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CLASSIFICATION OF Q-TRIVIAL BOTT MANIFOLDS

SUYOUNG CHOI AND MIKIYA MASUDA

A Bott manifold is a closed smooth manifold obtained as the total
space of an iterated CP'-bundle starting with a point, where each CP'-
bundle is the projectivization of a Whitney sum of two complex line
bundles. A Q-trivial Bott manifold of dimension 2n is a Bott man-
ifold whose cohomology ring is isomorphic to that of (CP!)" with
Q-coefficients. We find all diffeomorphism types of Q-trivial Bott man-
ifolds and show that they are distinguished by their cohomology rings
with Z-coefficients. As a consequence, the number of diffeomorphism
classes of Q-trivial Bott manifolds of dimension 2n is equal to the num-
ber of partitions of n. We even show that any cohomology ring isomor-
phism between two Q-trivial Bott manifolds is induced by a diffeomor-
phism.

1. Introduction

A Bott tower of height n is a sequence of CP!'-bundles

(1.1) B, B, ;... 2 B ™ B = {a point },
where each 7;: B; — B;_1 for i = 1,...,n is the projectivization of a Whit-

ney sum of two complex line bundles over B;_1. We call B; an i-stage Bott
manifold and are concerned with the diffeomorphism type of the n-stage
Bott manifold B,. Note that even if two Bott towers of height n are not
isomorphic as iterated CP'-bundles, their n-stage Bott manifolds can be
diffeomorphic.

If the fiber bundles in (1.1) are all trivial, then B, is diffeomorphic to
(CPY)™. Tt is shown in [9] that if the cohomology ring of B, is isomorphic to
that of (CP')" with Z-coefficients as graded rings, then B,, is diffeomorphic
to (CPY)™ and moreover the fiber bundles in (1.1) are all trivial.

We say that B, is Q-trivial if its cohomology ring is isomorphic to that
of (CPY)™ with Q-coefficients as graded rings. In this paper, we shall find
all diffeomorphism types of Q-trivial Bott manifolds and show that they are
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diffeomorphic if and only if their cohomology rings with Z-coefficients are
isomorphic as graded rings (Theorem 4.1). As a consequence, we see that the
number of diffeomorphism classes of Q-trivial Bott manifolds of dimension
2n is equal to the number of partitions of n. We also prove that any auto-
morphism of the cohomology ring of a QQ-trivial Bott manifold is induced
by a diffeomorphism. Since we have already established that the diffeomor-
phism types of Q-trivial Bott manifolds are distinguished by their cohomol-
ogy rings, this implies that any cohomology ring isomorphism between two
Q-trivial Bott manifolds is induced by a diffeomorphism (Corollary 5.1).

Our study is motivated by the so-called cohomological rigidity problem
for toric manifolds. A toric manifold is a non-singular compact complex
algebraic variety with an algebraic torus action having a dense orbit. The
cohomological rigidity problem for toric manifolds asks whether the topo-
logical types of toric manifolds are distinguished by their cohomology rings
or not (see [2]). This problem is open; however, we have some affirmative
partial solutions to the problem for (generalized) Bott manifolds in [4-6,9].
The result of this paper provides another affirmative evidence to the prob-
lem for Bott manifolds. One can consider the real analogue of Bott towers
and Bott manifolds, but the cohomological rigidity for real Bott manifolds
is established with Z/2-coefficients, see 3, 8].

This paper is organized as follows. In Section 2, we review Bott mani-
folds and prepare several lemmas to prove our main theorems. We find all
diffeomorphism types of Q-trivial Bott manifolds in Section 3 and prove the
cohomological rigidity for Q-trivial Bott manifolds in Section 4. Section 5
is devoted to proving that any automorphism of the cohomology ring of a
Q-trivial Bott manifold is induced by a diffeomorphism.

Throughout this paper, cohomology is taken with Z-coefficient unless oth-
erwise stated.

2. Cohomology of Bott manifolds

We begin with recalling some general facts on projective bundles. Let
n: E — B be a complex vector bundle over a smooth manifold B and
let P(FE) be the projectivization of E.

Lemma 2.1. ([4, Lemma 2.1]) Let B and E be as above and let L be a
complex line bundle over B. We denote by E* the complex vector bundle
dual to E. Then both P(E*) and P(E ® L) are isomorphic to P(E) as fiber
bundles over B, in particular, they are diffeomorphic.

