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Central limit theorem for linear stochastic
evolutions

By

Makoto Nakashima

Abstract

We consider a Markov chain with values in [0,∞)Z
d

. The Markov
chain includes some interesting examples such as the oriented site per-
colation, the directed polymers in random environment, and a time dis-
cretization of the binary contact process. We prove a central limit theo-
rem for “the spatial distribution of population” when d ≥ 3 and a certain
square-integrability condition for the total population is satisfied. This
extends a result known for the directed polymers in random environment
to a large class of models.

1. Introduction

We write N = {0, 1, 2, · · · }, N
∗ = {1, 2, · · · } and Z = {±x : x ∈ N}.

For x = (x1, . . . , xd) ∈ R
d, |x| stands for the l1-norm: |x| =

∑d
i=1 |xi|. For

ξ = (ξx)x∈Zd ∈ R
Z

d

, |ξ| =
∑

x∈Zd |ξx|. Let (Ω,F , P ) be a probability space.
We write E[X] =

∫
X dP and E[X : A] =

∫
A

X dP for a random variable X
and an event A. We denote the constants by C, Ci.

We consider a time discretization of linear systems with values in [0,∞)Z
d

which is introduced in [10]. A time discretization is defined by iteration of
linear transformations for a row vector as follows,

Nt = N0A1 · · ·At, t ∈ N
∗,

where N0 ∈ [0,∞)Z
d

is the initial vector and At = (At,x,y)x,y∈Zd , t = 1, 2, . . .
are i.i.d. random matrices (cf. (1.1)–(1.7) below for more details). This Markov
chain contains some examples such as the oriented site percolation, the directed
polymers in random environment, and a time discretization of the binary con-
tact path process. We can regard Nt,y as the “number of particles” at time-
space (t, y). In this paper, we discuss the central limit theorem for “the spatial
distribution of particles” in the case where the growth rate of “total numbers
of particles” is the same as the mean growth rate with positive probability.
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The central limit theorem for stochastic growth models related to ours are dis-
cussed in several papers. To the best of our knowledge, the first results in this
direction was obtained by E. Bolthausen for the directed polymers in random
environment [2, 4] (see e.g., [3, 12] for more recent progress). The case of the
branching random walks in random environment is discussed in [17]. Also, the
result for continuous-time binary contact path process can be found in [11].

1.1. Linear stochastic evolution
First, we give the framework introduced by N. Yoshida [15], and in Sub-

section 1.2, we will give some examples contained in this framework. We call
this framework “linear stochastic evolutions”, and in the following, we will
abbreviate it for LSE.

Let {At = (At,x,y)x,y∈Zd : t ≥ 1} be a sequence of i.i.d. random matrices
with non-negative entries. We denote by (Ω,F , P ) the probability space on
which these random matrices are defined. Here are the set of assumptions we
assume throughout this article:

For t ∈ N
∗, column vectors (At,x,y)x∈Zd , y ∈ Z

d are independent,(1.1)

E[A2
1,x,y] < ∞ for all x, y ∈ Z

d,(1.2)

At,x,y = 0 a.s. if |x − y| > rA for some non-random rA ∈ N,(1.3)

A1,x,y is not constant a.s. for some x, y ∈ Z
d,(1.4)

(At ◦ θz)t∈N∗
law= (At)t∈N∗ for all z ∈ Z

d (shift invariance),(1.5)

where At ◦ θz = (At,x+z,y+z)x,y∈Zd for z ∈ Z
d. We define a [0,∞)Z

d

-valued
Markov chain Nt = (Nt,y)y∈Zd , t = 1, 2, . . . by:

(1.6) Nt+1,y =
∑
x∈Zd

Nt,xAt,x,y , t ∈ N
∗.

It is easy to check that (Nt)t∈N is a Markov chain, since (At)t∈N are i.i.d.
random variables. Moreover, we suppose that the initial state N0 is non-
negative, non-random, and finite in the following sense,

(1.7) the set {x ∈ Z
d : N0,x > 0} are finite and non-empty.

If we regard Nt ∈ [0,∞)Z
d

as a row vector, (1.6) can be interpreted as

Nt = N0A1A2 · · ·At, t ∈ N
∗,

i.e., we can consider At as a linear transform.
We write

(1.8) ay = E[A1,0,y], |a| =
∑
y∈Zd

ay.

In [15], the dual process of (Mt)t∈N is defined. Let Bt = (Bt,x,y)x,y∈Zd

be the transposed matrices of At. The dual process is the Markov chain with
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values in [0,∞)Z
d

defined by

(1.9)
∑
x∈Zd

At,y,xMt−1,x =
∑
x∈Zd

Mt−1,xBt,x,y = Mt,y, t ∈ N, y ∈ Z
d,

where the initial state M0 ∈ [0,∞)Z
d

is non-random and finite. Most properties
of LSE also hold for the dual process. However there are differences between
LSE and the dual process. One of them is described at the end of Section 2.3.

1.2. Examples
• Oriented site percolation (OSP)

The oriented site percolation is one of the simplest examples of LSE. Let
{ηt,y : (t, y) ∈ N

∗ × Z
d} be {0, 1}-valued i.i.d. random variables with P (ηt,y =

1) = p ∈ (0, 1). The site (t, y) with ηt,y = 1 and ηt,y = 0 are referred as
open and closed. A sequence {(s, xs)}t

s=0 in N × Z
d is called an open path

from (0, 0) to (t, y), if x0 = 0, xt = y, |xs − xs−1| = 1, and ηs,xs
= 1 for all

s = 1, 2, . . . , t. Let Nt,y be the number of open paths from (0, 0) to (t, y), and
let |Nt| =

∑
y∈Zd Nt,y be the total number of open paths from (0, 0) to level t.

Then, Nt,y is LSE with

At,x,y = ηt,y1|x−y|=1,

and N0,x = δx, where δx is the Dirac function, that is,

δx,y = δy−x =

{
1 if x = y,

0 if x �= y.

The covariance of (At,x,y)x,y∈Zd can be seen from

ay = p1|y|=1, E[At,x,yAt,x̃,ỹ] =

{
p if y = ỹ, |x − y| = |x̃ − ỹ| = 1,

ay−xaỹ−x̃ if otherwise.

(1.10)

In particular, we have |a| = 2dp. We refer the general Nt,y as the “number
of particles” at time-space (t, y), and |Nt| as the “total number of particles ”
as in this example.

