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SYMPLECTIC MANIFOLDS AND COHOMOLOGICAL
DECOMPOSITION

DANIELE ANGELLA AND ADRIANO TOMASSINI

Given a closed symplectic manifold, we study when the Lefschetz
decomposition induced by the s[(2; R)-representation yields a decom-
position of the de Rham cohomology. In particular, this holds always
true for the second de Rham cohomology group, or if the symplectic
manifold satisfies the Hard Lefschetz Condition.

Introduction

Compact Kahler manifolds have special cohomological properties: from
the complex point of view, the Hodge decomposition theorem states
that the complex de Rham cohomology groups decompose as direct sum
of the Dolbeault cohomology groups, and from the symplectic side the Hard
Lefschetz theorem provides a decomposition of the de Rham cohomology
as direct sum of primitive cohomology groups. Such decompositions do not
hold anymore for general non-Kéhler complex manifolds.

To the purpose of generalizing the above cohomological complex-type
decomposition on an arbitrary almost-complex manifold (X, J), T.-J. Li
and W. Zhang have introduced in [21] the subgroups ng’q)’(q’p) (X;R) C
H3,(X;R) (respectively, HSP’Q) (X) € Hjp(X;C)), formed by the real (re-
spectively, complex) de Rham cohomology classes having representatives
of pure type (p,q) (we refer also to [2,3,17] for further results concern-
ing these subgroups). In [15], T. Draghici, T.-J. Li, and W. Zhang have
proved that any closed four-dimensional manifold endowed with an almost-
complex structure J satisfies the decomposition H3,(X;R) = Hgl’l) (X;R)®
H §2’0)’(0’2) (X;R), which can be regarded as a Hodge decomposition for non-
Kahler 4-manifolds. This decomposition does not hold true in higher dimen-
sion; see [17, Example 3.3].

In [8], Brylinski proposed a Hodge theory for closed symplectic manifolds
(X, w): in this context, Mathieu in [24], and Yan in [32], proved that any
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de Rham cohomology class admits a symplectically harmonic representative
(i.e., a form being both d-closed and d*-closed, where d®| iy := (—1)F*1 «
d %y, and %, is the symplectic-x-operator) if and only if the Hard Lefschetz
Condition is satisfied.

Recently, Tseng and Yau, in [29, 30] (see also [31]), have introduced new
cohomologies for symplectic manifolds (X, w): among them, in particular,
they have defined and studied

ker (d + dA)

XiR) = imd d?

I

d+dA(

developing a Hodge theory for such cohomology; H d+ JgA (X;R) can be in-
terpreted as the symplectic counterpart to the Bott—Chern cohomology of
a complex manifold; see [31]. (As regards the Bott—Chern cohomology and
its relation with the cohomological properties of a compact complex mani-
fold, we refer to [4], where the problem whether the Bott—Chern cohomology
groups induce a decomposition of the de Rham cohomology is studied, and
a characterization of compact complex manifolds satisfying the 99-Lemma
is given.) Furthermore, they have studied the dual currents of Lagrangian
and co-isotropic submanifolds, and they have defined a homology theory on
co-isotropic chains, which turns out to be naturally dual to a primitive co-
homology.
Inspired also by their work, Lin has developed in [22] a new approach to
the symplectic Hodge theory.

In the present paper, we focus on cohomological properties of closed sym-
plectic manifolds (X, w). Denote by

Hy’s) (X;R) = {[Lr ﬁ(s)} € HEEFS(X;R) : 3) is a primitive s—form}

C Har(X;R),
and by
H o { L" By € HYE  (X;R): B(s) is a primitive s—current}
c HIE(X;R),

where L: A®*X — A®T2X is defined by La := wA«, and L: DeX — De_2X
is induced by duality, where De X denotes the complex of currents on X.
We are concerned in studying when the above subgroups yield a direct sum
decomposition of the de Rham cohomology, respectively, of the de Rham ho-
mology. In this matter, we prove the following result, which can be regarded
as the symplectic counterpart to [15, Theorem 2.3] by T. Draghici, Li, and
Zhang in the almost-complex case.
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Theorem 2.6. Let X be a closed manifold endowed with o symplectic
structure w. Then

H3p(X;R) = HMO(X;R) @ HOD(X;R).

w

In particular, if dim X = 4, then

Hip(X;R) = @ HS* (X3 R)
reN

and

HIF(XGR) = @) Hy. o0y (X R).
reN

If (X, w) satisfies the Hard Lefschetz Condition, then Hj,(X;R), respec-
tively H¢(X;R), decomposes as direct sum of the subgroups HLE,") (X;R),
respectively, H(w.v_) (X;R); see Corollary 2.5.

Then we specialize on solvmanifolds, namely, compact quotients of solvable
Lie groups, showing a Nomizu theorem for solvmanifolds of completely solv-
able type; see Proposition 3.3.

The paper is organized as follows. In Section 1, we recall the basic facts
concerning Lefschetz decomposition (both for differential forms, for currents,
and for cohomologies) and Hodge theory on closed symplectic manifolds, in
particular with the aim to fix the notations. In Section 2, we introduce and
study the subgroups Hf)") (X;R), proving the symplectic cohomological de-
composition in Theorem 2.6. In Section 3, we study symplectic cohomology
decomposition for solvmanifolds, providing several explicit examples and
computing the symplectic cohomology groups in such cases.