Proof. We shall reproduce the proof given in [4] for the reader’s convenience
sake.

Choose a Hermitian metric (, ) on E, which is anti-C-linear on the first
entry and C-linear on the second entry, and define a map b: E — E* by
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b(u) := (u, ). This map is not C-linear but anti-C-linear, so it induces a
map b: P(F) — P(E*), which gives an isomorphism as fiber bundles.

For each = € B, we choose a non-zero vector v, from the fiber of L over x
and define a map ¢: E — E® L by ¢(uy) := u; ® v, where u, is an element
of the fiber of E over . The map ¢ depends on the choice of v,;’s but the
induced map ¢: P(E) — P(F ® L) does not because L is a line bundle. It
is easy to check that ¢ gives an isomorphism of P(F) and P(F ® L) as fiber
bundles over B. 0

Remark 2.1. The bundle map b: P(E) — P(E*) does not preserve the
canonical complex structures on the fibers and the pullback of the tauto-
logical line bundle over P(E*) by b is complex conjugate to the tautological
line bundle over P(E) since b is anti-C-linear. On the other hand, the bundle
map c: P(E) — P(E ® L) above preserves the canonical complex structure
on the fibers and pulls back the tautological line bundle over P(E ® L) to
that over P(E).

If H°4(B) = 0 (and this is the case for Bott manifolds), then H*(P(E))
is a free module over H*(B) via n*: H*(B) — H*(P(F)) and the Borel-
Hirzebruch formula [1, (2) on p. 515] tells us that

m
(2.1) H*(P(E)) = H"(B)lx]/ <Z(—1)’Cz‘(E)xm_’> :
i=0
where m is the fiber dimension of E, ¢;(E) denotes the ith Chern class of E,
and z denotes the first Chern class of the tautological line bundle over P(E).
Moreover, the tangent bundle 7 P(E) along the fibers of P(E) — B admits
a canonical complex structure since each fiber is a complex projective space,
and with this complex structure its total Chern class is given by
m
(2.2) (TrP(E)) =Y (1—2)" ei(E).
i=0
Now we consider the Bott tower (1.1). Each fiber bundle 7j: B; — B;_;
for j = 1,...,nis the projectivization of a Whitney sum of two complex line
bundles by definition and we may assume that one of the two line bundles
is trivial by Lemma 2.1. Therefore, one can express

Bj = P(C @ ~™) with a; € H*(B;_1),

where C denotes the trivial complex line bundle and v%/ denotes the complex
line bundle over B;_; with «; as the first Chern class. Note that a3 = 0
since By is a point. Let x; be the first Chern class of the tautological line
bundle over Bj. Then it follows from (2.1) that

H*(Bj) = H*(Bj-1)[x;l/ (2] = aja;).
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Using this formula inductively on j and regarding H*(B;) as a graded sub-
ring of H*(B,,) through the projections in (1.1), we see that

(2.3) H*(By) = Zlx1,. .. 7:zrn]/(x? =ajzj|j=1,...,n).
Sometimes it is convenient and helpful to express
j—1
a; = ZA;xZ with Aé- e
=1

and form an upper triangular matrix of size n with zero diagonals:

0 Ay Ay - A}

0 A% ... A2

A= R
0 Apt

0

Let S' and S? denote the unit sphere of C and C? respectively. Using the
matrix A, one can describe B,, as the quotient of (S®)" by a free action of
(S1)™ defined by

(t1y. .. ytn) - ((zl,wl),...,(zj,wj), . (zn,wn))

7—1 )
—_ At
= (tlzl,tlwl),..., t'Z', t. 7| tiw,; y
(2.4) ( Wit Zl;[l % 77
n—1 i
(tnzn, (H t; n) tnwn>>
i=1

where (t1,...,t,) € (S1)™ and (z;,w;) denotes the coordinate of the jth
component of (S3)". In fact, the projections

(83" — (83"t — ... — 83 - {a point}
defined by dropping the last factor at each stage induces the Bott tower
(1.1).
The next lemma and corollary are tricks to simplify algebraic computa-
tions. An ordered pair (z, z) of elements in H?(B,,) is said to be vanishing
if zzZ = 0 and primitive if both z and Z are primitive. Note that (z;,z; — o)

is a primitive vanishing pair for each j since a:? = Q;T;.