The next example is another important one.

• Directed polymers in random environment (DPRE)
Let {ηt,y : (t, y) ∈ N × Z

d} be R-valued i.i.d. random variables such that

eλ(β) def= E[exp(βηt,y)] < ∞ for all β ∈ (0,∞).

We define Nt,y by

Nt,y = E0
S

[
exp
( t∑
u=1

βη(u, Su)
)

: St = y
]
, (t, y) ∈ N

∗ × Z
d,
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where (St, P
x
S ) is a simple random walk on Z

d which is independent of {ηt,y}.
Then, we call |Nt| the partition function of the directed polymers in random
environment. There are many papers on this model [2, 3, 4, 12], and the reader
can find more information. Starting from N0 = (δx)x∈Zd , the above expectation
can be obtained inductively by (1.6) with

At,x,y =
1|x−y|=1

2d
exp(βηt,y).

The covariance of (At,x,y)x,y∈Zd can be seen from

(1.11) ay =
eλ(β)1|y|=1

2d
, E[At,x,yAt,x̃,ỹ] =

{
ay−xaỹ−x̃ if y �= ỹ,

eλ(2β)−2λ(β)ay−xaỹ−x̃ if y = ỹ.

In particular, we have |a| = eλ(β).

• Binary contact path process (BCPP)
The binary contact path process is a continuous-time Markov process with

values in N
Z

d

, originally introduced by D. Griffeath [7]. In this paper, we
consider a discrete-time version. Let

{ηx,y = 0, 1 : (t, y) ∈ N
∗ × Z

d}, {ζt,y = 0, 1 : (t, y) ∈ N
∗ × Z

d},
{et,y : (t, y) ∈ N

∗ × Z
d}

be the families of i.i.d. random variables with P (ηt,y = 1) = p ∈ (0, 1], P (ζt,y =
1) = q ∈ [0, 1], and P (et,y = e) = 1

2d for each e ∈ Z
d with |e| = 1. We suppose

that these three families are independent of each other. Starting from N0 ∈ N
Z

d

,
we define a Markov chain (Nt)t∈N with values in N

Z
d

by

Nt+1,y = ηt+1,yNt,y−et+1,y
+ ζt+1,yNt,y, t ∈ N.

We interpret this process as a model of the spread of infection, by Nt,y

infected individuals at time t at the site y. The ζt+1,yNt,y term above means
that infected individuals Nt,y remain infected at time t + 1 with probability q,
and they recover with probability 1−q. On the other hand, the ηt+1,yNt,y−et+1,y

term means that, a neighboring site y−et+1,y is picked at random (say, the wind
blows from that direction), and Nt,y−et+1,y

individuals at site y are infected
anew at time t + 1 with probability p. This Markov chain is obtained by (1.6)
with

At,x,y = ηt,y1{et,y=y−x} + ζt,yδy−x.

The covariance of (At,x,y)x,y∈Zd can be seen from

ay =
1|y|=1

2d
+ qδy,(1.12)

E[At,x,yAt,x̃,ỹ] =

⎧⎪⎨
⎪⎩

ay−xaỹ−x̃ if y �= ỹ,

ay−x if x = x̃ and y = ỹ,

qδy−xay−x̃ + qδy−x̃ay−x if x �= x̃ and y = ỹ.

(1.13)
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In particular, we have |a| = p + q.

We give two examples of the dual process.

• Random walk in time-space random environment
We denote by ei ∈ Z

d, i = 1, . . . , d, the basis vectors of Z
d with |ei| = 1.

Let {p(t, x, ei) : (t, x) ∈ N × Z
d, i = 1, . . . , d} be the [0, 1]-valued i.i.d. random

variables with the uniform distribution on [0, 1). We set

Bt,x,y =
∑

1≤i≤d

(
p(t − 1, x, ei)

1{y=x+ei}
2d

+
(
1 − p(t − 1, x, ei)

)1{y=x−ei}
2d

)
.

Let us suppose M0 = (δx)x∈Zd . Then, it is clear that
∑

y Bt,x,y ≡ 1 and
|Mt| ≡ 1 P -a.s. for all (t, x) ∈ N

∗ × Z
d. From (1.9), we can regard Mt,y as the

probability of the “t-step” transition from 0 to x. More precisely, the random
walk moves according to the transition probabilities P (St+1 = y|St = x) =
Bt+1,x,y for each t ∈ N, x, y ∈ Z

d.

• Directed random walk in oriented bond percolation (DRWOBP)
Let {ηt,x,y : t ∈ N

∗, x, y ∈ Z
d, |x−y| = 1} be the {0, 1}-valued i.i.d. random

variables with P (ηt,x,y = 1) = p ∈ [0, 1]. The directed bond |(t, x), (t + 1, y)〉
with ηt+1,x,y = 1 and ηt+1,x,y = 0 are referred as open and closed. A sequence
{(s, xs)}t

s=0 in N × Z
d is called an open path from (0, 0) to (t, y), if x0 =

0, xt = y, |xs − xs−1| = 1, and ηs,xs−1,xs
= 1 for all s = 1, 2, . . . , t. We define

At,y,x = Bt,x,y by

(1.14) Bt,x,y =
ηt,x,y

deg(t − 1, x)
1{deg(t−1,x)>0},

where deg(t, x) is the number of open bonds at site (t, x) i.e.

deg(t − 1, x) = �{y ∈ Z
d : ηt,x,y = 1}.

We set M0,y = (δy)yinZd . We define the dual process Mt,y, t ∈ N, y ∈ Z
d

by (1.9). The process (Mt) is interpreted as the transition probability of the
directed random walk in oriented bond percolation starting from the origin. It
is described as follows. The random walk starts from (0, 0) ∈ N×Z

d. Suppose
that the random walk is at time-space (t, x) and let

V (t + 1, x) = {y ∈ Z
d : ηt+1,x,y = 1}.

If V (t + 1, x) = ∅, then the random walk is stopped at time t. If, on the
other hand, V (t + 1, x) �= ∅, then the next step of the random walk is deter-
mined by choosing the point y ∈ V (t+1, x) with probability 1/ deg(t, x). Also,
this random walk is interpreted as the random walk in i.i.d. bond percolation
sequences in the following sense. For each time t ∈ N, we give the p-bond
percolation in Z

d, independently. If the random walk starting from 0 is located
at site x at time t, then it moves as a simple random walk in bond percolation,
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but it is killed if the site x has no bond. This random walk coincides with
the random walk described above. This follows from the fact that the bond
is related to at most one step, since the simple random walk is periodic. We
remark that we cannot describe two random walks starting from points sitting
next by this systems.

