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GLUING PSEUDOHOLOMORPHIC CURVES ALONG

BRANCHED COVERED CYLINDERS II

MiCHAEL HUTCHINGS AND CLIFFORD HENRY TAUBES

This paper and its prequel (“Part I”) prove a generalization of the
usual gluing theorem for two index 1 pseudoholomorphic curves Uy
and U_ in the symplectization of a contact 3-manifold. We assume
that for each embedded Reeb orbit =y, the total multiplicity of the neg-
ative ends of U, at covers of v agrees with the total multiplicity of
the positive ends of U_ at covers of . However, unlike in the usual
gluing story, here the individual multiplicities are allowed to differ. In
this situation, one can often glue U, and U_ to an index 2 curve by
inserting genus zero branched covers of R-invariant cylinders between
them. This paper shows that the signed count of such gluings equals a
signed count of zeroes of a certain section of an obstruction bundle over
the moduli space of branched covers of the cylinder. Part I obtained a
combinatorial formula for the latter count and, assuming the result of
the present paper, deduced that the differential 0 in embedded contact
homology satisfies 82 = 0. The present paper completes all of the anal-
ysis that was needed in Part I. The gluing technique explained here is
in principle applicable to more gluing problems. We also prove some
lemmas concerning the generic behavior of pseudoholomorphic curves
in symplectizations, which may be of independent interest.
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1. Introduction

This paper is a sequel to [9], which we refer to here as “Part I”; references to
Part T are given in the form I.x. We assume some familiarity with Sections
1.1, 1.2 and 1.3, although we will attempt to review the essentials of what is
needed here. We will not use any of Sections 1.4, [.5 or 1.7, and we will only
rarely use Section I.6.

1.1. Geometric setup. This paper studies pseudoholomorphic curves in
the symplectization of a contact 3-manifold. The setup for this is as follows:
Let Y be a closed oriented 3-manifold, and let A be a contact 1-form on
Y. Let R denote the Reeb vector field associated to A, and assume that
all Reeb orbits are nondegenerate. Let J be an admissible almost complex
structure on R x Y. “Admissible” here means that J is R-invariant; J
sends the R direction, denoted by 0s, to R; and J sends the contact plane
field £ = Ker(\) to itself, rotating positively with respect to d\. If o =
(a1,...,0p) and B = (B1,..., ;) are ordered lists of Reeb orbits, possibly
repeated or multiply covered, then M~ (a, #) denotes the moduli space of J-
holomorphic curves v : C' — R x Y with ordered and asymptotically marked
positive ends at «q,...,qx, ordered and asymptotically marked negative
ends at (1,..., 0, and no other ends. The precise definitions of the above
notions are reviewed in Section I.1.1. We assume that the domain C' is
a punctured compact Riemann surface, which may be disconnected, and
whose components may have any genus. We also assume that J is generic
so that all non-multiply-covered .J-holomorphic curves are unobstructed [5].

We want to glue together two curves Uy € MY(ay,By) and U_ €
MY (B_,a_) that constitute a “gluing pair” in the sense of Definition I.1.9.
This means the following: First, U; and U_ have Fredholm index 1, cf.
Section I.1.1. Second, Uy and U_ are immersed, and not multiply covered,
except that they may contain unbranched covers of R-invariant cylinders.
Third, for each embedded Reeb orbit v, the total covering multiplicity of
Reeb orbits covering « in the list G4 is the same as the corresponding total
for f_. For example, Uy could have two negative ends at «y, while U_ could
have a single positive end at the double cover of v, which we denote by ~2.
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Note that in the usual gluing story, one would assume that the lists G4 and
B_ are identical; the weakening of this condition above is the novelty of the
present paper. Finally, when U, or U_ contain covers of R-invariant cylin-
ders over elliptic Reeb orbits, there is a fourth condition in Definition 1.1.9,
called “partition minimality”, concerning the multiplicities of these covers.
We will not review the meaning of this condition now, because it will not
come to the fore in this paper until Section 8.2.

Given a gluing pair (U;,U_) as above, we want to compute a signed
count of ends of the index 2 part of the moduli space M7 (a,a_)/R that
are “close to breaking” into U, and U_- together with some index zero
branched covers of R-invariant cylinders between them. This count is made
precise in Definition 1.1.12, reviewed here in Definition 10.1, and denoted by
#G(Uy,U-) € Z. To define this count one needs to assume as above that J
is generic, so that all moduli spaces of non-multiply-covered J-holomorphic
curves are smooth and have the expected dimension. To determine the signs
one also needs to fix “coherent orientations” of the relevant moduli spaces;
our conventions for doing so are specified in Section 9.5.

Note that the definition of #G (UL, U_) does not count boundary points
of the compactification of the moduli space M”(a,a_)/R as in [1, 3] (for
all we know there could be infinitely many such boundary points), but rather
counts boundary points of a truncation of the moduli space. Consequently,
this definition is insensitive to the number of levels of branched covers that
may appear in the limit of a sequence of curves in M”(ay,a_)/R.

1.2. Statement of the main result. Before continuing, we make two
additional assumptions on our gluing pair (Uy,U_). The first is:

All negative ends of Uy, and all positive ends of U_, are at

(1.1) covers of a single embedded elliptic Reeb orbit a.

Here the statement that « is “elliptic” means that the linearized return map
of the Reeb flow around « has eigenvalues on the unit circle, and thus is con-
jugate to a rotation by angle 276 for some § € R. Our standing assumption
that all Reeb orbits are nondegenerate implies that 6 is irrational.

To state the second assumption on (U;,U_), let ay,...,ay, denote the
multiplicities of the negative ends of Uy (this means that U, has negative
ends at the covers o™, ... a*™+), and likewise let a_1,...,a_y_ denote the
multiplicities of the positive ends of U_. The second assumption is:

Ny -N_
(1.2) > aib] = > laib] =1.
i=1 i=—1

To see the significance of this assumption, let

(1.3) M = M(ai,...,an, |a_1,...,a_N_)



GLUING PSEUDOHOLOMORPHIC CURVES II 33

denote the moduli space of connected genus zero branched covers of R x S*
from Definition 1.2.1. Recall that a branched cover in M has positive ends
indexed by 1, ..., Ny, and negative ends indexed by —1,...,—N_, such that
the end indexed by ¢ has multiplicity a;; and all ends are asymptotically
marked. We use a parameterization of a to identify elements of M with
branched covers of the J-holomorphic cylinder R x o in R x Y. As explained
in Section I.1.2, a branched cover of R x a with positive ends of multiplicities
ai,...,an, and negative ends of multiplicities a_1,...,a_y_ has Fredholm
index zero if and only if it consists of kg genus zero components, where
kg denotes the left hand side of (1.2). Hence the assumption (1.2) implies
that index zero branched covers of R x a with ends as above correspond to
elements of M.

We can now explain the idea of the gluing construction. Fix R > r > 0.
Let Mg denote the set of branched covers in M such that all ramification
points have |s| < R, where s denotes the R coordinate on R x S*. Given
a branched cover 7 : ¥ — R x S in Mg, we can form a “preglued” curve
by using appropriate cutoff functions to patch the negative ends of the s —
s + R + r translate of U} to the positive ends of ¥, and the positive ends
of the s — s — R — r translate of U_ to the negative ends of ¥. Now
try to perturb the preglued curve to a J-holomorphic curve, where near
the ramification points of the branched cover we only perturb in directions
normal to R x a. For a given branched cover 3, we can obtain a (unique)
J-holomorphic curve this way if and only if §(X) = 0, where s is a certain
section of the obstruction bundle ©® — Mpg. Here the fiber of O over a
branched cover ¥ consists of the (dual of the) cokernel of an associated
linear deformation operator Dy; see Section 1.2.3 for details. Note that the
rank of the obstruction bundle equals the dimension of M. In this way the
count of gluings #G (U4, U_) that we are after is related to a count of zeroes
of the obstruction section s.

The section s is difficult to understand directly, because it arises in a
somewhat indirect way out of the analysis in Section 5. Fortunately, there
is a more tractable section, the “linearized section” sy, which has the same
count of zeroes. The linearized section sg is defined explicitly in Section 8.1
in terms of the collection of “asymptotic eigenfunctions” v associated to the
negative ends of U, and the positive ends of U_. (For the definition of the
asymptotic eigenfunction associated to an end of a J-holomorphic curve, see
Section 2.3.) As explained in Section 1.3.2 (using results from Section 8.2),
the signed count of zeroes of 59 over Mg, denoted by #s;'(0) € Z, is well
defined as long as 7 is “admissible” in the sense of Definition 1.3.2. We will
prove in Section 3 that this admissibility condition holds if J is generic. We
also showed in Section 1.3.2 that the count #s;'(0) for admissible y does
not depend on ~, but only on the multiplicities of the R-invariant and non-
R-invariant negative ends of U, and positive ends of U_ at covers of a. Let
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#s,1(0) denote this count for admissible v. The main result of this paper
can then be stated as follows. (This appears in Part I as Theorem 1.3.6.)

Theorem 1.1. Fixz coherent orientations, let J be a generic admissible
almost complex structure on R XY, and let (Uy,U_) be a gluing pair satis-
fying assumptions (1.1) and (1.2) above. Then

#G (U, U-) = e(Us)e(U-)#s;5(0).

Here €(Uy),e(U-) € {£1} denote the signs associated to U; and U_ by
the system of coherent orientations; see Section I.1.1 and Section 9.5.

As explained in Section 1.1.8, there is a straightforward generalization
of this story in which the assumptions (1.1) and (1.2) are dropped. This
requires gluing in disconnected branched covers. We will omit the details of
this generalization, as it does not involve any new analysis and differs only
in the amount of notation.

Recall from Part I that the significance of Theorem 1.1 is as fol-
lows. In Proposition 1.5.1, we obtained a combinatorial formula for the
count #s,'(0). Combining this with Theorem 1.1 (and its generalization
for disconnected branched covers) proves the main result of this pair of
papers, namely Theorem 1.1.13, which gives a combinatorial formula for
#G(U4,U_). An important application of Theorem 1.1.13 is given in Sec-
tion 1.7, which deduces that the differential @ in embedded contact homology
(see [8]) satisfies 92 = 0.

Essentially the same argument shows that 92 = 0 in the periodic Floer
homology of mapping tori. In fact, our gluing theorem generalizes easily
to stable Hamiltonian structures, as defined in [3, 13|, of which contact
structures and mapping tori are special cases. The starting point for the
analysis in the present paper is a nice local coordinate system around a
Reeb orbit, and that exists just as well in this more general setting.

1.3. Guide to the paper. This paper divides roughly into three parts.

The first part, consisting of Sections 2 to 4, does not yet address the
gluing problem, but rather proves some general results on J-holomorphic
curves in R x Y, which we will use in the gluing story and which might be
of independent interest. In Section 2 we describe the asymptotic behav-
ior of ends of J-holomorphic curves and define their asymptotic eigenfunc-
tions. Although asymptotic results of this sort have appeared previously
in [7, 11, 13], we will find it useful to review the asymptotics in a particular
way in order to prepare for the subsequent analysis. In Section 3 we prove
that for generic J, if v is an index 1, connected, non-multiply-covered J-
holomorphic curve, then the asymptotic eigenfunctions describing the ends
of u are all nonzero; and moreover, whenever two ends of u have the same
“asymptotic eigenvalue”, the corresponding asymptotic eigenfunctions are
geometrically distinct. This is exactly what is needed to show that the col-
lection of asymptotic eigenfunctions v determined by a gluing pair (U4, U_)
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as in Section 1.2 is admissible. In Section 4 we prove that if J is generic, then
all non-multiply-covered J-holomorphic curves of index < 2 are immersed.
Although this is probably not really necessary, it will simplify the analysis
in the rest of the paper by allowing us to consider only immersed curves
(except of course for the branched covers of cylinders that we are gluing in).

The second part of the paper, consisting of Sections 5 to 8, explains the
details of gluing. In Section 5 we show how to glue Uy and U_ along a
branched cover of the cylinder, wherever the obstruction section s vanishes.
Note that the section s in Section 5 is not defined over Mg as in Section 1.2,
but rather over a slightly different domain, because we are not yet modding
out by the R-action on moduli spaces of J-holomorphic curves. In Section 6
we prove various technical properties of the obstruction section s, including
its continuity. In Section §7 we show that the gluing construction describes
all curves that are “close to breaking” into U, and U_ along a branched cover
of the cylinder, in the precise sense of Definition 1.1.10, which is reviewed
in Definition 7.1. To count ends of the index 2 part of the moduli space
M7 (ay,a_)/R, we now want to count zeroes of s over a relevant slice of
the quotient of its domain by the R-action. This slice is identified with Mg,
minus a fringe region where s has no zeroes. In Section 8 we prove that
if the collection of asymptotic eigenfunctions v determined by (Uy,U_) is
admissible, then whenever R > r > 0, the signed count of zeroes of s on
Mg is the same as that of the linearized section sg:

(1.4) #s1(0) = #s5(0),

For the precise statement see Corollary 8.6 and Remark 8.5. In the proof of
(1.4), the admissibility condition on + is needed to ensure that no zeroes of
the section cross the boundary of Mp as we deform s to sg.

As described previously, the count #G(U4,U_) of relevant ends of the
index 2 part of the moduli space M”(ay,a_)/R can be identified with
a count of zeroes of s on Mp. However, equation (1.4) does not yet prove
Theorem 1.1, because the signs with which the zeroes of s are counted in (1.4)
are determined by canonical orientations of the obstruction bundle and of the
moduli space of branched covers, and might not agree with the signs (coming
from the coherent orientations) with which the ends of M7 (o, a_)/R are
counted. This brings us to the third and last part of the paper, which is
a detailed discussion of signs, occupying Sections 9 and 10. To go from
equation (1.4) to Theorem 1.1, in Section 10 we will prove Theorem 10.2,
asserting that if R > r > 0, then

(1.5) #G(U+,U-) = e(Up)e(U-)#s~1(0).

To prove (1.5), it turns out that for generic R, each side of the equation is a
signed count of points in the same finite set, so we just need to compare the



36 M. HUTCHINGS AND C.H. TAUBES

signs. To set up this comparison, we need to rework the theory of coherent
orientations from scratch, which is what we do in Section 9.

That completes the outline of the paper. Before plunging into the details,
let us briefly indicate the basic idea of the gluing analysis. (This is adapted
from a technique pioneered by Donaldson in the context of four-dimensional
gauge theory; see [4, Ch. 7].) Suppose we want to glue together some curves
ul,...,U, in some configuration. For simplicity, suppose that each w; is
immersed with domain C;. To start, we can use appropriate cutoff functions
to form a preglued curve Cy. Now if ¢; is a section of the normal bundle
to C; for each 7, then we can deform Cj in the direction 8191 + - - - + Bn¥n,
where (; is a cutoff function supported over the part of Cy coming from
C;. The deformed pregluing will be pseudoholomorphic if and only if an
equation of the form

B1O1(Y1, - Pn) + -+ BuOn (Y1, b)) =0
holds. Here ©); is defined on all of C;, and has the form

Oi =Dihi+ -+,

where D; is the linear deformation operator associated to C;, and the remain-
ing terms are mostly nonlinear and involve the v;’s for those j such that C;
is adjacent to Cj in the gluing configuration. If one sets this up properly,
then the contraction mapping theorem in a suitable Banach space finds a
unique n-tuple (¢1,...,1,) such that ¢; L Ker(D;) and

@i(wla sy wn) € COker(Di)

for each i. If the n-tuple (uy,...,u,) varies over some moduli space, then
these elements of Coker(D;) define an obstruction section over this moduli
space, and we will obtain a pseudoholomorphic curve wherever this obstruc-
tion section vanishes. Further analysis shows that this construction identifies
the zero set of the obstruction section with the set of all gluings in an appro-
priate sense. Finally, the main contribution to ©;, other than D;;, arises
from the failure of the original preglued curve to be pseudoholomorphic,
which is essentially determined by the asymptotic behavior of the u;’s; and
this is what we use to define the “linearized section”. We expect that this
technique can be applied to additional gluing problems.

2. Asymptotics of J-holomorphic curves

Let J be an admissible almost complex structure on R x Y, and let u : C' —
R x Y be a J-holomorphic curve. In this section, we prove an asymptotic
formula, stated in Proposition 2.4 below, for the behavior of u on each
end of C. Similar asymptotic formulas have been previously established in
[7, 11, 13]. However we will find it useful to go over the asymptotics in a
particular way in order to prepare for the subsequent analysis.
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2.1. Neighborhoods of R-invariant cylinders. We begin by writing
down equations for J-holomorphic curves near a Reeb orbit. These equa-
tions will be used throughout the paper.

Let R denote the Reeb vector field on Y. Let a be an embedded Reeb
orbit; by rescaling the s and ¢ coordinates on R X Y, we may assume that o
has period 27. Fix a parameterization o : S' — Y with o/(t) = R. Recall
that the admissible almost complex structure J sends the R direction ds to
the Reeb vector field R, so J(9s) = &/(t) on R x a.

We begin the analysis by choosing coordinates on a tubular neighborhood
of Rx ain Rx Y, via an “exponential map” e with certain nice properties.

Lemma 2.1. For each embedded Reeb orbit o : S — Y, there exists a disc
D C C containing the origin and an embedding

e:RxS'xD—RxY

with the following properties:
o ¢(s,t,0) = (s,a(t)).
o The derivative of e at (s,t,0) sends ToD = C to the contact plane
Ea(t)-
e ¢ commutes with translations of the R coordinate.
e The restriction of e to each disc {s} x {t} x D is J-holomorphic.

Proof. This can be proved similarly to [14, Lem. 5.4]. O

We denote the coordinates on R x S x D by (s,t,w), and write z := s+it
and w =: x + 1y.

Recall that a “positive end of u at o” is an end of u whose constant s
slices converge as s — 400 to a. By positivity of intersections with the
J-holomorphic discs e({s} x {t} x D), such an end pulls back via e to the
graph of a smooth map

n: [s9,00) x St — D

with lims_,e0 1(s,t) = 0.
We now write down an equation for the end described by n to be J-
holomorphic. The conditions in Lemma 2.1 imply that in the image of e,

(2.1) TR x Y) = span(dz — a dz, dw + bdz),

where a and b are smooth functions of ¢ and w which vanish where w = 0.
It follows from (2.1) that the graph of 7 is J-holomorphic if and only if

n , On
(2.2) £+a%+b—0.
To see this, note that the tangent space to the graph of n is the kernel of the
C-valued 1-form dw — dn. The latter can be written as a linear combination
of the forms on the right side of (2.1), plus dz times the left side of (2.2).
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Thus (2.2) holds if and only if the tangent space to the graph of n is J-
invariant.

Equation (2.2) can be rewritten as
(2.3) %+V77+pﬁ+ro+7“1%:0,
where v and p denote the functions of ¢ given by the derivatives of b at
w = 0 with respect to w and w, respectively, while rqg and r; are smooth
functions of ¢t and w. Since a and b both vanish where w = 0, the nonlinear
terms in (2.3) are bounded by

(2.4) [ro(t, w)| < clwf?,  |ri(t,w)| < clwl,

where ¢ denotes a constant which does not depend on ¢ or w.

The inequalities (2.4) lead to the following elliptic estimate for solutions
to equation (2.3), which will be used frequently below. Given z € R x
St let B(z,1) denote the ball of radius 1 centered at z. In the lemma
that follows, V is used to denote the C-valued 1-form of first derivatives
along R x S'. Meanwhile, V¥ denotes the associated C-valued tensor of kth
derivatives. Elsewhere in this paper, V will denote the covariant derivative
on the indicated section of whatever vector bundle is under consideration,
and V¥ for k > 1 the associated tensor of kth order covariant derivatives.

Lemma 2.2. Given functions ro and ri satisfying (2.4), there exists a pos-
itive constant £, and for each nonnegative integer k a constant ci, such that
the following holds. Letn be a solution to (2.3) on [R_ —1, Ry 4+1] x St with
In| <e. (We allow Ry = +00.) Then for each z € [R_, Ry] x S, we have

2
(25) Ve < [
B(z,1)
Proof. Choose € small enough that if || < e, then |r1] < 1/2, so that the
derivative term in (2.3) is elliptic. The lemma then follows by a standard
bootstrapping argument, e.g., using [12, Thm. 5.5.3]. O

It proves useful to further rewrite equation (2.3) in terms of the asymp-
totic operator L := L, associated to the Reeb orbit a. Our convention is to
define

L:C>®(S a*¢) — C(St, a*¢)
by
L:=J VtR,

where VR denotes the symplectic connection on o*¢ defined by the lin-
earized Reeb flow. (In the literature, the operator L is often defined with
the opposite sign.) Recall from Section 1.2.2 that since the connection V&
is symplectic, the operator L is self-adjoint; and since the Reeb orbit « is
assumed nondegenerate, the spectrum of L does not contain 0.
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If we use the coordinate w to trivialize the bundle *¢, then it follows
from the admissibility condition J0s = R and equation (2.1) that

(2.6) Ln = i0m + 2(vn + um).
Hence, equation (2.3) can be rewritten as
(2.7) Osn+Ln+1t=0,

where t is shorthand for 2(rg + r10n/0%).

The above discussion generalizes to describe a positive end of u at the
m-fold cover a™ of o, where m is a positive integer. Let S := R/27wmZ
denote the m-fold cover of éﬁ . A positive end of u at o is then described
by a function 7 : [sg,00) x ST — D satisfying the modification of equation
(2.3), in which the functions v, u, 79 and r1 on S x D are replaced by their

pullbacks to S1 x D. The latter equation can also be written as
(2.8) Osn+ Lypym+1t =0,

where L,, denotes the asymptotic operator associated to o', acting on

sections of the bundle ('™)*¢ over S1. Note that a solution 1 to (2.8) also
satisfies the elliptic estimate (2.5).

2.2. Initial decay estimates. We now derive a decay estimate for solu-
tions to equation (2.7). Let E4 and E_, respectively, denote the smallest
positive and largest negative eigenvalues of the asymptotic operator L. Also,
let IT, and IT_, respectively, denote the L2(S'; R?) projections to the direct
sums of the positive and negative eigenspaces of L.

Lemma 2.3. There exist a positive constant €y and constants ¢ for each
nonnegative integer k with the following property. Let n be a solution to
equation (2.7) defined on [R_—1, Ry +1] x St; we allow Ry = +o0o. Assume
that |n| < e, where € < eg. Then for s € [R_ + 2, Ry — 2], we have

(2.9) ‘an‘ < cpe {e‘E+(s—Rf) + e EB-(s—R4)

Proof. Below, ¢ denotes a constant which is independent of ¢, i, and R4,
but which may change from line to line.

To start, each solution 7 to the nonlinear equation (2.7) satisfies an asso-
ciated linear equation, depending on 7, of the form
on
0s
Here tg and v; are smooth, R-linear bundle maps with norm bounded by
c-e. Using (2.6) to express the derivative 0/0t in terms of L, we can rewrite
equation (2.10) as

(2.10) +Ln+vtv-n+rv-Vn=0.

9
(2.11) a—Z+Ln+bo-n+bl~Ln:O.
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Here by and b; are also R-linear bundle maps with norm bounded by some
constant c times €.

To analyze (2.11), for s € [R_, Ry| define fi(s) to be one half of the
square of the L? norm of |L|"/?I1+n on the circle {s} x S'. Assume that ¢ is
much smaller than |EL|. Applying the projection II; to (2.11), and taking
the L?(S'; R?) inner product with LII 7 at s, gives a differential inequality

)
5+ + (LTLen, LTLin) < ce((LTLyn, LITin) + (LTL_n, LTT_n)).

Likewise, applying II_ to (2.11) and taking the inner product with LII_n
gives

0

— o~ + (LT, LTl ) < ce((LITyn, LTLn) + (LTL_n, LIT_n)).
Adding e, := ce/(1 — ce) times the second inequality to the first gives
d
£(er —&xf-) + (1 — &.)(LILyn, L1 n) < 0.

This last inequality implies that

%(ﬁ —ef)+2(1—e)ELfi <0,

and thus
d
(2.12) A (fref )+ 20— e Elf — ) <0
Now suppose that R_ and R, are finite. Integrating (2.12) gives

(f+ —enf-)(s) < e 2RI — e f )(R)

for s > R_, where v; := (1 —e,)FE4+. A similar sequence of manipulations
finds

(f- —eaf)(s) < e UTI(f — e, f1)(Ry)

for s < Ry, where v_ := (1 — e,)FE_. The preceding two equations can be
combined to obtain

Fr() < (1= ) [F(RO)e 270~ 4, f(Ry)e 2 (=R,

i (5) < (=) [F(Ry)e> =0T e o (R )em 2 (o)

for s € [R_,R4]. Since |n| < ¢, Lemma 2.2 implies that if ¢ is chosen
sufficiently small, then |fy(R_)|,|f=(R+)| < ce. Hence adding the equa-
tions (2.13) shows that if s € [R_, R} ], then on {s} x S,

H|L’1/277”2 < ce [e—u+(s—R,) +€—V,(5—R+) ]
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It follows that the L? norm of 7 over a ball of radius 1 in [R_, R;] x S! has
a bound of the same form. Lemma 2.2 then gives a pointwise bound

(2.14) [VFn| < cpe [e7 (=R 4 emv-(s=Ry)

for s e [R-+1,Ry —1].

We now refine the estimate (2.14) by feeding it back into the previous
calculation. To do so, recall from (2.4) that the terms tg and t; that appear
in (2.10) are bounded by c|n|. Using the bound (2.14) on the latter, we can
repeat the calculations that led to (2.13), replacing the constant ¢ by the
function

E(s) = coe {e—W(S—R—) 1o v-(s—Ry)

If € is small, this procedure allows (2.13) to be replaced by
Fi() < (Ut e2) [Fo(RO)e 2507 e (Ry)e?P-000]

f-(s) < (1 +ce) [f—(RJF)e*ZE—(S*R*) + cef+(R_)e*2E+(s*R—)}

for s € [R- + 1, Ry — 1]. The argument that gave (2.14) now gives the
desired estimate (2.9) for s € [R_ + 2, Ry — 2]. Taking the limit shows that
(2.9) also holds when R_ = —o0 or R} = +00. O

2.3. Asymptotic formula. Fix an embedded Reeb orbit o and a positive
integer m. We now prove an asymptotic formula for the behavior of a
positive end of a J-holomorphic curve u at o™. To state the result, recall
that S := R/27mZ, and let 7 : S1 5 S' denote the projection. Also, let
E} and E;,, respectively, denote the smallest positive and largest negative
eigenvalues of L,

(2.15)

Proposition 2.4. There exist constants c,k > 0 such that the following
holds. Let £ be a positive end of a J-holomorphic curve u at o' . Then

there is a real number so and a function 1 : [sg,00) x St — R? such that:

(a) The end £ of u is described by the map

[s0,00) X St — R xY,
(s,t) — e(s, m(t),m(s, t)).
(b) There is a (possibly zero) eigenfunction v of Ly, with eigenvalue E
such that

(2.16) ‘n(s,t) — e_E’tsfy(t)‘ < ce™(Bmtr)(s=s0),

An analogous result holds for a negative end of u at o™, with an analogous

proof. Such an end is described by a function 7 : (—o0, sg] — R?; and there
is a (possibly zero) eigenfunction v of L,, with eigenvalue E,, such that

(2.17) ‘7](5775) _ e*E;ls,y(t)‘ < Ce*(E;m*ﬁ)(S+80)'
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Definition 2.5. If £ is a positive or negative end of u, then the asymptotic
eigenfunction of the end € is the eigenfunction ~y of L,, with eigenvalue E;
or E. appearing in (2.16) or (2.17), respectively. Note that the estimates
(2.16) and (2.17) imply that v is unique.

We now prove Proposition 2.4. We already know part (a) from Section 2.1.
To prove part (b), by translating the s coordinate we can arrange that || < e

on [—2,00) X S, Moreover, the analysis does not depend in any essential
way on m, and so we may assume that m = 1. The following lemma then

implies part (b), with so = 0.

Lemma 2.6. There exist constants ¢, k,e9 > 0 such that the following holds.
Let 1 be a solution to (2.7) on [—2,00) x St with |n| < & where e < g9. Then
there is a (possibly zero) eigenfunction v of L with eigenvalue E such that
for s >0,

(2.18) In(s,t) — e_E+5'y(t)’ < cee” (F+tm)s,

Proof. Suppose first that the eigenspace of L with eigenvalue Ey is one
dimensional. Let v4 be a corresponding normalized eigenfunction. Let 11
denote the projection to the sum of the eigenspaces with eigenvalue greater
than E. We can then decompose 7 as

(2.19) n=1-+at()v+ + M+,

where n_ :=II_n and 14 := IlI;1n. We now individually analyze the terms
on the right hand side of (2.19).

Taking the L?(S*;R?) inner product of equation (2.7) with v, gives the
following differential equation for a (s):

d
250+t Erar + (v4,1) = 0.

This equation can be integrated to give

(2.20) ay(s) =ae "+ / e P 1) dr

s

where @ is the constant
o0
(2.21) a:=ay(0) — / BT (v, )| dr
0

In (2.20) and (2.21), the integral of e®+7 (v, t)|, on the half-line [0, 00) is
absolutely convergent since t is quadratic in 7. Indeed, by Lemma 2.3,

oo
(2.22) / ey, v) | |dT < ce®em EHE,
S
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Here and below, ¢ denotes a constant which does not depend on 7, but which
may change from one appearance to the next. Combining (2.22) with (2.20)
gives

(2.23) lat(s) — ae_E+5| < ce 2B+,

We now bound the size of _. Let f_(s) denote the L? norm of 1_ on the
circle {s} x S'. Taking the L?(S';R?) inner product of equation (2.7) with
n— shows that

d
(2.24) =B f > ]

where || - ||2 denotes the L? norm on the circle {s} x S*. Integrating this last
equation and estimating as in (2.22) gives

oo
(2.25) fo(s) < eE‘|s/ e BT | _t]|o| dr < ce?e™2B+,
S

By a standard Sobolev inequality, to obtain a pointwise bound on 7_, it is
enough to bound the L? norm of n_, for which purpose it suffices to bound
the L? norm over the circle of Ln_. We use g_(s) to denote the latter
function of s. To obtain a bound on g_(s), apply L to equation (2.7) and
take the L? inner product with Ln_ to obtain

d
—g_ — |E_|g_- > —||II_Lx||o.
T~ |Blg- = ~|Lel

It follows as in (2.25) that g_(s) < ce?e~2F+%. Consequently, we also have

n—(s)| < e2e 25,

To bound |14 |, first introduce f14(s) to denote the L? norm of 7, on
{s} xSt Steps that are analogous to those leading to (2.24) find that f1(s)
obeys the inequality

d
(2.26) £f1+ + E1y fiy < [T,

where F11 denotes the second smallest positive eigenvalue of L. This last
equation integrates to give

Fia(s) < e Bres [f+<o> + / B |yt dr |
0

—2F s

Bounding the integral here using the estimate ||[ITj t|]2 < ce2e , wWe

obtain
(227) f1+(s) S ce [(1 + E)e*EleS + 8672E+Si| )

Meanwhile, the L? norm on {s} x S! of Ln; 1 obeys a differential inequality
which is identical to (2.26) but for the replacement of v with Lt. Hence this
L? norm is bounded by a constant multiple of the right hand side of (2.27).
It follows that the same holds for |74 |.
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Putting together the above analysis of the terms in (2.19), we conclude
that if x ;= min{2E,, F1.} — E, then

|’I’]—a€_E+S’Y+‘ < 066_(E++H)s.

