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COMPLEX AND KAHLER STRUCTURES ON COMPACT
SOLVMANIFOLDS

KE1z0 HASEGAWA

We discuss our recent results on the existence and classification
problem of complex and Kéahler structures on compact solvmanifolds.
In particular, we determine in this paper all the complex surfaces which
are diffeomorphic to compact solvimanifolds (and compact homogeneous
manifolds in general).

1. Introduction

The purpose of this paper is to discuss our recent results on the existence
and classification problem of complex and Kéhler structures on compact
solvmanifolds. In particular, we determine in this paper all the complex
surfaces which are diffeomorphic to four-dimensional compact solvmanifolds
(see Theorem 1); combined with many known results, this makes us
determine the complete list of complex surfaces which are diffeomorphic
to four-dimensional compact homogeneous manifolds (see Section 8).

A solvmanifold M is a compact homogeneous space of solvable Lie group,
that is, M is a differentiable manifold on which a connected solvable Lie
group G acts transitively (and almost effectively). M can be written as
D\G, where G is a simply connected solvable Lie group and D is a closed
subgroup of G (which includes no non-trivial connected normal subgroup
of G). By complex structures (or Kéhler structures) on solvmanifolds, we
mean integrable almost complex structures (with compatible Kéhler form)
on M which are not necessarily invariant by the canonical (right) action
of G. A complex structure J on M is called left-invariant if it is induced
from a left-invariant complex structure on G. It should be noted that com-
plex structures on solvmanifolds may or may not be left-invariant; how-
ever, we shall see in this paper that four-dimensional solvmanifolds admit
only left-invariant complex structures. We do not know any solvmanifolds
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(including tori) of higher dimension which admit non-left-invariant complex
structures.

The classification of compact homogeneous Kéahler manifolds is well
known [8, 26]; in particular, we know that the only compact homogeneous
Kahler solvmanifolds are complex tori. On the other hand, we observed in
the paper [20] that a four-dimensional solvmanifold admits a Kéhler struc-
ture if and only if it is a complex torus or a hyperelliptic surface. The
following theorem on four-dimensional solvmanifolds may be considered as
a generalization of this result:

Theorem 1. A complex surface is diffeomorphic to a four-dimensional solv-
manifold if and only if it is one of the following surfaces: Complex torus,
Hyperelliptic surface, Inoue Surface of type S°, Primary Kodaira surface,
Secondary Kodaira surface, Inoue Surface of type ST. And every complex
structure on each of these complex surfaces (considered as solvmanifolds) is
left-invariant.

A hyperelliptic surface can be characterized as a finite quotient of a com-
plex torus which is simultaneously a complex torus bundle over a complex
torus. As a natural generalization of hyperelliptic surfaces to the higher
dimension, we can define a class of Ké&hlerian solvmanifolds (see Example 4).
And as stated in the paper [20], we made a conjecture that any Kéhlerian
solvmanifold must belong to this class of solvmanifolds. Recently, we have
given a complete proof for this conjecture, applying a result of Arapura
and Nori on polycyclic (solvable) Kéhler groups [3] (see also [1]), together
with our previous results on Kéhlerian nilmanifolds [9, 18] and Kéhlerian
solvmanifolds [20] (see Section 7):

Theorem 2. [21]. A compact solvmanifold admits a Kdhler structure if
and only if it is a finite quotient of a complex torus which has a structure
of a complex torus bundle over a complex torus. In particular, a compact
solvmanifold of completely solvable type has a Kdhler structure if and only
if it is a complex torus.

The last part of the theorem was first conjectured by Benson and Gordon
[10], which can be shown simultaneously in the proof of the theorem. For
the definition of completely solvable type, we refer to Section 7.

In this paper, we provide many examples of solvmanifolds, including two
class of four-dimensional solvmanifolds which admit no complex structures
(see Section 4), and a class of six-dimensional pseudo-Kéhlerian solvman-
ifolds (of completely solvable type) which admit no complex structures
but satisfy most of the known topological properties of compact Kéhler
manifolds (see Section 7).
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2. Fundamental results on solvmanifolds

We recall some fundamental results on solvmanifolds, most of which are
found in [5]. Let M be a solvmanifold of dimension n. We have the following
basic results:

(1) M is a fiber bundle over a torus with fiber a nilmanifold (which is called
the Mostow fibration of M) [27]. In particular, we can represent the
fundamental group I' of M as an extension of a torsion-free nilpotent
group A of rank n—k by a free abelian group of rank k, where 1 < k < n
and k = n if and only if I' is abelian:

0—A—T —ZF 0.

(2) Conversely, any such abstract group I' (which is a polycyclic group)
can be the fundamental group of some solvmanifold [35]. We call such
a group I' a Wang group of rank n.

(3) It is also well known (due to Mostow [27]) that two solvmanifolds
having isomorphic fundamental groups are diffeomorphic.

It is often useful to assume that k = b; (the first Betti number of M) in
the group extension of (1), which is possible due to a result of Auslander and
Szczarba [7] that a solvmanifold M = D\G has the canonical torus fibration
over the torus ND\G of dimension b; with fiber a nilmanifold, where N is
the nilradical of G (the maximal connected normal subgroup of G).

