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MOMENT MAPS AND EQUIVARIANT SZEGO
KERNELS

ROBERTO PAOLETTI

Let M be a connected n-dimensional complex projective manifold and
consider an Hermitian ample holomorphic line bundle (L,hr) on M. Sup-
pose that the unique compatible covariant derivative V, on L has curvature
—2mi€), where Q is a Kéhler form. Let GG be a compact connected Lie group
and u : G x M — M a holomorphic Hamiltonian action on (M, ). Let g
be the Lie algebra of G, and denote by ® : M — g* the moment map.

Let us also assume that the action of G on M linearizes to a holomorphic
action on L; given that the action is Hamiltonian, the obstruction for this is
of topological nature [GS1]. We may then also assume that the Hermitian
structure by, of L, and consequently the connection as well, are G-invariant.
Therefore for every k € N there is an induced linear representation of G
on the space H°(M, L®*) of global holomorphic sections of L®*. This re-
presentation is unitary with respect to the natural Hermitian structure of
HO(M, L®*) (associated to © and Ay in the standard manner). We may
thus decompose HY(M, L®*) equivariantly according to the irreducible re-
presentations of G.

The subject of this paper is the local and global asymptotic behaviour of
certain linear series defined in terms this decomposition. Namely, we shall
first consider the asymptotic behaviour as k — +o00 of the linear subseries of
H(M, L®k) associated to a single irreducible representation, and then of the
linear subseries associated to a whole ladder of irreducible representations.
To this end, we shall estimate the asymptoptic growth, in an appropriate
local sense, of these linear series on some loci in M defined in terms of the
moment map ®.

To express the problem in point more precisely, fix a Cartan subalgebra
h C g, and let H C G be the corresponding Cartan subgroup. Let R C b*
be the root system for (g,h), and fix a basis S = {a;} C R for R. Let
X (H) be the group of characters of H, identified with a subgroup of h* (a
character x : H — C* is determined by its differential at the identity). The
finite dimensional irreducible representations of G correspond bijectively to
points in X (H) N b, where b C bh* is the positive Weyl chamber [S]. Let
E,, be the irreducible representation associated to w € X(H)Nbh* . We have
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for every k > 0 a G-equivariant orthogonal decomposition

(1) H(M,L®M = @ H(M,L®"),,
weX (H)Nb*

where each HO(M, L®¥), is equivariantly isomorphic to a direct sum of
copies of E,,. We shall first focus on the asymptotic behaviour, as k — +oo,
of the linear series ‘HO(M, L®k)w| for a fixed w € X(H)Nb7%, under certain
transversality assumptions on the moment map .

Let us now clarify what is meant here by local asymptotic behaviour of
a family of linear series such as ‘H O(M, L®k)w|. Suppose first that V' C
HY(M, L) is any nonzero vector subspace, and let {s;} be an orthonormal
basis of V' for the induced unitary structure. Consider the function

=> lsi®l;  (peM),
i

where || ||, denotes the Hermitian norm of L at p. This is in fact independent
of the choice of orthonormal basis, as one can see by replacing the s;’s by
ty = D ujksj where U = [u;;] € U(dim(V)) is a unitary matrix, and then
working in a local frame. By the same reason, given that the representation
of G on HY(M, L) is unitary, if V C H°(M, L) is G-invariant then so is the
function vy. Here we shall be interested in sequences of functions such as
Vio(ar, k), and in their asymptotic behaviour.

Pictorially, we may think of vy (p) as measuring the local size, under the
chosen metric structures, of V' at p. Asymptotic expansions such as (3)
below have attracted interest in algebraic geometry since Zelditch remarked
that they control the metric (equivalently, symplectic) asymptotic behaviour
of the maps to projective space associated to the linear series at hand [Z].

Theorem 1. Suppose that 0 € g* is a regular value of the moment map
®: M — g* and that G acts freely on ®71(0). Set n = dim¢(M), g =
dimg(G). There exist on ®71(0) smooth G-invariant real valued functions
ag > 0 and, for every w € X(H) Ny and 1 > 1, alw) with the following
property: Suppose givenw € X(H)Nb% and the assignment, for every k € N,
of an orthonormal basis { (k, w)} of HO(M, L®¥),,. Then there is for k>0

an asymptotic development, uniform in p € ®~1(0),

(2) Z “S§k,w)(p)‘ ‘2 N kn—g/Z dim(Vw)2 ao(p)
J
+3 k2l (p).
>1

Here V,, denotes the irreducible representation associated to w.
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If G denotes the complexification of G, the actions of G on M and L
extend to holomorphic actions of G. Given any subset A C M, we shall
denote by G - A its saturation under G, that is,

G-A:{g-m: gEG,mEM}.
In the hypothesis of the Theorem, G acts freely on G - ®~1(0), and the latter
is the open subset of stable points for the action of G on M [GS1].

Corollary 1. Under the hypothesis of Theorem 1, there exists k., such that
for k >k, the base locus of the linear series ‘HO(M, L®k)w| satisfies

Bs (‘HO(M, L®k)w‘> C M\ (é . <I>—1(o)> .

2
Away from ®~1(0), >° y Hsg-k’w)(p)H is rapidly decreasing in k, uniformly
so on the complement of the unstable locus. More precisely, let R = M \
<C~¥ . <I>_1(0)> be the set of unstable points of the action. Then,

Proposition 1. In the situation of Theorem 1, if p & ®~1(0) then
k,w 2 —
S| w)| = ow ™), N=12....
J

This estimate is uniform on compact subsets of M\ (®71(0) U R).

Let us at least briefly describe how Theorem 1 generalizes when the action
of G on ®~1(0) is not free. Since 0 is a regular value, the action of G' on
®~1(0) is at any rate locally free, and therefore the stabilizer subgroup Gy
of any p € ®71(0) is finite. Furthermore, there is an induced unitary action
ap : G, — S! on the Hermitian complex line (L, h,). We may then take
the L?-product of ap and ), on G with respect to the counting measure,

that is,
Xwa ap Z Xw
9€Gp

Then (3) is replaced by

So[stE ||| ~ w2 (V) (s 0, aoe) + 30 K20 ),
J

>1

uniformly in p € ®71(0).