This proves (2.18) when the E eigenspace of L has dimension 1.

In the general case where the E eigenspace is possibly degenerate, let
II; denote the projection onto the F eigenspace. Then the above argument
proves (2.18) with

e
(228) Y= H17’]|S:0 — / €E+TH1t|T dr.
0 g

The integral formula (2.21) above for the asymptotic eigenfunction will
play an important role in Section 3.

3. Generic behavior of asymptotic eigenfunctions

We have seen in Proposition 2.4 that the asymptotic behavior of an end of
a J-holomorphic curve at a Reeb orbit « is controlled by an “asymptotic
eigenfunction” v of the asymptotic operator L. In this section we show that
if the admissible almost complex structure J on R x Y is generic, and if w is
an index 1, connected, non-multiply-covered J-holomorphic curve, then the
asymptotic eigenfunctions associated to the ends of u are all nonzero; and
moreover, whenever two ends of u at covers of the same Reeb orbit have the
same “asymptotic eigenvalue”, the corresponding asymptotic eigenfunctions
are geometrically distinct. Below, the statement that “generic” admissible
almost complex structures have a given property means that the space of
admissible almost complex structures (with the C* Frechet space topology)
contains a Baire set whose elements have the desired property.

3.1. Nondegenerate ends for generic J.

Definition 3.1. An end of a J-holomorphic curve at a Reeb orbit « is
degenerate if the corresponding asymptotic eigenfunction « of the asymptotic
operator L, is zero.

Proposition 3.2. If the admissible almost complex structure J on R x Y
18 generic, then no index 1, connected, non-multiply-covered J-holomorphic
curve has a degenerate end.

Remark 3.3. A nice way to prove this, from [15], is to generalize the
fact that moduli spaces of nonmultiply-covered J-holomorphic curves are
smooth and have dimension equal to the index of the deformation operator
for generic J, to consider J-holomorphic curves with asymptotic exponential
weight constraints on the ends. If one changes the weight associated to
an end so that it crosses an eigenvalue of the corresponding asymptotic
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operator, then the index of the deformation operator changes. We will use
a different approach here, in order to set up the proof of Proposition 3.9
below.

Proof of Proposition 3.2. Let J denote the Frechet space of admissible
almost complex structures. For each positive integer n, let C,, denote the
space of pairs (J, C') such that J € J and C is a J-holomorphic, connected,
non-multiply covered index 1 curve with the following four properties: First,
C has at most n ends, each of which is at a (possibly multiply covered) Reeb
orbit of symplectic action at most n. Second, C' is “not close to breaking”
in the sense that if C’ C C is a connected subset with area greater than or
equal to n and distance less than or equal to 1/n from an R-invariant cylin-
der, then C’ lies in an end of C. Third, C is “not close to a multiple cover”
in the sense that if C’ is another J-holomorphic curve such that every point
in C’ has distance less than 1/n from a point in C' and vice-versa, then the
energy of C' is at least 2/3 that of C. Fourth, C' is “not close to a nodal
curve” in the sense that C' does not contain a simple closed curve of length
less than 1/n that separates C' into two noncompact components. Note that
if C is any index 1, connected, nonmultiply covered J-holomorphic curve,
then (J,C) € C, for n sufficiently large. Now let p,, : C,, — J denote
the projection. Then standard Gromov compactness arguments prove that
p,1(J)/R is compact for each J € J.

Next, let 7, C J denote the set of J € J such that no curve in p,; 1 (V) is
obstructed. By the aforementioned compactness, if J € J,, then p,1(J)/R
is finite. A straightforward limit argument then proves that 7\ 7, is closed,
so Jp is open in J. By well-known arguments, cf. [10, Ch. 3], 7, is also
dense in J =

Now let J,, C J,, denote the set of J € J,, such that no curve in p,;1(J) has
a degenerate end. Sin(ﬁ% the asymptotic eigenfunctions depend continuously
on C, it follows that 7, is also open in J. Finally, we will prove:

Lemma 3.4. jn is dense in Jp,.

Granted this lemma, we conclude that joo =1, jn is a Baire subset of

J. This proves Proposition 3.2, because by definition, every J € [J obeys
the condition stated in Proposition 3.2. U

Proof of Lemma 3.4. Given [ > 0, let J! and jrll denote the analog of J,
and fn defined using C! almost complex structures. Define p,, : C, — J! as
above, using class C! pseudoholomorphic curves. It is enough to show that
J! is dense in J! for all [ > 0, cf. [10, §3).

Fix > 0and J € j,ll. Let O denote the set of embedded Reeb orbits «
for which a curve C € p,;1(J) has an end at a cover of a. Note that the set
O is finite, because p,,'(J)/R is finite. Fix a small § > 0, and let & C J}
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be a small, contractible neighborhood of J in the space of almost complex
structures J' € jfl that agree with J within distance § of R x « for each
ae 0.

Now fix C' € p,1(J), and fix a positive end £ of C at a Reeb orbit a.
In what follows, we shall assume that « is embedded; the argument for the
general case differs only in the notation. Let B¢ denote the F eigenspace
of L. Let C denote the universal moduli space consisting of pairs (J',C")
such that J' € Y and C’ is a J’-holomorphic curve that is a deformation
of C'. There is an obvious projection 7 : C — U. Since U C jfb, it follows
that 7—1(J’) is one dimensional for each .J', and consists of the R-translates
of a single unobstructed curve. For each pair (J',C’") € C, the end £ of C
determines an end of C’ at a, which we also denote by £. Because J = J’
along R x «, the asymptotic operator L := L, is the same for J and J’, so
the end & C C' determines an asymptotic eigenfunction v(C") € Bg.

Fix a smooth section ¢ : U — C with (J) = (C,J). We then have a
function yo ¢ : U — Bg; let Z C U denote the zero locus of y o). The zero
locus Z does not depend on the choice of v, because for any (J',C") € U,
translating C’ upward by R multiplies v(C') by e+,

Below, we will prove:

Lemma 3.5. If § > 0 above is sufficiently small, then Z is a submanifold
of U, with codim(Z) = dim(Bg).

An analogous statement also holds if £ is a negative end of C, with an
analogous proof.

Granted Lemma 3.5 and its negative end version, we now complete the
proof of Lemma 3.4. Since there are finitely many curves in p,;}(J)/R and
each has finitely many ends, if § > 0 is sufficiently small then we can apply
Lemma 3.5 and its negative end version a finite number of times to obtain
a finite set of codimension 1 or 2 submanifolds in ¢ whose complement
consists of almost complex structures in J!. As J is in U, this proves that
there are points in j,ll that lie in any given neighborhood of J. Thus, jfl is
dense in J}. O

We now prepare for the proof of Lemma 3.5. It proves convenient to fix
a normalized eigenfunction v, € Bg, and write v o ¢ = agvy,, where ag is
a function on U with values in R or C, depending on whether B¢ is one or
two dimensional.

Lemma 3.6. The function ag on U is smooth.

Proof. To simplify notation, assume that dim(Bg) = 1, so that ag : U — R.
Introduce S := [0,00) x S' € RxY, viewed as part of the cylinder R x o.. We
also need weighted versions of the Sobolev spaces L7_, | 5(S; R?). The norm

for the weighted version of L% assigns to a smooth, compactly supported
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function 7 on S the square root of

/eE” Z |Vj77‘2 dsdt.
S

0<j<k

We denote the corresponding weighted Sobolev space by Li +- Now consider
equation (2.7) determined by the almost complex structure J near o.

Lemma 3.7. The space M of L3 solutions to (2.7) on S with small L3
norm s a smooth manifold. Moreover, each element in M is in Lng, and this
inclusion defines a smooth map from M into L%+. Finally, there exists a ball
B C H+L§/2(51;R2) about the origin, and a smooth embedding t : B — M
as a coordinate chart about n =0, such that II;t(\)|s=0 = A for all A € B.

Granted this lemma, we now complete the proof of Lemma 3.6. Equation
(2.21) associates to each n € M the number a, and so defines a function
on M. This function is smooth on t(B). Indeed, the term a4 (0) that
appears in (2.21) is a bounded linear function on B. Meanwhile, the integral
term in (2.21) is the pullback to M of a smooth function on L3, and so
Lemma 3.7 guarantees that it too defines a smooth function on t(B). With
a understood, let J’ € U. Since any complex structure on U/ agrees with .J
within distance § of «, it follows that there exists sg > 0, and a neighborhood
U’ of J' in U, with the following property: If J” € U’, then the end £ of the
s — s — 5o translate of ¥(J”) restricts to S as an element of the space t(B).
Denote this element of t(B) by ¢(J")o. Equation (2.23) implies that

(3.1) ag(J") = e - (J")o)-
Thus the function dg on U’ is a constant times the pullback of @ via a smooth
map from U’ to t(B). O

Proof of Lemma 3.7. Let By be a small radius ball around the origin in
L3, (S;R?). Define a smooth map

F: By — T11 L3 (S R?) x LY, (S5 R?)
by the rule
n +— (yn|s=0,0sn + Ln + 1),
where v := 2(rg + r10n/0z) as before. Note that the map F' is well defined
if By has sufficiently small radius, so that elements of By have sufficiently

small pointwise norm.
We claim that the differential of F' at the origin in By is an isomorphism

dFo : L3, (S;R?) = T L3 (ST R?) x LT (S5 R?).

This claim implies the lemma by the implicit function theorem.
To prove the claim, note that

dF‘O(n) = (H+77\s=0, 8377 + L77) .
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To show that dF'|y is an isomorphism, we first need to show that given f €
H+L§/2(51;R2) and g € L7, (S;R?), there exists a unique € L3 (S;RR?)
with II4n|s—o = f and 9sn + Ln = g. To prove the latter statement, note
that any solution to these equations can be written as n = >__ a,(s)y, where
the sum is over an orthonormal basis of eigenfunctions for L. Similarly write
g9=>_,9y(s)yand f =3 fyy. Then the a,’s must be given as follows: If

v is an eigenfunction with eigenvalue F, then

(3.2) a(s) = fye—Es+f()S e_E(S_T)g'y(T)dT, E >0,
! — [ elFI6m g, (r)dr, E <o.

We must now verify that the function n defined by (3.2) satisfies

(33) Inllzs, < e(lflzz , +llgllzz., )

for some n-independent constant c¢. For this purpose, observe that the norm
on L? + (5 R?) is equivalent to the norm defined by

2 o E i 12
Inllzz, = /Se +Z |0:L7n|” ds dt.
i+j=k

Also, the norm on L§/2(S1; R?) can be defined by

13, = [ (LR

Granted this, one need only establish (3.3) when g = ¢(s)y and f = fyv,
where v is an eigenfunction of L, and ¢ does not depend on ~. This is
straightforward using the preceding equations in the case where E # E..
In the case £ = FE, it is also necessary to use the fact that

oo E2 00
/ |0sal?ef+5 ds > +/ |la|?eE+5 ds
0 4 Jo

for any given function a of s that has limit zero as s — oco. This last
inequality is proved by writing Eef+5 = %eEJrs in the right hand integral
above, and integrating by parts. O

Proof of Lemma 3.5. By Lemma 3.6 and the implicit function theorem, it is
enough to assume that ag(J) = 0, and construct j € TU|; with Vj ag # 0.
We will proceed in five steps.

Before starting, by translating s we can assume that the end &€ of C is
described by a map 1 defined on [—2, 00) x S! such that for each sq > 0, the
s — s — sp translate of 7 restricts to S as an element of t(B). Also, we will
assume that C' is immersed; the general case can be handled by introducing
more notation, or by appealing to the results of Section 4 below.
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Step 1. The differential of the section ¢ : Y — C at J defines a linear map
diy, from the tangent space TU|;, to the space of sections of the normal
bundle No — C'. In this step, we derive a useful formula for di ;.

If C’ is any immersed surface in R x Y, then C’ is J-holomorphic if and
only if 9;(C") = 0, where 9;(C") : TC' — N¢v is the bundle map defined by

0;(C") :=1ly,, o J.

The linearization of d; at our .J-holomorphic curve C defines a real lin-
ear operator, mapping sections of the normal bundle N¢ to sections of the
complex line bundle

(3.4) Hom™(T'C, N¢) = T"'C @¢ N¢.

Define D¢ to be —i/2 times this operator. On the s > 0 part of the end
& of C, the operator D¢ has the following form: If we identify the normal
bundle N¢ with C via the coordinate w, and if we trivialize T7%'C using dz,
then D¢ sends a function v € C*°(S,C) to

(3.5) Dcv:%+yv+p@+to*-v+tl*%.
Here tp, is an R-linear bundle map, and t1, is a complex-valued function on
S, satisfying
[v0+| + [e14] < ¢ln].
Since C' has index 1 and is a smooth point in its moduli space, the operator

(3.6) D¢ : L3(C, N¢) — L*(C, T%'C @¢ N¢)

is surjective and has a one dimensional kernel. Let D51 denote the unique
right inverse of (3.6) that maps to the orthogonal complement of Ker(D¢).

The differential dy; can now be described in terms of the operator Dgl
as follows. Let j be a tangent vector at J to U. Let jo € Hom"!(TC, N¢)
denote the (0,1) bundle map given by i/2 times the composition

(3.7) TC -5 TR x Vo 25 Ne.

Let {J;} be a smooth family of almost complex structures parameterized

by a neighborhood of 0 in R with Jy = J and - |.—oJ> = j. Write ¢(J;) =

(Jr,C:). Then differentiating the equation d;_(C;) = 0 at 7 = 0 shows that
(—2i)jo + (20) Do (d(5)) = 0.

Thus, the section di;(j) of C’s normal bundle is given by

(3.8) dips(5) = Dc* () +wj,
where w; € Ker(D¢) depends linearly on j.

Step 2. We now choose a tangent vector j € T\ J|;. Our j will vanish
identically on some neighborhood of R x o/ for all Reeb orbits o/ in O, so
that j € TU|; if 0 is chosen sufficiently small. (See the beginning of the
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proof of Lemma 3.4.) To finish the proof of Lemma 3.5, we will later show
that Vjag # 0.

To prepare for the choice of j, we need to consider the locus where the
projection of C to Y is not an embedding. First, let A C C denote the
set of points where C intersects the s — s — s¢ translate of C for some
so # 0 (including sy = oo, i.e., points where the projection of C' to Y
intersects one of the Reeb orbits at the ends of C'). For any given sg, the set
of such intersections is discrete (in fact finite, see [13]). Thus A is a closed
codimension 1 subvariety of C. Next, let 7 C C denote the set of points
where C'is tangent to £ or to span(ds, R). The set T is also discrete (in fact
finite).

Next, recall that an admissible almost complex structure J is required to
be R-invariant and to send ds; — R and £ — £. Thus a tangent vector j €
TJ|y is equivalent to a (0,1) bundle map { — £ over Y. As a consequence,
any (0, 1) bundle map f : TC — N¢ can be realized as j¢ for some j € T' 7|,
provided that f =0 in a neighborhood of AU T.

We now specify such a bundle map f. First of all, f will be supported
in the s > 1 part of the end £ of C. On this end, under the identifica-
tions in (3.5), a (0,1) bundle map f: TC' — N¢ is equivalent to a complex
function g on [~2,00) x S'. To specify g, fix r > 1 large and p > 0 small.
Recall that v4 denotes the chosen normalized eigenfunction of L with eigen-
value E. Let x : [-2,00) x St — [0, 1] be a function which vanishes where
s & [r,r + 1] or the distance to AU T is less than p/2, and which is 1 where
s € [r+p,r+1—p] and the distance to AUT is greater than p. Now define

g(S, t) = X(S’ t)’7+(t)'

This completes the specification of f. Finally, choose j such that f = jo.
Step 3. We now calculate V;ag. By equation (3.8),

(3.9) Vjae = (dag) ;D¢ (jo) -

To see why the w; term in (3.8) is irrelevant, observe that the latter is in
Ker(D¢), and hence it is a multiple of the tangent vector at C to the 1-
parameter family of pseudoholomorphic curves given by translating C' along
the R factor of R x Y. Since we are assuming that ag(C) = 0, these trans-
lations have no effect on ag.

To evaluate the right hand side of (3.9), note that the restriction of
D;'(jc) to the end € appears as a function v : [~2,00) x ST — C. Now fix
so > 1+ 1, and let 79 and vg denote the restrictions to .S of the s — s — s¢
translates of n and v, respectively. Since j is supported where r < s <r+1,
it follows using equation (3.8) that vg € TM|,,. So by (3.9) and (3.1),

Vjae = ¢+ (da)|y, (vo).
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We conclude from this and equation (2.21) that for any sg > r + 1,

[ee]
Ve = By (s) — [ B v bn - Tk deofe)

S0

(3.10) +dry(v) - Vn)lsds.

Here vy (sg) denotes the L? inner product on S! between v, and v(so,),
while vy and t; are the w-dependent bundle maps from (2.10).

To prove that the differential (3.10) is nonzero, we will show that for
suitable r and sg, the v4 term in (3.10) is much larger than the integral.

Step 4. We now establish an upper bound on the integral in (3.10).

By definition, v obeys the equation

1 /0v ov
3.11 —|=—+1L £ s — =4d.
(3.11) 2<8s+ U>+t0 vt 5o =g
Since the operator D¢ in (3.6) is bounded and Fredholm, there is a constant
c such that | A3 + ||[VA||2 < ¢2|| D)3 for all A that are in the domain of

D¢ and orthogonal to the kernel of D¢e. Applying this to A := Dal(jc), we
deduce that

(3.12) o3 + 1Voll < ¢llgll3-

Now observe that (3.11) is a homogeneous equation for v where s >
r+ 1. Elliptic estimates as in Lemma 2.2 then give pointwise bounds for the
derivatives of v on the s = r + 2 circle in terms of the L? norm of v, which
by (3.12) is bounded by ¢||g||2. In particular, the L? norm of |L|'/?v over
the s = r + 2 circle is bounded by an r- and p-independent constant times
the L? norm of g. The analysis leading to (2.9) then gives

(3.13) [VEo| < cpe P g,

where s > r + 3.

Recall from Lemma 2.3 that |n| and |Vn| are bounded by cee™ for
s > 0. Combining this with (3.13), we conclude that if sy > r + 3, then the
integral in (3.10) is bounded by

/:(...)ds

Step 5. We now establish a lower bound on the term e+%0v, (sq) in
(3.10).

Suppose that r is large. The analysis leading to (2.9) on the cylinder
where 0 < s < r can be employed to prove that when s = r/2,

E+S

(3.14) < cee P07 g5,

(3.15) [VEo| < e P72 gl
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Therefore,
(3.16) o1 (r/2)] < ce” P2 g

Keeping this in mind, define g1 (s) := (74, g) ‘S. Take the L?(S'; R?) inner
product of (3.11) with v to obtain the differential equation

1

dv
5 <+ + E+U+> + (Y4, t0s - v+ T1e - O) | = g1

ds
Integrating this from s = r/2 to s = so gives

eP 50y, (so) = e+ 20, (r/2)

50

+ 2/ % (g4 — (74, t0 - v+ v1e - O0) | ] ds.
r/2

Using (3.16), the bounds on 7 and its derivatives by cee#+%, and the bounds

on v and its derivatives in (3.13), we deduce that

S0

(3.17) eFrsoy, (s0) > 2// eF+5g. (s)ds — c(so — /2 +1)| g2
r/2

By the definition of g, we have
S0 r+1
lim eF+sg, (s)ds :/ eF+sds,
(3.18) p=0Jr/2 r
lim ||g||2 = 2.
p—0

Combining (3.10), (3.14), (3.17) and (3.18), we conclude that for any r, we
can choose p sufficiently small that for any sq,

(3.19) Vjis > c1e®" — cy(sg — /2 + 1) — cge” P07,

If r is sufficiently large and sgo = 2r, then the first term on the right hand
side of (3.19) is much larger than the other two terms, so V;ag # 0. This
completes the proof of Lemma 3.5, and with it Proposition 3.2. O

3.2. Nonoverlapping pairs of ends for generic J. We now prove a
genericity result for the asymptotic eigenfunctions associated to pairs of ends
of a J-holomorphic curve. To state the result, recall that if o is an embedded
Reeb orbit, if m; and me are positive integers and if the smallest positive
eigenvalues of L,m1 and L,m- agree, then the corresponding eigenspaces are
pulled back from the smallest positive eigenspace of L,m, where m denotes
the greatest common divisor of my and me. This is explained in Section 1.3.1
for elliptic Reeb orbits, and is even easier for hyperbolic Reeb orbits. Note
also that Z/m acts on the eigenspace of L,m with smallest positive eigen-
value, via pullback from its action on o by deck transformations for the
covering map to a.
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Definition 3.8. Let C be a J-holomorphic curve with all ends nondegen-
erate. A pair of positive ends &£1,& of C is overlapping if the following
conditions hold:

e There is a single embedded Reeb orbit «, and positive integers m;
and meo, such that &; is a positive end at o™

e The smallest positive eigenvalues of Lym1 and L,mo agree.

e Let m denote the greatest common divisor of m; and ms, and let
~v; denote the eigenfunction of L,m whose pullback to o™ is the
asymptotic eigenfunction associated to the end &;. Then there exists
g € Z/m such that g - y1 = 2.

An overlapping pair of negative ends is defined analogously.

Proposition 3.9. If the admissible almost complex structure J on R x Y
is generic, then no index 1, connected, non-multiply-covered J-holomorphic
curve has an overlapping pair of ends.

Proof. Fix [ > 0, and reintroduce the notation p,, and j,,lb from the beginning
of the proof of Proposition 3.2. Let jl C jl denote the set of J € jl such
that no curve C' € p.!(J) has an overlapping pair of ends. Then as in the
proof of Proposmon 3.2, it is enough to show that jn is dense in jn

To prove that Jn is dense in jn, fix J e Jn, and let O, § and U/ be defined
as in the beginning of the proof of Lemma 3.4.

Next, fix C € p;;}(J) with ordered positive ends at (possibly multiply

covered or repeated) Reeb orbits a1, ..., ay, , and ordered negative ends at
Reeb orbits a—1,...,a_n_. Fori =1,... Ny, let E; denote the smallest
positive eigenvalue of the asymptotic operator L,,; and fori = —1,..., —=N_,

let F; denote the largest negative eigenvalue of L,,. Let B; denote the E;
eigenspace of L,,; then the ends of C' determine asymptotic eigenfunctions
vi € B\ {0}

Applying the translation s — s+ R to C acts on ~; as

(3.20) i — ePift,

To keep track of this, let I denote the index set {1,..., Ny }u{—1,..., —N_},
and let B := @,.; Bi. Define IP to be the set of tuples (v;)ic; € B with all
components ~; nonzero, modulo the equivalence relation

(3.21) (vi)ier ~ (€% )i

for all R € R. Note that P is a smooth manifold. The asymptotic eigen-
functions of the ends of C' define an element p(C) € P which is invariant
under translation of C. Furthermore, C has all pairs of ends nonoverlapping
if and only if p(C) € P\ Z, where Z is a finite union of codimension 1 and
2-submanifolds of P.
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As in the proof of Lemma 3.4, let 7 : C — U denote the universal moduli
space, and let ¢ : U/ — C be a smooth section with ¢ (J) = C. The asymp-
totic eigenfunctions determine a smooth map p : 4 — P, which does not
depend on .

We will momentarily prove:

Lemma 3.10. If ¢ is sufficiently small, then the map p : U — P is a
submersion.

It follows from this lemma and the implicit function theorem that p~!(2)
is a finite union of codimension 1 and 2 submanifolds of ¢/. This completes
the proof of Proposition 3.9 (in the same way that Lemma 3.5 completes
the proof of Proposition 3.2). O

Proof of Lemma 3.10. We will assume that C is immersed, and also that
each eigenspace B; is one dimensional. The argument for the general case
differs only in the amount of notation.

Let ji € TU|; denote the tangent vector that is constructed in the proof
of Lemma 3.5 for the kth end. Here we assume that the constant r used
is very large and the constant p used is very small, and that these con-
stants are the same for each k. (The construction given was for positive
ends; there is a negative end construction that is completely analogous.) To
prove the lemma, we will show that the set of tangent vectors {dps(ji)}rer
spans TP|,c)-

On the ith end we introduce, as in the proof of Proposition 3.2, a nor-
malized eigenfunction for B;, in order to view the assignment of ~; to the
elements in U as defining a function ag, : Y — R. For each pair (i, k) € I x 1,
we now have the following analog of equation (3.9):

(3.22) Vjag, = (dag,)|s (Dg' (k) + wyy ) -

Here D(}l(jk(;) and wj, are the jj versions of the expression on the right
hand side of (3.8).

We now introduce

ik == (dag,)| 7 (DG (Grc))

and we claim that (dp)|;(jx) depends only on @;;. Indeed, this follows from
the fact that each wj, is tangent to the orbit through C' of the R-action that
translates curves along the R factor in R x Y. Since p is invariant under this
action, the wj, term in (3.22) contributes nothing to dp|;(ji). Therefore,
dp|j(jx) is the projection to TP,y of the vector (dik)iecr € B.

So, to prove that the set of tangent vectors {dp(ji) }rer spans TP, ¢y, it
is enough to show that the matrix (@;x);rer has nonzero determinant. For
this purpose, it is enough to show that the diagonal entries are much larger
than the other entries. Let ¢ and k be distinct ends, and to simplify notation



GLUING PSEUDOHOLOMORPHIC CURVES II 55

assume that they are positive. By equation (3.19), if r is sufficiently large
and p is sufficiently small, then

(3.23) Qe > cePrr,

Next let gz denote the function g : [~2,00) x S' — C used to construct ji.
We will show that

(3.24) @] < ce 72| gg|2.

By (3.18), this is much smaller than (3.23) when r is large and p is small.

To prove (3.24), let v := Dgl(jk)c. Let 8 : C — [0,1] be a smooth
function which equals 1 off of the s > r/2 part of the kth end, and which on
the kth end is a function of s such that |§'| <2, and =0 for s > r/2+ 1.
Define v;, := [vi. By definition, D¢y, is nonzero only on the part of the
kth end where r/2 < s < r/2+ 1. Using the bound (3.15), it follows that
| Dcvl||2 is bounded by the right side of (3.24). In particular, the L? norm
of v, over the complement of the s > r/2 part of the kth end, is bounded
by the right side of (3.24).

Using standard elliptic estimates, we deduce pointwise bounds on |vi| and
|Voui| on the s > —1 part of the ith end. It follows as in (2.9) that on the
s > 0 part of the ith end,

S

gy e

|k, |[Vog| < ce

A virtual repeat of the arguments that lead to (3.14) now proves (3.24). O

4. Genericity of immersion singularities
This section is devoted to proving:

Theorem 4.1. If the admissible almost complex structure J on R X Y is
generic, then all non-multiply-covered J-holomorphic curves of index < 2
are immersed.

Proof. The proof has nine steps.

Step 1. We begin by setting up the deformation theory for J-holomorphic
curves in R x Y that are not necessarily immersed.

Fix an admissible almost complex structure J on R x Y. Let ¢ : (C,j) —
R x Y be a J-holomorphic curve, with ends asymptotic to Reeb orbits as
usual. Let O denote the set of Reeb orbits at which C' has ends. Recall that
the domain C' is a punctured compact Riemann surface, and j denotes the
complex structure on C'; thus the equation for ¢ to be J-holomorphic can
be written as

1
(4.1) i(dgo-l-Jod(poj):O.
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The derivative of this equation with respect to deformations of ¢ defines a
real linear Fredholm operator

(4.2) Dy : L3, (C; 9" TX) — L3, (C;T"'C &¢ ¢*TX),

where X := R x Y. Here the almost complex structure J is used to regard
©*TX as a rank 2 complex vector bundle over C. Also L? , denotes the
weighted Li space, using a weight which on the ends of C is equal to e°l*l,
where € > 0 is small with respect to the Reeb orbits in the finite set O.

Observe that the diagram

2.(C;TC) —2— L3, (C;T\C @c TC)

(4.3) ldgo l1®d@
D
L, (C;9TX) — L, (C;T%'C @c ¢*TX)

commutes. In particular, this is why weighted Sobolev spaces are needed to
make the operator (4.2) Fredholm. Indeed, the weights are present so as to
deal with the fact that the operator d on a cylinder is not Fredholm as a
map from L? to L2, because the operator i9; has zero modes on the circle.
Note that the operator 9 in (4.3) has zero kernel, except when C is a plane
in which case the kernel has dimension 1 over C.

Let B be the image of a smooth embedding of a ball into the space of
complex structures on C' with the following two properties: First, j € B,
and each j' € B agrees with j outside of a compact subset of C. Second,
T; B projects isomorphically to the cokernel of the operator 9 in (4.3). This
condition makes sense because a tangent vector j € T;B defines a smooth,
compactly supported bundle endomorphism of T'C' satisfying j j+j4j=0.

Differentiation of equation (4.1) with respect to deformations of ¢ and j
gives rise to a Fredholm operator

(44) D, :T;B® L3 (C;¢*TX) — L2, (C;T"'C ®c ¢*TX)
defined by

- .1 .
Dy (j,¢) := Dy + 5/ odpoy.