It should be noted that a solvmanifold M is not necessarily of the form
I'\G, where G is a simply connected solvable Lie group with discrete sub-
group I'. However, it is known (due to Auslander [4]) that M has a solv-
manifold of the form IY\G as a finite covering, where I is a subgroup of
I' with finite index. We know in general that two Wang groups are com-
mensurable if and only if the corresponding two solvmanifolds has the same
solvmanifold as a finite covering.

3. Four-dimensional solvmanifolds with complex structures

Let I" be the fundamental group of a four-dimensional solvmanifold S. Then
we have

0—A—T—2ZF—0,

where A is a torsion-free nilpotent group of rank 4 — k.

For the classification of four-dimensional solvmanifolds (up to finite cov-
ering), it is sufficient to classify Wang groups I' as the group extensions of
the above form and find a subgroup I" of finite index, which extends to a
simply connected solvable Lie group G such that I'\G is a solvmanifold.

We define three types of Wang groups of rank 4 as follows: (Type I)
2 <k <4, (Typell) k =1 and A is abelian, (Type III) £k = 1 and A is
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non-abelian, where these three types are not mutually exclusive (as seen in
Example 1).

Example 1. Let A,, = Z2 x Z, where the action ¢: Z — Aut(Z?) is defined
by ¢(1) = A, € GL(2,Z),
1 n
()

Then A,, is a nilpotent group of rank 3 and has a matrix expression:

1 a 3
A, = 0 1 b]|labcel
0 0 1

We see that A,, can also be expressed as a non-split group extension:
0—Z— A, — Z> —0,

where the action of Z? on Z is trivial. It should be noted that a torsion-free
nilpotent group of rank 3 is isomorphic to A,, for some n € Z.

Let T';, = A, X Z be a nilpotent group of rank 4. Then T',, belongs to all
of the types I, II, and III.

A four-dimensional solvmanifold S is of type I (II or III) if the funda-
mental group of S is of type I (IT or III, respectively). Concerning the
four-dimensional solvmanifolds of type I, we have

Proposition 1. A four-dimensional solvmanifold S is of type I if and only
if S is a T? bundle over T?.

Proof. We can easily see that Wang groups with &£ = 3 or 4 can be expressed
also as those with k& = 2. Hence, the solvmanifolds of type I are all T2
bundles over T2. Conversely, the fundamental group of a 72 bundle over
T? is clearly a Wang group. Since we know [30] that diffeomorphism types
of T? bundles over T? are also determined uniquely by their fundamental
groups, they are diffeomorphic to some solvmanifolds of dimension four. [

It is known (due to Ue [32]) that a complex surface S is diffeomorphic
to a T2 bundle over T2 if and only if S is a complex torus, Kodaira sur-
face or hyperelliptic surface. The following result may be considered as a
generalization of this result.

Theorem 1. A complex surface is diffeomorphic to a four-dimensional solv-
manifold if and only if it is one of the following surfaces: Complex torus,
Hyperelliptic surface, Inoue Surface of type S°, Primary Kodaira surface,
Secondary Kodaira surface, Inoue Surface of type ST. And every complex
structure on each of these complex surfaces (considered as solvmanifolds) is
left-invariant.
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The proof of Theorem 1 consists of three parts. The first part is to show
that each of the complex surfaces (in the theorem) can be characterized as
a solvmanifold of type II or III with canonical complex structure. The rest
of this section is devoted to this part of the proof. The second part of the
proof (the converse of the first part) is to show that a complex surface with
diffeomorphism type of solvmanifold must be one of the complex surfaces in
the theorem. We shall see this part of the proof in Section 6. For the proof
of the last part of the theorem, we shall give in Section 5 the complete list of
(left-invariant) complex structures on these complex surfaces as integrable
almost complex structures on their corresponding solvable Lie algebras.

We now characterize each of the complex surfaces in the theorem as a
solvable manifold of type II or III as follows.

[Type II] We have the following split group extension, where the action
¢: Z — Aut Z3 is defined by ¢(1) € SL(3,Z):
0—Z—T—Z—0.
(1) Complex tori. ¢(1) = I, and thus I = Z*.
(2) Hyperelliptic surfaces. ¢(1) has a single root 1 and a double root —1
with linearly independent eigenvectors or non-real complex roots 3, 3
with |5] = 1.
(3) Inoue surfaces of type S°. ¢(1) has non-real complex roots a, @ and a
real root ¢ (¢ # 1) with |a|?c = 1.

[Type III] The group extension is split and thus determined only by the
action ¢: Z — Aut(A,):

0—A,—I—7Z—0,

where A, is a nilpotent group of rank 3 as defined in Example 1.
An automorphism ¢(1) induces the automorphism ¢(1) of the center Z of
A, and the automorphism ¢(1) of Z2 = A,,/Z.
(4) Primary Kodaira surfaces. ¢(1) =1d, and thus T’ = A,, x Z.
(5) Secondary Kodaira surfaces. ¢(1) = Id, and &5\(1) has a double root 1
with linearly independent eigenvectors or non-real complex roots a, &
with o] = 1.
(6) Inoue surfaces of type S*. q~5(1) = 4Id, and (}5(1) has two positive
roots a,b (a # 1)) with ab = 1 (two real roots a,b with opposite sign
(la] # 1) with ab = —1 respectively). Note that the Inoue surface of
type S~ has that of type ST as a double covering.