1. Preliminaries on Hodge theory for symplectic manifolds

We recall here some notions and results concerning Hodge theory for sym-
plectic manifolds, referring to [8,9, 22,24, 29, 30, 32].

1.1. Primitive forms and Lefschetz decomposition. Let (V, w) be

a 2n-dimensional symplectic vector space and denote by {e,...,ea,} a
Darboux basis of V for w, i.e, w = Y& e A e, where {e!,..., e*"}
is the dual basis of {ej,...,ea,}. Denote by I : V' — V* the natural isomor-

phism induced by w, namely I(v)(-) = w(v,-), for every v € V. Then w gives
rise to a bilinear form (w‘l)lg on AFV*: on the simple elements, set

(w_l)k <a1 Ao A ak,ﬁl A A ﬁk> = det (W_l (O‘ivﬂj))i,je{l,...,k} )

where w™! (ai,ﬂj) = w([ﬁl (ai) It (ﬁj)). Note that (wil)k is skew-
symmetric, respectively symmetric, according that k is odd, respectively
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even. The symplectic-x-operator
xo: A X — AT X

is defined requiring that, for every o, 3 € AFV*,

aAxyf = (wil)k (a, B)

n
n!l’

see [8, Section 2|.

Let X be a 2n-dimensional closed manifold and let w be a symplectic
structure on X (namely, a non-degenerate d-closed 2-form on X). Set II :=
w™' € A’2TX the canonical Poisson bi-vector associated to w. In a Darboux

chart with local coordinates {l‘l, gyt ,y”}, if ' Z?:l daindy?,
then w1 % Py % A %. Consider the s[(2; R)-representation on A®*X
given by (L, A, H) C End® (A*X), where

L: A X - A P2X, a—wAa,
A: A X = A2X, a— —uo,

H: \N*X — A°X, 04»—>Z(n—k) Ak x QO
k

(we denote the interior product with £ € A% (TX) by t¢: A* X — A°T2X,
and, for k € N, the natural projection by m \rx: A* X — A*X). Using the
symplectic-x-operator x,,, one can write

A=—x, L *,.

The above sl(2; R)-representation, having finite H-spectrum, induces the
Lefschetz decomposition on differential forms, [32, Corollary 2.6],
NX =P L PAX,
reN
where
PA®X :=ker A

is the space of primitive forms. Note (see, e.g., [20, Proposition 1.2.30(v)])
that, for every k € N,

PAFX = ker L"F+1| oy,

where, here and in the sequel, “|” denotes the restriction. In general, see [30,
pages 7-8], the Lefschetz decomposition of A*) € A¥X reads as

Ak _ 3 l'Lr B2

r>max{k—n, 0}
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where, for r > max {k —n, 0},

1

B(k72r) — (Z r g (m 1) E Lt AT'JrE) A(k) c P/\k*QT‘X
LeN ’

and, for r > max {k —n, 0} and ¢/ € N,

r

= (=" (n—k+2r+1° [

=0

1
n—k—i—Qr—i—l—z’.

ar7£7(n7k)

14

1
c Q.
le;[on—k:—f—Qr—f—l—Fj Q

We recall that
n—2
. —k—2 —k
Hlagor e van’ ) 17X 00X

k=-1

is injective, see [32, Corollary 2.8], and that, for every k € N,

Lk AmR X AR Y
is an isomorphism, see [32, Corollary 2.7].

1.2. Symplectic cohomologies. Set
A ey i= (—1)F s, d

for every k € N. Then the following basic symplectic identity holds (see,
e.g., [32, Corollary 1.3]):

(1) [d, A] =d*.

As a direct consequence of (1), one gets dd® +d*d = 0.
Note also that, if (J, w, g) is an almost-Kéhler structure on X, then the
symplectic-x-operator x,, and the Hodge-*-operator *, are related by %, =
J #g, and hence d* = — (d°)* where d° := —i (9 — 0).)

Since (dA)2 = 0, one can consider, as in [8, Section 1] and [29,
Section 3.1], the following cohomology:
ker d*
imd*’

which is isomorphic to the de Rham cohomology, since

(;A(X;R) =

*o: Hp(X;R) — H217*(X;R),
by [8, Corollary 2.2.2].
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In [29], looking for a symplectic counterpart to the Aeppli and Bott—
Chern cohomologies of complex manifolds (see [31] for further discussions),
Tseng and Yau introduce also the (d + dA)—cohomology, [29, Section 3.2],

R _ ker (d + dA)
d+d® Ty gat
and the (d dA)—cohomology, [29, Section 3.3],
ker d d*

dd* " imd+ imd®’
proving in [29, Corollary 3.6, Corollary 3.17] that they are finite-dimensional
R-vector spaces, since X is compact; more precisely, Tseng and Yau prove
that, once fixed an almost-Kéhler structure (J, w, g) on X, these cohomolo-
gies are isomorphic to the kernel of certain 4*'-order self-adjoint elliptic
differential operators, see [29, Theorem 3.5, Theorem 3.16]; furthermore,
the Hodge-*-operator with respect to g induces the isomorphism

X;R) — H"*(X;R),

. [ ]
1 H ddA

ran(

see [29, Corollary 3.25].
Moreover, it is proven in [29, Proposition 2.8] that the cohomology

Hd.+ "\ (X;R) is invariant under symplectomorphism and Hamiltonian iso-

topy.
The following commutation relations between the differential operators d,

d*, and dd”, and the s[(2; R)-module generators L, A, and H, hold straight-
forwardly, [29, Lemma 2.3]:

[d, L] =0,[d", L] = —d,[dd", L] =0,
[d, A} =:d*, [d*, A] =0, [dd", A] =0,
[d, H] =d, [d*, H] = —d*, [dd", H] =0.
Hence, setting
kerdNkerd® NPA®X  kerdNPA®X
imdd*nPA*X  dd*(PA®X)
(see [29, Lemma 3.9]), one gets that

=P rru;; (XGR)

PH<;+dA

(X;R) :=

(]
d+dA
reN
and, for every k € N,

L*: HY A (XGR) = HITH(XGR),

see [29, Theorem 3.11].
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1.3. Hard Lefschetz condition. The identity map induces the following
natural maps in cohomology:

HY, #(XiR)

/

H3p(X;R) \
\ /

Hian (X;R)

(;A(X;R)

Recall that a symplectic manifold is said to satisfy the d d*-Lemma if
every d-exact, d*-closed form is dd”*-exact, namely, if H® dhar (X;R) —
H3,(X;R) is injective. Furthermore, one says that the Hard Lefschetz Con-

dition holds on X if
(HLC) for every k € N, LF: Hggk(X;]R) = Hg;gk(X;R).

In fact, by [24, Corollary 2], [32, Theorem 0.1], [25, Proposition 1.4],
[18], [9, Theorem 5.4], (compare also [13]), it turns out that the following
conditions are equivalent:

e X satisfies the ddA—Lemma

e the natural homomorphism H¢

Sian (X:R) — Hj,(X;R) is actually an

isomorphism;

e every de Rham cohomology class admits a representative being both
d-closed and d*-closed (i.e., Brylinski’s conjecture [8, Conjecture 2.2.7]
holds on X);

e the Hard Lefschetz Condition holds on X.

1.4. Primitive currents. Denote by Do X = DI=* X the space of currents
(i.e., the topological dual space of A®*X, endowed with the usual topology,
see, e.g., [14, Section 9]). The differential d: DeX — De_1 X is defined by
duality from d: A*"! X — A®X. Hence, one can consider the de Rham
homology HI®(X;R) as the homology of the complex (Do X, d). One has a
natural injective homomorphism given by

T: A*X — D°X,

« '—>Ta:—/a/\-;
X

since doT" = T o d, the homomorphism 7" induces a map

T: H35(X;R) — HIE(X;R).
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Moreover, see [14, Theorem 14], one has an isomorphism
Hip(X;R) ~ HI™(X;R);

in particular, T: Hj,(X;R) — HIE(X;R) is an isomorphism.
Following [22, Definition 4.1}, set, by duality,

L:DeX — Dy _2X, S+ Sol,
AN:DeX — DeioX, S SoA,
H:DeX — DX, S+— So(—-H),

A current S € DFX is said to be primitive if AS = 0, or, equivalently, if
L k18 = 0 (see, e.g., [22, Proposition 4.3]); denote by PD*X = PDs,,_oX
the space of primitive currents on X.

The following results are proven by Lin in [22] and provide a Lefschetz
decomposition also on the space of currents, more precisely, on the space of
compactly supported currents on a possibly non-compact symplectic mani-
fold.

Proposition 1.1 ([22, Lemma 4.2]). Let X be a closed manifold endowed
with a symplectic structure. Then (L, A, H) gives a s[(2; R)-module structure
on D°X.

In particular, we get a Lefschetz decomposition on the space of currents, [22,
Proposition 4.3]:

DX =P L PD* ¥ X = L PDap ey2.X.
reN reN

Finally, if j: Y — X is a compact oriented submanifold of X of codimension
k, then the dual current py € Dy X associated with Y is defined, by setting

py () = /Yj*(so),

for every test form ¢ € AFX. If Y is a closed oriented submanifold, then
the dual current py is closed, and, according to [29, Lemma 4.1], py is
primitive if and only if Y is co-isotropic.

2. Symplectic (co)homology decomposition

In this section, we provide a symplectic counterpart to Li and Zhang’s theory
on cohomology of almost-complex manifolds developed in [21].

Let X be a 2n-dimensional closed manifold endowed with a symplectic
structure w. For any 7, s € N, define

HE(XGR) = {1789 € HE(XR) 1 B) € PA*X | C HIF (X3 R).
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Obviously, for every k € N, one has

> HIP(X;R) C Hip(X;R);
2r+s=k
we are concerned in studying when the above inclusion is actually an equal-
ity, and when the sum is actually a direct sum.

Remark 2.1. We underline the relations between the above subgroups and
the primitive cohomologies introduced by Tseng and Yau in [29].

As regards Tseng and Yau’s primitive (d + dA)—cohomology PH?

d+dA(X;]R>7

note that, for every r,s € N,

im (L”: PH; , n(X;R) — HC;R(X;R)> — 1" HO9(X;R) C HI#)(X;R).

In [29, Section 4.1], Tseng and Yau have introduced also the primitive co-
homology groups

ker d Nker d* NPASX

im d| pps—1 xAker 4t
where s € N, proving that the homology on co-isotropic chains is naturally
dual to PHg"_'(X;]R), see [29, page 41]; in [22, Proposition A.5], Lin has
proved that, if the Hard Lefschetz Condition holds on X, then

HY®)(X;R) = PHS(X;R).