When C is a plane, we implicitly use (4.3) to regard IN)W instead as a Fred-
holm operator on T;B & L}, (C;¢*TX)/dp(Ker(9)). The curve ¢ is said

to be “unobstructed” if the operator D, is surjective. Standard arguments
show that if J is generic, then all non-multiply-covered J-holomorphic curves
are unobstructed in this sense.

Step 2. We now explain why if ¢ is unobstructed in the above sense, then
the kernel of D, is naturally identified with the tangent space at ¢ to the
moduli space of J-holomorphic curves where .J is fixed.
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To define the correspondence, let ( 7 Q) € Ker(lNDq,). Since IND@ is surjective,
the implicit function theorem can be used in the usual way to find a smooth
family of J-holomorphic maps ¢; : (C,j;) — R x Y parameterized by ¢
in a neighborhood of 0, with (jo,¢0) = (J, ), satisfying the following two
properties: First, (djs/dt)|—0 = j. Second, ¢; = exp,,(vt) where exp :
TX — X is the exponential map determined by some R-invariant metric on
X, while v; is a smooth L}, section of ¢*T'X, and (dv;/dt)|—o = ¢. Since ¢
is in L}, , the considerations in Section 2 show that there is a constant ¢ > 0
depending only on the Reeb orbits in the finite set O, such that |p| < e—clsl
for large |s|. Consequently each curve ¢, : (C,j;) — R x Y is still in the
moduli space M”. There is then a well-defined map ® : Ker(l~)¢) — T,M?
sending (j,¢) to the derivative of the family of holomorphic curves ¢; :
(C,ji) = R x Y with respect to ¢ at t = 0.

To show that ® is surjective, consider a smooth family of holomorphic
curves ¢; : (C,j;) — R x Y parameterized by ¢ in a neighborhood of 0
with (jo,0) = (j,¢). By reparameterization of the holomorphic curves
¢, we can arrange that each j; agrees with j outside of a compact subset
of C. This is because the pairs (C,j;) are punctured compact Riemann
surfaces, and the complex structures on the corresponding closed surfaces
are locally diffeomorphic near the punctures. Now define j := (djs/dt)|i—o
and ¢ := (dipy/dt)|i=o. These are smooth sections over C of T"!C®cTC and
TY9'C®cp*TX, respectively. Differentiation of the equation Jody; = dp;ojy
with respect to t at ¢ = 0 shows that

1 .
(4.5) D¢¢+§Jodgooj:0.

By construction, j is compactly supported. To describe the asymptotic
behavior of ¢, note that on the ends of C, the map ¢ is an immersion by [13],
so we have a spitting p*T'X = TC @ N, where N denotes the normal bundle
to C, and the splitting is defined using an R-invariant metric on X, which is
preserved by J. By a further reparameterization of the holomorphic curves
¢, we can arrange that the T'C' component of ¢ is 0 on the ends of C.
Meanwhile, the analysis from Section 2 shows that the N component of ¢ is
bounded from above by e~¢*| on the ends. So j and ¢ are in L? 4, provided
that the constant € > 0 used to define the spaces Li  is chosen smaller than
c. Since the projection of T;B to the cokernel of the operator 9 in (4.3) is
surjective, there is a pair (b,v) € T;B @ L%+(C; TC') such that

(4.6) w+b=j.
Since the diagram (4.3) commutes, it follows from (4.5) and (4.6) that

<b, ®+ ;j8v> € Ker(f)@).
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And @ sends the above to the tangent vector (d(j¢, ¢¢)/dt)|i=o-

To show that ® is injective, let (j,¢) € Ker(ﬁw), and suppose that the
corresponding tangent vector to the moduli space is zero. This means that
there is a smooth 1-parameter family of holomorphic curves ¢ : (C,j;) —
R x Y parameterized by ¢ in a neighborhood of 0 with (jo, v0) = (4, %) and
(djs/dt)|i—0 = j and (des/dt)|s—o = @, such that the holomorphic curves ¢y
are all equivalent to each other: that is, there is a 1-parameter family of
diffeomorphisms ¢, : C' — C with ¢ = p o ¢y and dy; o jz = j o tp. Define
1 = (dipy/dt)|¢—o; this is a smooth, L section of TC satisfying ¢ = dip(n).
Since the diagram (4.3) commutes, and since J o dp = dy o j, the equation
5¢(j, ¢) becomes

dp o (37)—|—;joj) =0.
Therefore,
(2jn) =y
wherever dp # 0; and by continuity this equation holds on all of C. Since
the projection of TB to the cokernel of 9 is injective, it follows that j = 0
and dn = 0. Thus (j, ¢) is equivalent to 0.

Step 3. We now set up the proof of Theorem 4.1.

Fix an admissible J, and assume that J is generic so that all non-multiply-
covered J-holomorphic curves are unobstructed. Let ¢ : (C,7) - R x Y be
a non-multiply-covered J-holomorphic curve of index < 2. Assume that ¢
is not an immersion; in particular this implies that it is not R-invariant.
Define B as in Step 1. Fix § > 0 small and [ > 2, and let U be a small
neighborhood of J in the space of C! admissible almost complex structures
on R x Y that agree with J where the distance is less than § to any of the
Reeb orbits corresponding to the ends of C'. There is a smooth, universal
family C — U whose fiber over J' € U consists of pairs (j/, ¢’), where j' € B
and ¢' : (C,7') - R x Y is a J'-holomorphic map near ¢, which is the
composition of the exponential map with an L3 . section of o*T'X. When C
is a plane, we require the latter section to be L%-orthogonal to dp(Ker(9)).
We can choose the neighborhood U to be small enough so that the fiber of
C over each J' € U consists of unobstructed curves, and in particular is a
manifold of dimension < 2. Note that R acts freely on C, by composing ¢’
with translations of R x Y; and the projection to U is invariant under this
action.

Let ug € C be a point where ¢ is not an immersion; since ¢ is J-
holomorphic, this means that the differential dyp,, = 0. Let D C C
be a small disc containing ug, such that ¢ is an embedding on the clo-
sure of D minus the origin. Let Z C C x D denote the locus of points
(J',j',¢',u) € C x D such that dyg!, = 0. Note that the R-action on C,
crossed with the identity on D, sends Z to itself.
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To prove Theorem 4.1, we will show that if § is sufficiently small, then
Z is a codimension 4 submanifold of C x D. Granted this, then Z/R is a
codimension 4 submanifold of (C/R) x D. Since the fibers of the projection
(C/R) x D — U have dimension at most 3, the usual Sard-Smale argument
can be used to deduce that there is an open dense subset of &/ whose inverse
image in C x D is disjoint from Z. As in the beginning of the proof of
Proposition 3.2, it then follows that there is a Baire set of admissible almost
complex structures satisfying the condition in Theorem 4.1.

Step 4. To prepare for the proof that Z is a codimension 4 submanifold
of C x D, we now choose convenient local coordinates (s, t,x,y) on a neigh-
borhood of ¢(up) in R x Y. These coordinates will be defined for |t|, |z, |y|
small, and will have the following properties:

(1) ¢(ugp) corresponds to (0,0,0,0).

(2) Os is the derivative of the R-action on R x Y, and J0s = 0.

(3) 0, and 0, are tangent to the contact plane field at (z,y) = (0,0).

(4) JO, =0y at t =0.

To find such coordinates, first note that there exists a J-holomorphic
embedding 2 : A C R x Y, where A is a neighborhood of the origin in C,
such that 2(0) = ¢(up), and diy maps ToC to the contact plane field at
©(up). Write the holomorphic coordinate on A as w = x + iy. The desired
coordinates are now described by a map

®:R x (—dp,00) x A — R xY,

where ®(s,t,w) is obtained by starting with the point 2(w) € R X Y, trans-
lating the R coordinate by s, and then flowing along the Reeb vector field
R for time t. If 99 > 0 is small, then ¢ is an embedding.

These coordinates satisfy property (1), and the first part of property (2),
by construction. The second part of property (2) holds because the admissi-
ble almost complex structure J is required to satisfy J9s = R. Property (3)
holds for ¢ = 0 by construction, and for general ¢ because the Lie derivatives
with respect to R of 0, dy, and the contact form all vanish. Property (4)
holds for s = 0 by construction, and for general s because J is R-invariant.

Step 5. We now write down equations for Z to be a codimension 4 sub-
manifold of C x D.

To start, in the coordinate chart from Step 4, if we write z := s+ it, then
a basis for the J version of TH?(R x Y) is given by

eg =dz+vdw, e} =dw+ odw,

where v and o vanish at t = 0. Likewise, if J' € U, then because J'd; = 0,
a basis for the J’ version of T19(R x Y) is given by

(4.7) ep = dz ++'dw, €)= dw+ o dw,

where 7/ and ¢’ no longer necessarily vanish at ¢ = 0.
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Next, let us choose the set B of complex structures on C' from Step 1 so
that all 7/ € B agree with j on the disc D C C. Also, choose D sufficiently
small so that ¢(D) is contained in the coordinate chart from Step 4. Fix
a holomorphic local coordinate © on D, with u = 0 corresponding to wyg.
Now let (J',5',¢’) € C. Then the equations for ¢’ to be J'-holomorphic
on D can be written as follows. On D, in our local coordinates, write
¢ (u) = (7' (u),w'(u)). Then ¢’ is J'-holomorphic on D if and only if it pulls
back ef, and €] to multiples of du, which means that

(4.8) 07 ++'0w =0, ow' + o'ow’ = 0.

Here 7/ and ¢’ are shorthand for (¢’)*y’ and (¢’)*o’, respectively.
It follows using (4.8) that Z is the zero locus of the smooth function
f:C x D — C? defined by

(49) f(‘],aj,> Qplvu) = (8uzl + 7, uwa auw/ + Jlauw) ‘u

Thus to prove that Z is a codimension 4 submanifold of C x D near our
given point (J, j,¢,0) € Z, by the implicit function theorem it is enough to
show that the differential

(410) df(J,j#?,O) : T(J,j,go,O) (C X D) — (CQ

is surjective.
Step 6. We now give an explicit description of the tangent space
T 1,0)C and the differential (4.10), in preparation for showing that (4.10) is
surjective.
In the poFation from Step 1, a tangent vector in T{;; ,)C is equivalent to
a triple (J, j,¢), where:
(i) J is a C' bundle endomorphism of T'X which satisfies .J.J + J.J = 0,
annihilates Js and R and maps the contact plane field £ to itself.
(ii) j is a smooth, compactly supported bundle endomorphism of 7'C
satisfying jj + jj = 0.
(iii) ¢ is an L%, section of *TX over C' satisfying

1 . .
(4.11) D¢¢+§(Jod§poj+Jodgpoj):().

When C' is a plane, we declare two such sections ¢ to be equivalent

if their difference is in dy(Ker(0)).

(iv) j € T;B.

(v) J is invariant under R translation and vanishes within distance & of
the Reeb orbits in O.

Of course condition (ii) follows from condition (iv); but our construction
later will obtain condition (ii) before obtaining condition (iv).

In the local coordinates from Step 4, these data appear as follows. By
condition (i) above, J determines a pair of functions (¥, &), which describe
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the respective changes in v and o. Likewise, ¢ determines a pair of functions
(2,) on D. With this notation, Equation (4.11) on D is equivalent to the

equations obtained by differentiating (4.8), which have the form
0% + y0uw + e (2, %) = —Y0w,

(4.12) Dzt 00 5 (2, ) 9

0w + cdw + e, (2,w) = —60w.

Here e, and e, are linear functions of Z and w, arising from the derivatives
of v and o; and (z,w) denotes the pair of functions determined by .

In the above notation, it follows from (4.9), with the help of (4.8), that
the differential (4.10) is given as follows: If @ € Ty D, then

(413) df(J,j,(p,O)(jvja 907 u) = (auza 8uw) ’u:O + (aua’uz7 a’uauw) ‘u:O du(u)

To prove that the differential (4.10) is surjective, we will show that for any
n = (n:,mw) € C?, there exists (J,J,¢) € T(;;,)C and @ € TyD such that

(4.14) (Ouz, Oy) ‘u:O + (0u0uz, 8u6uw)‘u:0du(u) = Nz, Nw)-
Step 7. We now begin the construction of (J, j, ¢) € T 1) Cand u € TyD
satisfying (4.14). O

Lemma 4.2. There ezist constants po > 0 and c such that if D has radius
p < po, then given n = (1n.,m,) € C2, there exist smooth functions 2, :
D — C such that:

e Equations (4.12) holds with ¥ = ¢ = 0.
e Equation (4.14) holds with u = 0.

Proof. We will first solve (4.12) with 4 = ¢ = 0, and then explain how to
solve (4.14) with @ = 0 as well.

Write ¢ := (2,w) and 1 := (1., My ). The disc of radius p can be identified
with a disc of radius 1 so that on the disc of radius 1, Equation (4.12) with
4 = 6 = 0 has the form

(4.15) 0. +0¢ =0,

where © is R-linear and satisfies |0, |[dO| < ¢p. It is enough to solve this
equation on the disc of radius 1/2, for which purpose we can assume that
© vanishes outside of the disc of radius 3/4 and has derivative bounded by
cp. Now write ¢ = (o + A, where (y := nu; then Equation (4.15) becomes

(4.16) Ou + OA +60¢ = 0.
If p > 0 is sufficiently small, then the contraction mapping theorem finds a
unique continuous function A on D satisfying

1 1
(4.17) O /

T <1 -V

(OA + O¢) |, dv,
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and this A will satisfy (4.16). Moreover, it follows from (4.17) that
IA@)] < eplsup Al + ),

where [n] := \/|n:]2 + [nw|?. Thus

(4.18) [Aw)] < eplnl(1 = ep)™

Differentiating (4.17), and using (4.18) and our assumptions on O, gives a
similar bound on |9, A|. As a result, if p > 0 is sufficiently small then

1
au<|u:0 - 77‘ < 7‘77"

Since the set
{0uClu=0 | ¢ solves (4.15)}

is a real linear subspace of C2, it follows that this set is all of C2. This
proves the lemma. O

Now fix a smooth function 5 : C — [0,1] with S(u) = 0 for |u|] > 1
and B(u) = 1 for |u| < 1/2. Given p > 0, define g, : C — [0,1] by
Bp(u) := B(p~ ).

Next, given 1 = (1,,7,) € C?, let p > 0 be small, and let (%,,1,) denote
the pair of functions provided by Lemma 4.2. Take

2= Brzy, W= By,
and extend these to a section ¢ of ¢*T'X over C by declaring ¢ to be zero
on the complement of D. Then over the disc of radius p/2, equation (4.11)
holds with J = j = 0.

Let D, denote the portion of D where the radius is between p/2 and p. If
p is sufficiently small, then the restriction of ¢ to D, does not hit the finite
set of points in C' where ¢(C') is tangent to & or to the span of vectors O
and R. It then follows as in the proof of Lemma 3.5, Step 2, that there exist
J and j such that:

e the quadruple (J, j, ¢, 0) satisfies conditions (i) to (iii) above, as well
as equation (4.14). .
e j and the restriction of J to C' are supported in D,,.
It proves convenient later to also choose p sufficiently small so that:

e the restriction of ¢ to D, does not hit the finite set of points in C
where ¢(C) intersects the Reeb orbits in O.

Step 8. We now modify the quadruple (j,j,<p,0) so as to also satisfy
condition (iv), namely that j € T;B, while still satisfying conditions (i) to
(iii) and equation (4.14).

The idea here is that one could regard f as a function defined on a larger
space, where the complex structure on C' is not required to be in B, such
that f is invariant under an appropriate equivalence relation; then by moving
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along an appropriate slice in this larger space we can obtain j € T; B without
changing df. This works concretely as follows. By definition, T; B projects
isomorphically onto the cokernel of the operator

0: L3, (C;TC) — L, (C; T C ®c TC).

Hence there exists a tangent vector jy € T; B, and a section ¢ € L%JF(C; TC),
such that

(4.19) 2j 0 9¢ + jo = j

as bundle automorphisms of TC. Let ¢g := dg o ¢. To achieve condition
(iv), replace the quadruple (J, j, ¢,0) with

(4.20) (jajo,SbJFSbO,*C(O))-
We need to check that the new quadruple (4.20) still satisfies equations
(4.11) and (4.14).

To verify equation (4.11), use the commutativity of the diagram (4.3), the
fact that ¢ is J-holomorphic and equation (4.19), to find that

Dw(‘/bo) =dyp 05C
— —JodpojBC

1. .
:JOd(pO§(jofj).

It follows from this that the new quadruple still satisfies equation (4.11).
To prove that the new quadruple (4.20) still satisfies equation (4.14), write
$o = (20,w0) on D. We need to show that

(4.21) (Buo, Buting)|,_y = (Buduz, OuOyw)|,_,du(¢(0)).
It follows from the definition of ¢y and equation (4.8) that

Since Oy z, Oyw, v and o all vanish at v = 0, equation (4.21) follows.

Step 9. The previous steps constructed a quadruple (J g, P, @) satisfying
conditions (i) to (iv) and equation (4.14); we now modify this quadruple so
as to also satisfy condition (v).

Recall from Step 7 that the restriction of J to ¢(C), call it Jg, is supported
inside D,. Only Jo enters into equation (4.11); so we just need to modify
Jo (while changing the other data 7,0, as appropriate) so that Jo has an
extension over X satisfying conditions (i) and (v).

For this purpose, let A C D denote the set of points v € D such that ¢(u)
intersects the s — s — s translate of ¢ for some sy € [—o0, +o0] \ {0}. As
in the proof of Lemma 3.5, Step 2, A is a closed codimension 1 subvariety
of D. Let £ > 0 be small, and let x : D — [0, 1] be a smooth function which
is 1 where the distance to A is > 2¢ and 0 where the distance to A is < e.



64 M. HUTCHINGS AND C.H. TAUBES

We now replace Jo by xJo. Note that yJo still satisfies condition (i) on
D, because condition (i) is a system of homogeneous linear equations for J.
Furthermore, if § > 0 is sufficiently small, then xJo has an extension over
X satisfying (i) and (v); pick such an extension and call it J.

We now modify j and ¢ to restore equation (4.11). Since the operator
154, is surjective, there exists j; € T;B, and an L? 4 section ¢1 of p*T'X,
such that

. 1 . .
(4.22) D1 + §JO dpoji=(x—1)Jec.
Moreover, these can be chosen so that

(4.23) lo1llze < ell(x = 1) Jellz,

where c is a constant which does not depend on ¢.

It follows from (4.22) that if we define j’ := j+j; and ¢/ := ¢ + @1, then
the triple (J’, j’, ¢') satisfies equation (4.11), and hence all of the conditions
(i) to (v).

The quadruple (J’, ', ¢/, @) might not satisfy equation (4.14). Rather, if
we define

(77,/27 771,1)) = df(J,j,cp,O) (jla jla Sb,v U),
and if we write ¢1 = (21,w1) on D, then it follows from equation (4.13) that

(4.24) (02 ) = (112, Mw) = (Duzn, Outin) |-

To handle this discrepancy, note that by taking e sufficiently small, we
can make the support of (x — l)jc have arbitrarily small measure, and so
by (4.23) we can make ¢ have arbitrarily small L? norm. It then follows
by elliptic regularity, as in Lemma 2.2, that we can make the expression
in (4.24) have arbitrarily small norm.

We conclude from the above discussion that for any nonzero (1.,1,) € C?,
we can find (J,j, ¢, 1) € T7,j0,0)(C x D) such that

T 1
df (15,0,0) (5 J5 5 ) — (N2 1) | < 3 (M2 1) -
Since df 15,0 is linear, it follows that it is surjective. This completes the
proof of Theorem 4.1. O

5. The gluing construction

As in Section 1.2, fix a generic J such that all non-multiply-covered J-
holomorphic curves are unobstructed, and let (U;,U_) be a gluing pair
as in Definition 1.1.9 satisfying the additional assumptions (1.1) and (1.2).
Let M denote the moduli space of branched covers of R x S as specified
in (1.3).



GLUING PSEUDOHOLOMORPHIC CURVES II 65

In this section, we explain a construction for gluing U, and U_ to a
J-holomorphic curve by patching an element of M between them. This
procedure finds such a gluing for each zero of a certain section s of the
obstruction bundle O from Section 1.2.3 over a certain open subset of R? x M.
As a result, we obtain a “gluing map” G from s !(0) to the moduli space
of J-holomorphic curves M?(ay,a_).

5.1. Preliminaries.

(i) It follows from the definition of gluing pair that Uy consists of an
immersed, non-multiply-covered, index 1 component u-, together with a
union v+ of unbranched covers of R-invariant cylinders. Index the negative
ends of U, such that the negative ends of u, are indexed by 1,..., N,
while the negative ends of vy are indexed by Ny + 1,...,N,. Simi-
larly, index the positive ends of U_ such that the positive ends of u_
are indexed by —1,...,—N_, while the positive ends of v_ are indexed
by ~-N_—1,...,—N_. (In fact Lemma I.3.7 implies that N, > N, —1 and
N_ > N_ — 1, but we will not need this.)

(ii) Fix an “exponential map” e : R x S x D — R x Y for « as given by
Lemma 2.1. This e defines coordinates (s,¢,w) on a tubular neighborhood
of Rx ain R x Y. Fix §y > 0 sufficiently small so that D contains the
disc of radius 49g. By translating U, upward, we may assume that for
i=1,..., N, the ith negative end of u, is described in these coordinates
by a map

(—00,0] x ST — R x §* x C,

(5.1)
(S? 7_) — (8, t, 77i(5> T))a

where S denotes the a;-fold cover of S'; t denotes the projection of 7; and
[ni| < do. Likewise, by translating U_ downward, we may assume that for
1=—1,...,—N_, the ith positive end of u_ is described by a map

[0,00) x ST — R x S! x C,

(5.2)
(s,7) —> (s,t,mi(s, 7)),

where S denotes the a;-fold cover of S, and |n;| < do.

Next, as in Lemma 2.1, choose an “exponential map” e_, from a small
radius disc bundle in the normal bundle of u_ to R x Y, with the following
properties. First, e_ is an immersion; on the zero section e_ agrees with u_;
and on each fiber disc u_ is a J-holomorphic embedding. The constant &y
above should be chosen sufficiently small so that e_ is defined on the radius
do disc bundle. In addition, on the positive ends of u_, we require e_ to
be compatible with e in the following sense: For i = —1,..., —N_, in the
notation of (5.2), use (s, 7) as coordinates on the ith positive end of u_, and
use the coordinate w to trivialize the normal bundle to the ith positive end
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of u_. Then the compatibility requirement is that if |v| < g then
(5.3) e_((s,7),v) = e(s,t,ni(s,7) + v).

Choose an analogous exponential map e from the radius dg disc bundle in
the normal bundle of uy to R x Y.

(iii) Given a branched cover m : ¥ — R x S! in M, let A C ¥ denote
the union of the components of the level sets of n*s on X that contain
ramification points. For ¢ = 1,..., N, the ith positive end of ¥ corre-
sponds to a component of ¥ \ A, which the asymptotic marking identi-
fies with (s; — 1,00) x R/27ma;Z for some real number s;. Likewise, for

i=—1,...,—N_, the ith negative end of ¥ corresponds to a component of
¥\ A, which the asymptotic marking identifies with (—oo, s;+1) x R/27a;Z.
Let s+ := max;~o{s;} and s_ := min;<o{s;}. Note that s;, s4 and s_ define

functions on M which are continuous but not smooth. It proves convenient
later to replace these functions by smooth functions which have C°-distance
less than 1/2 from the original functions. We denote these smoothings by
the same symbols.

(iv) The gluing construction requires fixing two constants 0 < A < 1 and
r > h~! which enter into the definitions of the relevant cutoff functions. The
gluing construction will work for any 0 < h < 1, as long as r is sufficiently
large with respect to h in a sense to be explained below. (In Section 8 we
will choose h small in order to obtain good estimates on the nonlinear part
of the obstruction section whose zero set characterizes the possible gluings.)

Throughout this section, the letter ‘c’ denotes a constant which depends
only on Uy and U_, and whose value may change from one appearance to
the next.

5.2. Pregluing. With r and h fixed, the “gluing parameters” consist of a
branched cover 7 : ¥ — R x S in M, together with real numbers 7, ,7_ >
5r. Given Ty, T_ and ¥, we now define the “(T,T_)-pregluing” of U, and
U_ along .. This will be a map u, : Cx, - R X Y.

To define the domain Cj, let ¥’ C ¥ be obtained from X by removing
the s > s, + T portion of the positive ends indexed by 1,..., N, and the
s < s_ — T_ portion of the negative ends indexed by —1,...,—N_. Let
uy7 denote the s — s + sy + Ty translate of uy, and let u/, denote the
s > s4 + T4 portion of uyp. Let u_7 denote the s — s+ s_ —T_ translate
of u_, and let u’ ;. denote the s < s_ —T_ portion of u_r.

Let C',; denote the domain of u/ ;. The domain C; is the quotient of

" 7 UX' U CL obtained by identifying the ith negative boundary circle of
C', with the ith positive boundary circle of ¥’ for ¢ = 1,..., N, and the
ith positive boundary circle of C” . with the ith negative boundary circle of
Y for i = —1,...,—N_. The identification maps are well defined, because
the asymptotic markings of the ends of ¥ and u4 fix an identification of each
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such boundary circle with R/27mZ, where m is the covering multiplicity of
the associated end.

For i = 1,...,N, let ¥, C X' denote the cylinder consisting of the
s; < s < sy + T4 part of the ith positive end of 3. As above, the cylinder
>); can also be naturally identified with the s; < s < sy + Ty portion of
the ith negative end of u 7. For i = —1,...,—N_, let ¥; C ¥’ denote the
cylinder consisting of the s_ — T_ < s < s; part of the ith negative end
of 3. This can also be identified with the corresponding portion of the ¢th
positive end of u_r.

Fix a smooth function 5 : R — [0, 1] which is nondecreasing, equal to 0
on (—o0,0] and equal to 1 on [1,00). Define a function Gy : Cy, — [0,1] as
follows. The function 34 equals 1 on all of C’ ; and 0 on all of C’ ;. On
the cylinder ¥; C ¥/ for ¢ > 0, define 34 := B((s — s; — hr)/(hr)). On the
rest of X', define 34 := 0. Similarly, define 5_ : Cix — [0, 1] to equal 1 on all
of C”_1, to equal 0 on all of C", 1, to equal B((—s + s; — hr)/(hr)) on ¥; for
i < 0 and to equal 0 on the rest of Y.

The map u, is defined as follows. On C’_;, the map u, agrees with
the map uqr. On X/, off of the cylinders ¥;, the map u, agrees with the
composition

(5.4) DS Rx SIS R Y
On ¥; for i > 0, with the notation as in (5.1), define
mir(s,7) = ni(s — (s4 +T4),7)

and

(5.5) us(s,7) = (s, t, B+(s, T)ni1(s,7)).

When s < s; + hr, this agrees with the composition (5.4), and when s >
S; + 2hr, this agrees with the s — s+ s 4+ T, translate of the ith negative
end of uy. Likewise, on ¥; for i < 0, with the notation as in (5.2), define

nir(s,7) = ni(s = (s- = T-),7)

and

(56) U*(S, 7-) = (57 ta ﬁ* (57 T)ni,T(S, T))
When s > s; — hr, this agrees with the composition (5.4), and when s <

s; — 2hr, this agrees with the s — s+ s_ — T_ translate of the ith positive
end of u_.

5.3. Deforming the pregluing. Let ¢)1 be a section of the normal bundle
of uyr, let ¥ be a section of the normal bundle of u_7 and let ¢¥x, be a
complex function on . Assuming that ¥+ and vy have pointwise norm
less than dp, we now explain how to use the data (¢, s, 1+) to define a
deformation of the map wu,.
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The coordinate w on a neighborhood of R x « trivializes the normal
bundles to the positive ends of u_ and the negative ends of u4 near R x a.
Hence the normal bundles to €’ , and C”+T and the trivial complex line
bundle over ¥’ fit together to define a complex line bundle E, over C,. The
exponential maps e_, e and ey fit into a map e, from a small radius disc
bundle in E, to R x Y defined as follows. Over C’,, the map e, is defined
on the radius dg disc bundle and agrees with the appropriate translate of e4..
For x € Y/, the map e, is defined on the radius 24y disc bundle as follows:
If uy(z) = (s,t,w), then e, (z,v) := (s,t,w + v).

Next define a function Oy, : Ci — [0,1] as follows. The function fy is
identically zero on €’ » and C’ ;.. On the cylinders ¥; for i > 0, define

Os(s,7):=pB((=s+ sy +T4 —71)/r).
This is 1 where s < s4 + T4 — 2r and 0 where s > sy + T4 — r. On the
cylinders »; for ¢ < 0, define
Bu(s,7):=p((s—s—+T- —1)/r).
This is 1 where s > s_ —T_ + 2r and 0 where s < s_ —T_ +r. On the rest
of ¥/, define By := 1.
Finally, the deformation of u, is defined to be the map
Cy, — RxY,
T — ex(z, B_t— + Butps + B4 ).

This is well defined, because under the above identifications, ¥y defines a
section of E, over the support of Oy, while 1+ defines a section of F, over
the support of By. If b1 and 5 are smooth, then the map (5.7) is an
immersion, except possibly at the ramification points in X.

(5.7)

5.4. Equation for the deformation to be J-holomorphic. We now
write an equation for the map (5.7) to be J-holomorphic, for some complex
structures on C,. This equation will have the form

(58) ﬁf@f(ﬂbﬂ/@) + ﬁEGE(d)*ﬂl)anJr) + 5+@+(¢}E»7/)+) = 07

where ©4 is defined on all of u4p, while Oy, is defined on all of X.

We begin by describing the schematic form of the ©’s. By way of prepa-
ration, let C' denote CL7 or X, and let E denote, respectively, the normal
bundle to C7 or the trivial complex line bundle over .

Definition 5.1. Let us call a (7%, ¥)-dependent function
F:C%®(C;E) — C®(C; E@c T 0)
“type 1 quadratic” if it can be written in the form

(5.9) F(Y) = P(¢) +Q(¢) - VY,
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where P and @ are (nonlinear) bundle maps with uniformly bounded deriva-
tives to any given order in the fiber direction, obeying |P()| < c[w|? and
|Q(¥)| < c|i|. Let us call a (T4, ¥)-dependent function

Z :C*®(C;E) x C®(C;E) — C*®(C,E @c T 0)
“type 2 quadratic” if it can be written as

Z(Y1,102) = a(1,12) + b1 (1, ¥2) - Viba + ba(Y1,)2) - Vi,

where a, by, by are (nonlinear) bundle maps with uniformly bounded deriva-
tives to any given order in the fiber direction, obeying |a(¢1, ¢2)| < c|¢1][¢2],

b1 (1, 902)] < clibr| and [ba(3h1,02)] < eftba].