(1) Complex tori. An n-dimensional torus 7™ is a compact homogeneous
space of the abelian Lie group R™: that is, 7" = Z™\R", where Z" is an
abelian lattice of R™ which is spanned by some basis of R as a real vector



754 K. HASEGAWA

space. For the case n = 2m, the standard complex structure C™ on R?*™
defines a complex structure on 72™. The complex manifold thus obtained
is a complex torus.

It should be noted that 7™(n > 3) can admit a structure of non-toral
solvmanifold (see Section 7). On the other hand, it is unknown if all the
complex structures on 72™ (m > 3) are the standard ones. This holds for
m = 1,2, since it does define a Riemann surface with by = 2 (a complex
surface with by = 4, respectively), which is Kéhlerian, and its albanese map
is biholomophic.

(2) Hyperelliptic surfaces. Let I' = Z3 % Z, where the action ¢: Z — Aut(Z?3)
is defined by ¢(1) € SL(3,Z). Assume that ¢(1) has a single root 1 and a
double root —1, with linearly independent eigenvectors of —1 or non-real
complex roots 3, 3 with |3| = 1.

For A = ¢(1) € SL(3,Z) which satisfies our assumption, we can find
a basis {u1,us,u3z} of R? such that Au; = auy — bug, Aus = buj + aus,
Aus = ug, where a = —1 and b = 0, for the case that A has a double
root —1 and @ = Re 8 and b = Im 3, for the case that A has a non-real
complex root f. Let w; = (uj1, w2, ui3), © = 1, 2, 3. Then {vy,vs,vs},
vj = (u1j,u25,us3;5), j = 1, 2, 3, defines an abelian lattice Z? of R? which is
preserved by a rotation around a fixed axis. In particular, G must be eV—1¢
(¢ = 2m, 37 or 3m).

Furthermore, we may assume that u3; =0, j = 1, 2 and A is of the form

a1 a2 O
a1 ax 0],
p q 1

where A" = (a;5) € SL(2,Z),p, q € Z. Since A" has the root —1 (with linearly
independent eigenvectors) or 3, we can assume that A’ is of the form:

-1 0 0 1 0 1 0 1
0o -1/’ -1 -1)° -1 0/’ -1 1)’
according to the root eV=In of A’, where n = T, %ﬂ, %7‘( or %ﬂ, respectively.

We now define a solvable Lie group G = (C x R) x R, where the action
¢: R — Aut(C x R) is defined by

B(t)(z,8) = (¥~ 1Mz,5),

which is a canonical extension of ¢. I' = Z3 x Z clearly defines a lattice of
G. Since the action on the second factor R is trivial, the multiplication of
G is defined on C? as follows:

Vv —1Int

(w17w2) (z1,22) = (w1 + e 21, w2 + 22),
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where t = Rews. For each lattice I' of G, S = I'\G with the canonical
complex structure from C? defines a complex surface which is, by definition,
a hyperelliptic surface [11].

We can see that there exist seven isomorphism classes of lattices of G,
which correspond to seven classes of hyperelliptic surfaces. For each 7, take
a lattice Z3 of R3 spanned by {v,vs,v3} for A with p = ¢ = 0. Then we
can get a lattice Z? spanned by {v,va,v4} for A with arbitrary (p,q) € Z2,
by changing vz into v§ = svj + tvg + v3, where s,t € Q with 0 < s,¢ < 1,
and I' = Z3 x Z defines a lattice of the solvable Lie group G. By elementary
calculation, we obtain the following seven isomorphism classes of lattices:
besides four trivial cases with (p,q) = (0,0) and (s,t) = (0,0) for n =
T, 2w, m, and £, we have three other cases with (p,q) = (1,0); (i) (s, )
(%70) for n =m, (ii) (s,t) = (%7 %) for n = %ﬂ-a (iii) (s,2) = (%7 %) for n = %ﬂ-'
(3) Inoue surfaces of type SU. Let I' = Z3 x Z, where the action ¢: Z —
Aut(Z3) is defined by ¢(1) € SL(3,Z). Assume that ¢(1) has complex roots
a,a and a real root ¢ (¢ # 1) with |a|?c = 1.

Let (a1,a2,a3) € C? be the eigenvector of o and (c1,c2,c3) € R3 the
eigenvector of c. The set of vectors {(a;,¢;) € CxR|i=1,2,3} are linearly
independent over R and defines a lattice Z> of C x R. Then I' = Z3 x Z
can be extended to a solvable Lie group G = (C x R) x R, where the action
#: R — Aut(C x R) is defined by ¢(t): (z,s) — (alz,c's).

