈Si

p+2

(−1)p+2−i δK
xσ(1)

∗ . . . ∗ δK
xσ(p+2)

so we have the equality for p + 1, which proves the lemma.

Theorem 3.2. Let G be a connected Lie group and let K be a compact
subgroup of Aut(G). Then L1

K(G) is Lie nilpotent of step ≤ p if and only if
E ′

K(G) is Lie nilpotent of step ≤ p.

Proof. The convolution product is continuous as is the adjoint represen-
tation ad of E ′

K(G) (resp. of L1
K(G)). Let D ∈ E ′

K(G), there exists a net
{fn} ⊂ C∞

c (G) such that {fn} converges to D.
For ϕ ∈ C∞

c (G) one has:

lim
n−→+∞〈fK

n , ϕ〉 = lim
n−→+∞〈fn, ϕK〉

= 〈D, ϕ〉.
Then {fK

n } ⊂ C∞
K (G) converges to D. Since C∞

K (G) ⊂ L1
K(G) and L1

K(G) is Lie
nilpotent of step ≤ p then adp(D) = adp( lim

n−→+∞fK
n ) = lim

n−→+∞(adp(fK
n )) = 0.

So E ′
K(G) is Lie nilpotent of step ≤ p.

Conversely, if E ′
K(G) is Lie nilpotent of step ≤ p, we have for h ∈ C∞

c (G) and
for all x1, x2, . . . , xp+1 ∈ G,

〈ad
(
δK
x1

)
ad

(
δK
x2

)
. . . ad

(
δK
xp

)
δK
xp+1

, h〉 = 0

and thanks to Lemma 3.1 and the equality (2.1) we have

p+1∑
i=1

∑
σ∈Si

p+1

(−1)p+1−i

×
∫

Kp+1
h((kσ(1).xσ(1))(kσ(2).xσ(2)) . . . (kσ(p+1).xσ(p+1)))dkσ(1) . . . dkσ(p+1) = 0

which implies that

p∑
i=1

∑
σ∈Si

p+1

(−1)p+1−i

×
∫

Kp+1
h((kσ(1).xσ(1))(kσ(2).xσ(2)) . . . (kσ(p+1).xσ(p+1)))dkσ(1) . . . dkσ(p+1)

= −
∫

Kp+1
h((k1.x1)(k2.x2) . . . (kp+1.xp+1))dk1dk2 . . . dkp+1.

(3.1)
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For f1, f2, . . . , fp+1 ∈ L1
K(G) and h ∈ C∞

c (G), we have thanks to the equality
(3.1)∫

G

f1 ∗ f2 ∗ . . . ∗ fp+1(xp+1)h(xp+1)dxp+1

=
∫

Gp+1
f1(x1)f2(x2) . . . fp(xp)fp+1(x−1

p . . . x−1
1 xp+1)h(xp+1)dx1 . . . dxp+1

=
∫

Gp+1
f1(x1)f2(x2) . . . fp(xp)fp+1(xp+1)h(x1x2 . . . xp+1)dx1 . . . dxp+1

=
∫

Gp+1
f1(x1) . . . fp+1(xp+1)

×
∫

Kp+1
h((k1.x1)(k2.x2) . . . (kp+1.xp+1))dk1 . . . dkp+1dx1 . . . dxp+1

=
p

−
∑

i=1

∑
σ∈Si

p+1

(−1)p+1−i

×
∫

Gp+1
fσ(1)(xσ(1)) . . . fσ(p+1)(xσ(p+1))H(X)dxσ(1) . . . dxσ(p+1)

=
p

−
∑

i=1

∑
σ∈Si

p+1

(−1)p+1−i

×
∫

Gp+1
fσ(1)(xσ(1)) . . . fσ(p+1)(xσ(p+1))

× h(xσ(1)xσ(2) . . . xσ(p+1))dxσ(1) . . . dxσ(p+1)

=
p

−
∑

i=1

∑
σ∈Si

p+1

(−1)p+1−i

×
∫

Gp+1
fσ(1)(xσ(1)) . . . fσ(p+1)(x−1

σ(p) . . . x−1
σ(1)xσ(p+1))

× h(xσ(p+1))dxσ(1) . . . dxσ(p+1)