Remark 2.2. In [11], Conti and the second author studied the notion of
half-flat structure on a six-dimensional manifold X (see [10]). Namely, an
SU(3)-structure (w, ¥) on X (where w is a non-degenerate real 2-form, and
is a decomposable complex 3-form, such that ¥y Aw = 0 and Y A = —% w?)
is called half-flat if both w Aw and Re ) are d-closed. Note in particular that,
if (w, ) is a symplectic half-flat structure on X, then [Re¢)] € a™® (X;R).
Furthermore, Re ) is a calibration on X and special Lagrangian submani-
folds are naturally defined also in this context.

PHi(X;R) =

)

Remark 2.3. A class of example of closed symplectic manifolds satisfying
the cohomology decomposition by means of the above subgroups Hg'®(X; R)
(actually, satisfying an even stronger cohomology decomposition) is pro-
vided by the closed symplectic manifolds satisfying the d d*-Lemma, equiv-
alently, the Hard Lefschetz Condition. More precisely, recall that, by [32]
(see also [29, Theorem 3.11, Proposition 3.13]), for a 2n-dimensional closed
manifold X endowed with a symplectic structure w, the following conditions
are equivalent:

e X satisfies the d d*-Lemma,;
e it holds that

H3p(X;R) = P L HO* (X R).
reN
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Analogously, considering the space D*X of currents and the de Rham
homology HI®(X;R), for every r,s € N, define
HE o (XiR) = { [L" By] € B, (X;R): B, € PD,X }
C HYS (X R);
as previously, for every k£ € N, we have just the inclusion
Y HE,(X;R) C HIF(X;R),
—2r+s=k
but, in general, neither the sum is direct nor the inclusion is an equality.
We prove that, fixed k& € N, if the sum >, .o b (X;R) gives
the whole (2n — k:)th de Rham cohomology group, then the sum of the sub-
groups of the k™" de Rham cohomology group is direct (this result should

be compared with [21, Proposition 2.30], see also [2, Theorem 2.1], in the
almost-complex case).

Proposition 2.4. Let X be a 2n-dimensional closed manifold endowed with
a symplectic structure w. For every k € N, the following implications hold:

HEL(XR) = ot ok HU(JT,S)(X;]R) =D 5 HE”T’S)(X;R) C HIR(X;R)

ﬂ ﬂ

Hy nGR)= 2 g pamani HE o (GR) —= @,y o HD(XR) C HH(X5R).

Proof. Note that the quasi-isomorphism 7': A® X — D®X satisfies
TolL=LoT,
and hence, in particular, it preserves the bi-graduation,
T(L*PA*X) C L*PD*X = L*PDy,—o X,
and it induces, for every r, s € N, an injective map
HT(X;R) — HEg, o (X5 R).

Therefore, the two vertical implications are proven.
Consider now the non-degenerate duality pairing

(-, =) s Hip(X;R) x HI*(X;R) — R,
and note that, for every r,s € N,
ker <H§f75) (X;R), > > 3 HY,  (X;R);
(p,q)#(n—r—s,2n—s)
indeed, recall that, for any k£ € N, it holds

PAFX = ker A yky= ker L' FH1| oy
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and
PD*X = PDy, 1. X = ker A| pry= ker L" " piy,
and that, if 2r + s # —2p + ¢, then

(HU™ (X3R), Hp, ) (X:R)) = {0},

Arguing in the same way in the case of currents, this suffices to prove the
two horizontal implications. O

A straightforward consequence of [24, Corollary 2], or [32, Theorem 0.1],
and Proposition 2.4 is the following result, which should be compared with
[15, Theorem 2.16, Proposition 2.17].

Corollary 2.5. Let X be a closed manifold endowed with a symplectic struc-
ture w. Suppose that the Hard Lefschetz Condition holds on X, equivalently,
that X satisfies the d d*-Lemma. Then

Hip(X;R) = P HS* (X3 R)
reN
and

H{P(XR) = @D HE oy (X R).
reN
In particular, when dim X = 4 and taking k& = 2 in Proposition 2.4, one
gets that, if H3,(X;R) = gt (X;R) + z™? (X;R) holds, then actually
H2,(X;R) = HS V(X5 R) @ HY? (X; R) holds. In fact, the following result
states that H2s(X;R) always decomposes as direct sum of i (X;R)

and HL(UO’Z) (X;R), also in dimension higher than 4: this gives a symplectic

counterpart to Dréaghici et al. [15, Theorem 2.3] in the complex setting (in
fact, without the restriction to dimension 4).

Theorem 2.6. Let X be a closed manifold endowed with a symplectic struc-
ture w. Then

Hip(X;R) = H"O(X:R) @ HY? (X3 R).
In particular, if dim X = 4, then
Hip(X;R) = P H* (X3 R)
reN

and

HIF(XGR) = @) HE. o0y (X R).
reN



226 DANIELE ANGELLA AND ADRIANO TOMASSINI

Proof. Firstly, we prove that aiv (X5R)N a™? (X;R) = {0}. Let

e =[fw] = [8] € HIO(X;R) N HED(XSR),

where f € C®(X;R) and 8 € PA?X. Being PA2X = ker L™ !| 2y,
one has

0:/fL”_lﬂ(z):/fw/\ﬁ(Q)/\w”_2
X X

=/XfwAfwAw”‘2=/Xf2w”,

hence f =0, that is, ¢ = 0.