Lemma 2.2. A primitive vanishing pair (z, %) is of the form
(azj + u, £(a(z; — a;) —u))

for some j, where a is a non-zero integer, u is a linear combination of x;’s
with i < j, and u(u + aa;) = 0.
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Proof. Set z = ax; + u (resp. Z = bxy, + v), where a (resp. b) is a non-zero
integer and u (resp. v) is a linear combination of z;’s with i < j (resp. i < k).
If k # j, then abzjzy, term in 2Z survives in H*(B),) because of (2.3), hence
k = j. Therefore,

(2.5) 0=2z2z= aba:jz + (av + bu)zj + uv = (aba; + av + bu)z; + uv.

Since u and v are linear combinations of x;’s with ¢ < j, the identity (2.5)
implies that

(2.6) abaj+av+bu=0 and wuv=0.

The former identity in (2.6) shows that bu is divisible by a. However w is not
divisible by any non-trivial factor of a since z = ax; + u is primitive. Hence
alb. Similarly, av is divisible by b and hence bla. Therefore, b = +a and
hence v = F(u + ac;) by the former identity of (2.6). This proves the first
statement in the lemma because z = bx; +v. The last identity in the lemma
follows from the latter identity of (2.6) since v = u + aa; up to sign. O

Corollary 2.1. A square zero primitive element in H%(B,,) is either xj—%ozj
or 2z — o up to sign for some j, where aJQ- = 0 in both cases. In particular,
the number of square zero primitive elements in H?(B,) up to sign is equal

to the number of o ’s with a]2- =0.

Proof. Since z = Z in the proof of Lemma 2.2, either 2u = —aq; or 2x; = «;.
But the latter case does not occur since o is a linear combination of x;’s
with 7 < j. Hence, 2u = —ac;. Thus, it follows from the primitiveness of z
that z must be either x; — %ozj or 2z; — o up to sign. Since u(u + aa;) =0
and 2u = —aq;, we have a? = 0, proving the corollary. O

3. Q-trivial Bott manifolds

The purpose of this section is to classify Q-trivial Bott manifolds. We freely
use the notation in Section 2.

Proposition 3.1. B, is Q-trivial if and only if %2- =0 in H*(B,) for all
J =1,...,n. In particular, if B, is Q-trivial, then every Bott manifold B;
in the tower (1.1) is Q-trivial.

Proof. If oz? =0, then (z; —%)? = 0 in H*(By,; Q) because :c? = ajxj. Since
zj— 5 for j =1,...,n generate H*(B,; Q) as a graded ring, this shows that
By, is Q-trivial. Conversely, if B,, is Q-trivial, there are n primitive elements
in H2(B,) up to sign whose square vanish. By Corollary 2.1, the number of
a;j’s whose square vanish is also n, which implies the converse. O

Example 3.1. For a € Z, let ¥, = P(C @ 1), where v%** is the complex
line bundle over CP! = By whose first Chern class is ax; € H?(CPY). %,
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is called a Hirzebruch Surface, which was first studied by Hirzebruch in [7].
Note that

H*(X4;2) = Z[aﬂ,l‘g]/(l’% =0, a:% = ary),

so that ary = 0 and s = axq in this case. Since the squares of a7 and ag are
both 0, ¥, is Q-trivial. As is well known, ¥, is diffeomorphic to CP! x CP! if

a is even and to CP?4CP? if a is odd, where TP denotes CP? with reversed
orientations.

Denote H; = CP!,Hy = ¥; and let m : Ho — H; be the canonical
projection. We consider the pullback bundle 73 : Hy — Ho of mo : Hy — H1
via 7o;

Hs —2 5 Hy=P(Caq™)

(3.1) lﬂg lm

Hy = P(CH~™) —2—  H;=CP!

where p3 denotes the induced bundle map. Then Hs is a three-stage Bott
manifold, in fact, H3 = P(C & 7**) where C and 7** are both regarded as
complex line bundles over Hy. Therefore, the matrix corresponding to the
Bott tower

Hs BN Ho 22, H1 , {a pOint}

is given by

O =
o O =

Since the pullback of the tautological line bundle over Hg by ps3 in (3.1) is
the tautological line bundle over Hs, we have p3(x2) = x3, while p3(x1) = x1
which follows from the commutativity of the diagram (3.1).