Now let 11 be a section of the normal bundle of uyy with |[¢y| < do.
Then as in Section 2.1, the composition of ¢ with the exponential map e
defines a J-holomorphic map Cyr — R x Y, for some complex structure on
Cyr, if and only if Dyt + Fy (1) = 0, where Dy denotes the usual linear
deformation operator, while F is type 1 quadratic. If ¥y is a complex
function on ¥ with |¢x| < 4dp, then the map ¥ — R x Y sending = —
e(m(z),¢¥x(x)) is J-holomorphic, for some complex structure on 3, if and
only if it satisfies an equation of the form Dxs, + Fx(1x) = 0. Here, as in
Section 2.1, the operator Dy has the form

(5.10) Dstp = 0 + (v + w)) @ dz.

(For more about the operator Dy, see Section 1.2.3.) Meanwhile, Fy; is type
1 quadratic, except near the ramification points in ¥ (see (5.22) below).
With the preceding understood, ©_ has the form

(5.11)
0
0_ = Dt +F () +0= 022 (azrm)sts— (4o, ) ba- b td V.

2 0Os
Here F’ is type 1 quadratic and differs from F_ only in the part of each
cylinder ¥; for ¢ < 0, where s; —2hr < s < s; — hr. Next, m is a bundle map
on each cylinder 3; for i < 0 satisfying |m| < ¢|n_rp|, where n_p = ;7.
The function 3_ is type 2 quadratic. Finally, q— and g’ are bundle maps
supported in the cylinders ¥; for ¢ < 0 where s; — 2hr < s < s; — hr, which
satisty |q_, [9"_| < cln_r].
Likewise, ©4 has the form

(5.12)
B4 OBs

O = D+¢++F4(¢+)+7g ((dz+m)s+34+ (U4, ¥5)) +a4- s+, Vi

The terms in (5.12) satisfy the obvious analogs of the conditions on the
terms in (5.11).
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Finally, Oy, has the form
Ox = Dstps + Fx(vs) + do - ¢¥s +dy - Vs +p—(n-7) + B-30- (¥, ¢x)

006_
+ ;aﬁs((n_T + - )dz + 30_ (Y=, %)) + pr(n47) + Brzo+ (s, ¥x)
10
4 5 éBSi ((77+T —+ ¢+)d5+ 36+(¢+71/12))-

(5.13)

Here FY, is type 1 quadratic (except near the ramification points) and differs
from Fx only in the cylinders ¥; for ¢ > 0 where s4 + 74 —2r < s < s; +
Ty —r, and in the cylinders ¥; for ¢« < 0 where s_ —T_+r < s < s_—T_+2r.
The terms p_, and p, are type 1 quadratic; p is supported in the cylinders
>; for i > 0 where s; + hr < s < s; + 2hr; and p_ is supported in the
cylinders ¥; for ¢ < 0 where s; — 2hr < s < s; — hr. The ¢’s can be written
as qo = qo— + qo+ and qy = qo_ + qo,., where qo4 and qp are supported in
the cylinders ¥; for ¢ > 0 where s; + hr < s < sy + T4 —r + 1 and satisfy
g0+ [q04| < ¢|ngr|. Likewise, qo— and qf_ are supported in the cylinders ¥;
for i < 0 where s_ —T_+r—1 < s < s;—hr and satisfy |qo_|, |q(_| < ¢|n—7].
The functions 30+ and 3(, are supported in the cylinders ¥; for £ > 0, and
are type 2 quadratic.
We formulate the above as a lemma:

Lemma 5.2. There ezist functions ©_, ©4 and Oy of the form (5.11),
(5.12) and (5.13), respectively, such that the map (5.7) is J-holomorphic for
some complex structure on Cy if and only if equation (5.8) holds.

Proof. On C', 1, equation (5.8) reads D+t4 + F1(¢+) = 0; and on ¥/, off of
the cylinders ¥;, equation (5.8) reads Dty + Fx(1y) = 0. Hence, we need
only consider the cylinders ¥;, w.l.o.g. with ¢ < 0. Here, we need to show
that the various terms in ©®_ and Oy can be chosen so that

(5.14)

Ds:(B-(n-1 +¢-) + Bes) + Fo(B-(n-1 + ¥-) + Bstbs) = f-O_ + fxOx.

To start, it follows from (5.10) that

Ds(0- Gz + )+ i) = - (5 S0+ Dt +0-)
(5.15) + By (;aai(TiT +9-)dz + Dzd}z) :

Here we have inserted some extra factors of _ and Oy, using the fact that
B_ =1 on the support of Js0x, and Oy = 1 on the support of ds6_. Next,

(5.16) D+ F_ () = Ds(n g +v-) + Fa(n_n + ),

because by (5.3), the two sides of (5.16) measure the failure of the same
immersed surface to be J-holomorphic. By (5.15) and (5.16) equation (5.14)
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that we need to prove reduces to

(5.17)
Fs,(B-(n—1 +¢-) + i) — B_Fs(n—1 +¥_) — B Fx(¢vs)
= - (P + T O (s s (o) a0 o)
+ By <F§(¢2) + o -¥s +do - Vs +p-(n-1) + B30 (v, Ux)
105,
+ 5ot (o))

Here F" := F! —F_ and F{. := F|,— F5; are type 1 quadratic, and supported
in our cylinder ¥; where s; —2hr < s < s; —hrand s— —T_ +7r < s <
s_ —T_ + 2r, respectively.

To prepare for the proof of (5.17), first note that since F' := F¥, is type 1
quadratic, it follows that

(5.18) F(1 +th2) = F(¢1) + F(¢2) + Fi(¢r, ¢2),
where F1 is type 2 quadratic. This last condition implies that

(5.19) Fi(1 + b2, 93) = F1(v1,13) + F1(2,¥3) + Fa (1,2, ¢3),

where F5 has the form

3
Fa(r, b, 03) = a(r, o, ¢3) + Y bi(thr, 2, 03) - Vs

i=1

with [a(1, ¥, 13)| < clhr]|vo]|s], bi(v1, ¥2, ¥3)] < clta][3], and so forth.
To prove (5.17), use (5.18) and (5.19) to expand the left hand side as

F(B-(n-1 +v¢-) + Bsbs) — B-F(n-1 +-) — B F(¢s)
= F1(B-n-7, Bsts)
+ F1(B-%—, Bsps) + Fa(B-n-1, B9, Bsibs)
(5.20) + (F1(B-n-1, B-v-) = B-Fi(n-1,¢-))
+ (F(B-n-1) — B_F(n-1))
+ (F(B--) = B-F(¥-))
+ (F(Bss) — BoF (¥s)).

On the right side of (5.20), the first line gives the m, q¢ and qf, terms on the
right side of (5.17). The second line gives the 3_, 30 and 3{, terms. The third
line gives the q_ and g’ terms. The fourth line gives the p_ term, the fifth
line gives the F” term and the last line gives the Fy. term. Here we have used
the fact that |Vn_r| < ¢|n_r|, which follows from the results in Section 2.
Also, we are assuming that r > rh > 1, so that |0,6_|,|0s0s| < c. d
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To complete the picture of equation (5.8), we now describe the behavior
of the term FY,(¢x) in (5.13) near a ramification point of the branched cover
7: % — Rx St Recall that F4(vy) = Fy(tby) near the ramification points.
Also recall our coordinates (z = s + it,w) on a neighborhood of R x «
in R x Y. On the complement of the ramification points, equations (2.2)
and (2.3) imply that

>

(5.21) Fr(s) = alt,¥z)—-

where a(t,w) and P(t,w) are smooth functions of their arguments which
vanish where w = 0. Near a ramification point, choose a local holomorphic
coordinate v on ¥ such that 7z = 2y + u9t!, with ¢ a positive integer. It
follows from (5.21) that near the ramification point,

I s
> a(t’ T/JE)T@ + P(ta QZ)Z)

U

In particular, F¥(¢yx) is generally not continuous at the ramification points,
even when 1y is smooth.

%+P(t7¢2)7

U

(5.22) Fy(vs) = Fs(Ys) = (u

5.5. Banach space setup. We now select appropriate Banach spaces to
use in solving equation (5.8).

Let C denote C4 or ¥, and let E denote, respectively, the normal bundle
to C1 or the trivial complex line bundle on 2. Let H(C') denote the Banach
space obtained by completing the space of compactly supported sections of
E ® T%'C using the norm || - || defined by

1/2 1/2
Il = ( / nl2> +<sup up o2 [ |77|2) .
C zeC pe(0,1] dist(z,")<p

Here we have chosen a metric on each ¥ € M as in Section [.2.3, and we
use the metric on Cy induced by its immersion vy into R x Y. (Note that
for our purposes, the exponent of p above could be replaced by —v for any
v e (0,1). We will fix v =1/2 for definiteness.)

Next, let ‘H1(C) denote the completion of the space of compactly sup-
ported sections of E using the norm || - ||, defined by

[l := [IVnll + Il

Lemma 5.3. The tautological map ¢ — ¢ defines a bounded map from
H1(C) into the Banach space of sections of E that are Holder continuous
with exponent 1/4, and decay to zero on the ends of C.

Proof. This is a consequence of [12, Thm 3.5.2], together with the fact that
C has bounded geometry. O

Now let Do : C®(E) — C*°(E®T%'C) denote the deformation operator
Dy when C' = C4, or the operator Dy when C = 3. This extends as a
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bounded operator from L?(E) to L?*(E ® T%!C), and also as a bounded
operator from H;(C) to Ho(C).

Lemma 5.4. There is a positive constant yo such that

(5.23) Denll = yelinll«
for all n in H1(C) that are L?-orthogonal to the kernel of Dc.

Proof. Our assumption that all Reeb orbits are nondegenerate guarantees
that the operator D¢ is Fredholm. Since D¢ has closed range, there exists
7 > 0 such that [[Denll2 = v||nlz2 whenever n € L2 is orthogonal to the

kernel of D¢. The lemma follows from this and [12, Thm 5.4.1]. O

Recall from Lemma 1.2.15(b) that the operator Dy has trivial kernel.
Lemma 5.4 then finds a positive constant =y, for each branched cover ¥ € M,
such that ||Dsn|| > vs||n|l« for all n € H1(X). We will need a positive
lower bound on {y5} as 3 varies over all of M, where the multiplicities
(a1,...,an, | a—1,...,a_n_) entering into the definition of M are fixed.

Lemma 5.5. There exists a Y-independent constant v > 0 such that for
any ¥ € M and n € Hi(X2), we have ||Dsn|| > v||n]«-

Proof. First observe that it is enough to find v > 0 with [|[Dsnll2 = v||nl[L2

for all ¥ € M and n € L3(7*N). This follows from the proof of [12, Thm

5.4.1], because that argument uses only the local geometry in discs of radius

1, and the local geometry is uniformly controlled over all branched covers.
Now suppose that there does not exist v > 0 such that || Dsnll2 = v||nl 22

for all ¥ and 7. Then we can find a sequence of branched covers {X;}r=12,. .
and for each ¥ an element 7 of the domain of the corresponding operator
Dy, , such that ||Dx,ngll2 < 1/k and |ng|l2 + ||Vnell2 = 1. For any X,
since Dy is a first-order elliptic operator, there is a constant b such that
Vnll2 < b(||Dsnll2 + |[nll2) for all n € L2(7*N). The constant b can be
chosen independently of ¥ because it depends only on the local geometry
of the branched cover. Thanks to the existence of b, we can choose a new
sequence {(Zg,n;)} such that |[Ds, ngll2 < 1/k and ||ngll2 = 1.

By Lemma 1.2.28, we can pass to a subsequence so that the sequence of
branched covers {¥j} converges in M /R, in the sense of Definition 1.2.27,
to a tree T together with a branched cover X,; for each internal vertex j of
T. By a standard compactness argument using a priori elliptic estimates,
we can pass to a further subsequence so that for each j, the sequence ny,
after suitable translations of the s coordinate, converges to a function 7;
on Y,;. The function 7,; is in the kernel of Dy, but we know that the
latter operator has trivial kernel, so n,; = 0 for each j. We conclude that
when k is large, all but a small amount of the L? norm of 7, comes from
subcylinders in ¥j that project to long cylinders in R x S and that are far
away from any ramification points.
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To get a contradiction from this, note that if A is compactly supported on
a cylinder in any ¥ € M, which projects to a cylinder of the form (a, b) x S*
in R x S', then there is a constant 7' > 0, depending only on M, such
that ||[Ds Al >+ (|IVAll2 + ||[A|l2)- This follows by expanding A in terms of
eigenfunctions of the operator L,,, where m denotes the covering multiplicity
of the cylinder. Granted this bound, multiplication of 7 by suitable cutoff
functions shows that long tubes as above cannot account for most of its L?
norm. O

5.6. Solving for v_ and v in terms of 1y. Our strategy for solving
equation (5.8) is to solve the three equations

(5.24) O_(_,1x) =0 on all of u_r,
(5.25) O (Yy,y) =0 on all of uyrp,
(5.26) Ox(¢—,¥x,1+) =0 on all of X.

More precisely, let Hy, := H1(X), and let H1 denote the orthogonal comple-
ment of Ker(Dy4) in Hi(usr); we will solve the above equations for ¥y € Hy
and Yy, € Hy.

Given vy, we now explain how to solve equations (5.24) and (5.25) for
Y_ and v, respectively. Later, we will plug the results into (5.26) in order
to view (5.26) as an equation for 5, alone.

To prepare for subsequent estimates, for i = 1,..., N, define ); to be
the largest negative eigenvalue of the asymptotic operator L,;, and define
Ay = min{‘)‘i‘}izl,...,ﬁ+' Likewise, for i = —1,...,—N_, let \; denote the
smallest positive eigenvalue of L,,, and define A\_ := min{)‘i}i:_L.._,_N;

Proposition 5.6. Fiz h € (0,1). There exist constants ro > h~! and
g,c > 0 such that the following holds: Fiz r > rog and T_,T, > 5r. Fix
¥ e M, and let By, denote the ball of radius € in Hyx. Then:
(a) There exist maps — and 4, from By into the radius € balls in
H_ and Hy, respectively, such that ¥_ = 1p_(1s) solves (5.24) and
Yy =1 (Yy) solves (5.25).
(b) ¥+, when identified with a section of the normal bundle to the untrans-
lated curve uy, varies smoothly as (T—-,T}) and vy, are varied.
(©) l[Yx (@)l < er v
(d) The derivative of ¥4 at a point vy € By, defines a bounded linear
functional D : Hy, — H+ obeying

1Dl < er™nlls

Proof. (a) We will explain how to solve equation (5.24) for ¢)_; an analogous
procedure solves equation (5.25) for 1. To start, use (5.11) to rewrite
(5.24) as

(527) D—¢— + 70(¢2) +.7:1(¢—,¢E) =0,
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where
Fo(vs) = %%ﬂj(d2+m)¢za
(5.28) 3 9
Fi(p—,bs) = F (Y-) + 7@3—(1/1—,1#2) +q- Y- +q - Vi_.

By virtue of Lemma 5.3, there exists € > 0 such that if ¢»; € Hy satisfies
s« < e, then 95| < do; and if ¢p_ € Hi(u_7) satisfies |[¢_||« < e, then
[—| < do. Soif |5« < €, then Fo(vs) € Ho(u_7) is defined, and F (-, ¢x)
defines a smooth map from the radius ¢ ball in H;(u_7) to Ho(u_1).

To solve (5.27), we will apply the contraction mapping theorem to a map
7T defined as follows. Lemma 5.4 implies that D_ has a bounded inverse
D' Ho(u_7) — H_. Consequently, for fixed 95, with ||1s|« < &, the
assignment

(5.29) Yo = L(Y-) = — D= (Fovs) + Fr(¥-, ¥s))
defines a smooth map from the radius € ball in H_ to H_.
Claim. If r and T_ are sufficiently large and € > 0 is sufficiently small, then

the map 7 sends the radius ¢ ball in H_ to itself as a contraction mapping
with

(5.30) IZ60-) ~ ZWLe < gl —

Proof of claim. Tt follows from the definition of By that |0s8x| < cr™t,
and so by (5.28) we have

1Fo(ws)ll < er™ sl
By Lemma 5.3 and the fact that F’ is type 1 quadratic, we have

IFZ ()| < elly- |13
By Lemma 5.3 and the fact that 3_ is type 2 quadratic, we have

13- (-, )|l < ellv—l«llvs |«
By the decay estimates on the ends of u_ from Section 2, we have
N
la v +q- - Vo || <e Y exp(—Ai(si —s— + T —2rh)) v,
i=—1
< coxp(-A-T/2) [t |-
Since D~ is a bounded operator, the above estimates imply that
(5.31)
IZ(w) s < e (=12 + 711+ o= L) 1s e + exp(=A-T=/2)[[y—|+.) -

If € is sufficiently small and if » and T_ are sufficiently large, then the right
hand side of (5.31) is less than ¢ whenever ||¢_||., [|[¢s|« < €.
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We now prove the contraction property. Since F” is type 1 quadratic,
IFL (=) = FL@O) < e ([l + 1o 113) - = 9L ]
Since 3_ is type 2 quadratic,
(5.32) ll3- (-, ¥s) —3- (WL, ¥s)ll < c([¥slls + [¥-llllvsll) ¥ — ¢
Thus, for ¢_ # ',

T ) — T
” TFZ)_ w@ﬁ; W< oot + -2+ sl + o-1)

(5.33) + exp(—A_T-/2)).

If ¢ is sufficiently small and if » and T_ are sufficiently large, then the
right hand side of (5.33) is less than 3 whenever [[¢_|, [[¢¥s |+« < e.

This completes the proof of the claim. Part (a) of the proposition now
follows from the contraction mapping theorem. (b) Smoothness of the map
_ follows from smoothness of the maps Fy and F; used to define the
contraction mapping (5.29).

(c) By the estimate (5.31), a fixed point ¥_ of (5.29) satisfies
(5.34)

-l < er sl + el (-l + 7 esll + exp(=A-T-/2)) .

Recall that ||¢s]«, |[|Y—|« < . So if € is sufficiently small and if r and 7
are sufficiently large, then the sum in parentheses on the right hand side of
(5.34) is less than ¢71/2.

(d) Regard the right hand side of (5.29) as a function of both ¢_ and vx,,
and let D_ and Dy, denote its derivatives with respect to ¢_ and ¥y. Then
the derivative of ¥_ as a function of 5 is given by

(5.35) D= (1-D_)'Ds.

By (5.30), if € is sufficiently small and if » and T are sufficiently large, then
the operator D_ has norm less than 1/2. On the other hand, by the analog
of (5.32) in which the roles of ¢_ and 5, are switched, we have

IDsnlle < er™ (U4 [o-[ls + sl llo—[1) 0]l
Putting these estimates into (5.35) completes the proof. O

5.7. Solving for vx;,. Let h, r, T_, T} be as in Proposition 5.6. Fix ¥ € M.
We now solve equation (5.26) for ¢y, € By. To start, write equation (5.26) as

(5.36) Dsyps + Fs(vs) = 0,

where Fx;(¢5) denotes the sum of the terms other than Dx1y. on the right
hand side of (5.13). Here Proposition 5.6 is used to view ¥_ and % as
functions of ¢x.
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Equation (5.36) cannot be treated in the same way as equation (5.27),
because the operator Dsx; has a nontrivial cokernel. To deal with this
issue, introduce the L2-orthogonal projection IT from L?(7*N @ T%'¥) onto
Ker(D3). Equation (5.36) is then equivalent to the two equations

(5.37) Dys + (1 = ) Fe(ys) =0,
(5.38) TLFs (¢s) = 0.

We now solve the first of these two equations.

Proposition 5.7. Fiz h € (0,1). There exist constants ro > h™* and ¢ > 0
such that when r > rg and T+, T_ > 5r, the following is true. Fiz ¥ € M,
and let By, denote the ball of radius € in Hyx. Then:

(a) There exists a unique ¥y, € By, satisfying equation (5.37).

(b) This vy, satisfies

N,

sl <ec ZQXP(—’/\i‘(S-q- —s;+ Ty —2rh))

i=1
+ Z exp(—Ai(s; —s— +T- —2rh))

< c(exp(=A_T-/2) + exp(—A+T4/2)).

(¢) This vy, defines a Lipschitz section of m*N which is smooth except
possibly at the ramification points of m.

Proof. To prove part (a), we apply the contraction mapping theorem to the
map Z : By — Hyx, defined as follows. Recall that the kernel of Dy, is trivial.
Thus it makes sense to define

(5.39) I(¢s) := — Dg' (1 — ) Fx(vs),

under the assumptions of Proposition 5.6.

To get estimates on Z, first recall from Lemma 5.5 that there is a X-
independent upper bound on the operator norm of Dy, 1 Next, given oy, €
By, we claim that on the s > s_ —T_ + 2r part of the positive ends of u_r,
the corresponding section 1_ satisfies

(5.40) -]+ V| < cor s exp(=A—(s — (5= — T- +21))),

where c_ depends only on u_. This follows from decay estimates as in
Lemma 2.3, together with Proposition 5.6(c). Likewise, there is a constant
¢4, depending only on w4, such that on the s < sy 4+ T — 2r part of the
negative ends of u,7, we have

(5.41) |y |+ Vi | < cor” sl exp(=Ay ((sy + Ty — 2r) — 5)).
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Estimating the individual terms in Z as in the proof of Proposition 5.6, and
using Proposition 5.6(c) together with (5.40) and (5.41), we find that

¥,
HI(d}Z)”* <c ”wzuz + ef)\r”wx”* + Ze*IAi|(8+*S¢+T+72Th)
=1
—N_
+ Z e Ni(si—s—+T-—2rh)
i=—1
(5-42) < (sl + e sl + T2 TN TH2),

where A := min{A_, A\ }.

It follows from (5.42) that if ¢ is sufficiently small, if r is sufficiently
large and if T_ and T’ are sufficiently large with respect to e, then Z maps
By, to itself. Now if ¢5 and 1§, are distinct elements of By, then using
Proposition 5.6(c),(d), assuming that ¢ < 1, we find that there is a constant
c with

[ Z(vos) — () I+
s — ¥gl

So 7 is a contraction mapping on By provided that e is sufficiently small
and r is sufficiently large. Then Z has a unique fixed point in By, which by
definition satisfies (5.37).

Part (b) follows from (5.42) provided that ¢ is sufficiently small and r is
sufficiently large.

The proof of part (c) is deferred to Section 6.1. O

< c(llsll+r71).

5.8. The obstruction section and the gluing map. We now put the
results of this section together. Fix h € (0,1); let ro,e be as in Proposi-
tion 5.7, and fix r > rq.

Definition 5.8. Given T, Ty > 5r and ¥ € M, define the “(7_, T} )-gluing
along 7, denoted by u(T—, T4, X)), to be the deformed pregluing (5.7), where
1y is given by Proposition 5.7 and ¥4 are given by Proposition 5.6.

Let O — x3[br,00) x M denote the pullback of the obstruction bundle
from Section 1.2.3. This means that the fiber over (7_,7%,%) is

O(T_ T4,%) = HOHI(COkeI‘(DE), R)

Definition 5.9. Define a section s : X3[br,00) X M — O as follows: If
o € Coker(Dy;), then

(543) E(T*aT+7 E)(U) = <Jv ‘7:2(1/}2» )
where 1)y, is the solution to (5.37) given by Proposition 5.7.
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Note that under the identification Hom(Coker(Ds;),R) ~ Coker(Dsy)
given by the inner product, we have

E(T_,T+, 2) = Hfg(wz).

Thus by (5.38), u(T_, T4, %) is J-holomorphic if and only if s(7_, 7, ) = 0.

Recall that oy denotes the list of Reeb orbits corresponding to the positive
ends of Uy, and a_ denotes the list of Reeb orbits corresponding to the
negative ends of U_. We now have a well-defined “gluing map”

(5.44) G:s510) — M (ay,a),

sending (T_,Ty,¥%) € s71(0) to u(T-, Ty, ).
The next two sections establish important properties of the obstruction
section s and the gluing map G.

6. Properties of the obstruction section

Continue with the gluing setup from Section 5.1. In this section we prove
that the obstruction section s defined in Section 5.8 is continuous. We also
show that the restriction of s to the set of triples (7_,7%,3), such that the
branched cover ¥ has only simple ramification points, is smooth. Finally,
we show that if J is generic, then all zeroes of s occur in the latter set.

6.1. Proof that vy, is Lipschitz. We begin with the previously deferred:

Proof of Proposition 5.7(c). Smoothness of 1y, off of the ramification points
follows by standard elliptic bootstrapping using (5.37).

To prove that 1y is Lipschitz near a given ramification point, identify a
neighborhood of the ramification point in ¥ with a disc of radius 2p > 0 in
C, via a holomorphic local coordinate u for which 7%z = zg +u97!. On this
disc, equation (5.37) asserts that

Dsips, + Fx(¢x) =1,

where 7 is some element of Ker(D3,), and therefore smooth. It follows using
(5.22) that 1y, obeys an equation of the form
s (! >
u =0
o () ) 52 + gl ) =0
where a(u,w) is the function depicted in (5.22), and g(u,w) is a smooth
function of its arguments.
To simplify the above equation, let ag := a(0,1x(0)), and introduce a
Lipschitz change of coordinates to

a2\ 0+ 1/(g+1)
(6.1) vi=u (1 — ag <u> ) .
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This change of coordinates is invertible if |ag| is small, which we can arrange
by taking € small in Proposition 5.7.

We now prove that ¢ is Lipschitz at v = 0. To do so, define a function
A of v, defined on the disc of radius p, by writing

Vs (u) = A(v(u)) + ¢s(0) — g(0,9x(0))u.
Application of the chain rule finds that A obeys an equation of the form

O O
(6.2) = Th 50
Here each of f; and fp can be written as a product m(v) - b(v, A(v)), where
|m| < ¢, while b is a smooth function of two variables with b(0,0) , whose
derivatives have bounds depending only on uy, u_, and 7.

As a consequence of (6.2), for |v] < p the function A can be written as

1 1 o\
(6:3) =2 (ngn)

where )¢ is a holomorphic function with |d\g(v)| < cp™! for |v| < p/2.
Recall from Lemma 5.3 that ¢y, is a Holder continuous function of u. Since
A(0) = 0, it follows that there exists ¢’ € (0,1] such that [A(v)| < cor|v]”
where ¢,/ is a constant. Let o denote the supremum of the set of such o¢’.
Then for ¢’ € (0,0), we know that [f1],|fo| < ccqr|v]”.
To bound |A(v)|, fix € € (0,0). Since A(0) = 0, we can subtract the
instances of equation (6.3) for A(v) and A(0) to find that if |v| < p/2, then

(6.4) A@W)| < cerm / _ b

e lz|<p ’U - .%'H{L"

To bound the integral in (6.4), first consider the integral over an annulus

2"|v| < |z| < 2"*w|, where n is a positive integer with 2"|v| < p. The
contribution from this annulus is at most

clo] (27 o]) 2+ / dAl,

2n o] <|z|<27H o]

+fo = 0.

+ )\0(1}),

Ol a7=<dAl + o o],

which by Holder’s inequality is

1/2
(6.5) < o (2" o)) o / dA?)
2n || <|z|<2nH |v]

It follows from the definition of the norm on Hy that the integral in (6.5)
is at most (2"t1v)/2|ibs|l«. As a consequence, (6.5) is no greater than
c(2m) =3/ 4o =€|y|7=<+1/4 Summing up these annular contributions, we find
that the contribution to the integral in (6.4) from the region where |z| > 2|v|
is at most

c\v["*eﬂ/‘l Z (2%)",  where kK := —3/4+ 0 —e.

n>1,27v|<p
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To bound the integral in (6.4) over the region where |z| < |v|/2, divide
this region into annuli of the form 27" ljv| < |z| < 27"|v|, where n is a
positive integer. By the same trick as before, the contribution from the nth
such annulus is at most ¢(27"|v])?~¢F1/4, so the sum of these contributions
is at most ¢|v|”~¢T1/4. Finally, the integral over the region where |v|/2 <
|z| < 2|v| satisfies a bound of the same form, as we can see by considering
annuli centered where x = v.

The conclusion from the above calculations is that if |v| < p/2, then

(6.6) M) < ceo o] LT YT @) | e o),
n>1, 27|v|<p

where Kk = —3/4 + 0 — e. It follows from (6.6) that o must equal 1. Indeed,
if o were less than 1, then one could choose € so that ¢/ := o — e+ 1/4 is
greater than ¢ and less than 1. Then s would be negative, so (6.6) would
give [A(v)] < const - |v]|?’, contradicting the maximality of o.

Granted that o = 1, pick any € € (0,1/4), and do the sum in (6.6) to see
that |\(v)| < cg|v], where ¢y has an a priori upper bound in terms of 7 and
the parameters used in the gluing. This proves that A is Lipschitz at v = 0,
and thus ¢y is Lipschitz at u = 0.

To prove that A is Lipschitz at v = w # 0, introduce a new coordinate

function

vVi=v—w-—fi(w) (v-w).

Viewed as a function of v/, the function
A=A = AMw) + fo(w) - (v —0)
obeys an equation of the form

ox  ,oN

5 + f1% +fo =0,

where ] and f{, have the same properties as do their unprimed counterparts
in (6.2). Given this, a repeat of the arguments just given to prove that A
is Lipschitz at v = 0 proves that )\ is Lipschitz at v/ = 0. As the Lipschitz
constant that appears in the latter argument has a uniform bound, this
proves that A is Lipschitz on a neighborhood of v = 0, and thus that ¥y is
Lipschitz near u = 0. O

6.2. Continuity of the obstruction section.
Proposition 6.1. The section s : X2[5r,00) x M — O is continuous.

Proof. Consider a smooth map from a neighborhood of 0 in R to x3[5r, 00) X
M. We will show that the restriction of the section to this path is continuous
at 0. The proof has four steps.
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Step 1. We first recall the precise meaning of continuity in this context.
For 7 € R, denote the domain of the associated branched cover in M by
>, and set X := ¥y. Identify each domain X, with 3 via a path of dif-
feomorphisms 7 — ¢, : ¥ — X,. The diffeomorphism ¢, identifies the
projection ¥, — R x S with a map 7 : ¥ — R x S'. We can choose the
diffeomorphisms ¢, so that ¢ is the identity map, and so that m, agrees
with 7 := my on the ends of X.