The microlocal techniques used in the proof of Theorem 1 can also be used
to study the asymptotic growth of the dimension of the spaces of equivariant
sections HO(M, L®F),, when w is kept fixed and k — +o0. There already
exist two approaches to this problem, one geometric and the other algebraic.
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A geometric solution follows from Meinrenken’s proof of a fundamental
conjecture of Guillemin and Sternberg [M], resting on the symplectic cutting
technique of E. Lerman [L]: Obviously G acts on every cohomology group
HY(M,L),i=0,...,n, and we may consider the virtual vector space

n

RR(M,L), =Y (-1)"H'(M,L),.

i=0
Let p,, = puw(M, L) be the corresponding virtual multiplicity for the repre-
sentation V,,. By the main Theorem of [M], p, may be computed as a
Riemann-Roch number on the symplectic reduction M,, of the Hamiltonian
G-manifold (M,Q,®) at w, provided w is a regular value of the moment
map. Then M, = &~} (w)/G,,, where G, C G is the stabilizer subgroup of
w under the coadjoint action. Assuming to fix ideas that G, acts freely on
®~1(w), M,, naturally inherits by restriction and quotient a Kéhler struc-
ture and a compatible polarization L,. Then by Theorem 1.1 and Corollary
1.2 of [M]

e = RR(M,,, L,,).

Let us now replace L by L®* and thus Q by kQ and ® by &, = k®. By
Serre vanishing if k£ > 0 then H(M,L®*) = 0 for all i > 0, and therefore
RR(M, L®%), = HO(M,L%*), and pu,(L®*) is the multiplicity of V,, in
HO(M, L®*). Thus,

dim HO(M, L"), = dim(V,,) - RR(M,4, LZ%),

where M, = ®~1(k71w)/G,, is the reduction of (M, k2, @) at w and Lﬁlz
is the polarization on it induced by L®*¥. Now by Corollary 7.3 of [M] the
reduced spaces M, j are all diffeomorphic to the fibration

M(P,0,) = P x¢ O,

where P = ®71(0) is viewed as a principal G-bundle over the symplectic
quotient My = ®71(0)/G, and O,, is the coadjoint orbit of w. On the other
hand, again by Corollary 7.3 of [M], the symplectic structure €,  on M, j
is the one induced by minimal coupling [GS3| from k{2, the symplectic
structure o;-1,, on O-1,, a fixed connection on P and the moment map
Jok = %Jw : O, — g* of O, ). With the appropriate scaling taken into
account, one obtains a leading asymptotics of degree n — g.

There is also an algebraic line of research on this asymptotic problem, in
the work of Brion and Dixmier [BD], [B].

Here we propose a different, analytic and fairly elementary approach to
the same asymptotics: namely, we use Boutet de Monvel and Sjostrand’s
microlocal description of the Szegd kernel [BS] to reduce the problem to
an application of the stationary phase Lemma along ®~!(0). Behind some
technicalities, the basic idea is very simple.
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In this formulation, the asymptotics depends on the weight w only through
the germ at the identity e € G of its charachter function y,, € C*°(G), rather
than on the geometry of the coadjoint orbit O,,.

Theorem 2. In the hypothesis and notation of Theorem 1, there exist for
Jj > 1 differential polynomials S; of degree 2j on a neighbourhood of e € G
such that for any w € X(H) Nbh% we have

(3) dim HO(M, L®*),, ~ dim(V,,)? - vol(My) - k"9
+dim(V,) Y b k"9,
Jj=1

where vol(My) is the volume of the reduced space My =: ®~1(0)/G with its
natural Kdhler structure, and b; ., = Sj(Xw)(€).

It follows from the proof of Theorem 2 (and the stationary phase Lemma)
that the S;’s may be expressed in terms of the Hessian of hy, along ®~1(0)
and the classical symbol appearing in the Fourier integral representation of
the Szego kernel of II given in [BS].

This extends to our setting a (special case of a) result of Brion and Dixmier
[BD], [B]:

Corollary 2. In the hypothesis of Theorem 1, let . be the multiplicity of
V., in HO(M,L®*),,. Then
lim 29F = qim(V]).
k—+o0 40,k

When 0 ¢ ®(M), a more informative result is provided by the study of
the corresponding asymptotic properties of the ladder linear series

HO ( L®k @HO L®k Zw C HO(M, L®k).

We shall now assume that G is semlslmple.

The action of G on L induces an action on the dual line bundle L*,
equipped with the dual hermitian metric. The unit circle bundle X C L* is
invariant under G, and therefore there is an induced Hamiltonian action of
G on the cotangent bundle T* X, and on the complement of the zero section
T*X \ {0}. Let ¥ : T*X \ {0} — g* be the corresponding (conic) moment
map.

Since the connection is G-invariant, the action on T*X preserves the
positive cone Y C T*X generated by the normalized connection 1-form «:

(4) Y ={(z,raz) :xz € X,r > 0}

It is well-known that since €2 is symplectic Y is in fact a symplectic conic
submanifold of 7% X
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The moment maps ¥ and ® are tightly related on Y: one has
(5) U ((z,rag)) =r®(r(z), (ze€X)

where 7 : X — M is the projection [GS1].
We need a further piece of notation [GS2].

Definition 1. For w € X(H)Nb? , we shall denote by Ryw = {r-w:r > 0}
the positive ray through w. Let furthermore O = O,, C g* be the coadjoint
orbit of w. We shall denote by C'(O) C g* the positive cone over O, that is,

CO)={rA:r>0, € O}.

Notice that & : M — g* is transversal to C(O) if and only if so is
U|y. Since V[, is conic, the latter condition is in turn equivalent to the
one that W[, be transversal to O, and by G-equivariance this is in turn
equivalent to the condition that w be a regular value of ¥|y.. Hence, in view
of the invariance of the connection 1-form, conditions ii) and iii) below are
equivalent to the one that w should lie in an elementary fundamental wedge
for the induced Hamiltonian action of G on Y, in the terminology of [GS2],
page 357.

Theorem 3. Suppose G is semisimple, compact and connected. Given w €
X(H)Nb%, suppose that

i): 0 O(M);

ii): ® is transversal to C(O);

ii1): the stabilizer subgroup G, C G of w acts freely on @‘1(R+w) (equiva-
lently, G, acts freely on @‘1(0(0))).