Inductively, we shall define H,, as follows:

P Pn—1 P4 P3
H, —— Hy1 n Hy ——— Ho

I .

Tn—1 Tn—2 3 2
anl — anQ - HQ — Hl.

Note that

Tn—1

(3.3) Hy = Hypoqg == - 25 H 25 {a point}



Q-TRIVIAL BOTT MANIFOLDS 453

is a Bott tower of height n corresponding to the n X n-matrix

o011 --- 1

00 --- 0

(3.4) 0 --- 0
0

and

(3.5)  H*(Hp) =Z[zy,...,z,.]/ (23 =0, x? = x4, for j =2,...,n),

so that a1 = 0 and a; = @1 for all j = 2,...,n. Since a? = 0 for any
j, Hyp is a Q-trivial Bott manifold by Proposition 3.1. We also note that

pj: Hj — Hj—1 (j > 2) is a bundle map and pulls back the tautological line
bundle over H;_; to that of H;, so that
pj(xj-1) =z, for j > 2, while

3.6
(3.6) pj(x1) = r1, by the commutativity of (3.2).

Lemma 3.1. Square zero primitive elements in H>(H,,) are
+x1 and £ (2z; —x1) for j > 1.
In particular, their mod 2 reductions are equal to the mod 2 reduction of x1.

Proof. Since a; = 0 and o = z1 for j > 1 in (3.5), the lemma is an
immediate consequence of Corollary 2.1. U

Note that the mod 2 reduction of a square zero element of H?(H,) is
either zero or equal to the mod 2 reduction of x; by Lemma 3.1.

Lemma 3.2. If a is a square zero element in H*(H,,), then

P(C @A) = PC®C)=H,xHi, ifa=0in H*(H,) ®7Z/2,
== P(Co~®) =Hpy1, ifa=mx in H*(H,) ®Z/2,

as bundles over H,,.

Proof. By Lemma 3.1, « is either ax; or a(2z; — 1) for j > 1, where a is
an integer. Thus it suffices to prove

(1) P(y* @ C) = P(y(*+2)71 ¢ C) as bundles for any b € Z,

(2) P(y*®%5=21) @ C) = P(y~%1 @ C) as bundles for any j > 1.

We first prove (1). By Lemma 2.1 we have

P(y*™1 @ C) = P((7*®1 & C) ® 4"%1) = P(y(@*D)71 ¢ 4b71)  ag bundles.
Therefore it suffices to prove

(3.7) P(ylatb)z1 gy Abriy o p(4(at20)71 gy C)  ag bundles.
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All line bundles involved in (3.7) are the pullback of line bundles over H; by
a composition of the projections m;’s in the tower (3.3). Therefore it suffices
to prove (3.7) when the base space is H;. But then the two vector bundles
Alatb)zr gy Abrr gnd ~(@+2b)21 ¢y C in (3.7) are isomorphic because their total
Chern classes are same and complex vector bundles over H; = CP! are
classified by their total Chern classes as is well known.

The proof of (2) is similar to that of (1). By Lemma 2.1 we have

P(y*i=m) @ C) & P((y**% ™) @ C) @ 7% = P(y*® ™) @ 47%),
Therefore it suffices to prove
(3.8) P(y*@=21) g 479%5) o P(4791 g C)  as bundles.

As remarked at (3.6), p;: H; — H;—1 for i > 2 is a bundle map and pulls back
the tautological line bundle over H;_; to that over H; so that pf(x;_1) = z;.
Therefore v%7 is the pullback of ¥*2 over Ha by a composition of the bundle
maps p;’s. Moreover p}(z1) = 1 as noted before. Therefore it suffices to
prove (3.8) when j = 2 and the base space is Hg. But then the two vector
bundles y#i=%1) @ =% and 4~%1 @ C in (3.8) are isomorphic because
their total Chern classes are same and complex vector bundles of complex
dimension two over Hy are classified by their total Chern classes. The last
assertion follows from an exact sequence