Now identify T91%, with 7713 as follows. First, use the diffeomorphism
©r to pull back T%!'Y to a subbundle of T*% @ C. Then use orthogonal
projection with respect to the metric on X to identify the latter subbundle
with 701,

Under the above identifications, the kernel of D5,  defines a subspace W
of the space of L? sections of T%'Y.. Standard perturbation theory for linear
operators shows that W, varies smoothly with 7. In particular, for 7 close
to 0 in R, orthogonal projection identifies W, with W. Indeed, this is how
the vector bundle structure on O is defined.

Now for |7| small, the section s defines a vector in W, which is identified
with a vector s, € W. More explicitly,

(6.7) s; =" F7 (),

where 117 denotes the composition of the projection to W, with the identifi-
cation W, — W; F7 is shorthand for the map Fx_ in (5.36); and ¢, := ¢
is given by Proposition 5.7 applied to the triple (T—(7), T+ (1), X;). We want
to show that the map 7+ s, is continuous at 0.

Step 2. We now study the 7 dependence of the various parts of (6.7).
Since the subspace W, varies smoothly with 7, so does the projection II".
Next, for any ¢ € By_, not necessarily the one given by Proposition 5.7,
write

FT (W) =F(¥) +G7(¥),

where F7 (1) is shorthand for Fy, (¢). Thus G7(¢)) is the sum of all but
the first two terms on the right hand side of the 7 version of equation
(5.13), with ¥s, = ¢ and with ¥y given by Proposition 5.6. By equation
(5.13) and Proposition 5.6, the assignment (7,1) — G7 () defines a smooth
function from a neighborhood of 0 in R cross Hy. to Ho(X). The function
(1,9) — F7 (1) is not necessarily smooth, but we have the following weaker
statement:

Lemma 6.2. For ¢y = s, given by Proposition 5.7 at 7 = 0, we have
lim || F7 (o) — FO(t0)]| = 0.
T—0

Step 8. Assuming Lemma 6.2, we now complete the proof of Proposi-
tion 6.1. By Lemma 6.2 and the other conclusions of Step 2, it is enough to
show that v, € Hyx, is a continuous function of 7 at 7 = 0.
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To prove the latter statement, recall that 1), is the fixed point of a con-
traction mapping Z”, which is defined as in (5.39) but with all the terms
depending on 7. Thus

1 = oll« = 127 (¢7) = Z°(Wo) |1+

68 < T () = T7 (o)l + 177 (20) — T°(W0)]..

The contraction property of Z7 asserts that

(6.9) IZ7(62) — T7@o)lls < = b — o]l

for all 7. Meanwhile, Lemma 6.2 and the other conclusions of Step 2 imply
that

(6.10) lim || Z7 (%) — Z°(¢0) [l« = 0.

It follows from (6.8) to (6.10) that lim,_,q ||1)r — o]« = 0.

Step 4. We now prove Lemma 6.2. Let 1) = 95, be the function given
by Proposition 5.7 at 7 = 0. Away from the ramification points of 7, the
function F7 (1)) varies smoothly with 7. The only difficulty arises from the
variation of F'7 (1)) near the ramification points.

To understand the latter, it proves convenient to choose the diffeomor-
phisms @, in Step 1 to have two additional properties that concern each
critical point p of 7. First, there is a neighborhood of p in ¥ on which ¢,
sends the complex structure on ¥ to the complex structure on ;. Second,
there is a holomorphic coordinate u identifying a smaller neighborhood of
p with the disk of radius R > 0 in C, such that the projection 7, in this
neighborhood is given by

(6'11) WT(U) =zp+ uit! + bq—luq_1 + -+ by,

where each b; varies smoothly with 7 and vanishes at 7 = 0.
In this neighborhood, as in equation (5.22), we have

OuTr

(6.12) FT(y) oo

a(mt, ) Oyth dui + P(mt, ),

where P(t,w) is a smooth function of its arguments. So to prove Lemma 6.2,
it suffices to show that for all £; > 0, there exists €5 > 0 such that if |7| < eq,
if p € (0, R/4) and if ug € C with |ug| < R/4, then

—v
p /
lu—uol<p

u

O o (wt, ) — <>qa<w5t,w>

OuTr

2
\3u¢|2 < é€1.
u
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Recall from Proposition 5.7(c) that 1 is Lipschitz. Also, the function a and
its derivatives are uniformly bounded. Hence, it is enough to show that

N —\ q|2
(6.13) p—v/ Oamr <u>
lu—uo|<p 8u7T7— u

can be made as small as desired by taking |7| > 0 sufficiently small.

To prove this, note that for |u| < R and for |7| small, |07 — (g4 1)u?| <
const - |7|. It follows that for any €3 > 0, the integrand in (6.13) is greater
than e3 only where |u| < const - |7"1/q€3_1/2q. The contribution to (6.13)
outside of this region is bounded by a constant multiple of €3. Since the

integrand in (6.13) is uniformly bounded, the remaining contribution to
—1/2qy2—
3 )

(6.13) is at most a constant multiple of (|7|'/9¢ , which can be made
arbitrary small by taking |7| sufficiently small with respect to 3. This
completes the proof of Lemma 6.2 and Proposition 6.1. O

6.3. Smoothness of the obstruction section. The moduli space M of
branched covers has a natural stratification defined as follows. For k =
0,..., Ny + N_ —2, let M) denote the set of 3 € M for which the set of
ramification points in ¥ has cardinality N+ N_—2—k. In particular, M q)
is an open dense subset of M, consisting of branched covers in which every
ramification point p is simple, meaning that the projection 7 : % — R x S*
is described in local coordinates near p by m(u) = z, + u?. The set My is
a complex manifold of complex dimension Ny + N_ — 2 — k.

Lemma 6.3. For each k, the restriction of s to xX2[5r,00) x M4y is smooth.

Proof. This follows from a slight upgrading of the proof of Proposition 6.1,
so we will carry over the notation from that proof. Consider a smooth map
from a neighborhood of 0 in R to x2[57,00) x M ;). We want to prove that
the expression in (6.7) varies smoothly with 7, where 1), is the fixed point of
the contraction mapping Z7. For this purpose it is enough to show that Z”
varies smoothly with 7. The only missing step is to show that the function
(7,9) = F7(¢) is smooth. Since our path stays in a fixed stratum M,
the polynomials 7, in (6.11) must have the form

7 (u) = zp +ut™ 4 bo(7).

Then 0,7, is independent of 7, so the ratio dz7,;/0,m, that appears in
(6.12) does not depend on 7. It follows from (6.12) that F' is smooth as
required. O

6.4. Zeroes of s have simple ramification points when J is generic.

Lemma 6.4. If J is generic, then all zeroes of s are contained in the open
stratum X 2[5r,00) x M q).
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Proof. The proof has four steps.

Step 1. Here is the setup: Fix (T_,Ty,%) € s71(0), and let C denote the
corresponding J-holomorphic curve produced by the gluing construction.
By Theorem 4.1, we can assume that J is generic so that C' is unobstructed
and immersed. Fix § > 0 very small and [ > 2, and let &/ denote a small
neighborhood of J in the space of C! admissible almost complex structures
J' that agree with J within distance § of u_ and u;,. We then have a
universal moduli space C consisting of pairs (J/,C’) where J' € U and C’
is a J’-holomorphic curve that is a deformation of C. Let Z C C denote
the set of pairs (J',C”) such that C” is obtained by the J’ version of the
gluing construction from a zero of s on x3[5r, 00) x M) with k > 0. Note
that Z is invariant under the R-action on C. As in our previous genericity
arguments, it is then enough to show that if § > 0 is sufficiently small, then
Z is a codimension 2 subvariety of C.

Step 2. Fix a point p € C' arising from a ramification point of ¥ under
the gluing construction. Given (J’,C”) in a small neighborhood N of (J, C)
in C, we now describe the local structure of C’ near p.

Let B denote a disc containing the origin in C with coordinate v. For
each (J',C’), fix a smooth embedding ¢y ¢y : B — C’, such that ¢(;¢)
maps B into a neighborhood of p, and such that ¢y ¢y depends smoothly
on (J',C").

Recall our local coordinates z and w in a neighborhood of R x « from Sec-
tion 2.1. It follows from (2.1) that given (J',C"), the function z := Pl .on?
on B obeys the equation

Oz a@f

ov ov
As a consequence, for (J', C”) in a small neighborhood A of (J,C) in C, the
function x near v = 0 has the form

x =0+ (1 - |ao/*) ™ (P + aoP) + O([v|"*?),

where ag denotes the value of the function a at v = 0, while ¢ denotes the
ramification index of p in C, and P is a holomorphic polynomial of degree
q + 1 whose coefficients depend smoothly on (J',C"). Moreover, the maps
©(gr,cry can be chosen so that

(6.14) P(v) = v9 + by qv?™h 4 -+ by
Ramification points in C’ near p correspond to roots of 9,P.

The coefficients by, .. ., by—1 identify P with an element of C?, so we have
defined a smooth map P : N' — C%. There is a complex codimension 1
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subvariety A C C? such that 9,P has ¢ distinct roots if and only if the
coefficients of P correspond to a point in C?\ A. So by Step 1, to prove
Lemma 6.4, it suffices to show that the differential

(6.15) le(J7C) : T((LC)C — 1

is surjective.

Step 3. To prepare for the proof that (6.15) is surjective, we now construct
some useful tangent vectors in T{ ;)C.

As in Section 3.1, a tangent vector in T(;)C consists of a pair (7,0),
where j is a (0, 1) bundle automorphism of T(R x Y), and ( is an L? section
of the normal bundle N¢, such that

Dc¢ = je.

Here D¢ : C®(Ng) — C®(Ne @ T%C) denotes the linear deformation
operator associated to C, and jo € Hom%!(T'C, NC) is defined in (3.7).

The operator D¢ can be described more explicitly near p as follows. By
choosing B sufficiently small, we can assume that the vector field 0 is not
tangent to C on the image of B. Over B, we can then use Js to trivialize
N¢, and dv to trivialize T%'C. In these trivializations, if f is a complex
function on B, then

Deof =0sf +vef +pcf

on B, where v¢o and p¢ are complex functions on B.

Now to construct some useful tangent vectors, let p denote the diameter
of B. Fix a smooth function /3 : [0,00) — [0, 1] which equals 1 on [0, p/2] and
0 on [p, ). Let Hp denote the space of L? functions on B whose restriction
to 0B is in the span of {p™PvP}_<p<q. Define an operator

Depf:Hp — L*(B;C),
fr—=f + Bvcf + ucf).

Lemma 6.5. The operator D¢ g in (6.16) is Fredholm. Its indez is 2q and
its cokernel is trivial. Its kernel has a basis {fk,A}0§k<q,Ae{0,l} such that

(6.16)

(6.17) fe.a ="+ O(jo]*)
as v — 0.

Proof. The operator D¢ g differs from Jy by a zeroth order term. Since the
latter is a Fredholm, index 2q operator from Hp to L?(B;C), so is D¢, p.
Note that each f € Ker(D¢ p) extends from B to the whole of C as a
function that is holomorphic on C\ B. Moreover, if f is not identically
zero, then f behaves at large |v| as cv® + O(Jv|*~1) with ¢ # 0 and &k < q.
Finally, all zeroes of f have positive multiplicity. It follows that f has
at most ¢ — 1 zeroes. This implies that dim Ker(D¢ ) < 2¢, and hence
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Coker(Dc ) = {0}. It also follows that a zero of a kernel element has
multiplicity at most ¢ — 1, and this implies that Ker(D¢ ) has a basis of
the desired form. O

As in Section 3.1, there is a codimension 1 subvariety B’ C B, such that
any C* function f with support on the interior of B can be realized as j¢ for
some j € TjU for some § > 0, provided that f vanishes on a neighborhood
of B'. For £ > 0 small, let x. : B — [0,1] be a smooth function which is
0 within distance ¢ of B’ and which is 1 where the distance to B’ is > 2e¢.
Fix a basis {fx 4} for ker(D¢c ) as in Lemma 6.5, and choose j. ;4 € TjU
such that

(Jer,a)c = XeDc (B fr,a)-

To complete this to a tangent vector to C, let Dal denote the unique
right inverse of D¢ that maps to the L2-orthogonal complement of Ker(D¢).
Define

(6.18) Cegea = D (xeDe(Bfr,a)) + (Bfw,4)0,

where () denotes L2-orthogonal projection onto Ker(D¢). Then

(6.19) (Je k.45 Cekya) € T(y.0)C-

Define 7: to be the span of the tangent vectors (6.19) for 0 < k < ¢ and
Ae{0,1}.

Step 4. We now complete the proof of Lemma 6.4. By Step 2, it suf-
fices to show that if € > 0 is sufficiently small, then dP(; ¢y restricts to an
isomorphism from 7; to the space of polynomials of the form (6.14).

Note that for (j,¢) € T(;,0)C, if ( = cv® + O(Jv|F1) as v — 0 with ¢ # 0
and k < g, then

dP5.0)(3,¢) = cv® + O(Jv["*h).

If we could take ¢ = 0 in (6.18), then we would be done by (6.17), since
Cek,A = Bfr,a when € = 0. The claim still holds when € > 0 is small, because
Ce,k,A converges in the C'°° topology on compact sets to Bfy 4 ase — 0. [

7. Bijectivity of the gluing map

Continue with the setup and notation from Section 5. The goal of this
section is to prove Theorem 7.3 below, which asserts roughly that the gluing
map (5.44), applied to triples (7_,T,3) with T, T large, describes all
curves in M j(a4,a_) that are “close to breaking” into Uy and U_ along
branched covers of R X a.

7.1. Statement of the gluing theorem. The set of curves that are “close
to breaking” in the above sense is denoted by Gs(U;,U_). The precise
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definition of Gs(U4+,U_) in general was given in Definition 1.1.10. We now
recall this definition for convenience, using our standing assumptions (1.1)
and (1.2) to recast it slightly.

We will use the following notation: If ¢)_ is a section of the normal bundle
to u— with [¢)_| < dp, then e_ o1)_ denotes the immersed surface in R x Y’
whose domain is that of u_, given by composing the section ¢_ with the
exponential map e_. If ¢, is a section of the normal bundle to u; with
[ty | < b, define ey o1, likewise.

Definition 7.1. For § > 0, define G5(Uy,U_) to be the set of immersed
(except possibly for finitely many singular points) surfaces in R x Y that
can be decomposed as C'_ U Cy U C, such that the following hold:

e There is a real number R_, and a section %_ of the normal bundle
to u— with |¢p_| < ¢, such that C_ is the s — s+ R_ translate of the
s <1/§ part of e_ o1)_.

e Likewise, there is a real number R, and a section ¢4 of the normal
bundle to u4 with ¢4 | < d, such that C is the s — s+ R4 translate
of the s > —1/6 part of ey o)y

® R+ —R_> 2/6

e (y is a connected genus zero surface with boundary which is con-
tained in the radius 0 tubular neighborhood of R x «, such that the
tubular neighborhood projection Cy — R X « is a branched covering.
Moreover, Cy has positive ends of multiplicities AN, 415> ANy and
negative ends of multiplicities a_w _4,...,a_nN_.

e 0Cy = 0C_ 11 0C,, where the positive boundary circles of C_ agree
with the negative boundary circles of Cy, and the positive boundary
circles of Cy agree with the negative boundary circles of C...

Let G5(Uy,U_) denote the set of surfaces C' € Gs(Uy,U_) such that C
is J-holomorphic. Note that the definition implies that any element of
Gs(Uy,U_) is in M7(ay,a_) and has index 2.

Definition 7.2. Given § > 0, define Us C x2[57r,00) x M to be the set of
(T_,T+, E) such that ’LL(T_,T_|_, E) S g5(U+, U_)

Theorem 7.3. Fiz h € (0,1), and let ro,e be as in Proposition 5.7. Then:
(a) If R is sufficiently large with respect to &, then
X9[R,00) x M C Us.

(b) If r > rg is chosen sufficiently large and if 6 > 0 is sufficiently small
with respect to r, then the gluing map (5.44) restricts to a homeomor-
phism

(7.1) G:s H0)NUs = Gs(UL,U-).
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Proof. Part (a) follows from Propositions 5.7(b) and 5.6(c). To prove part
(b), we will show in Lemmas 7.4 and 7.5 below that if r is sufficiently large
and if 0 is sufficiently small with respect to r, then the map (7.1) is a bijec-
tion. Continuity of the map (7.1) follows from Proposition 5.6(b) together
with the proof of Proposition 6.1. U

7.2. Injectivity of the gluing map.

Lemma 7.4. Fiz h € (0,1). If r > ro is sufficiently large, and if 6 > 0 is
sufficiently small, then the restricted gluing map (7.1) is injective.

Proof. The proof has two steps.

Step 1. Fix r > rg and 6 > 0, and let (T-,7T},%) € Us. We now show
that if u(7_,T,¥) is J-holomorphic, then u(7_,T4,¥) determines X.

Choose a decomposition C_UCyUCY of u(T_, T4, ¥) as in Definition 7.1.
Recall the coordinates (z,w) on a tubular neighborhood of R x «. Let p :
Co — R x S! denote the tubular neighborhood projection sending (z,w)
(2,0). Since Cp and the z = constant disks are J-holomorphic, it follows
that the map p is a branched cover on (the domain of) Cy. As such, it pulls
back the complex structure on R x S? to a complex structure j on Cy (which
generally does not agree with the restriction of the almost complex structure
JonRxY). Let p: (Co,j) — R x S* denote the element of M obtained
by attaching half-infinite cylinders to the N positive boundary circles and
the N_ negative boundary circles of (Cj, j); the orderings and asymptotic
markings of the resulting ends are induced from those of the negative ends
of uy and the positive ends of u_, respectively, via the identification 0Cy =
oCL UoC-_.

We claim that 6’0 and ¥ (with their maps to R x S! and orderings and
asymptotic markings of their ends) define the same element of M. To see
this, let ¥y be obtained from ¥ by removing the s > R, part of the first
N positive ends and the s < R_ part of the first N_ negative ends. The
gluing construction defines a parameterization f : $g — Co with po f = .
It follows from the definition of the complex structure j on Cj that the map
[ is holomorphic with respect to j. Then f extends to a biholomorphic map
f:3—- (60,}), which satisfies p o f = 7 and preserves the orderings and
asymptotic markings of the ends.

Step 2. We now show that if r > rg is sufficiently large, if ¢ is sufficiently
small, and if u(T_,Ty,Y%) € Gs(Uy,U_), then T_ and T’ are determined by
u(T-,T4,Y). It suffices to prove the following two claims:

(i) If r > ro is sufficiently large, then for any given R, if ¢ is sufficiently
small with respect to R, then w(7T_,T},%) € 55(U+,U_) implies
T_,Ty > R.

(ii) For any r > ro, if R is sufficiently large, if 7_, T, T, T, > R and if
U(T_, T+7 Z) = U(TL, T-ls-a Z)v then (T—a T—‘r) = (TI—? T-/}—)



90 M. HUTCHINGS AND C.H. TAUBES

Proof of (i). Given p € Y and p > 0, let B(p,p) C Y denote the ball of
radius p around p in Y. If §; > 0 is sufficiently small, then there exist points
p—,pyr €Y with the following two properties: first, p+ is contained in the
projection of uy to Y. Second, R x B(p—_,201) does not intersect u, and
R x B(p4,201) does not intersect u_. Fix ¢; and pi as above.

If r > rg is sufficiently large, then the estimates in Section 5 imply that for
any (T-,T4,%) € xo(br,00) x M, the sections 11 produced by the gluing
construction satisfy |¢4(p+)| < d1. Fix r with this property.

Next, fix § < 41, and suppose that C = u(T_,T4,%) € Q~5(U,,U+).
Choose a decomposition C' = C_UCyUC} as in Definition 7.1. Let a denote
the supremum of s on the intersection of u_ with R x B(p_,24d1), and let
b := s(p—). It follows from the conditions on Cp and C that any point in
CN(Rx B(p—,d1)) must be in C_, and hence must have s < a+R_+4d;. On
the other hand, since C' = u(T_,T,Y), it follows from our choice of r that
under the gluing construction, p_ gives rise to a point in CN (R x B(p—, 1))
with s > b+ s_ — T — 6;. Finally, the conditions in Definition 7.1 imply
that s > R_ + 1/6. Combining the above inequalities, we find that 7_
is greater than 1/6 plus a constant depending only on u_. Similarly, 77 is
greater than 1/0 plus a constant depending only on u. .

Proof of (ii). Given x € R, let ®, denote the automorphism of R x YV
sending (s,y) — (s+ z,y). We can find a point p_ in the s < 0 part of u_,
and a real number 0 < p < Jp, such that R x B(p_, p) does not intersect
uy, and such that the intersection of u_ with R x B(p_, p) is a single disc
B_ on which the projection to Y is an embedding. It follows from this last
condition that there exist constants c_,e_ > 0 with the following property:

(*) Let ©_ be a section of the normal bundle to B_ with |¢_|, |Vi_| <
¢_. Then for any z_ € R and for any p’ € B_, we have

(7.2) dist(e— (V- (p-)), ®a_ (e~ (¥-(p")))) = c—|2—|.

Now fix r > rg and R. Let T_,7,,7",T" > R and suppose that
w(T-, Ty, %) = w(T.,T,,%). Let ¢»— and ¢/ denote the sections of the
normal bundles to u_p and u_7v, respectively, coming from the gluing
construction. Use the translations ®7_ and ®;+ to regard both ¢ _ and
Y’ as sections of the normal bundle to u_. By Propositions 5.6(c) and
5.7(b), there are constants ¢, \ > 0 depending only on u; and u_ such
that |[_[, [¢" | < ¢ exp(—AR). In particular, if R is sufficiently large, then
-], [ | < p/2.

The point p_ in u_ gives rise to the point &, _7 (e_(¢»_(p—))) in the
gluing u(7T—, Ty, X). Since this point is also in (7", T" ,X), there must exist
p in B_ with

(7.3) e—(Y-(p-)) = @x_(e-(¥_(pL))),
where x_ :=T_ —T".
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Now the bound on |¢_|, together with the elliptic regularity in Lemma 2.2,
leads to a bound of the same form on |V _|. Hence, if R is sufficiently large,
then (*) is applicable so that the inequality (7.2) holds.

On the other hand, by bounding the derivatives of the contraction map-
pings used to define ¢ _, one can show that _ depends smoothly on T

and T_, with H%H < c exp(—AR), where again ¢, A\ > 0 depend only on
uy and u_. Therefore,

dist(e— (- (pL)), e~ (W2 (p1))) < ¢ exp(=AR)(|z—| + |2+]),
where z, := T} — T.. Combining this with (7.2) and (7.3), we obtain
c-|z-| < cexp(=AR)(lz—| + |z4)-

By a symmetric argument, there is a constant c; depending only on uy
such that

crlas] < ¢ exp(=AR)(ja_| + |-).

If R is sufficiently large, then the above two inequalities together imply that
z_ =x4 =0, so that (T_,T}) = (T_,T). O

7.3. Surjectivity of the gluing map.

Lemma 7.5. For fized h € (0,1), if r > 1o is chosen sufficiently large and
if 0 > 0 is sufficiently small with respect to r, then the restricted gluing map
(7.1) is surjective.

Proof. The proof has three steps.

Step 1. Here is the setup: Let C € G5(Uy,U-), and decompose C =
C_ U CyU Cy as in Definition 7.1. Let T_ denote the real number for
which the smallest critical value of s|¢, is R— +T_ + 1. Let T}y denote the
real number for which the largest critical value of s|¢, is Ry — T4 — 1. It
follows from the conditions in Definition 7.1 that if 1/§ > 5r + 5 (which we
assume for the rest of this proof), then 7_, T} > 5r. Also, as in the proof of
Lemma 7.4, the decomposition of C determines a branched cover X in M,
with s_ close to R_ +71_ and sy close to Ry —T7.

The section ¥ _ of the normal bundle to u_ given by Definition 7.1 deter-
mines a section of the normal bundle to u_p, which we also denote by _,
and which satisfies equation (5.24) on v’ . Likewise, we have a section 4
of the normal bundle to u,r satisfying equation (5.25) on u/, .. Part of the
curve C consists of the exponential map images of the sections 1+ over u/ .
The rest of C' is described, in our coordinates ((s,t), w) on a tubular neigh-
borhood of R x «, by a map on ¥’ sending x — (7(x), ¢o(z)) where vy is a
complex-valued function on /. Let X" be obtained from Y’ by removing the
cylinders ¥;. Let 15, denote the restriction of 19 to X”. Then 1y, satisfies
equation (5.26) on X.
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To show that C is obtained from the gluing construction, we want to
extend ¢_ over the rest of u_r, extend 14 over the rest of uyr and extend
1y, over the rest of X, so that:

(i) Equation (5.24) holds on all of u_r, equation (5.25) holds on all of
usr and equation (5.26) holds on all of X.
(ii) On each cylinder ¥; with ¢ < 0, we have

(7.4) B-(n-r +¥-) + Bubs, = to.
Likewise, on each cylinder ¥; with ¢ > 0, we have
(7.5) By (nyr + ¥4) + Buds = to.

(iii) ||¢s]l« < €, where ¢ is given by Proposition 5.7.
(iv) v_ is orthogonal to the kernel of D_, and ¢ is orthogonal to the
kernel of D.

Step 2. We now show that there exist 1 > 1 and d; > 0 such that if
r > 1y and 0 < 41, then ¥4 and ¥y can be extended to satisfy conditions
(i) to (iii) above. This step has two substeps.

Step 2.1. Consider one of the cylinders ¥;, identified with [A, B] x St

with coordinates (s, 7). Here S denotes the m-fold cover of St where m
is the degree of the restriction of the covering ¥ — R x S! to ¥;. On this
cylinder, the function 1 := 1)y satisfies an equation of the form

(7.6) (05 + L)Y + F(1p) =0

where F' is type 1 quadratic in the sense of Definition 5.1. The purpose of
this substep is to establish some properties of equation (7.6).

Recall that Lg /2

R2-valued functions on S! using the norm defined by

2 R 3
s, = [ G ll'n).

Let IT; (resp. I1_) denote the L?-orthogonal projection from L§/2(§i; R?) to
the span of the eigenvectors of L, with positive (resp. negative) eigenvalues.

(S1;R?) denotes the completion of the space of smooth

Lemma 7.6. There exist constants €g > 0 and ¢ with the following property.
Suppose B — A > 1 and € < ¢. Let Ay € TI.L%,(S1;R?) and A\ €

3/2
H,L§/2(S1;R2) be given with L2, norm less than €. Then there exists a

3/2
unique solution v to equation (7.6) on [A, B] x St with [¥llz < ce that
satisfies the boundary conditions T4 (A, ) = Ag and II_9(B, ) = Ap.
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Proof. Define a map

F: I3([A, B] x §1) — TL.L2 (ST, R?) x T L2, (S R2) x L3([A, B] x 81),
¥ (I (A, ), IL(B, ), (0s + L)Y + F(¢)).

Calculations as in the proof of Lemma 3.7 show that the derivative of F

at 0 is invertible, and the operator norm of its inverse has an upper bound

independent of B — A. In addition, since F' is type 1 quadratic, it follows
that

I(dFy — dFo)éllrz < cll¥llrzliEl s

where ¢ is independent of B — A > 1. The lemma now follows from the
inverse function theorem. 0

Proof of Lemma 7.5, Step 2.2. Fixi € {—1,...,—N_}, and consider the
problem of extending v_ over the s > s_ — T_ portion of the ith positive
end of u_p and extending s over the s < s; portion of the ith negative

end of X. Both of these cylinders are identified with subcylinders of R x St
Thus we need to find extensions of 1 over [s— —T_,00) x S1, and of ¥y
over (—o0, s;] x S, that satisfy the equations

O_(Y_,x) =0, s>s_—T_,
On(Y-,95,0) =0, s<si,

and that also satisfy equation (7.4) when s_ —T_ < s < s;.
The following lemma provides solutions to equation (7.7).

(7.7)

Lemma 7.7. There exist constants €9 > 0, r1 > 1, and ¢ with the following
property. Suppose r > 11 and € < €. Let A_ € H+L§/2(SI;R2) and Ay, €

H_Lg/Q(ﬁ;R2) be given with L§/2 norm less than €. Then there exists a
unique solution (Y—,vs) to (7.7) with ||—|12, [¥sl[rz < ce that satisfies
the boundary conditions TLyp_(s— —T_,-) = A_ and H_vx(s;, ) = Ax.

Proof. This is an application of the inverse function theorem similar to the
proof of Lemma 7.6. In more detail, write A := s_ —T_ and B := s;. Define
a map

F:Li(s > A) x Ly(s < B) = T4 L3y x L3 p x Li(s > A) x Li(s < B),
(-, ¥s) — (L1 (A, ), I Ys(B,-),0_(¢Y_,¢x), Os(¥_,9x,0)).
The derivative of F at (0,0) has the schematic form
(7.8)
(-, ¥s) — My (A, ), I_vx(B, ),
(0s + Lin)— + a— (¥, 9x), (8s + Ln)¥s + as (¥, ¥s)).
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As in the proof of Lemma 7.6, the map (7.8), with the a_ and ay terms
removed, is invertible, and the operator norm of its inverse is less than some
constant ¢y which does not depend on A and B. To prove that the map
(7.8) itself is invertible, with its inverse bounded independently of A and B,
it is enough to show that

1
(7.9)  lNa- (-, ¥z los(-, ¥n)lze < = (lo-llzg + lwslzg)

I Yo
The bound (7.9) follows directly from equations (5.11) and (5.13) and the

decay estimates on n_p, provided that r is sufficiently large. It also follows
from (5.11) and (5.13) that

I(dF () — AF(0,0) (6= E0) 22 < c(ll-llog + l1¥sllog) (=Nl cg + e zg)-

where c is independent of A and B provided that » > 1. The lemma now
follows from the inverse function theorem:. O

If § is sufficiently small, then we can apply Lemma 7.7 with A\_ =
Iy (Yo — n_7)(s— — T—,-) and Ay = II_g(s;,-), to obtain a solution
(¥, 1yx) to equation (7.7) satisfying the above boundary conditions and
with ||w,||L§, ||@ZJE||L§ < ¢0. By the uniqueness assertion in Lemma 7.6,
equation (7.4) also holds, because by equation (5.14), both ¢ and B_(n_r+
Y_) + Bxi)y, satisfy equation (7.6).