Then there exist smooth G-invariant functions

b : o HCO)—-R (1=0,1,...)

with by > 0 such that for every choice of orthonormal basis {sg-k’zw)} of

HO(M, L®k)(gw) for £ =1,2,..., there is an asymptotic development

(© S| )| ~ S o),
L

1>0

uniformly in p € ®=1 (C(O)). Furthermore,

™) S[s )| = o). N =12,
4,5

uniformly on compact subsets of M \ &~ (C(0O)).
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Corollary 3. Under the hypothesis of Theorem 3, there exists k., such that
for k >k, the base locus of the linear series ‘HO(M, L®k)(w)‘ satisfies

Bs (|HO(M, L)) € M\ (G- W),
where W = &~ (C(0)).
By restriction of the arguments in the proof of Theorem we have:

Corollary 4. If the hypothesis of Theorem 3 are satisfied on a G-invariant
open set M' = M \ B, where B C M has measure zero, then the same
conclusions hold for p € M’.

Example 1. If Qpg is the Fubini-Study form on P!, let Q =: 27} (Qps) +
75 (Qrs), where m; : P! x P! — P! is the projection on the i-th factor (i =
1,2). Consider the diagonal action of SU(2) on (P! x P!,Q). The moment
map @ : P! x P! — su(2)* for this action is ®(p, q) = 2®(p) 4+ ®(q), where
® : P! — su(2)* is the moment map for the action on (P!, Qpg). We may
equivariantly identify P! with the unit sphere S? and su(2)* = su(2) = R3,
so that ® corresponds to the inclusion ¢ : S? < R3. Then the hypothesis
in Theorem 3 and its Corollary 4 are satisfied on the complement of the
diagonal, M’ = (]P’1 X ]P’l) \ Ap1 (strictly speaking, after replacing the action
of SU(2) on P! by the action of SO(3) on S?). If H denotes the hyperplane
line bundle on P!, the line bundle on P! x P! associated to Qis L = H®?KH.
Set V = C2. For every k > 1,

HO(P' x P!, L®%) = Sym* (V*) @ Sym" (V") = P Sym™ % (v*).
0<j<k

For any integer r > 1, let HO(P* x P!, L®*),) C H(P' x P!, L®*) be the
subspace corresponding to the direct sum of the terms Sym® =% (V*) with
3k —2j = 0 (modr). By the Theorem and its Corollary, for any fixed
(p,q) € (P x P') \ Ap: and any fixed integer r > 1 the asymptotic growth
as k — +oo0 of the local size at (p, q) of the linear series H°(P! x P!, L®k)(r)
grows like a,(p, q)k? for some a,(p,q) > 0.

These results are based on the microlocal description of the Szego kernel
given by Boutet de Monvel and Sjostrand in [BS]. In particular, Theorem
3 is proved by giving a similar microlocal description of the orthogonal pro-
jector associated to the linear series H°(M, L®k)(gw). To this end, we shall
also rely on the microlocal description of a projector associated to ladders
of representations given by Guillemin and Sternberg in [GS2], and on a re-
duction technique used by Schiffman and Zelditch in [SZ]. Overall, as the
reader will easily see, the paper is also largely in debt to arguments from
[GS1], [SZ] and [Z].
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In future work we shall consider extensions of these results to the almost
complex setting, and further investigate the asymptotic growth of the spaces
of equivariant sections.

Acknowledgments. I am endebted to the referee for some fruitful and
stimulating comments.

1. Proof of Theorem 1

Let L* be the dual line bundle of L, with the induced Hermitian metric and
connection, and let

p:L* =R, (z,v)— H”H?w

be the associated square norm function. Let X C L* be the unit circle
bundle:

X =A{pv) : plp,v)) =1},

with projection 7 : X — M. We shall denote by p,q,... points in M, and
by z,y,... points in X.

By the ampleness of L, X is the boundary of the bounded strictly pseu-
doconvex domain D = {p < 1}. If i« is the connection form on X, then
a is a contact form, da = 7*(Q2) and a A 7*(2)"" is a volume form on X.
Given this, we shall implicitly identify functions and half-forms.

There is a canonical isomorphism for every k between the spaces of smooth
sections of L& on M, C®(M, L%®*), and the spaces C*°(X); of smooth
functions on X of the k-th isotype for the S Laction. We shall occasionally
denote by V' C C*°(X); the subspace corresponding to a subspace V' C
C>(M, L®*), and occasionally not distinguish between the two.

Let IT € D/(X x X) be the Szego kernel, that is, the distributional kernel

of the orthogonal projector 7 : L2(X) — H(X), where H(X) is the Hardy
N

space of boundary values on X of holomorphic functions on D. If {sg-k)} =1

is an orthonormal basis of H"(M, L®k) for every k > 0, viewed implicitly as
a space of CR functions on X, we have

+00
H($7y) :an($7y) (IL‘,yEX),
k=0
where

Ny
(8) M(z,y) =Y sV @) @5 () (1,9 € X, k>0).
j=1
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As proved in [BS], II is a Fourier integral with complex phase. More pre-
cisely, it is microlocally equivalent to an oscillatory integral of the form

+oo
(9) M(z,y) = / VD s(py )y dt (2, € X),
0

where s € S"(X x X x Ry) has an asymptotic expansion
o

(10) s(z,y,t) ~ Z sj(x,y)t" .
j=0

The restriction to the diagonal of the principal term sg(z,x) is given explic-
itly in equation (4.10) of [BS]:

1
(11) so(x,2) = — det (Lx(2)) - [ldpl| (2 € X),
where Lx is the Levi form. We refer to [BS], [Z], [SZ] for a discussion of the
phase ¥ € C*°(L* x L*); it parametrizes an almost holomorphic Lagrangian
submanifold, whose real locus is the wave front of II. This is the isotropic
conic submanifold

(12) Y={(z,raz,x,—rag): z€ X, r >0} CT*(X x X).

The Taylor series of i along the diagonal Ay« C L* x L* is completely de-
termined (equivalently, v is uniquely determined up to a function vanishing
to infinite order along Ap«). Explicitly, if x € L*, in local holomorphic
coordinates induced by a local holomorphic frame for L in a neighbourhood
of 7(x), we have

1 o+l W E

(13) e+ hz+k) ~ = >

n+1
R R ] (h,k € €70,

We can retrieve II in (8) as the k-th Fourier component of II:

o) = [ [ MO gyt dtds (2. € X),

where r : (¢, 2) € S1x X s rg(x) € X is the S'-action on X; application of
the stationary phase lemma gives an asymptotic expansion for II; in terms
of which many classical results in algebraic geometry can be deduced [Z].
Given the direct sum decomposition (1), we may take as an orthonor-
mal basis for H°(M, L®*) the union of a collection of orthonormal basis

{57} of HO(M, L¥%), for each w € X (H) 7. Thus,

Hk(l'ay) = Z Hk,w(l'ay) ($7y€X7 ]{720)7
weX (H)NbY
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where
Nk,w
Mol y) = > s@) 03" (y)  (k>0,we X(H)NDY).
j=1

If x € X and p = 7(z), we have

Nk,w
k,w
Mw(z,z) = > 155 ).
j=1

Thus we want to study the asymptotic behaviour of IIj ,(x, x) for a fixed w
and z € 71 (271(0)) as k — +oo0.