The covariance of (Bt,x,y)x,y∈Zd can be seen from:

(1.15) by
def= E[B1,0,y] =

1
2d

(
1 − (1 − p)2d

)
1|y|=1,

and

E[Bt,x,yBt,x̃,ỹ]

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑2d
k=1

1
k2 pk(1 − p)2d−k

(
2d−1
k−1

)
if x = x̃,y = ỹ,|x − y| = 1,∑2d

k=1
1
k2 pk(1 − p)2d−k

(
2d−2
k−2

)
if x = x̃,y �= ỹ,|x − y| = 1,|x̃ − ỹ| = 1,

1 if x �= x̃, |x − y| = 1, |x̃ − ỹ| = 1,

0 otherwise.

(1.16)

These are the examples of LSE and the dual process. In the following
Subsection 1.3, we discuss some properties for LSE, which also hold for the
dual process.

1.3. Some basic properties
In this subsection, we discuss the basic properties of LSE.

First of all, we give another representation of Nt,y by using the random
walk ((St)t∈N, P x

S ) on Z
d defined by

(1.17) P x
S (S0 = x) = 1 and P x

S (S1 = y) = ay−x
def= ay−x/|a|,

and we identify the mean growth rate of |Nt| with |a|t. We introduce notation
and definition:

ζ0 = 1 for t = 0(1.18)

ζt =
∏

1≤u≤t

Au,Su−1,Su

aSu−Su−1

for t ≥ 1.(1.19)

We denote by Ft and Gt, t ∈ N, the σ-field generated by A1, . . . , At and
S1, . . . , St, respectively. For t = 0, we define F0 = {Ω, ∅} and G0 = {Ω̃, ∅},
where (Ω̃,G) is the probability space on which (St, P

x
S )x∈Zd are defined. Let

Ht be the product σ-field of Ft and Gt and we define P x
A,S and Ex

A,S as the
product measure of P and P x

S and its expectation, respectively.

Remark 1. It is easy to see that aSt−St−1 �= 0 a.s. and

(1.20) At+1,z,y = |a|Ez
S

[At+1,S0,S1

aS1−S0

: S1 = y
]

a.s. for all t ≥ 1 and z, y ∈ Z
d
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The following lemma gives the representation of Nt,y by using ζt.

Lemma 1.1. ζt is a martingale with respect to Ht. Moreover, we have
that

(1.21) Nt,y = |a|t
∑
x∈Zd

N0,xEx
S [ζt : St = y], P -a.s.

Proof. The martingale property of ζt follows from the fact that it is a
product of adapted, mean-one random variables. The latter equality (1.21) can
be obtained by induction. It is easy to see that (1.21) holds for t = 0. If (1.21)
holds for t ≥ 0, then

Nt+1,y =
∑
z∈Zd

Nt,zAt+1,z,y

=
∑
x∈Zd

∑
z∈Zd

|a|tN0,xEx
S [ζt : St = z]At+1,z,y .

Considering the equality (1.20), we have that

Nt+1,y = |a|t+1
∑
x∈Zd

N0,xEx
S [ζt+1 : St+1 = y].

The following lemma is obtained as a corollary.

Lemma 1.2. (|N t|,Ft)t∈N is a martingale, where N t = (N t,x)x∈Zd is
defined by

N t,x = |a|−tNt,x.

Proof. This lemma is an immediate consequence of Lemma 1.1.

From Lemma 1.2, we see that the mean growth rate of |Nt| coincides with
|a|t. In the following lemma, we compare |Nt| and its mean growth rate |a|t.

Lemma 1.3. Referring to Lemma 1.2, the limit

(1.22) |N∞| = lim
t→∞ |N t|

exists a.s. and

(1.23) E[|N∞|] = |N0| or 0.

Moreover, E[|N∞|] = |N0| if and only if the limit (1.22) is convergent in
L

1(P ).
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Proof. We refer the proof to [15, Lemma 1.3.2].

We introduce some more notations. For (s, z) ∈ N × Z
d, we define Ns,z

t =
(Ns,z

t,y )y∈Zd and N
s,z

t = (N
s,z

t,y )y∈Zd , t ∈ N respectively by

Ns,z
0,y = δz,y, Ns,z

t+1,y =
∑
x∈Zd

Ns,z
t,x As+t+1,x,y,

and N
s,z

t,y = |a|−tNs,z
t,y .

(1.24)

Then, we can write

(1.25) |Ns+t| =
∑
y∈Zd

Ns,y|Ns,y

t |.

In particular, (N0,z
y ) is the Markov chain (1.6) with the initial state N0,z

0 =
(δz,y)y∈Zd . Moreover, we have

(1.26) Nt,y =
∑
x∈Zd

N0,xN0,x
t,y for any initial state N0.

Now, it follows that

E[|N0,0

∞ |] = 1 or 0

from Lemma1.3. We will refer to the former case as the regular growth phase
and the latter as the slow growth phase. By (1.25) and the shift invariance,
E[|N∞|] = |N0| for all N0 in the regular growth phase and E[|N∞|] = 0 for
all N0 in the slow growth phase. The regular growth phase means that the
growth rate of |Nt| is the same order as its expectation |a|t|N0|. And the slow
growth phase means that, almost surely, the growth rate is slower than that of
its expectation.

We discuss the case in the regular growth phase in this article. We refer
the reader to the paper [15] for information on the slow growth phase. In the
following section, we will give a sufficient condition of regular growth phase for
OSP, DPRE, and BCPP.

2. Regular growth phase

2.1. Preparation
We introduce some notations and prove a lemma in this subsection to

discuss the main theorem in this paper. It is convenient to introduce the
following notation:
(2.1)

w(x, x̃, y, ỹ) =

⎧⎨
⎩E

[A1,x,yA1,x̃,ỹ

ay−xaỹ−x̃

]
=
(
E
[A1,x−y,0A1,x̃−y,0

ay−xay−x̃

])δy,ỹ

if ay−xaỹ−x̃ �= 0,

0 if ay−xaỹ−x̃ = 0.
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Remark 2. Suppose that At satisfies the equation
(2.2)

E[At,x,yAt,x̃,ỹ] =

{
γδy,ỹay−xaỹ−x̃ if ay−xaỹ−x̃ �= 0,

0 if ay−xaỹ−x̃ = 0,
for all x, x̃, y, ỹ ∈ Z

d,

where γ is a positive constant. Then, we can rewrite w(x, x̃, y, ỹ) as follows.