=
∫

G

p

−
∑

i=1

∑
σ∈Si

p+1

(−1)p+1−ifσ(1) ∗ fσ(2) ∗ . . . ∗ fσ(p+1)(xσ(p+1))

× h(xσ(p+1))dxσ(p+1)

where

H(X)

=
∫

Kp+1
h((kσ(1).xσ(1))(kσ(2).xσ(2)) . . . (kσ(p+1).xσ(p+1)))dkσ(1) . . . dkσ(p+1).
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Hence we have

f1 ∗ f2 ∗ . . . ∗ fp+1 =
p

−
∑

i=1

∑
σ∈Si

p+1

(−1)p+1−i
fσ(1) ∗ fσ(2) ∗ . . . ∗ fσ(p+1).

If we substitute δK
xi

by fi in the Lemma 3.1, we have

ad(f1)ad(f2)ad(f3) . . . ad(fp)fp+1 = 0.

So L1
K(G) is Lie nilpotent of step less than p.

Theorem 3.3. Let G be a connected Lie group and K a compact sub-
group of Aut(G). If L1

K(G) is Lie nilpotent then it is abelian. Thus (G, K) is
a Gelfand pair if and only if L1

K(G) is Lie nilpotent.

Proof. Let us show that if L1
K(G) is Lie nilpotent of step p then for all

x1, x2, . . . , xp+1 ∈ G, there exists an integer m ∈ {1, 2, 3, . . . , p} and a permuta-
tion σ ∈ Sm

p+1 such that : x1x2x3 . . . xp+1 ∈ (
K.xσ(1)

)(
K.xσ(2)

)
. . .

(
K.xσ(p+1)

)
.

In fact, if L1
K(G) is Lie nilpotent of step p then E ′

K(G) is Lie nilpotent of step
≤ p according to Theorem 3.2. Thus for all x1, x2, . . . , xp+1 ∈ G one has:

(3.2) ad
(
δK
x1

)
ad

(
δK
x2

)
. . . ad(δK

xp
) δK

xp+1
= 0.

Let’s suppose that there exists some elements x1, x2, . . . , xp+1 ∈ G such that
for all m ∈ {1, 2, . . . , p} and for all permutation σ ∈ Sm

p+1, we have

x1x2 . . . xp+1 /∈ (
K.xσ(1)

) (
K.xσ(2)

)
. . .

(
K.xσ(p+1)

)
.

Then there exists a compactly supported non negative function f such that

f (x1x2 . . . xp+1) = 1

and

f
((

K.xσ(1)

) (
K.xσ(2)

)
. . .

(
Kxσ(p+1)

))
= 0

for all σ ∈ Sm
p+1. Hence

〈ad
(
δK
x1

)
ad

(
δK
x2

)
. . . ad

(
δK
xp

)
δK
xp+1

, f〉

=

〈
p+1∑
m=1

∑
σ∈Sm

p+1

(−1)p+1−m δK
xσ(1)

∗ . . . ∗ δK
xσ(p+1)

, f

〉

=

〈
p∑

m=1

∑
σ∈Sm

p+1

(−1)p+1−m δK
xσ(1)

∗ . . . ∗ δK
xσ(p+1)

, f

〉

+ 〈δK
x1

∗ . . . ∗ δK
xp+1

, f〉
= 〈δK

x1
∗ . . . ∗ δK

xp+1
, f〉 > 0
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which is impossible according to (3.2).
This is a necessary condition for L1

K(G) to be Lie nilpotent. So suppose
that L1

K(G) is Lie nilpotent of step p ≥ 1 and let x, y be any pair of elements in
G. Take xp = x, xp+1 = y and xj = e for 1 ≤ j ≤ p−1 in the above statement.
We have

(3.3) xy = x1x2 . . . xp+1 ∈ (
K.xσ(1)

) (
K.xσ(2)

)
. . .

(
K.xσ(p+1)

)
for some permutation σ ∈ Sm

p+1 with 1 ≤ m ≤ p.
But K.e = {e} and σ(p + 1) < σ(p) holds for all such permutations σ.

So (3.3) reads xy ∈ (K.y) (K.x). Theorem 1.12 from reference [1] now implies
(G, K) is a Gelfand pair.
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