Clearly, IIj, , is the k-th Fourier component of the equivariant Szeg6 kernel
I, € D'(X x X) associated to w, that is, the distributional kernel of the
orthogonal projector

Ty L(X) — H(X).,

where we have set

H(X), =@ HO (M, L®¥),,.
keZ
Thus, I1, € C*°(X x X) is the distributional kernel for the orthogonal
projector

Tk : L2(X) — HO (M, L®k) .

Let p, : L*(X) — L%*X), be the orthogonal projector onto the G-
equivariant Hilbert subspace of L?(X) associated to w, let g : L*(X) —
L?(X); be the orthogonal projector onto the k-th isotype for the S!-action,
and let m : L?(X) — H(X) be as above the orthogonal projector onto the
Hardy space of CR functions. Then

(14) Twk = Pw©O(qrOT.

Let G be a compact topological group and o : G — U(V) be a finite
dimensional irreducible representation. Let ¢ : G — U(W) be a unitary
action on a separable Hilbert space, and let Wy, C W be the equivariant
G-suspace associated to o. Then the orthogonal projection operator Ily :
W — Wy, is given by

Iy = dim(V') - /G 0(9) X0 (97") dg,
where X, is the character of o and dg a normalized Haar measure on G [D].
To simplify notation, let us denote by fi both the linearization to L of
the action of G on M, and the induced actions of G on L* and X. Un-
der the usual identifications, the linear representations of G on the spaces
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HO(M, L®*) are then given by pull-back of CR functions on X under this
action. Thus,

My (2, y) = dim(V,,) - /G xolg™Y) 0(g) (i () dg

= dim(V.) - [ xolo™) iy (). dg

e —ikf) it (71,1070 ().1) -1
= dim(V, / /Sl/ g Y Xw(97)

(15) 5(fig-1 org(x),y,t) dt df dg (x,y € X)

By assumption, G acts freely on ®~1(0). We may thus find an open neigh-
bourhood U of the unit e € G and € > 0 such that d(p, gp) > € if p € ®71(0),
g¢U. Ifz=yen ' (27(0)), the integral (15) may thus be decomposed
as follows:

My (z, ) = dim(V,,) - /U Yo (g™ i (g1 (), ) dg

(16) +dim(V,) - / X (g™ (g1 (), 2) dg.

G\U

the latter term being O(k~") for every N = 1,2,... as k — o0, uni-
formly in & € 7~ (®71(0)). Let us focus on the former term, which we call
Iy (2, z). Setting t = ku, this may be rewritten

+00
Hk,w(l‘,l‘)/ = k dim(V, / / / ik 7“1’ Mg 1079 (), ) 9]
Sl

“Xol(g™ s(fig—1 o ro(x), z, ku) dudf dg
+o0o
-k dlm / / / kW (z,u,0,9) . ( )
Sl
(17) - (,ugﬂ o rg(x), z, ku) dudd dg.

From the corresponding property of 1, it follows that the phase
\I’(:L'7 u, 979) = Wb(ﬂgﬂ © TG(‘T)7 CC) -0

has positive imaginary part. Therefore, (17) is a complex oscillatory integral,
and its asymptotic behaviour as & — 400 is determined by the stationary
points of the phase as a function of (g, ,t).

Lemma 1. Suppose x € ®~1(0). Then (e,0,1) is a non-degenerate critical
point of W. Furthermore, perhaps after replacing U with a smaller open
neighbourhood of e € G, it is the only critical point of ¥ in U x S* x (0, +00).

Here, of course, we implicitly identify 6 with ™.
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Proof of Lemma 1. Let us first show that (e,0,1) is a critical point of .
We have

(18) fie 0 To(x) = x and (d¢)(x,x) = (7, ap, T, —0y).

The connection on L induces a G x S'-invariant direct sum decomposition
TX = HX/M)®V(X/M) into a horizontal and a vertical subbundle; here

H(X/M) = ker(a) and V(X/M) = span {2}

(% denotes the generator of the S'-action on X). If ¢ € g, let &)y and £x
denote, respectively, the vector fields induced by £ on M and X. If V is a
vector field on M, let V*# denote its horizontal lift to X. Then, in terms of
the above direct sum decomposition of 7'X, we have for all £ € g [GS1]:

(19 x = (€ Geom) - 37)

where ¢¢ =: (®,{) : M — R is the {-component of the moment map. In
particular,

(20) Ex(x) = f?vf(ac) for every ¢ € g if ®(7(x)) =0.
Let us introduce the map

ac:R—=XxX, t— (ﬂoxp(tg)(ac),:z:) .
Given (18) and (20),

d

(21)(0:¥) (e,1,0) = atl,_,

(0 ((lé“(—t)l', l’) = (d¢)(x,x) (_gX(x)a 0) =0,

for every £ € g. On the other hand, it follows from the arguments on pages
327-328 of [Z] that (1,0) is the only critical point of U(z, e, 0, u) as a function
of (6, u); more precisely, we have

(22) (dum)(x,e,&u) =—1 (1 - ei@) and (deqj)(x,e,e,u) = tew —1.

Furthermore (1,0) is a nondegenerate critical point of ¥(x, e, 6, u) as a func-
tion of (0, u), and the Hessian is given there by

i1
@) )
We can now prove that (e,0,1) is a nondegenerate critical point of W. Per-
haps after restricting to a smaller open neighbourhood of e € GG, we may
suppose that U is diffeomorphic to an open neighbourhood of 0 € g under

the exponential map; having fixed a basis of g, let (h1,...,hq) (g = dim(G))
be the resulting coordinates on U centered at e. By the above and the ex-

pression of W, it is clear that % 10 = 0. Given this and (23), the
67 b
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Hessian of ¥(z, g,6,u) in the coordinates (h;,6,u) at (e,0,1) has the form

92w 92 92U i
T (e,0,1) oMby [(c01) I (c0,1)
H(U) = | _o2v_ v 82_”
W OhaOli | (c0,1) Mg leon) Pl
2%y 9% i 1
om0 |, o1y hgd0 |, 0.1)
L 1 O -
Therefore,
fokk' foua)
O3 |(e,0,1) 9h10hg | (¢ 0.1
det (H(¥)) = det : :
2%y 9%
OgOht](c0,1) 9 1(e,0,0)
%y _0%0
oh? e 0h10hyg |,
(24) = det : : ,
0% %
DhgOh1 |, anz |,

where ¢) : U — C is the function g — 1 (fig-1(2),x). That (e,0,1) is a
nondegenerate critical point then follows from the following

Lemma 2. The Hessian of ¥ at e, H(1)., is nonsingular.