[Ha, U/U(2)] = [H2, BU(2)] — [H2, BU] = K(Ha)

induced from a fibration U/U(2) — BU(2) — BU. Here [H2,U/U(2)] =0
because Hy is of real dimension 4 and U/U(2) is four-connected. Since Hs
is a simply connected closed manifold with H°d4(Hs) = 0, it follows from
the Atiyah—Hirzebruch spectral sequence that K (Hz2) has no torsion; so the
Chern character K(Ha) — H*(H2; Q) is injective. These show that elements
in [Hg, BU(2)] can be distinguished by their Chern classes. O

4. Cohomological rigidity of Q-trivial Bott manifolds

For n € N, a finite sequence A = (A, ..., Ap,) of positive integers is called a
partition of n if Z1§z’§m Ai=nand Ay > --- > )\, > 1. We define H), by

H/\ 2:7'()\1 X XH)\m.
For instance, (CP!)" is H,...,1) and Hy, is H,). Note that
(4.1) H*(Hx) = H*(Hx,) © - - @ H"(Hx,,)-

Theorem 4.1. (1) An n-stage Q-trivial Bott manifold is diffeomorphic
to Hy for some partition \ of n.
(2) Let A and N be two partitions of n. If H*(H)) is isomorphic to
H*(Hy/) as graded rings, then X = X.
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Therefore, Q-trivial Bott manifolds are distinguished by their cohomology
rings with Z-coefficients and the number of diffeomorphism classes of n-stage
Bott manifolds is equal to the number of partitions of n.

Proof. (1) We prove statement (1) by induction on n. Let B,, be an n-stage
Bott manifold in the tower (1.1) and suppose that B, is Q-trivial. When
n = 1, the statement is trivial since B; = CP! = H;.

Assume statement (1) holds for (n — 1)-stage Q-trivial Bott manifolds.
Then, since B,,_1 is also Q-trivial by Proposition 3.1, we may assume that
B, 1 = 'H,, for some partition p of n — 1 by the induction assumption and
B, = P(y*»®C) with oy, € H*(H,,). We note that a2 = 0 by Proposition 3.1
because B,, is Q-trivial. If a;, = 0, then B,, = H, x H; and the theorem
holds in this case. Suppose a,, # 0. Then a;, must sit in H2(H, ;) for some
component j; of the partition p in (4.1) with A replaced by p because
otherwise a2 cannot vanish. Therefore the line bundle y®» over H, can
be obtained by pulling back a line bundle over H,;. It follows that B, is
diffeomorphic to

Py @ C) x HHuu
i#]
where 7" is regarded as a line bundle over H,,;, p1; Tuns over all components
of p different from p;. Then statement (1) follows from Lemma 3.2.

(2) Any (non-zero) square zero element in H2(H,) sits in H%(H,,) for
some component A\; of A as noted above and it follows from Lemma 3.1 that
the mod 2 reductions of a square zero primitive element in H 2(7-()\1.) and
that in H?(H,,) are same if and only if i = j. Therefore, if ¢ : H*(Hy) —
H*(Hy) is a graded ring homomorphism, then all square zero primitive
elements in H2(H,,) map into H?(H A;) by ¢ for some component A} of \'.
Since the square zero primitive elements in H?(H,,) generate H*(H,,) over
Q, this implies that ¢(H*(H,,)) is contained in H* (H)\;_ ). If  is in particular
an isomorphism, then this together with (4.1) implies statement (2). O

Remark 4.1. One can show that H)’s, in other words Q-trivial Bott man-
ifolds, can be distinguished by their cohomology rings even with Z/2- or
Zzy-coeflicients. It is not true that all Bott manifolds can be distinguished
by their cohomology rings with Z/2-coefficients (e.g., three-stage Bott man-
ifolds are such examples, see [4]), but it might be true with Z)-coefficients,
see [6].

5. Automorphisms of (Q-trivial Bott manifolds

By Theorem 4.1 we may assume that an n-stage Bott manifold is H) where
A is a partition of n. In this section, we shall study the group Aut(H*(H,))
of graded ring automorphisms of H*(H)) and prove the following.
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Theorem 5.1. Any element of Aut(H*(H))) is induced from a diffeomor-
phism of Hy.

Since Q-trivial Bott manifolds are distinguished by their cohomology rings
by Theorem 4.1, the theorem above implies the following.

Corollary 5.1. Any cohomology ring isomorphism between two Q-trivial
Bott manifolds is induced from a diffeomorphism.