Now, we prove that H2p(X;R) = HS’O)(X;R) + H£0’2)(X;R). Let 2n
be the dimension of X. Note that, for any [o] € H7(X;R), for di-
mensional reasons, one has L" '[a] = ) [w"] for some A € R. Thus
L1 ([o] = A [w]) = 0in H32(X;R). It follows that there exists 3 € A2" 71X
such that L" ! (& — Aw) = d 3. Since L™ ': Al X — A?"71X is an isomor-
phism, there exists v € A'X such that 3 = L™ 'v. Hence, one gets that
L" 1 (a—Aw—dy) =0, that is, [0« —d7] — X [w] € q™? (X;R), complet-
ing the proof. U

Remark 2.7. Note that the argument in the proof of Theorem 2.6 can be
generalized to prove the following:

If X is a 2n-dimensional closed manifold endowed with a symplectic struc-
ture w, then, for every k € {1, cees L%J }, it holds

HEO(X;R) 0 HY (X5 R) = {0}

In some cases, the study of the spaces Hg’s) (X;R) can be reduced to the

study of HLE,O’T) (X;R): this is the matter of the following result.

Proposition 2.8. Let X be a 2n-dimensional closed manifold endowed with
a symplectic structure w. Then, for every r,s € N such that 2r + s < n,
one has

HI(X;R) = L"HOY (X R).

Proof. Since L: A X — AJT2X is injective for j < n — 1 (in fact, an
isomorphism for j =n — 1), and [d, L] = 0, we get that

H*)(X;R)
:{ [w’ﬂ“)} € HZH(X;R) : B € A*X Nker A such that L' d ) = o}

:{[wr] - [ﬂ(s)} € Hg;;z(X;R) : B(s) e N°X ﬂkerA} ,

assumed that 2r + s < n. O
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In particular, for every r € {1, ce L%J }, the spaces Hg’o) (X;R) are one-

dimensional R-vector spaces: more precisely, alro (X;R) =R ([w")).
In particular, by the previous result follows that, for & < n, the condition

Hjp(X;R) = @ HTF ) (X;R)
reN

is in fact equivalent to HYo(X;R) = @), L7 HOF 27 (X3 R).

3. Symplectic (co)homology decomposition on solvmanifolds

By a nilmanifold (respectively, a solvmanifold) we mean a compact quotient
of a nilpotent (respectively, solvable) Lie group by a discrete co-compact
subgroup. A solvmanifold X = I'\ G is called completely solvable if, for any
g € G, all the eigenvalues of Adg € End(G) are real, equivalently, if, for any
X € g, all the eigenvalues of adX € End(g) are real.

To shorten the notation, we will refer to a given solvmanifold X = I'\ G by
means of the structure equations of its Lie algebra g; for example, by writing

X = (0%,12,13),

we mean that there exists a basis {el, R 66} of g* with respect to which
the structure equations are

del =de? =de’ =de* =0,
ded =el Ne? = el?)
deb =el ANed = el3,

where we shorten e? := e A eB. Recall that, by Mal’tsev’s theorem [23,
Theorem 7], given a nilpotent Lie algebra g with rational structure constants,
then the connected simply-connected Lie group G naturally associated to
g admits a co-compact discrete subgroup I', and hence there exists a nil-
manifold X := T'\ G whose Lie algebra is g. Dealing with G-left-invariant
objects on X, we mean objects induced by objects on G which are invariant
under the left-action of G on itself given by left-translations. By means of
left-translations, G-left-invariant objects will be identified with objects on
the Lie algebra.

By Hattori’s theorem [19, Corollary 4.2], the cohomology of a com-
pletely solvable solvmanifold X is isomorphic to the cohomology H® (g; R) :=
H*® (A®g*, d) of the complex (A®g*, d), where d: A® g* — A®Tlg* is induced
by dg: Al g* — A%g*, (dga) (z,y) := —a([x,y]): for simplicity, in writing
the cohomology of a solvmanifold, we list the harmonic representatives with
respect to the G-left-invariant metric g := ), e! ® e’ instead of their classes.



228 DANIELE ANGELLA AND ADRIANO TOMASSINI

We recall that, by Benson and Gordon’s theorem [6, Theorem A], if a
nilmanifold X is endowed with a symplectic structure w such that the Hard
Lefschetz Condition holds, then it is diffeomorphic to a torus.

Let X = T'\ G be a completely solvable solvmanifold, endowed with a G-
left-invariant structure w. In particular, w being G-left-invariant, (L, A, H)
induces a s[(2; R)-representation both on A®*X and on its (quasi-isomorphic)
subspace made of the G-left-invariant forms (which is isomorphic to A®g*).

For any r,s € N, we can consider both the subgroup HCST’S)(X;R) of
H3,(X;R), and the subgroup

H(gR) = { |17 8] € H* (g;R) : A5©) = 0}

of H® (g;R) ~ H3j,(X;R), namely, the subgroup made of the de Rham co-
homology classes admitting G-left-invariant representatives in L" PA® X.

In this section, we are concerned in studying the linking between Ho(f") (X;R)

and HLE"') (g;R). This will let us study explicit examples.
First of all, we will need the following lemma by Milnor.

Lemma 3.1 ([26, Lemma 6.2]). Any connected Lie group that admits a dis-
crete subgroup with compact quotient is unimodular and in particular admits
a bi-invariant volume form n.

In the following lemma, we recall Belgun’s symmetrization trick; see [5,
Theorem 7] and [16, Theorem 2.1].