Proof. We first produce an appropriate set of local holomorphic coordinates
on M in the neighbourhood on p = 7(z) and on L* in the neighbour-
hood of z, in terms of which the action of G will be a translation. Let
My =: ®71(0)/G be the symplectic reduction of M. Then My is an (n — g)-
dimensional complex manifold and has an induced Kahler structure. Let
a: ®71(0) — My be the projection (a principal G-bundle) and set p = a(p).
We claim:

Lemma 3. There exist an open neighbourhood T of D in My and a section
o:T — & Y0) of a, such that o(p) = p and o is holomorphic as a map
T— M.

Proof. For q € M, let F, C T, M ® C be the +i-eigenspace of the complex
structure J, € End(T,M).
Next, if p € ®71(0), recall that T, (®~(0)) € T,M is a coisotropic
subspace, with symplectic complement 7}, (<I>_1(0))l =T, (G -p) [GS1].
By assumption, ® is submersive at p € ®~1(0). Let B be an open neigh-
bourhood of p on which ® is a submersion and the action of G is locally
free. Then C' =: ®(B) is an open neighbourhood of 0 € g*. For ¢ € C, let
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W, = ®'(c) N B. Then W, is a (2n — g)-dimensional real submanifold of

B. For q € B let us set Ry =: T} (W¢(q))l, the symplectic complement of
Ty Wa()-

By Lemma 3.6 of [GS1], we have I, N (R, ® C) = 0; therefore, perhaps
after restricting B to a smaller open neighbourhood of p, we have F, N
(Ry®C) =0 for all ¢ € B.

It follows that Fé =: F,N (T q (Wq;.(q)) ® C) is a complex distribution on B,
of complex rank n— g. Being the intersection of two integrable distributions,
it is itself integrable.

Thus we may apply the complex Frobenius integrability theorem: there
are local holomorphic coordinates r; on B C M centered at p such that
F'={0/or;j:j=1,...,n— g}. Lemma 3 follows from this.

Let us now return to the proof of Lemma 2. Let zq,...,2,—4 be lo-
cal holomorphic coordinates on M, centered at p, and defined on an open
neighbourhood 7' C My of p. We may assume that the z;’s are induced by a
biholomorphic diffeomorphism x : B;,—4(0,1) — T', where B, (w, ) denotes
the ball centered at the origin and of radius » > 0 in C™. B

Let g. =: g ® C be the Lie algebra of the complexification G of G. Let
S C g. be an open neighbourhood of 0 on which the exponential map expg :
g — G restricts to a biholomorphic diffeomorphism S — S’ =: expga(S).
Upon choosing an appropriate basis of g, which identifies g, with C9, we may
assume that S gets identified with B,(0,1). We now define a holomorphic
chart on M on an open neighbourhood D of p by setting

71 Bng(0,1) x By(0,1) CC" — M, (w,z2) — expa(w) - o (x(2)) .

Let us write w = a + b and z = ¢ + id, for w € C9 and z € C" 79, with
a,b € RY9 and ¢,d € R" 79, and view a, b, ¢, d as real local coordinates on M
in the neighbourhood of p . If £ € g has coordinates a = (aq,...,a,)" € RY
in the chosen basis of g, we have

7 (expg(t€) - p) = (ta,0).

We now construct local holomorphic coordinates on L* centered at zx.
By G-invariance, L, hy, V1 descend to objects Lg, hg, Vo on My. More
precisely, with obvious notation, if - : ®~1(0) < My is the inclusion, we have
(L, hr, V1) = a* (Lo, ho, Vo). We choose a local holomorphic frame er,, for
Ly at p, which perhaps after restriction we may assume defined on the open
neighbourhood T" of Lemma 3. We shall view this as a holomorphic section
of L defined on the complex submanifold «(T") of M, and may assume with
this identification that er,(p) = x. Using the holomorphic action of G on L,
we may then extend er, to a section ey, of L over the open neighbourhood
D of pin M by setting

er, (expé(w) -a(a)) = expa(w) - er, (J(G)) (we S, qgeT).
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Let e} be the dual frame. The choice of e} then induces a holomorphic
chart

7 :Bpn—g(0,1) x B4(0,1) x C — Lp =: L*|p.
We have, with £ € g and a € RY as above,
51 (expé(tf) a:) = (ta,0,1).

Let now 3 =: Hez\|2, so that 371/2¢% is a unitary frame of L* over D. We
have an induced trivialization

4t Bn_g(0,1) x By(0,1) x S' — X =: X*|,

and since the action of G preserves the metric we still have, with £ € g and
a € RY as above,

(25) A7 (expg(t€) - o) = (ta,0,1).
We now estimate v ([Lexp a(—te) (iL'),l‘) to second order using the Taylor
expansion of ¢ at (z,z), (25) and (13). Since &éx(z) = Y20, a) 22| is

da;
x
horizontal in view of (19) and because x € ®~1(0), it is annihilated by the
connection form ay. Thus d(, ;)Y ((a,0)) = 0, and we have

¥ (Besp-19) (@), 7) = ¥(a, ) + 20 H()ea + O(F)

= v(e,0) + 52 HER (@) +0(), (€ R).

where

1Y =15 20 g,
r 2 g 822'82]' B
Thus Lemma 2 may be rephrased as:
Lemma 4. The quadratic form a, € Sym? (g* @ C) given by
(26) ag &€ g H(p)P (Ex())
is nondegenerate (clearly £+ (x) = {x(x) when z € X).