Taking a coordinate change R — R defined by t — €!°6°* and regarding
R x R; as H (the upper half plain), M = T'\G can be considered as
C x H/I", where I is a group of automorphisms generated by go and g¢;,
i =1, 2, 3, which correspond to the canonical generators of I'. To be more
precise, we see

go: (21, 22) = (@z1,¢22),  git (21,22) = (21 + @iy 22 +¢i), 1 =1,2,3.
S = C x H/I" is, by definition, an Inoue surface of type S° [23].

(4) Primary Kodaira surfaces. Let '), = A,, X Z (a nilpotent group of rank
4). T';, can be extended to the nilpotent Lie group G = N x R, where

1 x s
N = 01 y||z,y,s€R
0 0 1

Taking the coordinate change ® from N x R to R*:
1
®: ((z,y,8),t) — (m,y, 25 — vy, 2t + 5(902 + y2)> ,

and regarding R* as C2, the group operation on G can be expressed as

(wl,wg) . (21,2’2) = (w1 + 21, we — vV —1wi 21 + 22).
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Let T/, be the corresponding group of affine transformations on C2, then
S = C2%/T, is, by definition, a Primary Kodaira surface [24)].

(5) Secondary Kodaira surfaces. Let T';, = A, X Z, where the action ¢: Z —
Aut(A,,) satisfies the condition that the induced automorphism (E(l) of Z is
trivial, that is, ¢(1) = Id, and the induced automorphism &5(1) of Z? has a
double root —1 with linearly independent eigenvectors, or non-real complex
roots, «, @ (o # &) with |of = 1.

We shall see that I';,, can be extended to a solvable Lie group G = N x R.
As we have seen in (2), a must be e, n = T, %71’, %77 or %77, and there exists
a basis {u},u4} of R? such that Au} = au) — buby, Aul, = buy + aub, where
A= gg(l), a = Rea, b = Ima and u] = (u11,u12),uhb = (u21,u22). The
abelian lattice Z? of R? spanned by {v],v}}, where v} = (u11,uz1),vh =
(u12,u92), is preserved by the automorphism ¢': (x,y) — (axz — by, bx + ay)
of R?. We can extend 1’ to an automorphism of N of the form:

: (m, v, %) — (ax — by, bx + ay, % + h(z, y)) ,

where h(z,y) = 3b(az® —ay? — 2bzy). We can extend the lattice Z? spanned
by {v],v5} to a lattice A,, spanned by {vi,ve,v3}, v1 = (u11,u1,us1),v2 =
(u12, u22,us2),vs = (0,0, us3), for suitable ugy, uss, uss, so that A, is pre-
served by 1. We now define a solvable Lie group G by extending the action
o(m) =y, m e Z to (), t € R, replacing a with cosnt and b with sin nt.
It is clear that I',, = A,, X Z defines a lattice of G. If we take the new
coordinate as in (4), the automorphism 1) is expressed as

(21,22) — (Cz1, 22)

for ¢ € C,|¢| = 1. Tt follows that the above automorphism is holomorphic
with respect to the complex structure defined in (3). We see that S,, = I',\G
is a finite quotient of a primary Kodaira surface; and S,, with the above
complex structure is, by definition, a secondary Kodaira surface [11, 13].

(6) Inoue surfaces of type ST. Let T'y, = A,, x Z, where the action ¢: Z —
Aut(A,,) satisfies the condition that for the induced action ¢: Z — Aut(Z),
#(1) = Id, and for the induced action ¢: Z — Aut(Z2), ¢(1) = (nij) €
SL(2,Z) has two positive real roots a,b with ab = 1.

Let (a1, as),(b1,b2) € R? be eigenvectors of a,b, respectively. Let G =
N xR be a solvable Lie group, where the action ¢: R — Aut(V) is defined by

B 1 = =z 1 alz 2
ot): |01 y| — |0 1 dyl,
0 0 1 0 O 1
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which is a canonical extension of ¢. In order to define a lattice A, which is
preserved by ¢, we take g1,g2,93 € N as

1 a4 ¢ 1 ay ¢ 1 0 c3
g1 = 0 1 bl y go = 0 1 bg N g3 = 0 1 0 N
0 0 1 0 0 1 0 0 1
where c¢1, ¢, c3 are to be determined, satisfying the following conditions:

(1) [g1,92] = 93 B
(2) o(1)(g1) = 97" 95295, &(1)(g2) = 9> 9522 g%, where k,l € Z.
If we take go € N x R as
1 0 p
go = 010
0 0 1

then {go, g1, g2, g3} defines a lattice I';, of G, and S,, = I',,)\G is a solvmani-
fold.

Now, we define a diffeomorphism ¥: G = N x R — R3 x R, for an
arbitrary v =p+ ¢v/—1 € C and o = logb, by

71 Y p€R7

1 vy «x
v: 0 1 s|,t| — (x, ey +qt,s, ™).
0 01

Then considering R3 x Ry as C x H, go, g1, g2, g3 are corresponding to the
following holomorphic automorphisms of C x H,

go: (21,22) — (21 + 7, bz2),
gi: (21,22) — (21 + aiz2 + ¢, 22 + by),
where ¢ = 1,2,3 and ag = b3 = 0. S,, with the above complex structure is,
by definition, an Inoue surface of type ST [23].