Lemma 3.2. Let X = T'\G be a solvmanifold and call g the Lie algebra
naturally associated to the connected simply-connected Lie group G. Let w
be a G-left-invariant symplectic structure on X . Let n be the G-bi-invariant
volume form on G given by Milnor’s Lemma 3.1 and such that an = 1.
(Up to identifying G-left-invariant forms with linear forms over g* through
left-translations,) define the map

p: AP X — Ak (o) (X1,..., Xp) :I/Xam(Xl\m,---,Xklm) N

One has that
plaegr=idpege: A®g* — A°g" C A°X
and that
fop=pof, for fe{d L}.
In particular, p sends primitive forms to G-left-invariant primitive forms.

Proof. It has to be shown just that pu(La) = Lpu(a) for every a €
A*X. Note that, w being a G-left-invariant form, one has (L «)

Jx WA @), =[x wm A@mnim =wA [y amnim =Lp(x). O
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Then we can prove the following result, which relates the subgroups
HCS,T’S)(X;R) with their invariant part Hff’s)(g;R) (compare it with [1,
Proposition 2.4] for almost-D-complex structures in the sense of Harvey and
Lawson, and also with [17, Theorem 3.4] for almost-complex structures).

Proposition 3.3. Let X = I'\ G be a solvmanifold endowed with a G-left-
inwvariant symplectic structure w. Call g the Lie algebra naturally associated
to the connected simply-connected Lie group G. For every r,s € N, the map

j: HE9(@:R) — HIY (X R)

induced by left-translations is injective, and, if H® (g;R) ~ H3,(X;R) (for
instance, if X is a completely solvable solvmanifold), then it is in fact an
isomorphism.

Proof. Left-translations induce the map j: Ho(f’s)(g;R) — HU(JT’S)(X;IR{).
Consider the Belgun’s symmetrization map pu: A®*X — A®g*: by Lemma 3.2,
since it commutes with d, it induces the map p: HjL(X;R) — H® (g;R),

and, since it commutes with L and A, it induces the map p: ai (X;R) —

HLT’S) (g;R). Moreover, since p is the identity on the space of G-left-invariant
forms, we get the commutative diagram

Hence, j: HI"(g:;R) — HI"¥(X;R) is injective, and p: HOY(X;R) —
qlr) (g;R) is surjective.

Furthermore, when H® (g;R) ~ HJ,(X;R) (for instance, when X is a
completely solvable solvmanifold, by Hattori’s theorem [19, Theorem 4.2]),
since pu|pege= id|pe g, we get that p: Hjp(X;R) — H® (g;R) is the identity
map, and hence pu: qlr) (X;R) — u(f’s)(g;]R) is also injective, hence an
isomorphism. O

Proposition 3.3 is a useful tool to study explicit examples.
Example 3.4. Take the six-dimensional nilmanifold
X = (0%, 12, 14 — 23, 15+ 34)
endowed with the left-invariant symplectic structure

Wi 16 1 35 4 24
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By Nomizu’s theorem [28, Theorem 1], one computes
HC%R(X7 R) =R <€17 627 €3>,
—_———
=Y (XR)

HgR(X;R): R<€16 NI +€24>@R<e137 M e 9.2 16 e35>,

=g (X R) = (XR)
H3 (X-R)= R { o126 _ o145 _ o 235 136 146 Loo3e , 1 345 25
r(X;R)=R(e™® —e™ =27, e ¢ +§-e +§-e , € .

Since the Lefschetz decompositions of the g-harmonic representatives of
H3,(X;R) are

126 _ 145 _ o 235 ( 1 . o126 1 o235 _ 6145)

2 2
EPA3X
3 196 3 o35
+ <2 5 ¢ )
~L(~$<?)
1 1 1 1
136 1136 234 S 136, + 234
= (2 5 e > + (2 e + 5 e >,

€PA3X =L(-1-¢3)

1 1 1 1 1
6146+§'e236+§‘6345 _ <'6146 _ 4.63454_.6236)

4 2
€P7\r3X
3 3
+ (4 o146 T 6345>’
=L(-§ )
1 1 1
245 _ (2 L e156 : _6245> + ( 5 156 5 6245>,
€PA3X =L(1-e5)

and since

d/\2g* — R<6123, 6124,6125,6126 + 6145,6134, 6135, 6146 o e236 _ 6345, 6234>,
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we get that
[6126 _ M5 _ o, 6235] _ [6126 _eMh g 235 d€46]

[2- €126 —2.¢25] = [L(-2-¢%)] € HWD (X R)

and

[6136] _ [6136 +d< oM L 626>] _ [6136 +6234]

2
= [L(-¢")] e H{"V(X:R),
1

N

[6136] _ [6136 dq <; oM 5 626>] _ [6136 _ 6234] c H£0’3)(X;R)7

while it is straightforward to check that

1 1
R <6146 i 5 236 4 5 3. 6245> n (HL(UO’B')(X;R) +H£1’1)(X;]R)> — {0};

in particular, J2 05 (X;R) + Hbgl’l)(X;]R) C H3,(X;R) and At (X5R)N
HYD (X;R) # {0}
Example 3.5. Take the six-dimensional solvable Lie algebra
051 @ g5 = (~13, 23, 0, 56, 46, 0)
endowed with the linear symplectic structure
w:=e'? 430 et

The corresponding connected simply connected Lie group admits a compact
quotient, whose de Rham cohomology is the same as the cohomology of

(A*(e54 @ 6%5)", d);: see [7, Table 5],
It is straightforward to compute
Hip (X;R) = R(, %),

——
=HV (X5R)

H(?R (X,R) — R<612 +636 +€45>@R<€12 o 636, 612 - 645>,

=Y (XR) —HY? (X;R)
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HC?Z’R (X,R) _ R<€123 + 6345, 6126 + 6456> @R<€123 _ 6345, 6126 _ 6456>,

=Y (XR)=L HE"D (XR) =HS"Y (X;R)

H;llR (X;R) = R<61236 11245 4 63456> @R<61236 _ 1245 1236 _ 63456>’

—HY (X;R) =P (X;R)=L H? (X;R)

HCL;)R (X, R) _ R <€12456, 612345> ,

=HY (X;R)=12 BV (X;R)

hence we get a decomposition

H* (X;R) =P L HY* ) (X;R).
reN
In particular, it follows that the Hard Lefschetz Condition holds on (X, w).