Proof of Lemma 4. Let H(p), be the Hessian of p at z € X C L*, in local
holomorphic coordinates induced by some holomorphic trivialization of L in
the neighbourhood of p = 7(z); we may decompose it into types, as

H(p)y = H(p)?? + H(p)"D + H(p) "2,

where
0? _ 1 o2
H(p);l,l) = ] p_ _ (.CC) de' de, H(p)(O,Z) = — p (1-) dzl dz]

r 2 ¥ 8§i8§j

) 2,
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Since p is G-invariant we have, for any & € g:
0 = H(p)s(Ex())
H(p)3? (&x (@) + H(p)Y (€x (@) + H(p)P? (Ex (@)
@) = HEWM(Ex(@) +2Re (H()20 (6x(2))) ,

as p is real-valued. By (19), if z € ®~1(0) then &x(x) is horizontal, that is, it
lies in the maximal complex subspace H,(X/M) of T,,(X) C T,.(L*). By the
ampleness of L, the Levi form L,(p) induces a positive definite Hermitian
form on H,(X/M). In turn, because G acts freely on ®~1(0), the induced
real quadratic form on g,

€= La(p) (Ex(@)) = H(p)S") (éx(x)),

is positive definite. This proves Lemma 4, because a complex symmetric
matrix with negative definite real part is nondegenerate.

Hence (e,0,1) is a nondegenerate critical point of W. We still have to
prove that, perhaps after restricting U to a smaller open neighbourhood of
e € G, it is the only critical point of ¥ on U x S* x (0, 00).

Now (0, 1) is the only critical point of ¥(z,e, 8, u) as a function of (6, u).
Therefore, given any € > 0 we may replace U with some possibly smaller
open neighbourhood of e, so that (e,0,1) is the only critical point of W
in U x 8! x (1 —¢1+e¢€). Suppose that there is a sequence (g;,0;,t;) of
critical points of U with ¢g; — e. Since S' is compact, the sequence 6; has
some accumulation point #,, and after passing to a subsequence this implies
(d¥)(e,000,t,) — 0. By (22), we must have 0, = 0 and t; — 1, against the
fact that [t; — 1] > e.

This completes the proof of the Lemma.

We are now in a position to apply the complex stationary phase Lemma
to estimate the asymptotic behaviour of (17) as k — +oo [H|, [MS]. More
precisely, since x,,(e) = dim(V,,),

(2, ) ~ k"79/2 dim(V,,)? det (H(T)(e, 0, 1)/2mi) Y2 so(z, )
+0 (-o21).
Theorem 1 follows in view of (11), (24) and Lemma 2.
2. Proof of Theorem 2.

We have
(28) dim H(M, L®%), = / I, 1 (z, ) dz,
X

and we want to estimate asymptotically the latter integral as k — 4o0.
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As we have seen, the equivariant Szeg6 kernel II, ;, is given by

1 2 i 3 ;
Hw,k(wvy):%/o /Ge My (g 1)H(69ug71(w),y) dddg (z,y € X).

Here p is the action of G on X, and p is induced by p by the formula
py(f)(@) = f(pg1(2)) (zr€ X, geq),

By compactness and the results of [BS], we may find ¢g > 0 with the
following property: For any p € M and € > 0, let B(p,¢) be the open ball
in M centered at p and radius €, in the geodesic distance on M. Then
on the inverse image (m X 71')_1 (B(p,2¢c0) x B(p,2¢0)) the Szegd kernel is
microlocally equivalent to a Fourier integral operator of the type (9).

We shall denote by dist s the geodesic distance function on M, as well as
its pull-back to X, and by dist x the geodesic distance function on X. Here
the Riemannian metric on X is defined in the natural manner in terms of
the metric on M and the connection, so that the projection 7 : X — M is
a Riemannian submersion; dist y is clearly S'-invariant. Let us set:

(29) V={(z,9) € X x G : distas (z, pg-1(x)) <€}

V is an S'-invariant open neighbourhood of X x {e} in X x G. We now
decompose the integral (28) as follows:

/X I,k (x,2)de =

_ ///27r =ikt _I)H(ew,ugA(ac),x) d6 dg dz
= // Xw Hk( (),a:) dx dg

//XXG\V (97) Tk (g1 (), ) drdg

(30) = gD 4 gk,

wa’k) and Hy"” ") are defined by the latter equality. Héw’k) is O(k=") for
every N = 1,2,..., since the Szegd kernel is smoothing away from the diag-
onal. We thus need to estimate H £w’k) asymptotically as k — +oo.

To this end, we shall first of all construct an appropriate finite open cover
of M. Choose points p; € <I>_1(0) (1 < j < rg for some fixed rp > 1) such

that

0

(0).0/2 € | Bpj €0);
j=1

here @‘1(0)60/2 is the £¢/2-neighbourhood of ®~1(0) in M in the geodesic
distance.
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Let us further choose points p; € M \ @‘1(0)80/2 (ro+1<j <r for
some integer 11 > 1¢), such that

™
M\(I._l(o)a()/Z g U B(p]7€0/3)
j=rot+1

Clearly, rg and r; depend on ¢q.

Let us then set V; = B(pj,e0) if 1 < j <rp, V; = B(pj,e0/3) if ro+1 <
j < ry. This is a finite open cover of M. Let 1 = Zj ¢; be a partition of
unity subordinate to the cover {V;}. We shall also write ¢; for ¢; omw. Thus,
1=> j ¢; will be implicitly seen as a partition of unity on X subordinate
to the open cover V;, where V; = n=1(V;).

H }w’k) may be decomposed as

(wk) _ -1 i(x ~1(x),x) dx
(31 H —Ejj//v Yo (671) 63(@) T (11 (), 2) do dg
-3 A
J

where V; = {(x, g EV:xE f/J} and Ag-w’k) is defined by the latter equality.

We shall next estimate each Agw’k) separately.

By construction, if (z,g) € V then the neighbourhood of (ugﬂ(x), a:) we
may represent I as a Fourier integral of the type (9).

More precisely, by our choice of €q, for every j = 1,...,r; we may choose
a preferred holomorphic section of L at p; and adapted local holomorphic
coordinates at pj, in the sense of [SZ], both defined on B(pj,e9). We
then have induced holomorphic coordinates on L. Let a; = a;j(z) be the
square norm in this preferred frame, and let a;(z,w) be its extension to
M x M, almost analytic in 2z, and almost antianalytic in w. This deter-
mines a phase function ﬁj(z,)\,w,u) = i (1 —a;(z, w)\I), restricting to
b = i(l—%)ﬂ) on X x X (with A,z € SY). o; locally
parametrizes the almost analytic Lagrangian relation associated to the Szego
kernel. In particular,

d(x,x)¢ = (az¢($7$)75w¢($7$)) = (0490, —Oém),

for every z € ‘7] A straighforward computation then gives

d(eit g )P = (ePagio,, —Pay) (zeVj, e e sh.
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Let s be the classical symbol appearing in the local representation of II as
a Fourier integral operator. Setting s;(y,z,t) = ¢;(x) sj(y, z,t), we obtain

2w p4o0 . .
Agw,k) — 2i // / / e—ik@ Yo (9_1) em/;j (619%71(50)@)
n v; Jo Jo

(32) X Sj (ewugq(ﬂn),m,t) dx df dg dt.