The rest of this section is devoted to the proof of Theorem 5.1. Remember
that the square zero primitive elements in H?(H,,) are 21 and +(2z; —x1)
for j > 1 by Lemma 3.1.

Lemma 5.1. An automorphism of H*(H,) permutes +x; and =(2x; — x1)
for 3 > 1 up to sign. On the other hand, any permutation of +x1 and
+(2x; — x1) for j > 1 up to sign induces an automorphism of H*(H,).

Therefore, Aut(H*(Hy,)) is isomorphic to a semi-direct product (Z/2)™
S, where &,, denotes the symmetric group on n letters and the action of
Sy, on (Z/2)" is the natural permutation of factors of (Z/2)".

Proof. The first statement is obvious. Suppose that ¢ is a permutation of
+21 and £(2z; — 1) for j > 1 up to sign. Then ¢(x1) = £ or £(2z —x1)
for some k > 1. In any case one can easily check that if we extend ¢ linearly,
then o(x;) is integral (i.e., a linear combination of x;’s over Z) for any i. For
instance, if

o(x1) =22, — 1, (225 — 1) = 21, (225 — 1) = — (220 — 1) for j # 1,

then a simple computation shows that
p(z;) =z and ¢(x;) = T — 0.

Thus the linear extension of ¢ defines an endomorphism of H?(H,). More-
over, one can also check that ¢(z1)? = 0 and ¢(z;)? = p(z1)p(x;) for j > 1.
This ensures that ¢ extends to a graded ring endomorphism @ of H*(H,)
since the ideal in (3.5) is generated by 22 and a:? —z12j for j > 1. Similarly,

¢~ ! induces a graded ring endomorphism ¢—! of H*(H,,) and clearly o1
gives the inverse of @, so ¥ is an automorphism of H*(H,,). This proves the
lemma. (|

We write A = (d{*,...,d*) where d; > --- > dj, and dj* denotes a; copies
of d; fori=1,...,k. Then

k
H*(H)\) _ ®H*(Hd.)®ai~

7
i=1
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The proof of (2) in Theorem 4.1 shows that an automorphism of H*(H,)
maps factors of H *(Hd.)®“i to themselves for each i, so that

(5.1) Aut(H*(Hy)) HAut H*(Hg,)®%) HAut H*(Hg,))% &,
i=1 i=1
where the action of &, on Aut(H*(Hg,))* is the natural permutation of
factors of Aut(H*(Hg,))*
A permutation of factors of Aut(H*(Hg,))* is induced from a permu-
tation of factors of ng’ which is a diffeomorphism, so it suffices to prove
Theorem 5.1 when A = (n) by (5.1). We first prove it when n = 2.

Lemma 5.2. Any element of Aut(H*(Hsz)), which permutes +x1 and
+(2x9 — x1) up to sign, is induced from a diffeomorphism of Ha.

Proof. Asremarked in Example 3.1, Hy = ¥ is diffeomorphic to CP24C P2.
Let v and v be elements of HQ(CPQ#(CPQ) represented by a canoni-
cal submanifold CP! in CP? and CP? respectively. They are a basis of
Hy(CP2#CP?). (Through the Poincaré duality, u and v correspond to o
and 1 — x93 up to sign since the self-intersection numbers of u and v are
41 while squares of zo and o — z1 are a cofundamental class 1z up to
sign.) It suffices to show that any permutation of +u and 4+v up to sign
can be represented by a diffeomorphism of CP2#CP? = H, since the num-
ber of those permutations is 8 which agrees with the number of elements in
Aut(H*(Hz)) = (Z/2)? x &,.
We consider two involutions s and ¢ on CP? defined by