Example 3.6. Take the six-dimensional completely solvable solvmanifold
X :=(-23, 0, 0, —46, 56, 0)
endowed with the linear symplectic structure
W= 12 4 (36 | 45
By Hattori’s theorem [19, Corollary 4.2], one computes
HIn(X;R) = ]R<62, e, 66>,

H(%R(X,R) — R<€12 +€36 +€45>EBR<612 o 636, 612 o 645, 613, 626>,

—aMY(XR) —H?(XR)

3 LY 123 126 136 245 345 456
HdR(XJR)—R(e , e, e et e e >

Note that, e?¥ + d e'6 being primitive,
H£0,3) (X;R) DR <6123 _ 35 126 _ 456 6245> ,

and, being e?* — del'® = L2,
Hogl,l) (X;R) = LHLO’?’) (X;R) D R<6123 4315 o126 4 456 6245>7
while, being

136

e — (6136 +€145) _’_% (6136 . 6145)

€eLPA'X ePA3X

NN
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and
d/\29* _ R<el46 _ 6234’ 156 6235’ 6236’ 6246’ 62567 63467 e356>’

one has

(') ¢ HOD (X;R) + HIMD (X;R),
hence H® (X;R) + H™Y (X;R) € H3,(X;R).

The next example gives explicit examples of dual currents on a closed
symplectic half-flat manifold.

Example 3.7. Let C? be endowed with the product * defined by

(w!, w?, wd) * (21, 2%, 23) = (2! +wl, e 22 4 u? e 2P + w?)
for every (w!, w?, w?), (2!, 22, 23) € C3. Then (C3, *) is a complex solvable
(non-nilpotent) Lie group and, according to [27], it admits lattice I C C?,
such that X = I'\(C?, %) is a solvmanifold. Setting

1 1
oli=dzt, ¢?i=¢" d2?, P i=e* d2°,

then {901, @2, 4,03} is a global complex co-frame on X satisfying the following
complex structure equations:

dpt =0, d¢® =9 d¢’=—p".

If we set ¢/ =: e +ie3td for j € {1, 2, 3}, then the last equations yield to

(de! =de? =0
de? — 12 _ 45
(2) ded = —el3 4 46
ded = olb _ 24
deb = —elb 4 ¢34,

Then (see [12]),
wi= e 4 P 4 02
and

Jel = —¢t, Jed = —e, Jeb .= —€?,

Jet:=el, Jed:=¢3, Je?:= b,
and
P = (e1 —|—ie4) A (63 +ie5) A (66 —|—i€2)
give rise to a symplectic half-flat structure on X, where
Re ) — 136 4 125 | 234 _ 456

Note that the Hard Lefschetz Condition holds on (X, w), see
[12, Theorem 5.1].
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Then, setting 2/ =: 27 +iy/, for j € {1, 2, 3}, and denoting by 7: C3 — X
the canonical projection, we easily check that

Vit=n({(a", 2% 2% y', 1) € CPa? =y =¢* =0}),

Yor=m({(z, 2% 2%yt o? %) € C i’ =yl = = 0})

are compact oriented special Lagrangian submanifolds of (X, w, 1), namely,
for j € {1, 2}, it holds Re®|y,= Voly,, and, consequently, the associated
dual currents py; are primitive.

References

[1] D. Angella and F.A. Rossi, Cohomology of D-complex manifolds, Differ. Geom. Appl.
30(5)(2012), 530-547.

[2] D. Angella and A. Tomassini, On cohomological decomposition of almost-complex
manifolds and deformations, J. Symplec. Geom. 9(3) (2011), 403-428.

[3] D. Angella and A. Tomassini, On the cohomology of almost-complez manifolds, Int.
J. Math. 23(2) (2012), 1250019, 25 pp.

[4] D. Angella and A. Tomassini, On the 9-Lemma and Bott-Chern cohomology, Invent.
Math. 192(1) (2013), 71-81.

[5] F.A. Belgun, On the metric structure of non-Kdhler complex surfaces, Math. Ann.
317(1) (2000), 1-40.

[6] Ch. Benson and C. S. Gordon, Kdhler and symplectic structures on nilmanifolds,
Topology 27(4) (1988), 513-518.

[7] C. Bock, On low-dimensional solvmanifolds, arXiv:0903.2926v4 [math.DG].

[8] J.-L. Brylinski, A differential complex for Poisson manifolds, J. Differ. Geom. 28(1)
(1988), 93-114.

[9] G. Cavalcanti, New aspects of the dd°-lemma, Oxford University D. Phil thesis,
arXiv:math/0501406v1 [math.DG].