An Inoue surface of type S~ is defined similarly as the case where the
action ¢: Z — Aut(A,) satisfies the condition that ¢(1) = —Id, and ¢(1)
has a positive and a negative real root. It is clear that an Inoue surface of
type S~ has ST with v = 0 as its double covering surface.

4. Examples

We give in this section three other classes of four-dimensional (orientable)
solvmanifolds which (as a consequence of Theorem 1) admit no complex
structures.

Example 2. Let I' be the Wang group of type II defined by the following
split group extension, where the action ¢: Z — AutZ? is defined by ¢(1) €
SL(3,2Z):

0—2Z3—TI-—Z—0.
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Suppose that ¢(1) has three distinct positive real roots ay, az, as, then
there exist linearly independent eigenvectors wui,us,us of ai,ao,as
respectively. Let u; = (ui1,us2,u3), © = 1,2,3. Then we have an
abelian lattice Z* of R? defined by {vi,v2,v3}, v; = (u1j,uz;, us;),
j = 1,2,3. We define a solvable Lie group G = R3 x R, where the
action ¢: R — Aut(R?) is defined by

¢(t) (a;, Y, Z) = (et loga1$7 el log a2y’ el loga32)7

which is a canonical extension of ¢. Then I' = Z3 x Z is a lattice of
G, and S = TI'\G is a solvmanifold. We can see that S is a T%-bundle
over T? with b; = 2 for the case where one of the roots is 1 and a 73
bundle over T with by = 1 for the case where none of the roots is 1.
Suppose that ¢(1) has a triple root 1, then taking a suitable basis
{u1,u2,uz} of R3, ¢(1) is expressed in either of the following forms:

11 3 110
01 1], 010
0 0 1 0 01
Let G = R? x R, where the action ¢: R — Aut(R?) is defined by
) 010 1t 2
op(t)=expt [0 O 1| =10 1
0 0O 0 0 1
for the former case, and
- 010 1 ¢t 0
o(t)=expt {0 0 O] =(0 1 O
0 00 0 01

for the latter case. Then, as defined in case (1), {vg,v1,v2,v3} defines
a lattice I" of G, and S = I'\G is a nilmanifold. We can see that S is a
nilmanifold with b; = 2 for the former case (which admits no complex
structures) and a nilmanifold with b; = 3 for the latter case (which is
a primary Kodaira surface).

Remark 1. We can show that, up to finite covering, there exist nine classes
of four-dimensional (orientable) solvmanifolds: six classes of complex sur-
faces in Section 3 and three classes of solvmanifolds in Example 2, which
admit no complex structures.

Example 3. Let I';, be a Wang group expressed as the extension:

0—2>—T,—7Z>—0,
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where the action ¢: Z2 — Aut(Z?) is defined by ¢(e1), ¢(es), e1 = (1,0),
e2 = (0,1). Suppose that ¢(e;) = —I and ¢(es) is of the form

(0 1)

Then we can express I';, also as A, X Z, where A,, is the nilpotent group of
rank 3 as defined in Example 1, and the action ¢: Z — Aut(A,,) is defined
by ¢(1) =7 € Aut(A,,),

1z = 1z ==
{01 y] — (0 1 —y
0 0 1 0 0 1

Let G = N x R be a nilpotent Lie group, where N is the nilpotent Lie
group obtained by the real completion of A,, as defined in (4). I',, acts freely
as a group of automorphisms on G, and S,, = G/T,, is a solvmanifold with
by = 2. S, has the nilmanifold (A, x Z)\G as a double covering, with the
covering transformation group Zs generated by 7.

We show that S, is parallelizable, that is, S, admits a field of linear
frame (consisting of four linearly independent vector fields). We have three
linearly independent left-invariant vector fields on N:

0 0 0 0
Xl—i Xg—a—y—i-nx%, Xg—a

We define vector fields on G invariant by 7: X 1= X1, )~(4 = 0/0t and
Xy = cos(mt) Xy + sin(mt) X3, X3 = — sin(mt) Xy + cos(mt) X3,

which are linearly independent and invariant by I';,. o o
It should be noted that S, can be expressed as D,\G, where G is the
extension of G with y,z € C and the action ¢ defined by

o(t)(x,y, 2) = (m,e‘/j“ty, eﬁwtz)’

and D, = I',H, where H is the closed subgroup of G with z = 0, y =
V—=1y2, 2 = V—122, y2,22 € R.

Remark 2. As noted in the paper [6], all of the four-dimensional solvman-
ifolds are parallelizable. This is trivial for the case where S is of the form
I'\G (where I is a simply connected solvable Lie group with lattice I'). For
the case where S is not of the form I'\G, we can see that, as shown in
Example 3, S always admits a field of linear frame.

5. Complex structures on solvable Lie algebras

A four-dimensional solvmanifold can be written (up to finite covering) as
I'\G, where T is a lattice of a simply connected solvable Lie group G. In
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this section, we express complex structures of the complex surfaces in the last
section as those induced from left-invariant complex structures on G (i.e.,
left-invariant complex structures), by defining integrable almost complex
structures J on the Lie algebra g of G. In the following list, we express
the Lie algebra g of G as having a basis {X1, X2, X3, X4} with the bracket
multiplication specified for each complex surface. Except for (6), the almost
complex structure J is defined by

JX1 =X, JXo=-X1, JXz=X4, JX4=-X;,

for which the Nijenhuis tensor N;(X;, X;) = [JX;, JX;| — J[JX;, X;] —
J[Xi, JX;] — [X;,X;],1 <i < j <4, vanishes.