By an analogous process, if r is sufficiently large and ¢ is sufficiently small,
then for i = {1,..., N1} we can extend v, over the s < s, + T portion of
the ith negative end of uyr and extend vy over the s > s; portion of the
ith positive end of ¥. In this way, we find (¢_, 15, ¥4 ) satisfying conditions
(i) and (ii) from Step 1. By the L2 bounds on the v’s from Lemma 7.7,
condition (iii) will also hold if ¢ is sufficiently small.

Proof of Lemma 7.5, Step 3. We now show that if r > ry is sufficiently
large, then there exists do2 € (0,91) such that if § < d9, then the inputs
coming from Definition 7.1 can be modified so that the extensions ¥_, s, ¥
produced by Step 2 also satisfy condition (iv) in Step 1.

To measure the failure of condition (iv), let v_ denote the section of the
normal bundle to u— (or u_r) determined by infinitesimal translation of
u_ in the R direction in R x Y. Then |v_| < 1; and since u_ has index
1 and is unobstructed, v_ spans Ker(D_). Define v, analogously for u,
(or uyr). Then condition (iv) holds if and only if the L? inner products
(V_,v_), (¥4, vy) both vanish.

To understand the inner product (¢_,v_), it proves convenient to write
the L? inner product on u_p as (¢1,¢2) = (¥1,92)— + (11, 2)4, where
(11,19)+ denotes the contribution from the s > s_ — T_ + r/2 portion
of u_p. By the asymptotic analysis in Section 2, there are r-independent
constants ¢, A > 0 such that

(7.10) (v )] < 16 exp(—Ar).
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By Lemma 7.7, there is a constant cp with
(7.11) (W v_)-| < cad.

Now suppose § < 1. Given real numbers z_,xz; with |z4| < 6 — 6,
consider modifying the data from Definition 7.1 by replacing (R_, Ry) with
(R- — x_, Ry — x4), while adjusting the sections 1+ accordingly so as to
describe the same curve C. This has the effect of replacing (7-,7%) by
(T- 4+ x_, Ty — xy) in Step 1. The conditions in Definition 7.1 still hold
with & replaced by 1, so we can repeat the procedure in Step 2 to obtain a
new triple (¢, 95,47 ) obeying conditions (i) to (iii) in Step 1.

To compare ¥* with ¥°, use translation of s to regard both as sections
of u_. Observe that where s < /2 on u_, the image of e_ o ¢* is the
s — s+ x_ translate of the image of e_ 09" . Now the s — s+ z_ translate
of u_ is the image of e_(z_v_ + (_), where |(_| < c¢|lz_|?. Tt follows that
where s < r/2 on u_, we can write

(712) e = o s, ol < do-|(lo-| +9).

This representation of 1® is not valid on all of u_. Nonetheless, ¥* and
Y% vary smoothly on the whole of u_ and uy as = (v, x4 ) varies in the
square 2 C R? where both coordinates are less than 6; — 6. This follows
from the inverse function theorem, since the map F that appears in the
proof of Lemma 7.7 varies smoothly as x varies.

Now define f : Q@ — R? by sending # = (21,22) € Q to the pair
(¥, v_),(¥%,v4)). By the previous paragraph, f is a smooth map.
Expanding ¢® as in (7.12), using the estimate (7.11) for ¥° and using the
estimate (7.10) for ¢*, we find that

(7.13) (W v_) =c_ox_ +r_,
where ¢_ depends only on u_ and
(7.14) le_| < (6 + exp(=Ar)|z_| + |z_|?).

Studying /% in the same way, we obtain analogs of (7.13) and (7.14) with the
‘—7 subscripts replaced by ‘+’ subscripts. Since f is continuous, a standard
topological argument finds a point z¢ € 2 with f(z¢) = 0, provided that r
is sufficiently large and ¢ is sufficiently small. O

8. Deforming to the linearized section

Continue with the gluing setup from Section 5. Recall that Theorem 7.3
relates gluings of U, and U_ along a branched covered cylinder to zeroes of
a section s : X9[br,00) X M — O. To count the ends of the corresponding
index 2 moduli space, we need to count the zeroes of s over an appropriate
slice of the quotient of the domain by an R-action, as explained below. It is
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difficult to count these zeroes directly because the section s involves func-
tions that are defined only implicitly through Proposition 5.7. To facilitate
this count, we now explain how to deform s to a simpler section, the “lin-
earized section” sg, without any zeroes crossing the boundary of the relevant
slice of the domain, so that the count of zeroes does not change. After defin-
ing the linearized section in Section 8.1, we state the deformation result in
Section 8.2 and prove it in Section 8.3 to Section 8.5.

8.1. The linearized section s3. We now define the linearized section
so. Note that we previously defined a version of the linearized section in
Secion 1.3, over a slightly different domain; the definition given here is
essentially equivalent to the definition given there, as we will explain in
Remark 8.5.

Recall the notation A; from Section 5.6. For ¢ = 1,... N, ori =
—1,...,—N_, let B; denote the \; eigenspace of L,,. Recall from the asymp-
totic analysis in Proposition 2.4 that there is a constant £ > 0, and for each
i as above, there is an eigenfunction ~; € B; such that for i =1,..., N, the
function 7; describing the ith negative end of w4 satisfies
(8.1) ni(s,7) — eMlea(r)| < el
Likewise, for i = —1,...,—N_, the function 7; describing the ith positive
end of u_ satisfies
(8.2) ni(s,T) — e_’\"sfyi(r)’ < celmNimRs,

Here, as usual, ¢ denotes a constant that depends only on w4 and u_, but
which may change from one appearance to the next.

We will need to assume that the collection of eigenfunctions v = {v;}
given by (8.1) and (8.2) is admissible in the sense of Definition 1.3.2. This
means that the following two conditions hold:

(1) All negative ends of u4 and all positive ends of u_ are nondegenerate.
That is, v; # 0 for each i € {1,..., N, Ju{-1,...,—N_}.

(2) us does not have a pair of overlapping negative ends, and u_ does
not have a pair of overlapping positive ends. That is, suppose i,j €
{1,..., N} satisfy [a;0] /Ja; = [a;0] /aj, or i,j € {-1,...,—N_}
satisfy |a;0] /a; = |a;0] /a;, so that the eigenspaces B; and B; are
identified via coverings. Then for all g; € Z/a; and g; € Z/a;, the
action by deck transformations satifies g; - v; # g; - ;-

Propositions 3.2 and 3.9 guarantee that - is admissible if J is generic.

Now fix a branched cover ¥ € M, and let o € Coker(Dsy;). Recall from

Section 1.2.3 that the metric on each ¥ € M is chosen to agree with the
pullback of the metric on R x S, except on neighborhoods of the ramification
points that project to balls of radius 1 in R x S'. Let Dy, denote the formal
adjoint of Dy, with respect to this metric, and identify o with an element
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of Ker(D5,). On the complement of the ramification points in X, use dz to
trivialize T7%'%, and thereby regard o as a complex-valued function. On the
complement of the aforementioned neighborhoods of the ramification points,
o satisfies the equation

(8.3) (0s —i0y — S(t))o =0,
where S(t) is a symmetric 2 x 2 real matrix, see Section 1.2.2. For i =
1,..., N4, the restriction of o to the ith positive end of ¥ determines a

function o; : [s;, 00) X St — C, where S 1 denotes the a;-fold cover of St.
Likewise, for i = —1,...,—N_, the restriction of ¢ to the ith negative end

of ¥ determines a function o; : (—o0, s;] X S1 = C. Tn cither case, equation
(8.3) on the end becomes

(8.4) (9 = La)oi(s,) = 0.

Let IIz denote the projection in L2(Sl; R?) to B;. Then it follows from (8.4)
that there is an eigenfunction ; € B; such that

(8.5) goy(s,-) = NG5 3,
Definition 8.1. Define the linearized section sg : Xo(5r,00) x M — O as
follows. If o € Coker(Dy;) has associated eigenfunctions 3; € B;, then

-N_

(8.6)  so(I-,T%.% Ze (i, B) = Y eV, Bi),

1=—1
where the brackets denote the inner product on L2(S 1. R?), and

A -5+ 1 i=1,...,N
(8.7) v QNI =8 Te), =1, Ny,
/\i(si—s_+T_), i=—-1,...,—N_.

The linearized section sy appears as part of the original section s, as
follows. By equation (5.43), we can write

(.8) S(T-, Ty, 5)(0) = (o] + R(s),
where
06— 0
0= ( (i N1 + §+77+T>dz,

while R(¢x) denotes the sum of all the other terms in (5.13) that enter into
Fs(1x). Recall that 7' is supported on the ends of ¥ labeled by 1,..., N
and —1,...,—N_. Let IIgn’ denote the (0,1)-form on ¥ obtained from 7’
by projecting, for each i, the part of 7’ on the ith end onto the eigenspace
B;. Then equation (8.6) can be rewritten as

(8.9) so(T_, T, %) (0) = V2(o,TIzn).
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8.2. Counting zeroes of the obstruction section and its lineariza-
tion. Given R > 10r, let Vg denote the set of triples (7_,74,%) €
Xo[5r, 00) x M such that

(8.10) Ty +s+ —s—-+T-=R.

This means that the curves U, and U_ are translated away from each other
by distance R in the pregluing. We will see in Section 10 that the signed
count of gluings #G(u4,u_) is determined by a count of zeroes of s on Vg,
modulo a certain R-action, where R is fixed and large. We now want to
show that counting zeroes of sg will give the same result.

For this purpose we will linearly interpolate from s to sg. For each ¢ € [0, 1]
define a section

5. =15 + (]_ — t)ﬁo.

The following proposition implies that s; has no zeroes on the boundary of
Vr when R is fixed and large. To state it, let A denote the smallest of the
numbers |\;| for i =1,...,N, and i = —1,...,—N_, and let A denote the
largest of these numbers.

Proposition 8.2. Assume that v is admissible as in Section 8.1. In the
gluing construction, if we choose r sufficiently large and h < \/4A, then for
allt € 0,1], every triple (T—, Ty, %) € Xa[br,00) X M with s,(T_,T+,%) =0
satisfies

T+7T— > g\ifa
where R is defined by (8.10).

To relate this to counting zeroes, first recall that R acts on the moduli
space of branched covers M by translating the s coordinate. We extend
this to an action on Xxg[5r,00) x M fixing the [5r,00) factors. This R-
action extends to the obstruction bundle. That is, if 31,3 € M are in
the same orbit under the R action, then there is a canonical isomorphism
Coker(Ds,) = Coker(Dsy,). It follows directly from the definitions that
under the above identification,

5t(T77T+7 Z1) = 5t(T77T+7 22)

for each ¢ € [0,1]. Thus s, is well defined on X3[5r, 00) x M/R.
We now want to count zeroes of s; over Vr /R, where R is fixed and large.
For this purpose, note that there is a natural identification

(8.11) Vr/R~{¥eM|-R/2+5r <s_,sy <R/2—5r}.

Given a branched cover ¥ for which —R/2 4 5r < s_ and s; < R/2 — 5r,
this identification sends

S (s_ + R/2,R/2 — 54, []) € Vr/R.
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Since M is a smooth manifold, it follows that the interior of Vgp/R is a
smooth manifold, and the boundary 9(Vg/R) is identified with the set of
branched covers ¥ for which s = —R/2 + 5r or s = R/2 — 5r. Such
branched covers correspond to equivalence classes of triples (T—,T,%) € Vi
with 7_ = 5r or Ty = 5r. Moreover, since M has a canonical orienta-
tion as a complex manifold, the identification (8.11) defines an orientation
of int(Vgr/R).

Definition 8.3. Assume that v is admissible. Fix h < A/4A and r > 0 in
the gluing construction. Given R > 15rA/X and ¢ € [0, 1], define the relative
Euler class

6(0 — VR/R,ﬁt) €7

as follows: Let s} be a section of O over Vi/R such that s; = s; on (Vg/R),
and such that all zeroes of s} are nondegenerate. Define e(O — Vi/R, ;) to
be the signed count of zeroes of s}, using the orientation of Vg /R determined
by (8.11) and the orientation of O defined in Section 1.2.6. We usually denote
this count by #(s; '(0) N Vr/R), even though the zeroes of s; itself on Vi /R
may be degenerate.

Lemma 8.4. The relative Euler class #(s; 1 (0) N Vgr/R) is well defined and
does not depend on the choice of R > 15rA/X ort € [0,1].

Proof. We know from Proposition 6.1 that the family of sections s; is con-
tinuous. Furthermore, Proposition 8.2 guarantees that s; is nonvanishing
near O(Vgr/R). Hence the only issue is to check that Vgr/R is compact.

For this purpose, the key is to show that

(*) for any ¥ € M, all ramification points have 7*s € [s_, s4].

To prove (*), recall that since (U;,U-) is a gluing pair, it is required that
under the partial order >4 in Definition 1.1.8, the partition (GW++1’ o, GNy)
is minimal and the partition (a_5 _,,...,a—y_) is maximal. Now suppose
that ¥ € M has a ramification point with 7%s > s;. Then we can decompose
> = X11U39, where X1 contains this ramification point and has positive ends
indexed by N4 + 1,..., N;. Our standing assumption (1.2) implies that
has index zero, and hence so do X1 and X, see Section 1.1.2. The existence
of X1 directly contradicts the minimality of the partition (aﬁ+ e ONL)-
Likewise, maximality of the partition (a_x _;,...,a—n_) forbids the exis-
tence of a ramification point with 7*s < s_.

It follows from (*) that (8.11) identifies Vr/R with a subset of Mpg/o_s,.
Now Mp/a_5, is compact by the assumption (1.2) and Lemma 1.2.8. Hence,
any sequence in Vg/R has a subsequence whose corresponding branched
covers converge to some element of Mpg/,_5.. By continuity of the func-

tions sy and s_, this limiting branched cover corresponds to an element
of Vr/R. O
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Remark 8.5. To coordinate the counting here with that in Part I, we need
to compare the formalism here with that of Section 1.3. In Section 1.3.1,
given R,r > 0 and given admissible eigenfunctions v, we defined sy as a
section over Mp. By (*) above, (8.11) identifies Vr/R with a subset of
MRp/a_5, that contains all of Mp/s_5._;. Under this identification, the
definition of sy over Vr/R given here is a special case of the definition in
Section I.3.1, where (R, r) here corresponds to (R/2—5r, 5r) there, and where
we take 7y to be the eigenfunctions determined by the negative ends of u and
the positive ends of u_. In particular, the R-independent count # (s, Lo)n
Vgr)/R) defined above agrees with the corresponding count #s; *(0) defined
in Section 1.3.2. The reason is that Proposition 8.2 implies that sy has no
zeroes on Mp/o_5, \ Mpja_5.—1 if R> 7> 0.

In conclusion, we have:

Corollary 8.6. Assume that J is generic so that v is admissible. If r is
chosen sufficiently large and if h is chosen sufficiently small in the gluing
construction, then for R sufficiently large, the relative Euler class #(s~(0)N
Vr/R) is well-defined, does not depend on R and satisfies

(8.12) #(s71(0) N VR/R) = #(s51(0) N VR/R).

In Section 10 we will relate the the left hand side of (8.12) to the signed
count of gluings #G(uy,u_). The rest of Section 8 is devoted to the proof
of Proposition 8.2, beginning with some preliminary lemmas.

8.3. Nonlinear estimate. The proof of Proposition 8.2 will use an upper
bound on the term (o, R(1x)) in equation (8.8). To state this bound, let v
denote the smallest of the numbers v; defined in (8.7). Also recall the norms
| - || and || - ||« from Section 5.5.

Lemma 8.7. Suppose that in the gluing construction, h is chosen so that
4hA < . Then

(8.13) IR(Ws)]| < ce 772,

Proof. Estimating |R(¢x)| as in (5.42), we find that

(8.14) IRWI < e (sl + e lvs.)

Note that the term e *"||¢x|l« appears here because of the gg - ¥x and
q0 - Viby terms in R(¢y).
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Using Proposition 5.7(b) and our assumption that 4hA < A, we estimate

Ny —-N_
szn* <ec Ze—|/\i\(s+—si+T+—2rh) + Z e—Ai(s,-—s,—&-T,—%h)
=1 i=—1
(8.15) Ny -N_
—c Zefui+2rh|)\i| + Z e~ Vit2rhA;
=1 i=—1

< ce—u+)\r/2

Putting (8.15) into (8.14) gives
(8.16) IRl < ¢ (7237 4 emrmA/2).

It follows from the definitions that v > 5\r. Hence (8.16) implies (8.13). O
8.4. Ends with the same eigenvalue. The proof of Proposition 8.2 will
also need Lemma 8.8 below, regarding the structure of the cokernel in the
case when N_ = 1 and the eigenvalues A1,...,An, are all equal, say to .
By Remark 1.2.12, this last condition is equivalent to
(8.17) M:...:M‘

ay an,

Recall from Section 1.3.1 that the assumption (8.17) allows us to identify
all the eigenspaces Bi,...,By, with each other via coverings as follows.
Write [a10] /a1 = no/mo where ny and mg are integers and mo > 0 is as
small as possible. Then a; is divisible by mg for each ¢ = 1,..., Ny. Fix an
eigenfunction ¢, of Ly, with eigenvalue A. Then for every positive integer
d, the eigenfunction ¢,,, pulls back to an eigenfunction g, of Lgpm, with
the same eigenvalue A. There is now a canonical isomorphism from B; to B;
sending g, to ¢4;. This identification is made implicitly below.

Also note that the product of cyclic groups

G:=1Z/ay x --- x L]an,

acts on @fi*l B;. Here the ith factor Z/a; acts on B; by deck transformations
of the corresponding eigenfunctions, and trivially on B; for j # i.

Now given ¥ € M, define II" : Coker(Dy) — @f‘jl B; as follows. Given
o € Coker(Dsx), for i = 1,..., N, write IIgo;(s, ) = e**(;; then
H+(U) = (Ch ey CN+)-
Lemma 8.8. Suppose that N_ = 1 and that (8.17) holds. Then for any
3 € M, there exists g € G such that

Ny
(8.18) g-TI* (Coker(Dx)) € § (C1,---,Cny) | D ¢Gi=0
=1
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Proof. Assume below that the eigenvalue A of L,,, ..., L, Ny is not repeated;
the proof when A is repeated is similar.

Let % € M. Recall from Section 1.2.1 that 3 determines an oriented
weighted tree 7(X) whose edges correspond to cylinders in ¥ between ram-
ification points. By downward induction, for each edge e of the tree 7(3),
the covering multiplicity m(e) of the corresponding cylinder in ¥ is divisible
by mg. Hence, we can lift the branched covering 7 on ¥ to a continuous
map

T: Y — R xR/2rmyZ.

For each ¢ = 1,..., Ny, choose an identification of the ith positive end of
¥ with [s;,00) x R/27ma;Z, such that the projection to [s;,00) x R/2wmoZ
agrees with 7. This identification will differ from the asymptotic marking
by the action of some g; € Z/a;. Let g := (g1,...,9n,)-

Next, let o € Coker(Dyx), and write g-IITo = ((1,...,¢{n, ). Fix a smooth
function x : R — [0, 1] such that x(s) = 1 when s < s; +2 and x(s) =0

when s > s, + 3. Write T = (s,t). Define a function f: ¥ — C by

F = x(8)e oy ().

Recall that on any cylinder in 3 corresponding to an edge e of 7(X), the
operator Dy, has the form £dz ® (0, + Lyney)- Tt follows that

1 V.
DEf = i(asX)e A Spmo(t) dz.

In particular, Dy f is supported only where s; +2 < s < s; + 3, and here
the metric on X agrees with the pullback of the metric on R x S'. Also, f
is L2 since A < 0. We then have

Ny
0= (D%o, f) = (0, Dsf) =Y (Cirar)s
i=1
where the brackets denote the relevant L? inner products. Under our iden-
tifications of the B;’s, this means that Zf\;ﬁ ;= 0. O

It is not hard to further show, using Lemma 1.2.18(a), that the inclusion
in (8.18) is actually an equality. However, we will not need this.

8.5. Proof of the deformation result. With the preliminaries in place,
we now prove Proposition 8.2. Fix h < A/4A and suppose that Proposi-

tion 8.2 is false for this h. Then:
(*) For each n = 1,2,... there exist real numbers r, > n and ¢, € [0, 1],
and a triple (17—, T4n,Xn) € Xa[bry,00) X M, such that if we fix

r = r, in the gluing construction, then s; (T_,, T4 n,3,) = 0 and
min{7_,,Tyn} < AR, /3A.
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Here Ry, := T4y, + S4n — S—pn + Ty, where si,, denotes the value of sy for
¥,. We will use (*) to deduce a contradiction, in four steps.

Step 1. We begin with some setup. Recall that associated to each >,
is a tree 7(X,), with a projection p : ¥, — 7(%,) and a metric coming
from the s coordinate. By passing to a subsequence, we may assume that
the sequence of branched covers {¥,} in M/R converges in the sense of
Definition 1.2.27 to a tree 7, together with a branched cover X,; for each
internal vertex j of 7. Note that conditions (a) to (d) in Definition 1.2.27
imply that:

e For each X, in the sequence and for each internal vertex j of 7, there
is a corresponding set A,; of ramification points in ¥,,. The tree 7, is
obtained from the tree 7(%,,) by, for each j, collapsing all the vertices
in 7(3,,) corresponding to ramification points in A,; and all the edges
between them to the jth vertex of 7.

e There is an n-independent constant A, such that any two ramifica-
tion points in the same A,; project to points in the tree 7(%,) with
distance < A,.

e If j and j' are distinct internal vertices of 7, then for each n, in the
tree 7(2,) we have lim,, o dist(p(An;), p(Apj)) = o0o.

By passing to a further subsequence, we may improve this last condition to

dist(p(Anyj), p(Anj')) > Mn.

Now fix n large and drop the “n” subscripts below. Choose i; such that
vi, = v for ¥ = ¥,,. Without loss of generality, i1 € {1,...,N;}. Let j
denote the internal vertex of 7, that is adjacent to the leaf i;. If e is an
edge of 7, incident to j, call e “essential” if e is incident to a leaf i with
Ai = Ai;. In particular, this requires that ¢ is positive. If e is an edge of 7.
incident to j which is either internal or incident to a leaf ¢ with A\; # A;,
call e “inessential”.

Step 2. We claim that there is an n-independent constant x > 0 such that
if there is an inessential edge from the vertex j to the leaf i, then v; > v+ kn
when n is large.

To prove this when i is positive, we compute that

(8.19) vi —v = ([N = [ (s — si, + T4) + [ Xil(siy, — 80),

and observe that sy —s;, +7+ > 5n and |s;, —s;| < A,. Note that |X\;| < [\;,|
is impossible when n is large, because then (8.19) would imply that v; < v,
contradicting the definition of v. Since the edge from j to 7 is essential,
the only remaining possibility is that |A;| > |Ai;|. The claim now follows
immediately from (8.19).

Suppose next that ¢ is negative. It follows from the definitions that

V+ v
A

v V;
R= =+ + (s —si) <
!)\il\+>\i+(81 si)

+A*7



104 M. HUTCHINGS AND C.H. TAUBES

and so
(8.20) vi > AR —v — A,

Now Ty > v/A, because there exists a positive end i’ with s;; = s.. Likewise
T_ > v/A. The assumption in (*) that min{7_, 7} < AR/3A then implies
that AR > 3v. Putting this into (8.20) and using the fact that v > 5\n
proves the claim.

Step 8. We now complete the proof of Proposition 8.2 in the case when
there are at least two inessential edges incident to j.

Choose paths in 7, starting along these edges to leaves i, i3. Let w denote
the central vertex in the tree 7(X) for i1, io and 3. The vertex w in 7(X)
projects to the vertex j in 7.

By Lemma 1.2.18, there is a unique, nonvanishing o € Coker(Dy) with

H.AO-’L'l (S, ) — e>\i1 (S_Sil)’yil

and IT go; = 0 for i ¢ {i1,142,i3}. Here Il 4o; denotes the projection of o; onto
the subspace A; D B; consisting of the (two-dimensional) span of the eigen-
functions of L,, that have the same winding number as the eigenfunctions
with eigenvalue A;.

For each leaf i, let 3; denote the corresponding eigenfunction associated
to o via (8.5). In particular 8;; = ~;;. The plan is to show that if n is
large, then s,(7_, T4, %) (o) is dominated by the term e™i1 (v;,, 5;,), and in
particular nonzero. This will give the desired contradiction to (*).

To start, we claim that the special cokernel element o decays away from
the central vertex w in the following sense: There are n-independent con-
stants ¢, k > 0 such that for any point z € ¥ =3,

(821) |O'((L’)‘ < cefn'diSt(p(z)ﬂU).

Indeed, Corollary 1.2.23 gives (8.21) with the right hand side multiplied by
|o(w)], where w € ¥ projects to w; and Propositions 1.2.21 and 1.2.25 imply
that |o(w)| < c.

The inequality (8.21) has two important consequences. First,

(8.22) ol < c.

Second, if a leaf i € {i2,i3} is not adjacent to the internal vertex j of 7,
then

(8.23) 18]l < [[TLaoi(si, )| < ce™™".
Likewise, if i € {is, i3} is adjacent to j, then

(8.24) 1Bl < e.
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Now to show that s,(7_, T, ¥)(o) is nonzero, use (8.8) and (8.9) to write
the latter as a sum of three terms:

ST Ty, 5)(0) = (1+ (V2 —1))so(T_, Ty, $)(0)
+ t<07 R(¢E)> + t<0-7 77/ - HBT//>'
Our choice of ¢ implies that the first term in (8.25) is given by
(8.26) so(T-, T4, X)(0) = eiy‘h/il ||2 +e 2 (Viy, Biy) T e <7i37/8i3>'
Also observe that if i € {iz, i3}, then
(8.27) e (i, Bi)| < ce™ 7R

(8.25)

If the leaf i is adjacent to the vertex j in 7, then this follows from (8.24)
and Step 2; otherwise this follows from (8.23). Next, the inequality (8.22)
and Lemma 8.7, together with the fact that r = r, > n, imply that

(8.28) (o, R(ys))| < ce™ A2,

Finally, Proposition 1.2.25 and the inequality (8.21), together with the fact
that » > n, imply that if k > 0 is chosen sufficiently small, then

(8.29) |<J, n — ngnlﬂ < ce VTR,

By the nondegenerate ends assumption, ||v;, || > 0. Hence (8.25) to (8.29)
imply that s;(7_, T, %) (o) # 0 if n is sufficiently large.

Step 4. To complete the proof of Proposition 8.2, we need to handle the
case where there is at most one inessential edge incident to j. In this case,
j has one incoming, inessential edge, and k£ > 2 outgoing edges, all of which
are essential. Denote the positive leaves corresponding to the essential edges

by 41, ...,1, where as before, v;, = v.
Pick a leaf ig ¢ {i1,...,it}. By Lemma 1.2.18, there is a unique, nonva-
nishing o € Coker(Dy;) with
a0, (s,-) = X750y,

and g0y = 0 for ¢ ¢ {ig,i1,i2}. For each leaf i, let 3; denote the corre-
sponding eigenfunction associated to o via (8.5). In particular, £;;, = ;.

Proposition 1.6.3 tells us (roughly) that if n is large, then near the part of
Y that gets collapsed to the vertex j of 7, the (0,1)-form o is well approxi-
mated by a nonvanishing cokernel element o for a branched cover

EZEM(aiI,...,a,-k |a,~1+~-—|—aik).

Note that oz will be an honest cokernel element, and not one of the more

general elements of Coker(Dsy,) allowed by Proposition 1.6.3, as a conse-
quence of Lemma 1.2.20. Combining the precise result of Proposition 1.6.3
with Lemma 8.8, we find that for any € > 0 if n is sufficiently large, then
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there exists a deck transformation g of the covering S — S! such that in
the notation from Section 8.4,

Ci2 - _<1 + O<€))g : Cila

where “O(e€)” here denotes a number with absolute value less than e. Hence
the part of so(7-,T+, %) (o) coming from the leaves i1 and 2 is given by

(8'30) e_yil <7i1 ) ﬁ11> + e_ViQ <7i27ﬁi2> = e_y<72'1 - (1 + O(e))g ' 7i277i1>'

On the other hand, by the nonoverlapping ends assumption, v;, # g - Vi,-
Since v;, # 0, it follows that there is a constant ¢ > 0 such that if n
is sufficiently large, then the expression in (8.30) is greater than ce™. A
virtual repeat of the arguments in Step 3 concludes that s,(7_,7%,%)(c) # 0
if n is sufficiently large. This completes the proof of Proposition 8.2. O

9. Coherent orientations

This section consists of a lengthy digression on how to “coherently” orient all
moduli spaces of unobstructed, immersed, J-holomorphic curves in R x Y,
so that the orientations behave well under gluing of the usual kind where
there is no obstruction bundle. This is, up to some choices, an established
procedure (and one can also allow nonimmersed curves). However, we will
need to rework it from a special perspective in order to set up the discussion
of signs in obstruction bundle gluing in Section 10.

9.1. Algebraic preliminaries. We begin by reviewing some very basic
material about orientations, in order to fix notation.

If V' is a finite dimensional vector space over R, let O(V') denote the set of
orientations of V. If o € O(V'), we denote the opposite orientation by —o. If
W is another finite dimensional vector space over R, define O(V)® O(W) to
be the set of pairs (oy, 017) € O(V)x O(W), modulo the relation (oy, oy) ~
(—oy, —ow). There is a canonical isomorphism

(9.1) OV)ROW) = OV aoWw)

obtained by concatenating bases. More generally, an exact sequence of finite
dimensional vector spaces over R,

(9.2) 0—>V1£>V2£>”-fk—_§vk—>07

induces an element
o(f1,-- s frm1) €O(V1) ®@--- @ O(Vg)

defined as follows. Choose a basis (v1,1,...,v1,n,) of V1, and let 07 € O(V)
denote the corresponding orientation. For ¢ = 2,... k — 1, choose elements

Vily---yVin, & ‘/z such that (fi_l(vi_m), . 7fi—1(vi—1,ni_1)> Vidy-- - Uz‘,ni)
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is a basis of V;, and let 0; € O(V;) denote the corresponding orientation.
Then

(9.3) o(fi,oo oy fi—1) =01 ® - ® 0.