[10] S. Chiossi and S. Salamon, The Intrinsic Torsion of SU(3) and Gz Structures, Dif-
ferential Geometry, Valencia, 2001, 115-133, World Scientific Publ., River Edge, NJ,
2002.

[11] D. Conti and A. Tomassini, Special symplectic siz-manifolds, Q. J. Math. 58(3) (2007),
297-311.

[12] P. de Bartolomeis and A. Tomassini, On solvable generalized Calabi—Yau manifolds,
Ann. Inst. Fourier 56(5) (2006), 1281-1296.

[13] P. Deligne, Ph. Griffiths, J. Morgan and D.P. Sullivan, Real homotopy theory of Kdhler
manifolds, Invent. Math. 29(3) (1975), 245-274.

[14] G. de Rham, Differentiable manifolds, Forms, currents, harmonic forms, Translated
from the French by F.R. Smith, With an introduction by S.S. Chern, Grundlehren der

Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
Vol. 266, Springer-Verlag, Berlin, 1984.



(15]
(16]
(17]
(18]
(19]
20]

(21]

(22]

23]

SYMPLECTIC MANIFOLDS AND COHOMOLOGICAL DECOMPOSITION 235

T. Dréghici, T.-J. Li and W. Zhang, Symplectic forms and cohomology decomposition
of almost complex four-manifolds, Int. Math. Res. Not. IMRN 2010(1) (2010), 1-17.

A. Fino and G. Grantcharov, On some properties of the manifolds with skew-
symmetric torsion, Adv. Math. 189(2) (2004), 439-450.

A. Fino and A. Tomassini, On some cohomological properties of almost complex man-
ifolds, J. Geom. Anal. 20(1) (2010), 107-131.

V. Guillemin, Symplectic Hodge theory and the d §-Lemma, preprint, Massachusetts
Institute of Technology, 2001.

A. Hattori, Spectral sequence in the de Rham cohomology of fibre bundles, J. Fac. Sci.
Univ. Tokyo Sect. I 8(1960) (1960), 289-331.

D. Huybrechts, Complex Geometry. An Introduction, Universitext, Springer-Verlag,
Berlin, 2005.

T.-J. Li, W. Zhang, Comparing tamed and compatible symplectic cones and cohomo-
logical properties of almost complex manifolds, Commun. Anal. Geom. 17(4) (2009),
651-684.

Y. Lin, Symplectic Harmonic theory and the Federer-Fleming deformation theorem,
arXiv:1112.2442v3 [math.SG].

A1 Mal'tsev, On a class of homogeneous spaces, Izvestiya Akad. Nauk. SSSR. Ser.
Mat. 13(1) (1949), 9-32,

English translation in Amer. Math. Soc. Translation: Series 1 1951(39) (1951),
193-206.

O. Mathieu, Harmonic cohomology classes of symplectic manifolds, Comment. Math.
Helv. 70(1) (1995), 1-9.

S.A. Merkulov, Formality of canonical symplectic complexes and Frobenius manifolds,
Int. Math. Res. Not. 1998(14) (1998), 727-733.

J. Milnor, Curvature of left-invariant metrics on Lie groups, Adv. in Math. 21(3)
(1976), 293-329.

1. Nakamura, Complex parallelisable manifolds and their small deformations, J. Differ.
Geom. 10(1) (1975), 85-112.

K. Nomizu, On the cohomology of compact homogeneous spaces of mnilpotent Lie
groups, Ann. Math. (2) 59(3) (1954), 531-538.

L.-S. Tseng and S.-T. Yau, Cohomology and Hodge theory on symplectic manifolds:
I, J. Differ. Geom. 91(3) (2012), 383-416.

L.-S. Tseng and S.-T. Yau, Cohomology and Hodge theory on symplectic manifolds:
II, J. Differ. Geom. 91(3) (2012), 417-443.

L.-S. Tseng and S.-T. Yau, Generalized cohomologies and supersymmetry,
arXiv:1111.6968v1 [hep-th].

D. Yan, Hodge structure on symplectic manifolds, Adv. Math. 120(1) (1996),
143-154.

(Daniele Angella) DIPARTIMENTO DI MATEMATICA
UNIVERSITA DI PIsA

LARGO BRUNO PONTECORVO 5

56127 Pi1sa

ITaLy

E-mail address: angella@mail.dm.unipi.it



236 DANIELE ANGELLA AND ADRIANO TOMASSINI

Current address: ISTITUTO NAZIONALE DI ALTA MATEMATICA
AT DIPARTIMENTO DI MATEMATICA E INFORMATICA
UNIVERSITA DI PARMA

PARCO AREA DELLE SCIENZE 53/A

43124 PARMA

ITaLy.

E-mail address: daniele.angella@math.unipr.it

(Adriano Tomassini) DIPARTIMENTO DI MATEMATICA E INFORMATICA
UNIVERSITA DI PARMA

PARCO AREA DELLE SCIENZE 53/A

43124 PARMA

ITALy

E-mail address: adriano.tomassini@unipr.it

Received 04/18/2012, accepted 02/04/2013

The authors would like to thank Yi Lin for pointing them the reference [22], and for
useful suggestions. We are also pleased to thank the anonymous referee for many fruitful
suggestions and remarks that improved the presentation of the results.

This work was supported by the Project PRIN “Varieta reali e complesse: geometria,
topologia e analisi armonica”’, by the Project FIRB “Geometria Differenziale e Teoria
Geometrica delle Funzioni” and by GNSAGA of INAAM




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