S: [21, 29, 2’3] — [21, 29, 23], t: [21, 29, Zg] — [2’1, 29, —23]
where [21, 22, 23] denotes the homogenous coordinate of CP? and z denotes
the complex conjugate of a complex number z. Observe that
(1) s leaves the submanifold CP! = {23 = 0} of CP? invariant, reverses
an orientation on the CP! and the fixed point set of s is RP?,
(2) the induced action of t on H,(CP?) is trivial and the fixed point set
of ¢ is the disjoint union of CP! = {23 = 0} and a point [0,0, 1].
Type 1. We consider the involution s on both CP? and CP2. Choose a point
from the fixed set RP? in CP? and CP? respectively and take equivariant
connected sum of CP? and CP? around the chosen points. Then the resulting
involution on CP?#CP? sends (u,v) to (—u, —v).
Type 2. We consider the involution s on CP? and ¢ on CP2. Choose a point
from the fixed set RP? in CP? and a point from the fixed set CP! in CP?
and take equivariant connected sum of CP? and CP? around the chosen
points. Then the resulting involution on CP2#CP? sends (u,v) to (—u,v).
Type 3. CP2#CP? is obtained by removing an open disk D from CP?
and CP? respectively and gluing together along the boundary S® via the
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identity map, so that it admits a reflection with respect to the S®, which
maps CP2\D to CP?\D. This reflection sends (u,v) to (v, u).

Combining the diffeomorphisms of the three types above, one can realize
any element of Aut(H*(Hz)) by a diffeomorphism of Hs. O

We shall prove that any element of Aut(H*(H,,)) is induced from a dif-
feomorphism of ‘H,, for any n by induction on n, so that the proof of The-
orem 5.1 will be completed. For that we prepare three lemmas. We regard
H*(H;) for j < n as a subring of H*(H,) as usual and remember that +x;
and £(2z; — 2z1) for j > 1 are all the square zero primitive elements in

H2(H,,).

Lemma 5.3. Let ¢ be an element of Aut(H*(H;)) for j < n. If ¢ is induced
from a diffeomorphism of ‘H;, then there is a diffeomorphism of H, whose
induced automorphism of H*(Hy) preserves the subring H*(H;) and agrees
with the given ¢ on H*(H;).

Proof. Let f; be a diffeomorphism of H; whose induced automorphism of
H*(H;) is 1. The pullback of the bundle

(5.2) Hjp1 = P(C o y+) 25 H;

by f; is of the form P(C & A5 (in)y H; but this is isomorphic to (5.2)
by Lemma 3.2 since a?H =0= f]*(aj+1)2 and the mod 2 reductions of
aj41 and f;(aj+1) are same. It follows that there is a bundle automor-
phism f; 41 of (5.2) which covers f;. Since fj;1 covers f;, the automorphism
71 of H*(H;41) induced by fji1 preserves the subring H*(H;) and agrees
with f7 on it. Repeating this argument for fji; in place of f;, we get a
diffeomorphism fj1o of Hj;o which covers fj;1 and so on. Then the last
diffeomorphism f,, of H,, is the desired one. O

Lemma 5.4. There is a diffeomorphism of H,, whose induced automorphism
of H*(H,) is the identity on the subring H*(H,—1) and maps x,, to —x,+x1
(equivalently maps 2z, — x1 to —(2z, — 1) ).

Proof. Since the dual bundle of C®~*! is isomorphic to C& vy, the proof
of Lemma 2.1 shows that we have a bundle map

b: Hp=P(Cay") — P(Coy ™),

which covers the identity map on H,,_1. The pullback of the tautological line
bundle n_ over P(C @ v~*1) by b is complex conjugate to the tautological
line bundle n4 over P(C & ") (see Remark 2.1); so we obtain

(5.3) b* () = —n,

where x = ¢1(n-) and z, = ¢1(n4+) by the definition of z,.
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On the other hand, the proof of Lemma 2.1 shows that we have a bundle
isomorphism

c: PCoy™™) = P(Coy™)@79™) =Py ©C) = H,,

which preserves the complex structures on each fiber. Therefore it induces a
complex vector bundle isomorphism Tt P(CH~~*1) — Ty P(y** @ C) between
their tangent bundles along the fibers. According to the Borel-Hirzebruch
formula (2.2), their first Chern classes are respectively —2z —z; and —2z,, +
x1, SO

(5.4) =2z + 1) = =22 — 21.

Since the map ¢ covers the identity map on H,_1, c¢*(z1) = z;. It follows
from (5.4) that ¢*(z,,) = = + x;. This together with (5.3) shows that

(5.5) b (c*(xn)) = —xn + 21,

because b*(z1) = x1 which follows from the fact that b covers the identity
map on H,_i. The identity (5.5) shows that the composition c o b is the
desired diffeomorphism. O

Lemma 5.5. There is a diffeomorphism of H,, whose induced automorphism
of H*(Hy) interchanges x; and x; fori,j > 1 and fizes xy, for k #1,j.