(1) Complex tori. [X;, X;]=0(1<i<j<4).

(2) Hyperelliptic surfaces. [X4, X1] = —Xo, [X4, Xo] = X1, and all other
brackets vanish.

(3) Inoue surfaces of type SV. [X4, X1] = aX1—bXo, [X4, Xo] = bX1+aXo,
[X4, X3] = —2aX3, and all other brackets vanish, where a, b (#0) € R.

(4) Primary Kodaira surfaces. [X1,X2] = —X3, and all other brackets
vanish.
(5) Secondary Kodaira surfaces. [Xi,Xs] = —X3, [X4,X1] = —Xo,

[X4, Xo] = X1, and all other brackets vanish.

(6) Inoue surfaces of type ST and S™. [Xa, X3] = —X1, [X4, Xo] = Xo,
[X4, X3] = —X3, and all other brackets vanish. The almost complex
structure J is defined by

JX1=Xo, JXo=-Xi, JX3=X4—qXo, JXy=-X3-qXj,

for which the Nijenhuis tensor Nj vanishes.

6. Proof of Theorem 1

We have seen in Sections 3 and 5 that each of the complex surfaces in
Theorem 1 can be characterized as a four-dimensional solvmanifold with
canonical left-invariant complex structure. In this section, we shall complete
the proof of Theorem 1, showing the converse that a complex surface with
diffeomorphism of solvmanifold must be one of the complex surfaces in the
theorem.

We denote by S a complex surface with diffeomorphism type of solvman-
ifold. We first remark that since S is parallelizable, the Euler number ¢ of
S vanishes, and the fundamental group of S is abelian if and only if S is a
four-dimensional torus [27]. Let x(S) be the Kodaira dimension of S. The
classification of complex surfaces with co = 0 is divided into three cases:
k(S) = —00,0,1 [11]. In the case where k(S) = —o0, S is a surface of class
VIl or ruled surface of genus 1. The latter surface cannot be diffeomorphic
to a solvmanifold since the fundamental group of ruled surface of genus 1 is
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Z? (which is abelian). According to the well-known theorem of Bogomolov
(proved by Li et al. [15]), we know that a complex surface of class VIl
with by = 1 and ¢3 = 0 is an Inoue surface or a Hopf surface. Since the
fundamental group of the Hopf surface is of the form H x Z, where H is
a finite unitary group (including the trivial case), it cannot be the funda-
mental group of solvmanifold. Hence, S must be an Inoue surface. In the
case where x(S) = 0, S is a complex torus, hyperelliptic surface or Kodaira
surface (primary or secondary Kodaira surface).

In the case where k(S) = 1, S is a (properly) elliptic surface (which is
minimal since ¢ = 0). Let us first recall some terminologies and funda-
mental results concerning topology of elliptic surfaces in general. An elliptic
surface is a complex surface S together with an elliptic fibration f: S — B,
where B is a curve, such that a general fiber f~1(t),t € B (except finite
points t1,%a,...,t) is an elliptic curve. The base curve B is regarded as a
two-dimensional orbifold with multiple points ¢; with multiplicity m;, where
m;(i > 2) is the multiplicity of the fiber f=1(¢;) (i = 1,2,...,k). An ellip-
tic surface S is of the type hyperbolic, flat (Euclidean), spherical or bad,
according as the orbifold B is of that type. The Euler number ¢°™®(B) of
B is by definition e(B) — Zle(l — m%), where e(B) is the Euler number
of B as topological space. We know that B is hyperbolic, flat or spherical
according as ¢™P(B) is negative, 0 or positive. In the case ¢y = 0, we can
see [33, 34] that an elliptic surface S is hyperbolic, flat or spherical accord-
ing as the Kodaira dimension x(S) is 1, 0 or —oo. We now continue our
proof for the case x(S) = 1. By the above argument, S is a minimal elliptic
surface of hyperbolic type. We show that the fundamental group of S is not
solvable, and thus S cannot be diffeomorphic to a solvmanifold. We have
the following presentation of 71(.S) as a short exact sequence [13]:

0 — Z? — m(S) — 7¥™P(B) — 0,

where 7¢™(B) is the fundamental group as two-dimensional orbifold.