(2.3) w(x, x̃, y, ỹ) =

{
γδy,ỹ if ay−xaỹ−x̃ �= 0,

0 if ay−xaỹ−x̃ = 0.

It can be seen from (1.10) and (1.11) that the equation (2.2) holds for OSP
and DPRE, where γ = 1/p and exp(λ(2β) − 2λ(β)) respectively.

Let (S, S̃) = ((St, S̃t)t∈N, P x,x̃

S,S̃
) denote the independent product of the

random walks given in (1.17). Then, we obtain the following Feynmann-Kac
formula.

Lemma 2.1.

(2.4) E[Nt,yNt,ỹ] = |a|2t
∑

x0,x̃0∈Zd

N0,x0N0,x̃0E
x0,x̃0

S,S̃
[et : (St, S̃t) = (y, ỹ)]

for all t ∈ N, and y, ỹ ∈ Z
d, where

(2.5) et =
∏

1≤u≤t

w(Su−1, S̃u−1, Su, S̃u), for t ≥ 1.

Consequently,

E[|N t|2] =
∑

x0,x̃0

N0,x0N0,x̃0E
x0,x̃0

S,S̃
[et],

and

sup
t∈N

E[|N t|2] < ∞ ⇔ sup
t∈N

E0,0

S,S̃
[et] < ∞,

⇒ E[|N∞|] = |N0|.
(2.6)

Proof. From Lemma 1.1, we have that

E[Nt,yNt,ỹ] = |a|2t
∑

x0∈Zd

∑
x̃0∈Zd

N0,x0N0,x̃0E
[
Ex0

S [ζt : St = y]Ex̃0
S [ζt : St = ỹ]

]

= |a|2t
∑

x0∈Zd

∑
x̃0∈Zd

N0,x0N0,x̃0E
x0,x̃0

S,S̃

[
E[ζtζ̃t] : (St, S̃t) = (y, ỹ)

]
.

Now, we can easily check the equation:

(2.7) E[ζtζ̃t] = et, P x,x̃

S,S̃
-a.s. for all x, x̃ ∈ Z

d.
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Remark 3. When (2.2) holds, we have

(2.8) et = γ
Pt

u=1 δSu,S̃u .

Let us assume (2.8) and set

πx = P x,0

S,S̃
(St = S̃t for some t ∈ N

∗).

We then have for all x ∈ Z
d that

P x,0

S,S̃

( ∞∑
u=1

δSu,S̃u
= k

)
=

{
1 − πx for k = 0,

πxπk−1
0 (1 − π0) for k = 1, 2, . . . ,

and hence that

sup
t∈N

P 0,0

S,S̃
[et] < ∞ ⇔ π0γ < 1

⇒ lim
t→∞ P x,0

S,S̃
[et] = 1 +

πx(γ − 1)
1 − π0γ

.
(2.9)

On the other hand, it can be seen from (2.4) that

E[|N0,x

∞ ||N0,x̃

∞ |] = lim
t→∞ P x,x̃

S,S̃
[et],

using the notation (1.24). Also, it follows from (2.6) and (2.9) that
(2.10)

sup
t∈N

E[|N t|2] < ∞ ⇔ d ≥ 3 and

{
p > π0 for OSP,
λ(2β) − 2λ(β) < ln(1/π0) for DPRE.

2.2. Results
In this subsection, we state the main theorem in this article. We show the

central limit theorem for the spatial distribution of particles. More precisely,
the theorem is given as follows:

Theorem 2.1. Suppose that d ≥ 3 and (2.6).
Then, for all f ∈ Cb(Rd),

(2.11) lim
t→∞

∑
x∈Zd

f
(x − mt√

t

)
N t,x = |N∞|

∫
Rd

f(x)dν(x), P -a.s.,

where Cb(Rd) stands for the set of bounded continuous functions on R
d,

(2.12) m = (m1, . . . , md) =
∑
x∈Zd

xax,

and ν is the Gaussian measure with
(2.13)∫

Rd

xidν(x) = 0,

∫
Rd

xixjdν =
∑
x∈Zd

(xi − mi)(xj − mj)ax, i, j = 1, . . . , d.
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Remark 4. From Lemma 1.1, we can rewrite (2.11) as

(2.14) lim
t→∞

∑
x∈Zd

N0,xEx
S

[
f
(St − mt√

t

)
ζt

]
= |N∞|

∫
Rd

f(x)dν(x), P -a.s.

If we set ρt,x = Nt,x

|Nt| 1{Nt>0}, then we consider ρt,x as the density of the
particles. From this observation, we can regard Theorem 2.1 as the central
limit theorem for probability measures with the density ρt,

√
tx on {|N∞| > 0}.

We will give the proof of Theorem 2.1 in Subsection 2.3. First, we make
some important observations. By Fatou’s lemma, we obtain

Ex,x̃

S,S̃
[ lim
t→∞

et] ≤ lim
t→∞

Ex,x̃

S,S̃
[et] ≤ sup

t≥1
Ex,x̃

S,S̃
[et] < ∞ .

We have that

(2.15) et = et+1 on {St+1 �= S̃t+1},
and hence there exists the limit

e∞ = lim
t→∞ et

almost surely because of the transience of random walk on Z
d for d ≥ 3. We

define k-th meeting time τk by

(2.16) τ0 = 0, and τk+1 = inf{t > τk : St = S̃t},
where inf ∅ = ∞. Then, from the Markov property and the shift invariance, we
can write that

E0,0

S,S̃
[e∞] =

∞∑
k=0

(
E0,0

S,S̃
[eτ1 : τ1 < ∞]

)k

P 0,0

S,S̃
(τk+1 = ∞) < ∞.

Therefore, we conclude that

(2.17) η = E0,0

S,S̃
[eτ1 : τ1 < ∞] < 1.

Lemma 2.2. Suppose that d ≥ 3 and (2.6). Then, there is a constant
C such that

(2.18) Ex,x

S,S̃
[et : St = S̃t] = E0,0

S,S̃
[et : St = S̃t] ≤ Ct−d/2.