This orientation does not depend on the choice of the elements v; ;; in fact,
it is induced by an isomorphism of tensor products of determinant lines

® det(V;) ~ ® det(V3),

7 even 7 odd
which depends only on the long exact sequence (9.2), see e.g., [6]. In
addition, (9.3) is invariant under homotopy of exact sequences. That is,
if {fi(t)}efo,1) are homotopies of maps V; — Viyq fori = 1,...,k — 1, such
that the sequence given by f1(t),..., fr_1(t) is exact for each t € [0, 1], then

0(f1(0), ..., fe—1(0)) = o(f1(1),. .., fe—1(1)).
If D is a Fredholm operator, define
O(D) := O(Ker(D)) ® O(Coker(D)).

If {Et}ieo,) and {Fi}ie)o) are Banach space bundles over [0, 1], then a
continuous path {D; : E; — Fi}ycp1) of Fredholm operators induces an
isomorphism

(9.4) ®p,y 1 O(Dy) — O(Dy),

defined as follows. One can choose decompositions F; ~ V; & W;, depending
continuously on ¢, such that V; is finite dimensional, and if Iy, : F;y — W,
denotes the projection to Wy, then Ily, D; is surjective. There is then, for
each t, an exact sequence

(9.5) 0 — Ker(D;) — Ker(Ily, Dy) 2% V; —» Coker(D;) — 0.
The exact sequence (9.5) induces an isomorphism
(9.6) O(Dy) ~ O(Ilw, Dy) ® O(V).

Now the family of subspaces {Ker(Ily, Dt) },¢[0,1] defines a vector bundle over
[0, 1], as does the family of subspaces {V} }/¢[0,1- These vector bundles induce
isomorphisms O(Ily, Dg) ~ O(Ilyy, D1) and O(Vp) ~ O(Vy). Combining
these isomorphisms with (9.6) gives the isomorphism (9.4). The latter does
not depend on V; and W; and is invariant under homotopy of the path {D;}
rel endpoints.

9.2. A linear gluing exact sequence. We now present a variant of the
“linear gluing” construction of [2, 6], designed to fit well in the obstruction
bundle context.

We first introduce a class of Fredholm operators that one needs to orient,
in order to orient moduli spaces of pseudoholomorphic curves. Fix a positive
integer n. (The main concern of this paper is the case n = 1.)
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Definition 9.1. An orientation triple is a triple C = (C, E, {Si}), where:

e (U is a Riemann surface with cylindrical ends, such that each end
is designated “positive” or “negative”; each positive end is identified
with [0, 00) x S1; each negative end is identified with (—oo,0] x S*; the
positive ends are labeled 1,..., Ny; and the negative ends are labeled
—1,...,—N_. On each end, denote the [0,00) or (—o0, 0] coordinate
by s and the S! coordinate by ¢.

e F is a rank n Hermitian vector bundle over C, with a fixed trivializa-
tion on each end.

e Associated to the kth end of C is a smooth family Si(¢) of symmetric
2n x 2n matrices parameterized by ¢ € S', such that zero is not an
eigenvalue of the operator i9; + Sy.

Definition 9.2. For C as above, define D(C) to be the set of differential

operators D : C®(E) — C*®°(T"'C ® E) with the following properties:
e There is a complex structure j on C, agreeing with the standard
one on the ends, such that in local coordinates and trivializations, D

equals O plus a zeroth order term.
e On the kth end of C, write

Dy = %(as 80y + My (s, )¢ @ (ds — idt),

where My(s,t) is a 2n x 2n matrix. Then limy o M(s, ) = Sk(:)
in the sense of [6, Section 2].

It is a standard fact that any such D extends to a Fredholm operator
L}(E) — L*(T%'C ® E). Moreover, a homotopy of such differential opera-
tors defines a continuous path of Fredholm operators [6, Prop. 7]. Finally,
the space D is contractible, so for any two operators D, D’ € D(g’), there
is a canonical bijection O(D) = O(D’). We denote this set of orientations
by O(C).

We now consider gluing two orientation triples C_ = (C_, E_, {S. 1
and C} = (Cy,E4,{S;}). Assume that the first [ positive ends of C_

agree with the first [ negative ends of Cy, in the sense that S = Sjk for
k=1,...,1. Fix a large R > 0. Define a new surface C' by identifying, for
each kK =1,...,[, the s = 2R circle in the kth end of C_ with the s = —2R
circle in the —kth end of Cy. For each k = 1,...,[, the part of C' coming
from the kth end of C_ and the —kth end of C, is a cylinder Z;. We identify
Zr ~ [-2R,2R] x S, so that translation of s by £2R identifies Z with the
0 < s < 4R portion of the kth end of C_ or with the —4R < s < 0 of the
—kth end of Cy. Use the fixed trivializations of E_ and E over the ends
to glue them to a bundle E¢ over C. Denote the glued orientation triple by

C_#.Cy == (C,Ec,{S; Yg1,.y U LS Trgo1mny) -



GLUING PSEUDOHOLOMORPHIC CURVES II 109

Order the positive ends of C' so that the positive ends of C'; come first (in
their given order), followed by the unglued positive ends of C_ (in their
given order). Likewise, order the negative ends of C' so that the negative
ends of C_ come first (in the order —1,—2,...), followed by the unglued
negative ends of C.

We will use “linear gluing” to define a canonical isomorphism

O(C_) ® O(Cy) = O(C_#,C).

Choose operators D_ € D(C_) and D, € D(Cy). Let Do € D(C_#,C)
be an operator that agrees with D_ on C_ off of the s > R part of the first
I positive ends and that agrees with Dy on Cy off of the s < —R part of
the first [ negative ends. Note that Do — D_ and D¢ — D are zeroth order
operators on the cylinders Z;. Choose a finite dimensional subspace Vi of
L?(T%'Cy ® E4) such that if W denotes the orthogonal complement of V.,
and if Ty, : L*(T%'Cy ® E4) — W4 denotes the orthogonal projection,
then Iy, o D4 is surjective. Here is the version of linear gluing that we
will need.

Proposition 9.3. If R is sufficiently large, and if |Dc— D_| and |Dc— D |
are sufficiently small on the cylinders Zy, for k = 1,...,1, then there is an
exact sequence

0 — Ker(D¢) N Ker(Ilyy D_) @ Ker(Ily, D1.) -2 V_ @V,
(9.7) "y Coker(D¢) —» 0

Proof. The construction has three steps.

Step 1. We first introduce some notation. Fix a smooth function g : R —
[0, 1] such that §(s) =1 for s < 0 and 3(s) = 0 for s > 1. (This notation
differs from that of Section 5.2.) Define functions f_,5+ : C — [0,1] as
follows. On the cylinder Zj,

ﬁ—(&t) = B(S/R)a /8+(37t) = ﬁ(—S/R)
On C_ off of the first | positive ends, define f_ :=1 and G4 := 0. On Cy
off of the first [ negative ends, define G, := 1 and 5_ := 0.
Now consider ¢_ € L?(E_) and ¢, € L?(E,), and define

(9.8) =Bt + By € Li(Ec).

We can then express

(9.9) Dot = B0 (o, ty) + 51O (o, ),
where

(9.10)

O_(v—tb4) = D_t_ + (Do — D_Yib-

(084 )¢+ € LX(T™C- @ E-),
O+ (Y-, 1) == Dithy + (Do — Dy )by + (9

_I_
+(0B-)p- € L*(T%'Cy @ Ey).
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Here we interpret Do — D_ := 0 off of the support of 5_ and Do — Dy :=0
off of the support of ;. Note that (9.9) follows from (9.10) because f_ =1
on the support of d3; and B+ = 1 on the support of dj5_.

Step 2. We now prove a key lemma.

Lemma 9.4. Suppose ¢ € L?(E¢) satisfies Doty = B_0_ + 3.0, where
0+ € L2 (T*'CL ® E1). Then there exist unique ¢+ € L2(E1) such that

Y= [+ B4+ and
(9.11) O_ (-, thy) =0-, O (v_, ;) =04
Proof. We first introduce a linear version of Lemma 7.7. Fix k € {1,...,l},
let Sy (t) := S, (t) = ka(t), and consider the asymptotic operator
Ly :=i0; + Si(t) : C°(SY; R*") — C=(SH; R*™).
Let IT;, and II;_ denote the projections from L?(S*; R?") to the sums of the
positive and negative eigenspaces of L, respectively. Consider the follow-
ing operator (where all functions in the various function spaces take values
in R?"):
Fr: L3([-R,00) x SY) @ L3((—o0, R] x S1) —
iy L (ST @ My, L7 5 (S") @ L*([— R, 00) x S') @ L*((—o0, R] x SV),
(¢—7 ¢+) — (Hk+¢—(—R, ’)7 Hk—¢+(R7 ')7 9—(¢—7 w-‘r)a ®+(¢—7 ¢+))
Here ©_ and © are defined by identifying [ R, R]x S! with the R < s < 3R
portion of the kth positive end of C_ and with the —3R < s < —R portion
of the kth negative end of C';. A linear version of Lemma 7.7 shows that
under the hypotheses of Proposition 9.3, the map Fj is an isomorphism.

Proceeding with the proof of Lemma 9.4, choose an arbitrary decompo-
sition ¢ = By’ + B4, with ¥/, € L3(E+). Then by (9.9), we have

(912)  Bo(0- — O_ (L)) + Br (0 — O4 (0, 1,)) = 0.
Now write 1y_ = ¢/_+¢” and ¢ = ¢/ +4/. Since O is a linear function on
L3(E_)@® L2(Ey), the desired equation (9.11) is equivalent to the equations

By (9.12), the right hand side of (9.13) is supported on the s > R portion of
the first [ positive ends of C_, while the right hand side of (9.14) is supported
on the s < —R portion of the first [ negative ends of C. The required 1"
and /] are now given on the s > R part of the kth positive end of C_ and
on the s < —R part of the kth negative end of C for k =1,...,1 by

(7/117 {‘,,-) = ‘7:];1(0’0307 - 6*(¢Law{|—)ﬂ0+ - 9+(¢/_,¢ﬁr))
We can, and must, take ¢/ = 0 on the rest of Cy. O
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Step 3. We now define the maps in the sequence (9.7) and prove exactness.
Definition of f. Let ¢ € Ker(D¢) be given. By Lemma 9.4, there exist
unique v_ € L3(E_) and 1, € L3(E,) such that ¢ = B_1_ + B4, and

(9.15) O_(¢Y—,h4) =0, O4L(Y—,¢y) =0.

Let ¢4 denote the L2?-orthogonal projection of ¢4 onto Ker(Ily, Dy).
Define
f@W) = (-, 94).

Definition of g. Let ¢_ € Ker(Ilyy_D_) and ¢ € Ker(Ily, D, ) be given.
We claim that there are unique (_ € L?(E_) and ¢, € L3(E,) such that
(- is L*-orthogonal to Ker(Ilyy_D_), (4 is L*-orthogonal to Ker(Ily, D)
and the pair

(916) (@Z}*? TzZ)Jr) = (QZ)? + C*v ¢+ + CJr)
solves the equations
(917) HW7®*(17Z}7’ ¢+> =0, HW+@+(¢777/1+) =0.

To see this, let F_ : W_ — Ker(Ilyy_ D_)L denote the inverse of Ily_D_,
and let Fy : W — Ker(Ilyy, D1 )+ denote the inverse of Iy, Dy. Then
applying F_ and F; to the first and second equations in (9.17), respectively,
we obtain a pair of equations which can be written as

<1 + F_Ilw_(Dc — D-) F_Iy_(984) ) <C—>
FiIlw, (98-) L+ Fyllw, (Do — Dy)) \G+

_ (—F—Hw_((DC — D)o+ (8ﬁ+)¢+)> ‘
—F Iy, (Do — Dy)o4 + (98-)¢-)
If | Do — D_| and |D¢ — D4 | are sufficiently small, and R is sufficiently large,

with respect to the operator norms of F; and F_, then these equations have
a unique solution. In terms of this unique solution, define

9(p—,9+) = (O (Y, ¥4 ), 04 (Y-, 94)).

Definition of h. Given (0_,0;) € V_ @ V4, define h(6_,60,) to be the
equivalence class of _0_ + 34604 in Coker(Dc¢).

f is injective. Let b € Ker(D¢) and suppose that f(i)) = 0. This
means that 1 = 3_(_ + B34+(_, where (4 is L*-orthogonal to Ker(ITy, D)
and O4((-,(+) = 0. By uniqueness of the solution to equation (9.17) for
¢— = ¢4 =0, it follows that (- = (4 =0, and so ¥ = 0.

Im(f) C Ker(g): Immediate from the definitions.

Ker(g) C Im(f): Suppose g(¢—,¢+) = 0. This means that there exists
(+ orthogonal to Ker(Ily, D) such that the pair (¢, 1) defined in (9.16)
satisfies equation (9.15). Then ¢ := f_¢_+F114 isin Ker(D¢) by equation
(9.9), and by definition f(¢) = (¢—, p+).

Im(g) C Ker(h): Immediate from (9.9).
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Ker(h) C Im(g): Let (0_,04+) € V_ & Vi be given, and suppose that
h(6_,0,) = 0. This means that there exists 1 € L3(E¢) with

Dot = B0 + 3405
By Lemma 9.4, there exist 1 € L?(EL) such that

(6—<w—7 1/}-‘!-)7 @+(w—7 1/}+)) - (6—7 04—)

Let ¢+ denote the L2-orthogonal projection of 11 onto Ker(Ily, D+). Then
by deﬁnition, g(¢—’ ¢+) = (0—5 0+)

h is surjective. Given ¢ € L*(E¢), we need to find (0_,0.) € V_ @ V.
and ¢ € L2(E) such that
(9.18) Do+ B-0- + B0, = €.
Choose any decomposition & = B_¢_ + B, with &y € L2(TY!Cy ® Ey).
Since Ty, Dy is surjective, there exist 11 € L¥(E4) and 6+ € V4 such that
(9.19) D_¢p_+0_-=¢, Dipp+04 =64
Now write ¢ = B_(¢— + ") + B+ (¥4 + ¢/,). Then to solve the desired
equation (9.18), it is enough to find ¢, such that
(9.20) O_(W, ¥y) = — O (v, thy) — O+,
(9.21) O+ (WL L) = — 04 (Yo, Yy) — 04 + &4

By (9.10) and (9.19), the right hand side of (9.20) is supported in the s > R
portion of the first [ positive ends of C_, while the right hand side of (9.21)
is supported in the s < —R portion of the first | negative ends of C. It
follows that as in the proof of Lemma 9.4, we can use the maps F,~ 1 to find
the required ¢ and ¢/, O

Remark 9.5. Counting dimensions in the exact sequence (9.3) recovers the
standard fact that ind(D¢) = ind(D_) + ind(Dy).

9.3. Gluing orientations. Proposition 9.3 allows us to glue orientations
as follows. The exact sequence (9.3) induces an isomorphism

(9.22) O(D¢) ~O(Ily_D_) ® O(Ily, D1) ® O(V_) ® O(V4.).
Combining this with the D_ and D versions of (9.6), we obtain an isomor-
phism

(9.23) O(D-)® O(D4) ~ O(Dg¢).

Lemma 9.6. The isomorphism (9.23) does not depend on V_ and Vi, and

is invariant under homotopy of the data (D_, Dy; R, D¢), so that it induces
a well-defined isomorphism

O(C_)® O(Cy) ~ O(C_#,C).
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Proof. The proof has three steps.

Step 1. To prove that (9.23) is homotopy invariant, the main difficulty is
that the dimensions of Ker(D¢) and Coker(D¢) may jump during a homo-
topy. To deal with this issue, we first give an alternate description of the
isomorphism (9.23), which does not directly refer to the kernel or cokernel
of Dc.

Continuing with the notation from the proof of Proposition 9.3, define
Vo € L*(T%'C ® E¢) to be the subspace consisting of sections 3_6_ + 3,60
where 4 € VL. Assume that no nonzero element of V_ or V, is supported
entirely on the |s| > R part of the first [ positive or negative ends, so that the
map V_ @V, — Vi sending (0, 60,) — B_60_+ [0, is an isomorphism. (In
general, one can arrange this by a slight perturbation of V..) Let W¢ denote
the orthogonal complement of V¢, and let Iy, : L*(T%'C ® E¢) — We
denote the orthogonal projection. Note that Iy, D¢ is surjective, because
the map h in (9.3) is surjective. So as in (9.5), there is an exact sequence

(9.24) 0 — Ker(D¢) — Ker(Ilw,Dc) 2o v — Coker(D¢) — 0.
We now define a map
(9.25) ® : Ker(Ily, Do) — Ker(Ily_D_) @ Ker(ILy, D)

as follows. Suppose ¢ € Ker(Ily,Dc). This means that there exist unique
0+ € Vi such that

Doy = -0+ 404
By Lemma 9.4, there are unique ¢4 € L?(FEy) satisfying equations (9.8)
and (9.11). Now let ¢+ denote the L?-orthogonal projection of . onto
Ker(Ilyy, D+ ), and define

(¢) == (¢, 9+)-
It follows directly from the definitions that the exact sequences (9.7) and
(9.24) fit into a commutative diagram

Ker(D¢) —— Ker(ITw, D) —2¢ . Vo —— Coker(Dc)

H e - H

Ker(Do) —— Ker(Ilyw_D-) & Ker(Tlw, Dy) —2— V_ &V, —— Coker(Dc).

By the five lemma, ® is an isomorphism, and hence induces an isomorphism
(9.26) O(Ilw,D¢) ~ O(Ilw_D_) @ O(llw, Dy).

Moreover, it follows from the above commutative diagram that under the
canonical isomorphisms (9.6) for Dy and D¢, the isomorphism (9.26) agrees
with (9.23).

Step 2. We now show that the isomorphism (9.23) does not depend on
V_ and V4. For this purpose, it is enough to show that the isomorphism
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(9.23) is unchanged under replacing V_ and V, by larger subspaces V! D V_
and V] D V. It follows directly from the definitions that the primed and
unprimed versions of ® fit into a commutative diagram

Ker(Iy, D¢) —— Ker(Ily_D_) & Ker(Ily, D)

| |

Ker(Iy;, De) —2— Ker(Ily» D_) @ Ker(Ily; D)

where the vertical maps are the inclusions. It follows readily that the primed
and unprimed versions of the isomorphism (9.23) agree.
Step 3. We now prove homotopy invariance. Given a homotopy

{(D— (t)a D+(t>7 DC(t))}te[O,l]

of triples of operators, we need to prove that the diagram

O(D-(0)) ® O(D4(0)) —— O(Dc(0))

(9.27) l: l:
O(D-(1)) ® O(D(1)) —— O(Dec(1))

commutes, where the horizontal isomorphisms are the ¢t = 0 and t =

versions of (9.23), while the vertical isomorphisms are defined in (9.4). To

do so, choose subspaces Vi (t) with the required properties that depend
continuously on ¢. Then the family of maps

{®: : Ker(Iy, ) Do (t)) — Ker(ly_y D (1)) & Ker(Iy, (n D+-(£)) o

defines an isomorphism of vector bundles over [0,1]. It now follows after
unraveling the definitions that the diagram (9.27) commutes. O

Ifo_ € O(C_) and 0, € O(C,), denote the corresponding glued orienta-
tion by

0_#0, € O(C_#,C.).

9.4. Associativity of linear gluing. We now show that the operation of
gluing orlentatlons is associative. More precisely, consider three orientation
trlples C_,CO,C+, such that the first [_ negative ends of C’o (numbered
—1,...,—l_) agree with the first [_ positive ends of C_ in that order, while
the first [ positive ends of Cy likewise agree with the first [, negative ends
of C.

Lemma 9.7. If 0. € O(C+) and oy € O(Cy), then
(9.28) (0_#1_00)#1, 04 = 0_F_(00%1,04)
in O(C_#_Co#t1,Cy).
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Proof. The plan is to relate both sides of (9.28) to an analog of linear gluing
which glues the three orientation triples CNL, C~’0, éJr together simultaneously.

Step 1. We begin by explaining the triple linear gluing operation, in some-
what more detail than is necessary here, because it will play an important
role in the proof of Theorem 10.2 in Section 10.5.

Let C := C_#_Co#;, Cy denote the glued curve, and define functions
8-, 0o, B+ : C — [0,1] as follows. For k € {—1,...,—1_}, let Z denote
the cylinder where the —kth end of C_ is glued to the kth end of Cy. For
ke {l,...,1+}, let Zy denote the cylinder where the kth end of Cy is glued
to the —kth end of C4. For each k, identify

7, ~ [-2R,2R] x S*.
On the cylinder Zj, for k € {—1,...,—[_}, define

B-(s,t) :==B(s/R), Po(s,t):=p(—=s/R), [i(s,t):=0,

where [ is the function defined in Section 9.2. On the cylinder Zj for
ke {l,...,l+}, define

ﬁ*(s’t) =0, ﬁO(Sat) = ﬁ(S/R)a ﬁ+($,t) = ﬁ(_S/R)

On C_, off of the first [_ positive ends, define f_ := 1 and Sy, 8+ := 0. On
Co, off the first [_ negative ends and the first I positive ends, define Gy := 1
and G_, 04+ := 0. On C4, off of the first [ negative ends, define G4 =1
and G_, Gy := 0.

Choose operators D+ € D(C<) and Dy € D(Cp). Let

DC S D(é_#l_éo#l+5'+)

be an operator that agrees with D_ on C_ off of the first [_ positive ends
agrees with Dy on Cj off of the first [_ negative ends and the first [, positive
ends and agrees with D, on C4 off of the first [} negative ends. Assume
that R is large and that |Do — D4 | and | D¢ — Dy are small on the cylinders
Zy for k € {:tl, ce :tlj:}.

Now consider ¢4 € L3(EL) and 9y € L?(Ej), and define

(9.29) b= B_tp— + Botoo + Brby € L3(EC).

We can then express

DC’QZ} = ﬁ*G*(qb*ad)O) + 50@0(7/}7%50,114) + ﬁ+@+(1/}0, d)Jr)a

where the ©’s are defined by the obvious analog of (9.10).

Now choose finite dimensional subspaces Vi C L*(T%'Cy ® E1) and
Vo € L3(T%'Cy ® Ep) such that if Wi and Wy denote their orthogonal
complements, then Iy, D+ and Iy, Dy are surjective. Then the exact
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sequence (9.7) has a straightforward generalization to an exact sequence

0 — Ker(D¢) — Ker(Ily_D_) @ Ker(Ily, Dy) @ Ker(Ilyy, D) —
(9.30) — V_@Vya®Vy — Coker(D¢e) — 0.

As before, this exact sequence induces a homotopy invariant isomorphism
(9.31) O(D-)® O(Dy) ® O(D4) ~O(Dg¢).

As in Section 9.3, one can give an alternate description of the isomorphism
(9.31) as follows. Let

Vo = {B-0- + Bobo + B0+ | - € V_,00 € Vo,04 € Vi }.

Choose Vi,V such that the map V_ & Vp & Vi — V¢ is an isomorphism,
and let W¢ denote the orthogonal complement of Vio. The map (9.25) then
has an obvious analog

d : Ker(Ily, Dc) — Ker(Ily_D_) @& Ker(Ty, Do) ® Ker(Ily, D),

which is an isomorphism and induces the map (9.31) on orientations.

Step 2. We now relate triple linear gluing to the composition of two
ordinary linear gluings. Let Dg_ denote the operator on C_#; Cy that
agrees with Dy on the ends 1,...,[ of Cy and that agrees with D¢ on the rest
of C_#;_Cy. Let f_,Bo— : C_#;_ Cy — [0,1] denote the cutoff functions
for this gluing, and let

Voo :={B-0_+Bo-00 | 0_ € V_,00 € Vp}.

Define Doy, Bo+, Vo likewise for Co#, Cy. Tracing through the definitions
shows that the diagram

Ker(HWc Dc) e Ker(HWm Do_) D KQI‘(HVV+ D+)

| | #xia

Ker(Ilyw_ D) ® Ker(Iw,, Dos) —=2+ Ker(Ilw_ D_) @& Ker(Ilyw, Do) & Ker(Ilw, D+)

commutes, because both compositions are equal to the map ®. The lemma
follows. [

9.5. Orienting the moduli spaces. We now use the linear gluing opera-
tion to orient all moduli spaces of immersed, unobstructed pseudoholomor-
phic curves in R x Y, so that the orientations behave well under gluing. We
follow the approach of [2], but with some slightly different choices.
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Orienting the Fredholm operators. For each orientation triple C =
(C, E,{Sk}), we will choose an orientation o5 € O(C). We want these
choices to satisfy four axioms. The first axiom concerns the complex linear

case:

(OR1) If C has no ends, and if D € D(C) is C-linear, then 0 corresponds
to the canonical orientation of O(D) coming from the complex vector
space structure on Ker(D) and Coker(D).

The second axiom describes the behavior of the orientations under “com-

plete” gluing, where we glue all the positive ends of one curve to all the

negative ends of another:

(OR2) If C_ has exactly [ positive ends, if 6’+ has exactly [ negative ends
and if the kth positive end of C_ agrees with the kth negative end of
5+ for each £k =1,...,[, then

0(5—#16'+) = 057#105+.
Before stating the third axiom, we need to introduce some mod 2 indices.

Consider a loop of symmetric 2n x 2n matrices {S(t) };cg1 such that zero is
not an eigenvalue of the operator i9; + S. Define

e(s) ==n+p ({¥()}ep2rn) mod 2,

where W(t) is the path of symplectic matrices with ®(0) = 1 generated
by S(t) as in equation (1.2.7), and p denotes the Maslov index. Given an
orientation triple C' = (C, E, {Sk}), define

—-N_ Ny
e ()= ) elSk), e4(C):=Y £(Sk), &(C):=e4(C)—e_(O).
k=-—1 k=1

The third axiom concerns the disjoint union C~’1 L C~'2 of two orientation
triples Ci and Cs. Here the positive or negative ends of C1UC, are ordered so
that the ends of C; come first, followed by the ends of 6’2, in their given order.
If D; € D(C}) and Dy € D(Cy), then (9.1) defines a canonical isomorphism
O(Dy & Dy) = O(D1) ® O(Dy), and hence O(Cy L Cy) = O(C1) @ O(Cy).
The axiom is now:

(OR3)
0 e, = (1) W @os @ o,
To find orientations satisfying the above three axioms, we first choose

arbitrary orientations for certain special orientation triples. For each path
of symmetric matrices {S(t)};cq1 as above, consider the orientation triple

Cs = (C,C x C", S(-)),

where the end of C is identified with [0, 00) x S* via the exponential function.
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Lemma 9.8. Given orientation choices 05, for each S as above, there is
a unique way to extend these to choose orientations oz for all orientation

triples C = (C, E,{S}), such that azioms (OR1) to (OR3) hold.

Proof. This follows from the argument in [2, §3], using the associativity
property (9.28). Note that to translate between the conventions in [2]
and those here, one needs to reverse the ordering of the negative ends of
each C. 0

Orienting the moduli spaces. We now explain how a system of orien-
tations as above with n = 1 orients the moduli spaces of immersed, unob-
structed J-holomorphic curves in R x Y. Fix a parameterization of each
Reeb orbit by a map o : S' — R x Y such that d;a is a constant positive
multiple of the Reeb vector field. Also fix a trivialization of the contact
plane field € over each Reeb orbit in Y. In this trivialization, the linearized
Reeb flow on the contact planes along « is given by 9; — JyS, (t) where S, (t)
0 —1
1 0

Now let ay = (aq,...,an,) and a_ = (a_1,...,a_n,) be ordered lists
of Reeb orbits, let C € MY(ay,a_) be immersed and let No denote the
normal bundle to C'. Over the kth end of C, trivialize No by using a choice
of coordinates (z,w) in a neighborhood of the corresponding Reeb orbit
provided by Lemma 2.1, and identifying No with the tangent spaces to
the z = constant disks. Then the deformation operator D¢ is an element
of the space D(C) where C = (C, N¢,{Sa,})- Thus the chosen orienta-
tion o5 determines an orientation in O(D¢). If C' is unobstructed so that

Coker(D¢) = {0}, then this orients Ker(D¢) = TeM” (ay, a_).

is a 2 X 2 symmetric matrix and Jy :=

Definition 9.9. A system of coherent orientations of the moduli spaces
of immersed unobstructed J-holomorphic curves in R x Y is a system of
orientations determined as above from orientations oz for all C withn =1
satisfying axioms (OR1) to (OR3) above, together with axiom (OR4) below.

To state axiom (OR4), consider a family {S(¢)};cq1 of 2 X 2 symmetric
matrices such that the associated symplectic matrix ®(2) is elliptic, i.e.,
has eigenvalues e*2™ for some § € R\ Z. We now describe a canonical
orientation in O(Cy).

First consider the case where S(t) = 6 for all . Then there is a canonical
orientation in O(Cy), because the operator

D := 8+ 0dz € D(Cy)
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is complex linear. In general, if ®(27) is elliptic, then there is some § € R\Z
such that
(*) the path {®(#)}c[o,2+) is homotopic rel endpoints to {62”9'5}756[072”].

Here €™ is regarded as an element of Sp(2) via the inclusion U(1) =

SO(2) C Sp(2). A homotopy as just described can be used to define a
continuous path of Fredholm operators, and hence an isomorphism

(9.32) O(Cs) ~ O(Cy)

via (9.4). Moreover, for any given § € R\ Z, the set of families {S(¢)}
satisfying (*) is contractible, so the isomorphism (9.32) is canonical. Thus
the canonical orientation in O(Cy) induces a canonical orientation in O(Cs).
Our last axiom is now:

(OR4) If {S(t)}sest is a family of 2 x 2 symmetric matrices such that the
associated 2 x 2 symplectic matrix ®(27) is elliptic, then 05, is the
canonical choice described above.

Remark 9.10. Axioms (OR1) to (OR4) imply the following generalization
of (OR4). Consider an orientation triple C = (C, E,{S;}) such that each
end is elliptic, i.e., for each k, if {®4(t)}c0,2x is the path of symplectic
matrices determined by Sk, then ®4(27) has eigenvalues on the unit circle.
Then there is a canonical orientation in (’)(5), obtained by deforming to the
complex linear case as in (9.32). (For example, this is how we orient the
operator Dy, and with it the obstruction bundle O, in Section 1.2.6.) Axioms
(OR1) to (OR4) imply that o agrees with this canonical orientation.