Since 7™ (B) is a discrete subgroup of PSL(2,R), it contains a torsion-
free subgroup I' of finite index, such that I' is the fundamental group of a
finite orbifold covering B of B, which is a closed surface of genus g > 2
(or a Riemann surface of hyperbolic type) [28]. We know that I' is repre-
sented as a group with generator {ai,as,...,aq,b1,b2,...,bs} and relation
[19_[a:, bi] = 1, which is not solvable for g > 2 [12]. It follows that 7 (S)
cannot be solvable since the quotient groups and subgroups of a solvable
group must be solvable. This completes the proof of Theorem 1. O

7. Solvmanifolds with Kahler structures

Let M be a solvmanifold of the form I'\G, where I is a lattice of a simply
connected solvable Lie group G. M is of completely solvable type, if the
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adjoint representation of the Lie algebra g of G has only real eigenvalues
and of rigid type (or of type (R)), in the sense of Auslander, if the adjoint
representation of g has only pure imaginary (including 0) eigenvalues. It is
clear that M is both of completely solvable and of rigid type if and only if
g is nilpotent, that is, M is a nilmanifold. As we have seen in Sections 4
and 5, a hyperelliptic surface can be characterized as a solvmanifold of rigid
type with canonical complex structure. We define a natural generalization
of hyperelliptic surfaces as in the following example.

Example 4. Let G = C!' xR2* with the action ¢: R?* — Aut(C') defined by
Qb({i)(Zl, B2y ey Zl) = <€\/—71771it7;zl’ eﬁn%tiZQa ceey 6X/jh7liti2[>a

where ¢; = t;e; (e;: the ith unit vector in R%) and em";' is the s;th root of
unity, i = 1,...,2k, j =1,...,1. If an abelian lattice Z* of C! is preserved
by the action ¢ on Z%*, then M = I'\G defines a solvmanifold of rigid type,
where I' = Z? x Z?* is a lattice of G. In fact, the Lie algebra g of G is the
following;:

g - {X17X27 LU 7X217X2l+17 LU 7X2l+2k‘}7
where the bracket multiplications are defined by
[(Xoryoi, Xoj—1] = —Xoj,  [Xog2i, Xoj] = Xaj—1
fori=1,...,k, 7 =1,...,1, and all other brackets vanish. The canonical
left-invariant complex structure is defined by
JXoj 1 = Xoj, JX9;=—-Xgj1, JXoipoi1 = Xoigo,

J Xor2i = —Xo2i-1
fori=1,...,k,j=1,...,1L
Remark 3. Let G = C! xR?* with the action ¢: R?* — Aut(C!) defined by

S(E) (21, 2, - 21) = (€2wﬁtizhe2wﬁtiz% . 7€2Tr\/j1tizl>7

where #; = t;e; (e;: the i-the unit vector in R?*), i = 1,...,2k. Then Z*"\G
is a solvmanifold diffeomorphic to a torus T?" (n = k +1).

It is easily seen that M (in Example 4) is a finite quotient of a complex
torus and has a structure of a complex torus bundle over a complex torus.
The following theorem asserts that any solvmanifolds which admit Ké&hler
structures must belong to the class of Kéhlerian solvmanifolds defined in
Example 4. Note that a solvmanifold of completely solvable type does not
belong to this class unless it is a complex torus:

Theorem 2 [21]. A compact solvmanifold admits a Kdhler structure if
and only if it is a finite quotient of a complex torus which has a structure
of a complex torus bundle over a complex torus. In particular, a compact
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solvmanifold of completely solvable type has a Kdhler structure if and only
if it is a complex torus.

The proof of the theorem is based on a result of Aparura and Nori [3]
that a polycyclic Kahler group has a nilpotent subgroup of finite index,
together with our previous results: a result of the papers [9, 18] that the only
Kahlerian nilmanifold is a complex torus and a partial result on Kéahlerian
solvmanifolds in the paper [20]. For the details of the proof and the related
topics, we refer to the paper [21].

We give an example of a six-dimensional solvmanifold which admits a
psuedo-Kéahler structures but no Kahler structures.

Example 5 [2]. Let A = Z* x Z, with the action ¢: Z — Aut(Z*) defined
by ¢(1) = A®A € Aut(Z*), where A € SL(2,Z) has two positive eigenvalues
a,az (a1 # 1,a1a2 = 1). Let u = (u1,u2), v = (v1,v2) be the eigenvectors of
a1, az, respectively. We have a basis {(u1,v1,0,0), (uz,v2,0,0), (0,0, uy,vy),
(0,0,u2,v2)} of R*, which defines an abelian lattice Z* of R*. We define a
solvable Lie group H = R* x R with the action ¢: R — Aut(R*) defined by

O(t) (1,2, y1,y2) = (€108 Uy, et0Ba2g, etlogary, otlogazy )

which is a canonical extension of ¢. Then, I' = AXZ is a lattice of a solvable
Lie group G = H x R, and M =T\G is a siz-dimensional solvmanifold.

The Lie algebra g of G is expressed as having a basis { X1, X, Y1, Y, Z, W}
with the bracket multiplication:

[X17Z] = le [X27Z] = 7X27 [YlaZ] = Yla [}/27Z] = 7Y27

and all other brackets vanishing. Let a1, aq, 81, 82,7, n be the corresponding
Maurer—Cartan forms (left-invariant 1-forms), then we have

doy = yAoy, dag = —yAag, dfy =yA\B1, dB2 =—y\B2, dy=dn=0.

Let w = a1 Aag+ 51 A B2+ An, then w defines a left-invariant symplectic
form on M. A complex structure J on g is defined by

JX1=Y, Jr=-X1, JXo=Ys, JYo=—-Xo, JZ=W, JW=-Z.