Proof. From the Markov property and the observation (2.15), we can
decompose E0,0

S,S̃
[et : St = S̃t] into

E0,0

S,S̃
[et : St = S̃t] =

t∑
k=1

( ∑
t1+···+tk=t

k∏
i=1

E0,0

S,S̃
[eti

: τ1 = ti]
)
.
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We define at by

at = E0,0

S,S̃
[et : τ1 = t].

We remark that

(2.19) at ≤ c1t
−d/2,

∑
t≥1

at = η < 1, and
∑
t≥1

∑
t1+···+tk=t

at1 · · · atk
= ηk.

It is enough to show that there exists some α < 1 and C1 > 0 such that

(2.20)
∑

t1+···+tk=t

at1 · · · atk
≤ C1α

kt−d/2, for all t ≥ 1.

For k = 1, this inequality holds. We consider the sequence {ck}k≥1 satis-
fying that for some 0 < ε < 1,

(2.21) ck+1 =
c1

(1 − ε)d/2
ηk +

ck

εd/2
η,

where c1 is given in (2.19). We suppose that for k ≥ 1 the following inequality
holds,

(2.22)
∑

t1+···+tk=t

at1 · · · atk
≤ ckt−d/2, for all t ≥ 1.

Then, we have the inequality from (2.19) that∑
t1+···+tk+1=t

at1 · · · atk+1

=
t−1∑
s=k

( ∑
t1+···+tk=s

at1 · · · atk

)
at−s

≤
∑
s≤εt

( ∑
t1+···+tk=s

at1 · · · atk

)
c1(t − s)−d/2 +

∑
εt≤s≤t

cks−d/2at−s

≤
∑
s≤εt

( ∑
t1+···+tk=s

at1 · · · atk

)
c1(t − εt)−d/2 +

∑
εt≤s≤t

ck(εt)−d/2at−s

≤ ηkc1(t − εt)−d/2 + ηck(εt)−d/2

= ck+1t
−d/2,

and hence (2.22) holds for k + 1. We choose ε such that η < εd/2 < 1. Then,

we have ck ≤ C2

(
η

εd/2

)k

for all k ≥ 1 by simple calculation.

We remark that we can show that E0,0

S,S̃
[et−1 : St = S̃t] ≤ Ct−d/2 by a

similar argument.
Lemma 2.2 means delocalization. This can be seen as follows.
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For any t > 0, we define the probability measure μt on the product of the
path space by

μt(A) =
1

Ex,x̃

S,S̃

[
et

]Ex,x̃

S,S̃

[
1Aet

]
, for any A ∈ Gt ⊗ G̃t.

Then, we can see that μt(St = S̃t) is the probability that two paths meet
at time t. It follows from Lemma 2.2 that the expected amount of the meeting
is finite under d ≥ 3 and (2.6).

Remark 5. In contrast to the delocalization result we obtained, it is
shown in [16] that localization occurs when |N∞| = 0 a.s. thus, when d = 1, 2.

In the end, we consider a sufficient condition for the regular growth phase
for BCPP. For BCPP, w(x, x̃, y, ỹ) is given as follows:

(2.23) w(x, x̃, y, ỹ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1/q if x = x̃ = y = ỹ,

2d/p if x = x̃, y = ỹ, |x − y| = 1,

1 if y = ỹ = x, |x̃ − y| = 1,

1 if y = ỹ = x̃, |x − y| = 1,

1 if y �= ỹ and ay−xaỹ−x̃,

0 if otherwise,

where 1/q on the first line is replaced by 0 if q = 0.
In [15], it is shown that (2.17) is necessary and sufficient condition for the

uniform square integrability of |N t|. Now, we will estimate η = E0,0

S,S̃
[eτ : τ <

∞]. We can write from (2.23) and the Markov property that

η = E0,0

S,S̃
[e1 : τ = 1] + E0,0

S,S̃
[eτ : 1 < τ < ∞]

=
1

p + q
+ E0,0

S,S̃
[eτ : 1 < τ < ∞]

=
1

p + q
+ E0,0

S,S̃

[
ES1,S̃1

S,S̃
[eτ : τ < ∞] : τ �= 1

]
=

1
p + q

+ E0,0

S,S̃

[
PS1,S̃1

S,S̃

(|Sτ−1 − S̃τ−1| = 1, τ < ∞) : τ �= 1
]

≤ 1
p + q

+ sup
|x|,|x̃|≤1,
|x−x̃|≥1

{
P x,x̃

S,S̃

(
τ < ∞)}(1 − 1

2d

( p

p + q

)2

−
( q

p + q

)2)
.

(2.24)

We have that if x �= 0, then

π(x) ≤ C3(1/d) as d ↗ ∞.

We show this in Lemma 3.2. From this and (2.24), a sufficient condition
is that

(2.25) p + q > 1 and d = dp,q ≥ 3 is large enough.
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Also, by numerical calculation, we find that the following condition is
sufficient:

(2.26) d ≥ 3, and (p, q) ∈ (1 − ε, 1] × (1 − ε, 1],

where ε > 0 is small enough (see, Appendix 3.1).

2.3. Proof of Theorem 2.1
We now show Theorem 2.1 by using the argument in [2]. First, we intro-

duce some notations. Let {ξt}t≥1 be i.i.d. random variables with values in R
d.

We denote by Xt the random walk with each step given by ξt. Moreover, we
assume that E[exp(θ · ξ1)] < ∞ for θ in a neighborhood of 0 in R

d. We define
ρ(θ) by

(2.27) ρ(θ) = lnE[exp(θ · ξ1)].

Then, it is obvious that

exp
(
θ · Xt − tρ(θ)

)
is a martingale with respect to the filtration of the random walk.

We will use standard notation xn = xn1
1 · · ·xnd

d and
(

∂
∂x

)n =
(

∂
∂x1

)n1 · · · ( ∂
∂xd

)nd

for n = (n1, . . . , nd) ∈ N
d and x ∈ R

d. For n = (n1, . . . , nd) ∈ N
d, the polyno-

mial Wn(t, x) is defined by

Wn(t, x) =
( ∂

∂θ

)n

exp
(
θ · x − tρ(θ)

)∣∣∣
θ=0

,

where |n| = n1 + · · · + nd. We write

(2.28) Wn(t, x) =
∑

An(i, j)xitj .