10. Counting ends of the index 2 moduli space

Let (Uy,U_) be a gluing pair satisfying (1.1) and (1.2). Throughout this
section, fix h < A/4A in the gluing construction as in Section 8.2, and
fix a system of coherent orientations. Also assume that J is generic so
that all non-multiply-covered J-holomorphic curves are unobstructed, all
nonmultiply-covered .J-holomorphic curves of index < 2 are immersed (see
Theorem 4.1), the obstruction section s vanishes only for simple branched
covers (see Lemma 6.4) where it is smooth (by Lemma 6.3) and the collection
of eigenfunctions v in Section 8.1 is admissible (see Propositions 3.2 and 3.9).

Recall that oy denotes the list of Reeb orbits corresponding to the positive
ends of Uy, and a_ denotes the list of Reeb orbits corresponding to the
negative ends of U_. This section will relate the count of zeroes of s defined
in Section 8.2, to a count of those ends of the index 2 part of the moduli
space M”(ay,a_)/R that are “close to breaking” into U, and U_ along
branched covers of R x c. This entails putting together the previous results,
and then comparing signs of zeroes of s with signs associated to these ends
via the coherent orientations.
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10.1. Statement of the result. Recall the definition of G5(U;,U-) from
Section 7.1; this describes curves that are “close to breaking” in the above
sense. In Section I.1.3 we defined an integer #G (U, U_) which counts ends
of the index 2 moduli space in Gs(Us,U_)/R. We recall the definition here
for convenience:

Definition 10.1. Let 0 < &' < § be small, and let & € M’(a;.a_)/R be
an open set such that:

L] Q(;/(U+, U_)/lR cCUc gg(U_H U_)/R
e The closure U has only finitely many boundary points.

Define #G(U4,U-) € Z to be minus the signed count of boundary points
of U, where U is oriented via the coherent orientations. (The orientation on
MY /R is induced from that of M” via the “R-direction first” convention,
see Section I.1.1.) Lemma I.1.11 implies that if § > 0 is sufficiently small,
then this count is well defined and independent of choices.

The main result of this section is the following theorem, which relates
#G (U4, U-) to the count of zeroes of s that was defined in Section 8.2.

Theorem 10.2. In the gluing construction, if we choose r sufficiently large,
then for R sufficiently large,

#G(UL,U-) = e(Uy) - e(U-) - #(s~1(0) N Vr/R).

Here ¢(Uy) denotes the sign associated to Uy by the system of coherent
orientations. Theorem 10.2, together with Corollary 8.6 (see Remark 8.5),
implies the main Theorem 1.1.

10.2. Reducing to a local statement. We now use the gluing theo-
rem 7.3 to reduce Theorem 10.2 to a “local” statement involving comparing
orientations.

Recall from Theorem 7.3(b) that if 6 > 0 is sufficiently small with respect
to r, then the gluing map identifies Gs(U,,U_) with a subset of s71(0).
Moreover, by Theorem 7.3(a) and Proposition 8.2, if R is sufficiently large,
then the gluing map sends 51 (0)NVg into Gs(Uy, U_). For such R, our fixed
coherent orientations determine an orientation of the 1-manifold s~1(0)/R
in a neighborhood of Vi /R.

We will see in Section 10.3 and Section 10.5 that our assumptions on
J imply that s is transverse to the zero section, so that s71(0) is smooth.
Choose R large as above, and generic so that s 1(0)/R intersects Vg/R
transversely in a finite set of points. For each point

(T—v T—H [E]) € 5_1(0) N VR/R,

define a sign
(T, Ty, [S]) € {21}
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as follows: epm(T-,T4,[X]) := + 1 if and only if near (7_,T4,[X]), the
orientation on 57 !(0)/R determined by the coherent orientations points in
the increasing R direction. Also, define

65(T77T+7 [E]) € {:l:l}
to be the sign of (T_,T%,[X]) as a zero of s, see Section 8.2.

Lemma 10.3. If r is chosen sufficiently large in the gluing construction,
and if R is sufficiently large with respect to r, and generic so that s~1(0)
intersects Vg transversely, then

(101) #G(U+7U—) = Z EM(T—7T+7 [2])
(T-,Ty,[X])es—1(0)NVR/R

Proof. Fix r > rg sufficiently large, and § > 0 sufficiently small with respect
to r, as in Theorem 7.3(b). By Theorem 7.3(a) and Proposition 8.2, if
R is sufficiently large, then the gluing map sends s71(0) N Jpi~ g Var into
Gs(Uy,U-). Fix a generic such R so that s71(0) intersects Vg transversely.
Define U € M”(a,,a_)/R to be the image of the gluing map on s~1(0) N
Ur/~r Vr'- By Theorem 7.3(b) and the compactness of the set | Jp/ < Vr/R,
there exists &' € (0,9) such that U contains all of Gs(Uy,U_)/R. As in
Definition 10.1, if ¢ is sufficiently small (the § chosen above is already small
enough), then #G(U,,U_) = —#0U. But —#0U is clearly the same as the
count on the right hand side of (10.1). O

As a consequence, to prove Theorem 10.2, it sufficies to prove the
following:

Lemma 10.4. If r is chosen sufficiently large in the gluing construction,
then with R as in Lemma 10.3, for each (T_,T.,[%]) € s71(0) N Vgr/R, we
have

em(T- Ty, [2]) = e(U-) - e(Uy) - (T2, T4 [S)).

10.3. Eliminating the coherent orientations. We now reduce Lemma
10.4 to a more explicit statement which does not refer to coherent orienta-
tions.

Recall from Section 5.8 that the obstruction section s is defined on the
set of triples (7_,7%,%) with Ty > 5r and ¥ € M. It proves convenient
henceforth to replace the coordinates (7_,7% ) by

R_ = S_—T_, R_|_ = 8+—|—T+.

That is, R4 is the amount by which the curve u4 is translated in the R direc-
tion in the pregluing. In these coordinates, s is defined on triples (R_, R, X)
with Ry > s+ +5r and R— > s_ —5r. The set Vg in Section 8.2 corresponds
to triples (R_, R+,%) as above such that Ry — R_ = R. Any element of
Vr/R has a distinguished representative with Ry = +£R/2, and this deter-
mines the identification of Vg /R with a subset of M from Section 8.2.
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In these new coordinates, consider a point (R_, Ry,%) € s 5(0) N Vg,
with R large as in Lemma 10.3, and let C denote the corresponding J-
holomorphic curve given by the gluing theorem. The key to the proof of
Lemma 10.4 is to compare signs associated to (i) the derivative of the gluing
construction and (ii) linear gluing.

(i) Use the L? inner product to identify Coker(Dys) with its dual, and
thereby regard s as taking values in Coker(Dsy). We then have a sequence
of maps

(10.2) 0 — Ker(D¢) -2 R2 & Ts M % Coker(Dy) — 0.
Here Vs denotes the differential of s at (R_, R4+, Y). Meanwhile,
T : Ker(D¢) — Ker(Vs)

is the inverse of the derivative of the gluing map. (The discussion in Sec-
tion 6.3 shows that the gluing map is smooth here, and we will see in Sec-
tion 10.5 that its derivative Ker(Vs) — Ker(D¢) is an isomorphism.) Since
C' is unobstructed, dimension counting shows that the sequence (10.2) is
exact. Since Ty M and Coker(Dy) have canonical orientations, the exact
sequence (10.2) determines an isomorphism

(10.3) ®1 : O(Ker(Dg)) ~ O(R?).
(ii) The linear gluing construction from Section 9 defines an isomorphism
(10.4) O(Dc) ~ O(D_) X O(DO) &® O(D+),

where Dy is an appropriate index 0 operator on X, compare Section 10.4. By
Remark 9.10, there is a canonical orientation in O(Dy). Thus, since Dy and
D¢ are unobstructed, the isomorphism (10.4) determines an isomorphism

(10.5) O(Ker(Dc)) =~ O(Ker(D_)) ® O(Ker(D.)).

On the other hand, the R-action on the moduli spaces of J-holomorphic
curves determines isomorphisms Ker(Dy) ~ R. Thus the isomorphism
(10.5) determines an isomorphism

(10.6) ®y : O(Ker(Dg)) ~ O(R?).

Lemma 10.5. Ifr is sufficiently large in the gluing construction, and if R is
sufficiently large as in Lemma 10.3, then for each (R_, Ry, %) € s 1(0)NVg,
the isomorphisms ®1 and ®o defined in (10.3) and (10.6) agree.

This lemma will be proved in Section 10.5. Granted this, we can now
give:

Proof of Lemma 10.4. Assume that r is sufficiently large as in Lemma 10.5
and that R is sufficiently large as in Lemma 10.3, and let (R_, R4, ) be a
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transverse intersection of s71(0) with Vg. Transversality here means that
the projection

II . T(R77R+72)5_1(0) — T(R,,R+)R2
is an isomorphism. Moreover,

em(R—, Ry, X)) = sign(det(II)),

where sign(det(II)) is computed using the orientation of T(r g, 55 *(0)
determined by the coherent orientations, together with the standard ori-
entation of R?. Using these same orientations, we also see from the exact
sequence (10.2) that

sign(®;) = sign(det(Il)) - es(R—, R+, X).
On the other hand, we have
sign(@2) = e(U-) - e(U),

because by definition the isomorphism O(D4) ~ R is orientation-preserving
if and only if ¢(Uy) = £1. Combining the above three equations with
Lemma 10.5 proves Lemma 10.4. U

10.4. Setting up the linear gluing exact sequence. Fix (R_, R, ,Y) €
571(0), and let C denote the associated glued curve. To prepare for the
proof of Lemma 10.5, we now show that if »,7_ T, are sufficiently large,
then a version of the linear gluing exact sequence (9.30) is applicable, with
Ci = U4+ and CO ~ .

Here is the precise setup. Let Ei1 denote the normal bundle to u+, and
let E~ denote the normal bundle to C. Recall that we have linear deforma-
tion operators Dy : C%®°(Ey) — C®°(T"'Cy ® E1) and D¢ : C®(E¢g) —
C>(T"'C ® E¢). Use the coordinates z,w in a neighborhood of the Reeb
orbit « as usual to trivialize E_ over the positive ends of C'_ and to trivialize
E over the negative ends of C'.

Let C’ denote the surface obtained from C by removing the s < s_ —T_
portion of the first N_ negative ends and the s > sy + T portion of the
first Ny positive ends. Let Cy denote the surface obtained from C’ by
attaching infinite cylindrical ends to the boundary circles. Note that Cj is
naturally identified with X, because ¥’ parameterizes C’ by a map sending
u— (z,w) = (m(u),x(u)). The identification ¢ : Cy — ¥ is bi-Lipschitz,
and off of the ramification points it is smooth.

For future reference, here is a more explicit description of C{ near a
ramification point p. Let v be a holomorphic local coordinate on Cj that
vanishes at p. It follows from (2.1), as in Section 6.4, that the holomorphic
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coordinate v can be rescaled so that near v = 0,
z =20+ (1 = |ao|*) "' (v* + ag?®) + O([v]*),

(10.7) )
w = wy + cv + O(|v]?),

where zg, wg, ag denote the values of z, w, a at p, and ¢ is a nonzero constant.
Now define a bundle Ejy over Cy, and a differential operator

Dy : C*(Ey) — C™(T"'Cy @ Ey),

as follows. Over C’, define Ej to be the pullback of the normal bundle to C
in R x Y. The coordinate w trivializes this bundle on the complement of the
ramification points. Use this trivialization to extend Ey, with trivialization,
over the ends of Cj.

Next, define a continuous bundle map

(10.8) O Ty 70y

as follows. On the complement of the ramification points, %! is a smooth

bundle map defined by pulling back from T%'Y to T, ¢Co via the map 2 :
Co — X, and then projecting along T1Cy to T%'Cy. Here the complex
structure on Cy is chosen to agree with that of C over the support of s and
to agree with the standard complex structure on the cylinder over the ends
of Cy. The map (10.8) extends continuously over the ramification points,
where it is zero. We can choose the complex structure on Cy so that :%! is an
isomorphism on the complement of the ramification points; this is because
the (0,1) part of the 1-form dz is

(10.9) (dz)" = (1 — |a)?) "1 (dz — adz).
Finally, define
(10.10) Dy := D¢ + (1 — Bs)i"! Dy,

where By, is the cutoff function defined in Section 5.3.

In order to obtain a version of the linear gluing exact sequence, we want to
choose a finite dimensional subspace Vy C L?(T%'Cy ® Ey) such that if Wy
denotes the orthogonal complement of Vj and if Iy, denotes the orthogonal
projection onto Wy, then Iy, Dy is surjective. For this purpose, define a
continuous bundle map

(10.11) n:%xC— Ep,

covering the Lipschitz map 171 : ¥ — Cj, as follows. Over ¥\ ¥/, the map
n is just the trivialization of Ey over the ends of Cy. Given u € ¥’ and
w € C, let p denote the point in C' corresponding to u, let W € T),(R x Y))
denote the tangent vector to the z = constant disc corresponding to w and
define n(u,w) to be the projection of W onto the normal bundle to C at p.
Note that n is zero at each ramification point and an isomorphism at every
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other point of 3. Tensoring the bundle maps (10.8) and (10.11) defines a
Lipschitz bundle map

nOli= 2 @n: T0'Y — T%Cy @ Ey

which vanishes at the ramification points and is a smooth isomorphism else-
where. In terms of this last bundle map, define

Vp := n®!(Coker(Ds)) C L*(T%'Cy ® Ey).

We will see below that Iy, Dy is surjective for this choice of V5. We also
want to understand the kernel of Ilyy, Dy. For this purpose, define a linear
map

p: CYUEy)) — TsM

as follows. Let R denote the set of ramification points of ¥. Due to our
choice of almost complex structure .J, the ramification points are simple,
so branched covers in M near 3 are determined by the projections of their
ramification points to R x S'. Consequently, there is a natural identification

TeM = ) Ty R x S1).
u€ER

Under this identification, the map p sends a continuous section ¢ of Fy to
the collection of tangent vectors (z,)uer, where z, denotes the pushforward
of 1(u) by the projection (z,w) — (z,0).

Lemma 10.6. If r is sufficiently large in the gluing construction, then

(a) Ty, Do : L3(Eg) — Wy is surjective.
(b) The map p restricts to an isomorphism

(10.12) p : Ker(Ily, Dg) — TeM.

Proof. First note that if ¢ € Ker(Ily, Do), then by definition there exists
n € Coker(Dy) with Dgyp = n%15. Since 7 is a smooth (0, 1)-form on ¥, and
since n%! is Lipschitz, it follows that Dot has bounded first derivatives near
the ramification points, and so by elliptic regularity ¢ is C'. In particular,
p is well defined on Ker(ITyy, D).

Now since the index of the operator Ilyy, Dy equals the dimension of T, M,
to prove both (a) and (b) it suffices to show that the map (10.12) is injective.
Suppose ¢ € Ker(Ily, Do) satisfies p(¢)) = 0; we will show that ¢ = 0.

Step 1. We first show that there exists ¢ € L?(%, C) with n¢ = .

The only issue is to check that n~!¢) is L? in a neighborhood of
each ramification point p. Near p, in terms of the local description (10.7),
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the normal bundle to Cy near v = 0 is trivialized by a (1,0)-form that
annihilates T'Cy and has the form
(10.13)

n= g(dz — apdz) — vdw + O(|v])dz + O(|v|)dZ + O(|v|*)dw + O(|v|?)dw.

It follows that in this local trivialization, using the Lipschitz identification
1: 3 — Cp to regard n as a map between bundles over Cy, we have

(10.14) n=—v+ O(|v]?).

Since Do) € Vj, we know that v is C* and Dgp = O(Jv|), and since p(1) = 0

we know that 1) = O(Jv]|). It follows that in the local trivialization (10.13),
o

(10.15) 55 = O(lvl).

Now (10.14) and (10.15) imply that d(n~='¢)/0v is bounded, and so by

elliptic regularity again, n=14 is L2.

Step 2. We now show that if ¢ € L3(X, C) satisfies IIyy, Do(n¢) = 0, then
¢=0.

We begin by deriving a useful formula for Dy(n¢). First restrict attention
to X'. Here, off of the ramification points, regard vy, locally as a function
of z € R x S'. Recall from Section 3.1 that the graph, C, of ¢y is J-
holomorphic if and only if 9(C') = 0, where 9(C) denotes the 1-form on C
with values in the normal bundle N¢ that inputs a tangent vector v and
outputs the projection of Jv to No. To describe d(C) more explicitly in
the present case, note that the projection from T'(R x Y')|c to N¢ is given
by the composition of n with the 1-form dw — dis;. Hence. n=19(C) is the
restriction to C' of —2i times the (0,1) part of dw — dyy. By (2.1) and
(10.9), this gives

(10.16) 9(0) = 2in! ((%l/f + ai;/f + b) d?) :
By definition,
De(ng) = | B(C),
2ide|
where C, denotes the graph of ¥y, + (. Therefore,
(10417) Dc(n¢) = n%! <(gg + agg + (Vga)agf + V<b> dz)

=n"! (D¢ + R(Q)),

where V denotes the derivative along the z = constant disks in the direction
determined by ¢, and
0 0
a—C + Ve

(10.18) R(C) == ( =+ (Vo) 52+ (ng—VCb]w0)> dz.
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It then follows from (10.10) that on all of X,
(10.19) Do(n¢) = n" (D¢ + sR(Q)) -

To use this formula, note that our assumption that Iy, Do(n¢) = 0 means
that Do(n¢) € n%! Coker(Dsy). Since n®! is an isomorphism except at the
ramification points, it follows from this and (10.19) that

(10.20) Dx.¢ + BsR(¢) € Coker(Dsy).

Now recall from the proof of Lemma 5.5 that there is a constant ¢ > 0, not
depending on X, T, T, such that

(10.21) I1DsCllz = e[l z2-

On the other hand, inspection of (10.18) shows that there is a constant ¢
with

(10.22) IR(OI < ] (IK]+ V<)

It follows from (10.20), (10.21), and (10.22) that if r is sufficiently large, so
that |w| is always sufficiently small on the support of (s, then ¢ = 0. O

10.5. A homotopy of exact sequences. With all the setup in place, we
come now to the heart of the proof of Theorem 10.2. If r is sufficiently
large, then since Dy, D¢ and Iy, Dy are surjective, as in (9.30), we obtain
an exact sequence

(10.23)

0 — Ker(D¢) —Ls Ker(D_) @ Ker(ITyy, Do) @ Ker(Ds) —2 Vo — 0.

Here we use the cutoff functions 5_, By := s and (4 from Section 5; these
are slightly different from the cutoff functions in (9.30), but the resulting
exact sequence will be the same up to homotopy, as in Section 9.3. Moreover,
the isomorphisms

(10.24)  Coker(Dy) ~Vp, Ker(Ily, Do) ~ T M, Ker(Dy) ~ R,

determined by n%!, p and the R-action, respectively, identify the terms in
the exact sequence (10.23) with those in the exact sequence (10.2), although
the maps may be different. (In these identifications, we are commuting
Ker(Dy) with Ker(Ily, Do), which has no effect on orientations since the
latter is even dimensional.) On the other hand, the exact sequence (10.23),
together with the exact sequence

(10.25) 0 — Ker(Dy) — Ker(IIy, Do) Lo vy —s Coker(Dy) — 0,

determines the isomorphism (10.4) on orientations. So to prove Lemma 10.5,
and thus Theorem 10.2, it is enough to prove the following:
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Lemma 10.7. Let (R_, R, %) € 5 1(0). If r is sufficiently large in the
gluing construction, then under the identifications (10.24):

(a) The isomorphism
O(Ts M) ® O(Coker(Ds)) = O(Dy)

determined by (10.25) sends the tensor product of the canonical ori-

entations of T M and Coker(Dy)) to the canonical orientation of Dy.
(b) The exact sequences (10.2) and (10.23) are homotopic through exact

sequences, and so induce the same isomorphism on orientations.

Proof. Assertion (a) follows by deforming to the complex linear case.
The proof of assertion (b) has the following outline:
Part 1. We will first construct a homotopy of exact sequences

(10.26) 0 —s Ker(D¢) 22 R? @ T M 27 Coker(Ds)) — 0,
parameterized by 7 € [0,1], such that when 7 = 1, the exact sequence

(10.26) agrees with (10.2).
Part 2. We will then relate the exact sequence (10.26) for 7 = 0 to the
exact sequence (10.23) by defining a map

(10.27) 7 : Ker(D_) @ Ker(Iy, Do) @ Ker(D,) — R? @ Ty M

such that the following diagram commutes:
(10.28)
f

Ker(D¢) —— Ker(D_) @ Ker(Ily, Do) ® Ker(Dy) —— Vo

H l [
Ker(D¢) EELEN R? @ Ty M — Coker(Dy)

Part 3. Lastly, we will show that p is an isomorphism which is homotopic
through isomorphisms to the isomorphism given by p and the identifications
Ker(Dy) ~ R.

The details follow.

Part 1. Fix (r—,74,X) € R2 & TxM, and fix 7 € [0, 1]. We begin with a
somewhat lengthy definition of g,(r_,r4+, X).

Let ¢4 € Ker(D4) correspond to 7+ € R. Let ¢y denote the unique ele-
ment of Ker(Ily, Do) for which p(¢9) = X; this is provided by Lemma 10.6.
Given (+ € L3(E+) orthogonal to Ker(D4) and given (s, € L3(X,C), con-
sider

(10.29) Y=o+, thoi=¢o+nls, i =i +(y,
(10.30) W= B_ + Botpo + Bibs € LI(Ne).
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Recall that the construction of the linear gluing exact sequence (10.23) writes

D¢ (¥) = -0 _(vY—,v0) + BoOo (v, Yo, V) + B+O4 (Yo, 4 ),

where O and © are defined by analogy with (9.10). Near the ramification
points, ©g = D)o, and so by (10.17) and (10.29), the above equation can
be rewritten in the form

(10.31) Dc(v) = B-O_(¢—,1bo) + Bon” ' Os(v_, b0, 1+) + B1O1 (Yo, ¥),

where Oy € L2(T"1%, C).
On the other hand, the derivative of the gluing construction in the direc-
tion (r_,r;, X) defines an alternate expression

(10.32) De(vh) = B-O" (¢, o) + Bon™ O% (¥, o, Y1) + 54O’ (o, ¥y)

as follows.

The ©"’s are first-order differential operators, so to define the expression
(10.32) we can assume that ¢4 and 1 are smooth. Consider a smooth
one-parameter family of triples (R_(¢), Ry (€), ¥(¢)), parameterized by € in a
neighborhood of 0 in R, such that (R_(0), R4(0),3(0)) agrees with our given
element (R_, R,,Y) € s~ (0), while de‘ oftx(€) =y and %}EZOE<6) = X.
Let Ei(e) be a smooth 1-parameter family of sections of the normal bundle
to u4 such that Zi (0) is the section produced by the gluing construction (in
Propositions 5.6 and 5.7 and denoted there by v4) applied to (R—, R4+, Y),
while 4| _ Cu(e) = Ca.

Fix a small neighborhood U of the ramification points in ¥. Note that
when ¢ is sufficiently small, there is a canonical diffeomorphism of ¥ \ U
with a subset of Y(¢), respecting the projections to R x S'. Let Eg(e) be
a 1-parameter family of complex-valued functions on ¥\ U such that 52(0)
is the restriction to ¥ \ U of the function on ¥ produced by the gluing
construction (Proposition 5.7) applied to (R_, R4, %), and

(10.33) 4 Cule) = n~ M.

de e=0
To continue, let C(e) denote the partially defined surface obtained from
the pregluing construction applied to (R-(e), R+ (€), X(¢)) using the sections
(C-(€),Cx(€), C+(€)); this is defined over the complement of U. Here equation
(5.8) writes O(C(€)) in the form
2i0(C€)) =6-(€)0_(C(e), (x () + B+ (e )é+(52(5),5+)
+ Bo(e)n®1O5 e)(C (e), Cz(e i (e))

(where © here corresponds to © in equation (5.8)). Note that on the part
of C' corresponding to the complement of U, the normal derivative of the
family of surfaces {C.} at € = 0 is given by the section ¢ defined in (10.30).

(10.34)
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Thus differentiating equation (10.34) at € = 0, and using the fact that the
©’s vanish at e = 0, gives

0
0,1
Dc(y) = ﬁ—a o~ 0@—+ﬁon el

The expansion (10.32) is now defined over the complement of U by setting
O = % o 0@i and O : %’ 09x(¢)- Near the ramification points, this
expansion agrees with (10 31), and as such has a canonical extension over U.

With the preceding understood, for 7 € [0, 1] define
0T = (1-7)0_+70", 5= (1-7)0x+70y, O :=(1-7)0,+70.

o1 ~
s(e) 5+& 6:0@+-

€

Keep in mind that the ©7’s depend implicitly on the triple (r_,ry, X) €
R? & T M. Note that one can write

@7; = D_C_ + RZ(C—7CZ)7 @1 = D+C+ +R1(CE7<+)7
0% = Dx(s + (%) ' Dogo + RE(C-, &y G4 ),

where each term in R7, or RE that is linear in ({_, (s, (+) maps from L? to L?
with small operator norm when r is large. It follows by the usual arguments
that if 7 is sufficiently large, then there exist unique ¢+ € L?(E4) that are
L?-orthogonal to Ker(Dx), and (s, € L?(%, C), such that

(10.35)

O (v—,v0) =0, OF(Y—,vo,1) € Coker(Dyx), O (vo,1+) = 0.

Moreover, (+ and (x vary continuously with 7. For this distinguished (4
and (s, we define

gT(r—a 7,+7X) = ®§(¢—7¢07¢+)'

To complete the construction of the exact sequence (10.26), note that by
(10.31) and (10.32), we have a map

Ker(g;) — Ker(D¢),
(r—,r4, X) — Bt + Bovo + B9+

A linear version of Lemmas 7.4 and 7.5 shows that if r is sufficiently large,
then the map (10.36) is an isomorphism. We now define f to be the inverse
of the map (10.36). Thus f; is injective and Im(f;) = Ker(g,). Since
C' is unobstructed, dim Ker(D¢) = 2, and so by dimension counting, the
sequence (10.26) is exact.

We now show that when 7 = 1, the exact sequence (10.26) agrees with
(10.2). We first show that g1 = Vs. Let (r_,r.,X) € R2® TxM be
given, and let ¢+, ¢o, and (R— (e) +(€), X(€)) be as before. For each e, the
gluing construction finds a unique triple ((_(¢), ¢ x(€), C+(€)), where Co(e) is
an L? section of ux orthogonal to Ker(D4), and Co(e ) € L3(%(e),C), such

(10.36)
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that O, = 0 and ég(g) € Coker(Dyyc)). These depend smoothly on € (see
Section 6.3), and by definition,

(10.37) Vs(r_,ry, X) = % ) Oéz(e) € Coker(Dy).

Now define (4 := %]620@(6) € L?(Ey) and 91 = ¢4 + (+. Also, define
Yo € L3(Ep) as follows. Off of the ramification points, 1)y is given by equa-
tion (10.33). In a neighborhood of the ramification points, 1 is the normal
derivative of the family of surfaces C(e). Note that p(¢p) = X. More-
over, near the ramification points, Doy = n®'Vs. It follows as in the
proof of Lemma 10.6 that 19 — ¢9 = n(s for some (s € L2(%,C). The
triple ((—,(s, () is then the unique solution to equation (10.35), so by
the definition of g; and equation (10.37) we conclude that g;(r—,ry, X) =
Vs(r—,ry,X). Similarly, fi =Z.

Part 2. We now define the map p in (10.27). Let (¢—, ¢, ¢+) be given,
where ¢+ € Ker(D4) and ¢ € Ker(Ily,Dp). As in the definition of the
map ¢ in (10.23), there are unique (+ € L?(Fy) orthogonal to Ker(D4)
and (g € L?(Ep) orthogonal to Ker(ITyy, Do) such that 14 := ¢+ + (+ and
o 1= ¢f, + (o satisfy

@—(¢—;¢0) = 07 @+(¢07¢+> = Oa 60(¢—7w01¢+) € VYO

Near the ramification points, @9 = Dy, so as in the proof of Lemma 10.6,
p(1o) is defined. Let r4 correspond to ¢4 under our usual identification
Ker(Dy) ~ R, and define

ﬁ(¢—7 ¢67 ¢+) = (T—u T+, P(i/)o))

We now show that the diagram (10.28) commutes. To see that the right
square commutes, continue with the notation from the definition of p, and
let ¢o denote the unique element of Ker(Ily, D) for which p(¢o) = p(o).
As in the proof of Lemma 10.6,

(10.38) Yo = ¢o + nCx
for some (s, € L2(%, C). Then (_, 1,1+ ) is the unique solution to equation
(10.35) for 7 = 0 and (r_,ry, X) = p(¢—, ¢, d+). So by definition,
no’lgOﬁ(Cb*a ¢/O’ ¢+) = 1’10’1@2(7#7, w()v ¢+)
= @O(wfa w()v ¢+)
= g(¢—7 ¢67 ¢+)

Similarly, the left square in (10.28) commutes.

Part 8. We now show that p is an isomorphism, which is homotopic
through isomorphisms to the map sending (¢—, ¢y, ¢+) — (r—,r+, p(¢p))-
To see this, for 7 € [0, 1] consider the linear interpolation

pr(9—, 80, ¢+) = (r—,r, 7p(tho) + (1 = 7)p(p))-
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Tt is enough to show that p, is injective for each 7. Suppose on the contrary
that pr(¢—, ¢, ¢+) = 0. Then by Lemma 10.6,

(10.39) ¢y =0,
(10.40) 7o+ (1 — 1)y = 0.

It follows from (10.39), as in the definition of g in Proposition 9.3, that for
any € > 0, if r, Ty are large, then

(10.41) [hllz2 < ellgoll 2,
(10.42) 10 — doll 2 < elldpll 2

The inequality (10.41), together with the equation ©g(v_, g, %y) € Vo,
implies as in the proof of Lemma 10.6 that the function (s, defined in (10.38)
satisfies

(10.43) Gl < ellgollze

if r is sufficiently large. On the other hand, equations (10.38) and (10.40)
imply that

¢o =7 (¢ — vo) +nls) -
This contradicts (10.42) and (10.43) if ¢ is chosen sufficiently small.

This completes the proof of Lemma 10.7, and thus Theorem 10.2
is proved. O
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