Proof. 1t suffices to show that there is a diffeomorphism g; of ‘H,, for each
i > 1 whose induced automorphism of H*(H,,) interchanges z; and x; 41 and
fixes zy, for k # 4,7+ 1, because the desired diffeomorphism can be obtained
by composing those diffeomorphisms.

Remember that H; 1, is obtained as the fiber product

Pi+1
Hit1 —— H;

J/Wi-&-l lm‘

H; —— Hi1.
Permuting the coordinates of H; x H; preserves the subset H; 1 and defines
a diffeomorphism 741 of H;;1. One notes that 7%, (z;) = pj;(z:) = zi1
and 7% | (zx) = x for k < i. Since 71 0 741 = mip1, the diffeomorphism
T;+1 naturally extends to a diffeomorphism 7;49 of H; 2 and finally extends
to a diffeomorphism g; of H, because of (3.2). Since 7/ (x1) = z1, the
pullback of the line bundle y*! over H,;y1 is isomorphic to y*! itself. This
implies that 7/ 5(%i12) = 2442 because x;12 is the first Chern class of the
tautological line bundle over P(C & ~*1). Therefore g fixes z;49 since g;
is an extension of 7;49. Similarly, ¢; fixes x for £ > 7 + 1. Thus g; is the
desired diffeomorphism. d

Remark 5.1. As remarked at (2.4), one can regard H, as the quotient
of (83)" by a free action of (S')" associated with the matrix (3.4). Then
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interchanging the ith factor and the jth factor of ()" produces a desired
diffeomorphism in Lemma 5.5.

Now we shall prove that any element of Aut(H*(H,)) is induced from a
diffeomorphism of H,, for any n by induction on n. This claim is established
for n = 2 by Lemma 5.2. Suppose the claim holds for n — 1. Let ¢ be an
element of Aut(H*(Hy,)). Then ¢ permutes square zero primitive elements
+x1,+(22; — 1) (j > 1) up to sign. We distinguish three cases.
Case 1. The case where ¢(22, —x1) = £(2x,, —1). In this case ¢ preserves
the subring H*(H,—1) and let ¢ be the restriction of ¢ to H*(H,—_1). By
Lemma 5.3 there is a diffeomorphism f of H,, whose induced automorphism
f* of H*(H,,) agrees with ¢ on H*(Hp—1). Then the composition (f~!)*o¢
is the identity on H*(H,—1), so we may assume that ¢ is the identity on
H*(Hp-1). If 2z, — 1) = 22, — x1, then ¢ is the identity so that it is
induced from the identity diffeomorphism of H,,. If ¢(2z, — z1) = —(2x, —
x1), then ¢ is induced from a diffeomorphism of H,, by Lemma 5.4.
Case 2. The case where ¢(2x,, —x1) = £(2z; — x1) for some 1 < j < n. By
Lemma 5.5 there is a diffeomorphism ¢ of H,, whose induced automorphism
g* of H*(H,) interchanges x; and z, and fixes z, for k # j,n. Therefore
the composition g* o ¢ is an automorphism treated in Case 1, so that g* o ¢
is induced from a diffeomorphism of H,, by Case 1 and hence so is ¢.
Case 3. The case where ¢(2z, —x1) = £z1. By Lemmas 5.2 and 5.3, there
is a diffeomorphism h of H,, whose induced automorphism h* of H*(Hy)
maps x1 to 2x9 — x1. Therefore the composition h* o ¢ is an automorphism
treated in Case 2, so that it is induced from a diffeomorphism of H, and
hence so is .

This completes the proof of the desired claim and hence Theorem 5.1.

Remark 5.2. The cohomological rigidity problem asks whether two toric
manifolds are diffeomorphic (or homeomorphic) if their cohomology rings are
isomorphic. More strongly, it is asked in [10] whether any cohomology ring
isomorphism between two toric manifolds is induced from a diffeomorphism.
We may call this problem the strong cohomological rigidity problem for toric
manifolds.

Although Corollary 5.1 gives a supporting evidence to it, the problem
does not hold in general. For instance, the problem is not affirmative for
CP2§10CP? (see [2]).
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