The coefficients An(i, j) depend on the derivatives of ρ at 0. The following
lemma gives some useful properties of Wn(t, x).

Lemma 2.3. For a general random walk with exp(ρ(θ)) < ∞ for θ in
a neighborhood of 0 and E[ξ1] = 0, we have

(a) if |i| + 2j > |n|, then An(i, j) = 0.

(b) The coefficient with |i|+2j = |n| depends only on the second derivatives of
ρ at 0, that is, on the covariance of ξ1.

(c) If |i| = |n|, then An(i, 0) = δi1,n1δi2,n2 · · · δid,nd
.

Proof. All of them follow from simple calculation and the fact that ∂ρ/∂θj

at θ = 0 equals 0.

Wn(t, Xt) is a martingale with respect to the filtration of the random walk.
Coming back to the random walk (St, P

x
S ), we have that

(2.29) Yn(t) = Ex
S [Wn(t, St − mt)ζt]

is an Ft-martingale, since ζt is an Ht-martingale.
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Proposition 2.1. If |n| ≥ 1, then

lim
t→∞ t−|n|/2Yn(t) = 0, P -a.s.

Proof. We show that the martingale

Zt
def=

t∑
s=1

s−|n|/2(Yn(s) − Yn(s − 1))

remains L2-bounded. This implies that Zt converges a.s. and hence the Proposi-
tion 2.1 follows from Kronecker’s lemma. We assume that m = 0 for simplicity.

E
[(

Yn(t) − Yn(t − 1)
)2] = E

[(
Ex

S [Wn(t, S)ζt − Wn(t − 1, S)ζt−1]
)2]

≤ 2E
[(

Ex
S [Wn(t, S)(ζt − ζt−1)]

)2](2.30)

+ 2E
[(

Ex
S [(Wn(t, S) − Wn(t − 1, S))ζt−1]

)2]
.(2.31)

Then, (2.31) is equal to 0 from the observation after the proof of Lemma
2.3. Moreover, we have from (2.1) that

the RHS of (2.30)

= 2E
[
Ex

S [Wn(t, S)(ζt − ζt−1)]Ex
S̃
[Wn(t, S̃)(ζ̃t − ζ̃t−1)]

]

= 2Ex,x

S,S̃

[
Wn(t, S)Wn(t, S̃)et−1E

[(At,St−1,St

aSt−St−1

− 1
)(At,S̃t−1,S̃t

aS̃t−S̃t−1

− 1
)]]

= 2Ex,x

S,S̃

[
Wn(t, S)2(et − et−1)1{St=S̃t}

]
,

where ζ̃t is defined by (1.19) for the random walk (S̃t, P
x
S̃
). It is easy to see

that Wn(t, x)2 ≤ C4|x|2|n| + C5t
|n| from Lemma 2.3. From this, it is enough

to estimate E0,0

S,S̃

[
|St|2|n|et1{St=S̃t}

]
and E0,0

S,S̃

[
|St|2|n|et−11{St=S̃t}

]
. We define

χt1,...,tk
by

χt1,...,tk
= 1{τ1=t1,τ2−τ1=t2,...,τk−τk−1=tk},

where τj is given by (2.16). Since |Sτk
| ≤ |x|+∑k

j=1 |Sτj
−Sτj−1 |, we have that
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for p > d

Ex,x

S,S̃

[
|St|pet1{St=S̃t}

]

≤
t∑

k=1

∑
t1+···+tk=t,

ti≥1

Ex,x

S,S̃

[
|Sτk

|peτk
χt1,...,tk

]

≤
t∑

k=1

(k + 1)p−1
∑

t1+···+tk=t,
ti≥1

E0,0

S,S̃

[ k∑
j=1

|Sτj
− Sτj−1 |peτk

χt1,...,tk

]

+
t∑

k=1

(k + 1)p−1
∑

t1+···+tk=t,
ti≥1

|x|pE0,0

S,S̃

[
eτk

χt1,...,tk

]
.

Also, since Ex,x

S,S̃

[∑k
j=1 eτk

χt1,...,tk

]
= at1 · · · atk

, it follows that

the last term on the RHS ≤ |x|p
t∑

k=1

(k + 1)p−1C1α
kt−d/2

≤ |x|pCt−d/2.

Moreover, from the Markov property and the shift invariance, we obtain
the following inequality by using (2.20):

∑
t1+···+tk=t,

ti≥1

E0,0

S,S̃

[
|Sτj

− Sτj−1 |peτj
χt1,...,tk

]

=
∑

t1+···+tk=t,
ti≥1

( ∏
1≤m≤k,

m 	=j

E0,0

S,S̃
[etm

1{τ1=tm}]

)
E0,0

S,S̃

[|Stj
|petj

1{τ1=tj}
]

=
t∑

s=1

( ∑
t1+···+tk−1=s,

ti≥1

at1 · · · atk

)
E0,0

S,S̃

[|St−s|pet−s1{τ1=t−s}
]

≤
t∑

s=1

C1α
k−1s−d/2C(t − s)(p−d)/2

≤ Cαk−1t(p−d)/2 for all 1 ≤ j ≤ k,

where we have noted that et−s ≤ max w on the third line. We also have that
∑

t1+···+tk=t,
ti≥1

E0,0

S,S̃

[
eτk

χt1···tk

]
=

∑
t1+···+tk=t,

ti≥1

at1 · · · atk

≤ Cαkt−d/2.
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Hence,

Ex,x

S,S̃

[
|St|pet1{St=S̃t}

]
≤ Ct(p−d)/2.

Thus, for |n| ≥ 1 it follows from Hölder’s inequality that

Ex,x

S,S̃

[
|St|2|n|et1{St=S̃t}

]

≤
(

Ex,x

S,S̃

[
|St|2p|n|et1{St=S̃t}

])1/p(
Ex,x

S,S̃

[
et1{St=S̃t}

])1/q

≤ Ct|n|−d/2pt−d/2q = Ct|n|−d/2,

where p, q are the positive numbers satisfying that 1/p+1/q = 1 and 2p|n| > d.
Also, we have that Ex,x

S,S̃
[|St|2net−11{St=S̃t}] ≤ Ct|n|−d/2 by a similar ar-

gument. Therefore, we obtain

sup
t≥1

E
[ t∑

s=1

s−|n|/2
(
Yn(t) − Yn(t − 1)

)]2
= sup

t≥1

t∑
s=1

s−|n|E
[(

Yn(t) − Yn(t − 1)
)2]

≤
∑
t≥1

Ct−d/2 < ∞,

and hence the proof is completed.