With the change of variables ¢ = ku, this is

2w p4o0 i
A§w7k) — % //v /0 /0 elk(uwj(e 9“971(m),x)—9) Yo (g—l)
J

X 8 (ewugﬂ(:ﬂ),w,ku> dx df dg du

L 2 pt+oo
= // / / ezk\lfj(ac,g,e,u) Yo (9_1)
2w ) Jy; Jo Jo

(33) X S; <ei9ug71(m),:z:,k‘u) dx df du dg,
where W : V; x St x Ry — C is defined by
(34) U,(z,g,0,u) = uwj(ewugﬂ(a;),x) — 0.

To estimate Agw’k), we shall now use the complex stationary phase Lemma.

For x € ‘7]-, let ¥, : U, x S' x (0,+00) — C be the partial function
U,x(g,0,u) =: Vj(x,g,0,u); here U, C G is a suitable neighourhood of
e€@.

Lemma 5. For all sufficiently small €q, there exists g > 0 (independent
of €0) such that ||dV ;.|| > yoeo at any (z,9,0,u) € Vj x St x Ry with
ro+1<j5<r.

Proof. To begin with, we make the following remark. Given any a,b with
0 < a <1 < b, there exists d > 0 with the following property: For all
sufficiently small ¢ > 0 and (x, g,0,u) with (x,g) € V, we have ||[dV,|| > d
ifu ¢ (a,b).

If not, there would exist a sequence (x4, g;, 6;, u;) with
dist s <,ug_71(xi),:vi) — 0,

u; & (a,b), and dg, g, 6,u;)¥jz — 0. Given the compactness of X and G,
we may pass to a subsequence and assume x; — Too, i — Joo- Lhen
try=1 (Too) = ez, for some Yo, € [0,27), and (oo 6900 zoc 0 ,u5) Yz — 0.
But by the analysis in [Z] of the critical points of ¢ this implies §; — —V,
u; — 1, absurd. Thus, we may assume u € [a, b].

We shall then fix some a € (0,1) and suppose that € is sufficiently small
for the conclusion of Lemma 5 to hold.
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If (x,9) € Vj, let ¥ = J(x,g) € [0,2m) be uniquely determined by the
condition that

distx (eiﬂﬂg—l (x) ,m) = distas (g1 (2),2) < €.

Given that d i, )9 = (a0, —e?ay) for all € Vj, there exists Oy > 0
such that

(x,9) €V; =
(35)“(1(“971(61'0%)7‘%)7/))' — (ei(ew)aﬂgil(ei(gwm, —ei(ew)agg)u < Oy €.
Suppose now that ro +1 < j <r; and p € V;. Then
dist (p, ®71(0)) > dist (p;, ®(0)) — d(p, p;) > €0/6.
Suppose z € V; and (z,g) € V, and set p = m(z) € V;. Then

distas (pg-1(p),p) = distar (g1 (), ) < €2.
Therefore,

distas (pg-1(p), <I>_1(0)) > £0/6 — €& > €0/7,
if g < 1/42. Thus, given that 0 € g* is a regular value of the moment map,
there exists Cy > 0 such that

(36) ro+1<j<ri, (2,9) € V; = ||® (1y-1(p))]| > Caeo,

in a given fixed norm on g*. In other words, if ro+1 < j < r; and (z,9) € V;
then there exists £ € g* of unit norm such that (,ugq (p)) > (Cy g, Where
p=m(x) and ¢ = <<I>,£ > This is equivalent to the condition

(37) O‘,ug,l(x) (gX (Mg*1($))) > Cy e,

and in view of the above this completes the proof of Lemma 5.

We now apply the complex stationary phase Lemma to estimate the sum

Z;;TO 41 H?(’“;k) Recalling the definition of H ?(,t‘;’k), we first integrate over
0, u, g and then over x. The first integral, given Lemma 5, is < Cnyk~ for

every N =1,2,.... We thus obtain

Te

S omEY <onk ™Y / 7 6| de <oy
j=ro+1 X j=ro+1

In order to estimate 250:1 Héi‘;-’k), we shall use in the neighbourhood of
any @ € 7~ (®71(0)) the local coordinates (w,z,A = e') discussed in
the proof of Lemma 2. Thus w € C9, z € C* 9 and A\ € S'. We shall
write w = a + tb and z = ¢+ id, where a,b € RY and ¢,d € R"79. Then
71 (®71(0)) is locally defined near z by the equation {b = 0}. In the
neighbourhood of (z,e,1,1) € X x G x S xR we then have local coordinates
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(a,b,c,d, A = €, a/, N = ¢ ). In the following we shall not distinguish
between ¥ and its expression in local coordinates.

Loosely speaking, 7! (®71(0)) x {(e,1,1)} is a nondegenerate critical
manifold for the (locally defined) phase W.

Lemma 6. Every x € 7 (710 )) X {(e,l,l)} is a critical point of V.
The Hessian of ¥ at any x € 7! ( ) {(e,1,1)} has rank 2g+2, and
is nondegenerate in the variables (b,a’ 0’ u).

Proof. By the previous discussion, 7' (#7(0)) x {(e,1,1)} is a critical
manifold for ¥. Thus the Hessian of ¥ at any z € 7~ (®7(0)) x {(e, 1,1)},
H(1),, is a well-defined quadratic form on the tangent space to X x G X
S1 x R at x. Suppose without loss of generality that the local coordinates
(a,b,c,d,\ = €%) are centered at z. Clearly, every second derivative of
U involving one of the variables a,c,d,f (which give local coordinates on
71 (®71(0)) x {(e,1,1)}) vanishes at z (incidentally, given the expression
in local coordinates of the phase 1 discussed in [Z], ¥ does not depend on
A). We want to show that H(v), is nondegenerate on the subspace

{8 0 0 0 }
span —— .