It is easy to check that the Nijenhuis tensor vanishes for J and that the pair
(w,J) defines a psuedo-Kéhler structure on M. Since G is of completely
solvable type, we can apply a result of Hattori [22] that the De Rham
cohomology ring of M is isomorphic to the cohomology ring of g. It is
now not hard to check that with respect to (w,J) the following “Kéhler
conditions” hold for M (while M never admits Kéhler structures due to
Theorem 1): (1) the Hard Lefschetz condition, (2) the Betti number boj_1
are even, (3) the De Rham complex is formal and (4) the Frohlicher spectral
sequence degenerates at F1. For more details, we refer to the papers [2, 3].
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8. Four-dimensional compact homogeneous manifolds with
complex structures

In this section, we determine all the complex surfaces which are diffeomor-
phic to four-dimensional compact homogeneous manifolds.

It is known (due to Gorbatsevich [16, 17]) that a four-dimensional com-
pact homogeneous manifold is diffeomorphic to one of the following types:
(1) TI S* (up to finite quotient), where k; > 1 with S k; = 4; (2) CP?
(3) solvmanifold; (4) S* x T\SLy(R), where SLy(R) is the universal covering
of SLy(R) and T is a lattice of SLy(R). We can determine, based on the
above result, the complete list of complex surfaces with diffeomorphism type
of four-dimensional compact homogeneous manifolds:

S b Complex structure K
S2 x T? 2 Ruled surface of genus 1
S'xg. SS/H | 1 Hopf surface
S2 % §2 0 | Hirzebruch surface of even type —oC
CP- 0 Complex projective space
1 Inoue surface
4 Complex torus
Solvmanifold 3 Primary kodaira surface
e 0
2 Hyperelliptic surface
1 Secondary kodaira surface
S1 x I'\SLy(R) |0dd Properly elliptic surface 1

where « is the Kodaira dimension of S and H is a finite subgroup of SU(2)
acting freely on S3.

It is well known (due to Borel and Serre) that S* has almost no complex
structure. For the case of S? x T2, it is known (due to Suwa [29]) that a
complex surface is diffeomorphic to a S2-bundle over T2 if and only if it is a
ruled surface of genus 1. We can see this also from the recent result (due to
Friedman and Qin [14]) that the Kodaira dimension of complex algebraic
surface is invariant up to diffeomorphism. To be more precise, there exist
two diffeomorphism types of ruled surfaces of genus 1: the trivial one and
the non-trivial one (which correspond to two diffeomorphism types of S2-
bundles over 72), and the latter is not of homogeneous space form [29].

For the case of S! x S3, Kodaira [25] showed that a complex surface
diffeomorphic to a finite quotient of S' x S2 is a Hopf surface. Generally,
a Hopf surface is diffeomorphic to a fiber bundle over S' with fiber S3/U,
defined by the action p: m1(S*) — Ny2)(U) with p(1) being cyclic of order
m, where U is a finite subgroup of U(2) acting freely on S3: that is, S =
St x 7, 83/U [19]. We can see that a Hopf surface is of homogeneous space
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form if and only if U is a finite subgroup of SU(2). Let G = SU(2) x S!,
which is a compact Lie group structure on S® x S'. Take a finite subgroup
A = H X Zy, of G, where H is a finite subgroup of SU(2), Z,, is a finite
cyclic subgroup of G generated by c:

62(776)7 T = (581 2)7 é’m:L

and 7 belongs to Nsy(2)(H). S is a fiber bundle over St with fiber S3/H,
which has a canonical complex structure, defining a Hopf surface. It should
be noted that if 7 does not belong to H and m > 2, then S is a non-trivial
bundle. Conversely, given a Hopf surface S with fiber S®/H, defined by
the action p, we can assume that p(1) is a diagonal matrix, all of which
entries are m-th roots of 1 [19]. Then we can see that p(1), which belongs
to Ny()(H), actually belongs to Ngy)(H). Hence, S is diffeomorphic to
the one constructed above.

For the case of S? x S?, it was shown (due to Qin [31]) that a complex
surface diffeomorphic to S? x S2? must be a Hirzebruch surface of even type,
which is by definition a ruled surface of genus 0 with diffeomorphism type
S? x 82. As is well known, there exist two diffeomorphism types of ruled
surfaces of genus 0: S2 x S% and CP2#CP?2 (which correspond to two dif-
feomorphism types of S2-bundles over S2). A Hirzebruch surface of odd
type is the surface of the latter type. We can see that no non-trivial finite
quotient of S% x S? has a complex structure. It is well known (due to Yau)
that CP? can have only the standard complex structure. We have studied
in detail the case of solvmanifolds in this paper. The complex surfaces with
diffeomorphism type of solvmanifolds are Inoue surfaces for K = —oo and
all of those with co = 0 for k = 0. For the case of S* x I'\SLy(R), Wall
[33] showed that it admits a canonical complex structure, which defines a
properly elliptic surface with b = odd and ¢ = 0; and conversely any such

surface with no singular fibers is diffeomorphic to St x P\éig(R) for some
lattice I'.
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