Since we have proved Proposition 2.1, we can show Theorem 2.1. From
Fuglede [6], it is enough to show the following proposition instead of (2.11).

Proposition 2.2. Suppose that d ≥ 3 and (2.6).
For all n = (n1, . . . , nd) ∈ N

d,

(2.32) lim
t→∞

∑
x∈Zd

N0,xEx
S

[(St − mt√
t

)n

ζt

]
= |N∞|

∫
Rd

xndν(x), P -a.s.

Proof. It is sufficient to show the claim for the case in N0,x = δx. By
induction, it follows from Lemma 2.3 (a), (c), and Proposition 2.1 that for all
n ∈ N

d

(2.33) sup
t≥1

∣∣∣E0
S

[(St − mt√
t

)n

ζt

]∣∣∣ < ∞, P -a.s.

To see this, we divide Yn(t) into three parts as follows:

Y 1
n (t) = t|n|/2E0

S

[(St − mt√
t

)n

ζt

]

Y 2
n (t) = t|n|/2E0

S

[ ∑
|i|+2j=|n|,j≥1

An(i, j)
(St − mt√

t

)i

ζt

]

Y 3
n (t) = E0

S

[ ∑
|i|+2j<|n|

t|i|/2+jAn(i, j)
(St − mt√

t

)i

ζt

]
.

(2.34)
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Then, we can write

E0
S

[(St − mt√
t

)n

ζt

]
= t−d/2Y 1

n (t)

= t−d/2(Yn − Y 2
n − Y 3

n ).
(2.35)

We suppose that (2.33) holds for n ∈ N
d with |n| ≤ k. From Proposition

2.1, we have supt≥1 t−|n|/2
∣∣Yn(t)

∣∣ < ∞ P -a.s. for all n ∈ N
d. It is easy to check

that for n ∈ N
d with |n| = k + 1,

sup
t≥1

t−|n|/2
∣∣Y 2

n (t)
∣∣ < ∞ and sup

t≥1
t−|n|/2

∣∣Y 3
n (t)

∣∣ < ∞ P -a.s.

Thus, (2.33) holds for all n ∈ N
d. Therefore, we conclude that

(2.36) lim
t→∞ t−|n|/2Y 3

n (t) = 0, P -a.s.

and hence from Lemma 2.3 and Proposition 2.1 that for |n| ≥ 1

(2.37) lim
t→∞ t−|n|/2

(
Y 1
n (t) + Y 2

n (t)
)

= 0, P -a.s.

On the other hand, let Z be an R
d-valued random variable with density

ν. Then, it can be seen that ρ1(θ) is a polynomial of degree 2, where ρ1(θ) is
given by (2.27) for ξ1 = Z. Moreover, we have that for |n| ≥ 1,

0 =
( ∂

∂θ

)n

E[exp(θ · Z − ρ1(θ))]

= E
[ ∑
|i|+2j≤2|n|

A′
n(i, j)Zi

]

where A′
n(i, j) is defined by (2.28). From Lemma 2.3, A′

n(i, j) coincides with
An(i, j) for (i, j) with |i| + 2j = 2|n|, and hence we can write for |n| ≥ 1

(2.38) E
[
Zn +

∑
|i|+2j=|n|,j≥1

An(i, j)Zi
]

= 0.

We know limt→∞ E0
S [ζt] = |N∞| for |n| = 0. If (2.32) holds for all n ∈ N

d

with |n| ≤ k, then we have that for all n ∈ N
d with |n| = k + 1,

(2.39) lim
t→∞ t−|n|/2Y 2

n (t) = |N∞|E
[ ∑
|i|+2j=|n|,

j≥1

An(i, j)Zi
]
, P -a.s.

From this, (2.37), and Proposition 2.1, it follows that the RHS of (2.35)
converges to

−|N∞|E
[ ∑
|i|+2j=|n|,

j≥1

An(i, j)Zi
]
,

almost surely as t ↗ ∞, so that (2.32) holds for n ∈ N
d with |n| = k + 1

from (2.38). Therefore, we complete the proof of Proposition 2.2 and Theorem
2.1.
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Remark 6. One might expect that the same statement as Theorem 2.1
holds for the dual process. However the next example shows that the uniform
square integrability of |M t| is not sufficient for the (non-degenerate) central
limit theorem of the dual process. We can construct the counterexample as
follows.

We set M0,x = δx. Let {et,y; (t, y) ∈ N
∗ × Z

d} defined by the random
vectors with P (et,y = e) = 1

2d for e ∈ Z
d with |e| = 1. We give At,y,x by

At,y,x = 1{et,x=y−x}.

Then, it is easy to see that |Mt| = 1 a.s. and therefore |Mt| is uniformly
square integrable. Moreover, we have that there is some xt ∈ Z

d for each t ∈ N

and Mt,y = δxt
. Thus, the central limit theorem does not hold for this dual

process. Under some non-degeneracy condition, we can prove the central limit
theorem for the dual process.

Proposition 2.3. Suppose d ≥ 3 and ( 2.6). In addition, we assume
the non-degeneracy,

w′(0, 0, y, ỹ) �= 0, for some y �= ỹ,

where w′(x, x̃, y, ỹ) is defined by

w′(x, x̃, y, ỹ) =

⎧⎨
⎩E

[B1,x,yB1,x̃,ỹ

by−xbỹ−x̃

]
=
(
E
[B1,0,y−xB1,0,ỹ−x

by−xbỹ−x

])δx,x̃

if by−xbỹ−x̃ �= 0,

0 if by−xbỹ−x̃ = 0.

Then, we have that for all f ∈ Cb(Rd)

lim
t→∞

∑
x∈Zd

f
(x − m′t√

t

)
M t,x = |M∞|

∫
Rd

f(x)dν′(x), P -a.s.,

where Cb(Rd) stands for the set of bounded continuous functions on R
d,

m′ = (m′
1, . . . , m

′
d) =

∑
x∈Zd

xbx/|b|,

and ν′ is the Gaussian measure with∫
Rd

xidν′(x) = 0,

∫
Rd

xixjdν′ =
∑
x∈Zd

(xi − m′
i)(xj − m′

j)bx/|b|, i, j = 1, . . . , d.

Outline of the proof. From a similar argument to the case of LSE, there
exists the limit

e′∞ = lim
t→∞ e′t P -a.s.

where e′t is defined by replacing w with w′ in (2.5). It follows from the Markov
property that

E0,0

S,S̃

[
e′∞
]

=
∞∑

k=0

(
E0,0

S,S̃

[
e′τ : τ < ∞

])k

E0,0

S,S̃

[
w′(0, 0, S1, S̃1) : τ = ∞

]
< ∞
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where τ is given by τ = inf{t ≥ 1 : St = S̃t}. Therefore, we have from
non-degeneracy that

E0,0

S,S̃

[
eτ : τ < ∞

]
< 1.

Then, we can show that similar results to Lemma 2.2 and Proposition
2.1.

We get an interesting result for DRWOBP as follows.

Corollary 2.1. Suppose d ≥ 3. Let (Mt,y) be the distribution of the di-
rected random walk on oriented bond percolation (DRWOBP) defined by (1.14).
We set

μt(x) =
Mt,x

|Mt| 1{|Mt| > 0}.
If p is close to 1, then the central limit theorem holds in the sense that for all
f ∈ Cb(Rd),

lim
t→∞

∑
x∈Zd

f
( x√

t

)
μt(x) =

∫
Rd

f(x)dν(x) P -a.s. on {|M∞| > 0},

where ν is the Gaussian measure with mean 0 and covariance matrix 1/d times
the identity matrix.

Remark 7. μt(x) is the distribution of the random walk conditioned
on the set {random walk survives at time t}.

Proof. It is sufficient to show that w′(0, 0, y, ỹ)πd < 1, since

E0,0

S,S̃
[eτ : τ < ∞] ≤ max

y,ỹ∈Zd
w′(0, 0, y, ỹ)πd.

In the typical case p = 1, we have that w′(0, 0, y, ỹ) = 1|y|,|ỹ|=1. Also,
it follows from (1.15) and (1.16) that w′(0, 0, y, ỹ) is continuous in p ∈ (0, 1].
Thus, if p is close to 1, then w′(0, 0, y, ỹ)πd < 1.

3. Appendix: Meeting probability of two random walks

In this section, we follow [17] to estimate the probability with which inde-
pendent copies of a certain random walk meet. Let S = (St)t∈N be a random
walk on Z

d such that

P (S1 = x) =

{
p
2d if |x| = 1,

q if x = 0,

where p + q = 1, p > 0. We remark that for BCPP, p and q are replaced by
p/(p + q) and q/(p + q), respectively. We define ρ(x) by

(3.1) ρ(x) = P x
S (St = 0, for some t ≥ 1).

First, we give the representation of ρ(x) by using the return probability of
the simple random walk.
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Lemma 3.1.

ρ(x) =

{
q + (1 − q)ρS(0) if x = 0,

ρS(x) if x �= 0,

where ρS is defined by ( 3.1) for the simple random walk.

Proof. It is easy to check that

St = SJt
is a simple random walk,

where Jt is the “t-th jump time”defined by

Jt = inf{s ≥ 1 :
s∑

u=1

1Su−1 	=Su
= t}.

Also, we have {St}t≥J1 = {St}t≥1. Therefore, it follows that for x �= 0

ρ(x) = P x
S ({St}t≥J1 � 0) = P x

S ({St}t≥1 � 0) = ρS(x),

and for x = 0

ρ(0) = P 0
S(S1 = 0) + P 0

S(|S1| = 1, PS1
S (St = 0, for some t ≥ 1))

= q + (1 − q)ρS(e1)
= q + (1 − q)ρS(0),

where e1 = (1, 0, . . . , 0).

Let (S̃t)t≥1 be an independent copy of (St)t≥1. We define π(x) by

π(x) = P x,0

S,S̃
(St = S̃t, for some t ≥ 1).

Lemma 3.2.

π(x) ≤
{

q + (1 − q)ρS(0) if x = 0,
1−π(0)

1−q
ρS(x)

1−ρS(0) if x �= 0.

Moreover, if x �= 0, then

π(x) ≤ C3(1/d) as d ↗ ∞.

Proof. It follows from a property of the random walk that

1
1 − π(0)

=
∞∑

t=0

P 0,0

S,S̃
(St − S̃t = 0) =

∞∑
t=0

P 0
S(S2t = 0)

≤
∞∑

t=0

P 0
S(St = 0) =

1
1 − ρ(0)

.
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Therefore, we have from Lemma 3.1 that π(0) ≤ ρ(0) ≤ q + (1 − q)ρS(0).
Also, for x �= 0, we obtain that

π(x)
1 − π(0)

=
∞∑

t=0

P x,0

S,S̃
(St − S̃t = 0) =

∞∑
t−0

P x
S (S2t = 0)

≤
∞∑

t=0

P x
S (St = 0) =

ρ(x)
1 − ρ(0)

≤ ρS(x)
(1 − q)(1 − ρS(0))

.

The last statement follows from the fact that ρS(x) ≤ C(1/d) as d ↗
∞.

Now, we verify (2.26). (2.24) and Lemma 3.2 (where p and q are replaced
by p/(p + q) and q/(p + q) respectively) implies that

η ≤ 1
p + q

+
(p + q)(1 − π(0))

p

ρS(0)
1 − ρS(0)

(
1 − 1

2d

( p

p + q

)2

−
( q

p + q

)2)
.

Thus, it is sufficient to check that the right hand side is smaller than 1 for
p = q = 1. We have that 1 − π(0) = 1/G, where G is the expectation of the
number of meeting of two random walks starting from the origin. Since we know
that for d = 3, ρS(0) = .3405 · · · , and that for d ≥ 4, ρS(0) ≤ .1932 · · · (see,[8]),
we can choose 0 < p, q ≤ 1 so that η < 1. Here, we use the equation

G =
∞∑

k=0

P 0
S(S2t = 0)

=
∞∑

k=0

∞∑
n=k

( q

p + q

)2k
(

2n

2k

)( p

p + q

)2n−2k

p2k,

≥
∞∑

n=0

( p

p + q

)2n

+
∞∑

n=1

n(2n − 1)
( q

p + q

)2( p

p + q

)2n−2

p2

where p2n is the probability of a simple random walk visiting 0 at time 2n. If
we set p = q = 1, then

G ≥
{

4
3 + 14

81 = 1.5061 · · · if d = 3,
4
3 if d ≥ 4.
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