Let us then consider then the (2g 4+ 2) x (2g 4 2) matrix given by Hessian
of U at z in the variables (b,a’,0,u), H(¢)),. To begin with, let us remark
that

CramM 2.1.
0w

02U
duod|, '—0-

T Oudb|,

Proof. By definition, %—:IL’ = ). The first vanishing then holds because
dizo) = (ag, —ay), where « is the connection 1-form, and as we have seen
the action of G at z € 7~ (®71(0)) is horizontal to first order. The second
vanishing holds because v is constant along the diagonal.

Asrecalled in the proof of Theorem 1, the Hessian of ¥ in the two variables
0, u at (0,1) is known from [Z]. Given the Claim, we obtain for the Hessian
inb,d,0,u

o’ 02w %y 0%y ‘
2 b2 da’ Ob b2 Oda’ Ob
det H(V), = det 22 02| = det 924 02|

Oa’ Ob L da’? z

da’ b |, Oa’? "

CLAaIM 2.2.
R

| =

T
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Proof. If we fix g=¢,0’ =0, u =1, ¥ = 1) is constant as a function of z.
Thus,

0o L
2 da’ 0b
det H(¥), = det 924 924 ;

9a’db - da’? |
and we are reduced to proving that the g X g symmetric matrix % L=
82_1/1‘
da’ 0b =
of ¥ = 1) as a function of @’ and b keeping fixed a = 0, 0 = 0" =0, u = 1.
In so doing, we shall use the Taylor expansion of ¢ (as a function on L*)
at (x,x); this is determined as we have seen by the Taylor expansion of the
square norm function p.

In the notation of the proof of Lemma 2, let v(a +ib, c+id), Y(a +ib,c+
id, z) and 4(a + ib, c 4 id, \) be, respectively, the local charts of M, L* and
X C L* near p = 7(z) and x; here a, b € RY, ¢, d € R" 9, 2 € C, A € SL.
Thus,

is nonsingular. We shall do this using the second order expansion

v(a +1b,0) = exp(a +ib) - p
F(a +1ib,0,z) = exp(a +ib) - (p, z €}.(p)),

4(a+ib,c+id, \) =5 (a+z’b,c+id,/\/\/ﬁ(v(a+ib,c—|—id))> ,

where § = He*L||2. To simplify notation, we identify a + ib € CY with the
corresponding vector in g., given the implicit choice of a fixed basis of g.
We also write g = exp(a+ib) for its image in G under the exponential map.
With some further abuse of notation, in the following lines we shall omit
the variables ¢, d: for example, 4(itb, A) will then really mean 4(itb,0, \),
where \ = e,

We shall also let p = 7(z), so that v(a +ib) = exp(a + ib) - p, and
z = (p,é}(p)). By construction of ér, if ¢’ € RY and ¢ € R is sufficiently
small, we have

exp(ta’) - (¢, A€7(q)) = (exp(ta’) - ¢, A€} (exp(ta) - q)) ,

for every ¢ € M near p and A € C. In particular, if ¢ = y(itb) = exp(i tb)-p,
we have

eta/-’y(itb,)\):et“/-< (ith), Net (v ztb))
_ otd ( ., Aeith. & (e ith p))

:eta . ztb (p’ Aé (p))
(38) — (eta,’e'itb'p7 )\é*L(eta eltb_p))'
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Since exp(ta’) exp(ith) = exp (t(a’ +ib) + (i/2)t? [, b] + O(t3)>, we may
rewrite this as
e Aith,\) =
_ (et (a/+ib)+(i/2) £ [ H+O() ) A& (et (a'+ib)+(i/2) £ [a b]+O(t3) ,p))

=7 (t(@ +1ib)+ (i/2)t* [d/,b] + O(t*), \) .
We have for a/, b € RY and ¢ € R sufficiently small:

v (@(z’tb, 1),(”’,0,1,) . (a (z’tb, m> et o, 1,>
= (e (e p ) (< )

Identifying 1 with its expression in local coordinates this is

W <<t (a' +ib) + (i/2) £ [d',b] + O(t?), m> , (itb,m>> .

Now, as we have mentioned, the action of G on X C L* is horizontal
over ®~1(x). Thus, given that 7(z) € ® !(z), for every ¢ € g the as-
sociated tangent vector &p«(x) = &x(x) € H(X/M),. The latter is the
maximal complex subspace of T, L* contained in 7, X. Therefore, we also
have J,(¢x(x)) = (i§)x(z) € H(X/M),. Now, in more intrinsic notation,
suppose a’, b € RY correspond to &, £ € g, respectively; then, in the local
coordinates provided by the holomorphic chart 7, (a’,0) stands for &} .(z),
(b,0) for &£p+(x), and (ib,0) for Jy&r+(x) (J; is the complex structure on
T, L*). Thus, on the one hand in our local coordinates

ag (t(a' +ib) + (i/2)t* [a’,b],0) = 0, a,(ith,0) = 0.

On the other hand, the path (itb) is tangent to X at ¢ = 0, and therefore
B(y(ith))~t = 142 5(t) for some smooth function s(¢). Given that d(zz) =
(ag, —ay), where a is the connection 1-form, we conclude from the latter
expressions that

v (fy(z'tb, 1),et 0, 1,) - %RH(w)(m) (a/ +ib, ib) + O(t).
In view of (13),
H() @0y (@ +ib,ib) = H*O(0),(a’ +ib,d’ + ib)
(39) +HYY (0),(a' + ib,ib) + H O (o), (ib, ib).

Since 1 (x, x) vanishes identically for x € X,

(0 gty) (o ) =
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for every t, and therefore in (39) the terms containing only b add up to zero.
Using the symmetry and the C-linearity of H (2’0)(9) and the sesquilinearity
of H1:D(p), we obtain

H(w)(gc,x) (CL/ + ib, lb) =
(4()) — H(2,0) (g)x(a’, a/) + Z'(2H(2,0) (Q)x _ H(l,l) (Q):c) (a/7 b).

Thus, the g x g complex matrix —i %‘ represents the bilinear pairing
x

g x g — C given by

(&m) = 2HZ9(0), (¢x (@), nx (x)) = HEV (0)0 (€x(2), mx ().

The latter is in turn the restriction of a similarly defined R-bilinear pairing
on g.. We have seen in the proof of Theorem 1 that the former term is
represented by a complex symmetric matrix with negative definite real part,
while the second term is a negative definite Hermitian product on g.. The
proof of Lemma 6 is then completed by the following:

Lemma 7. Let b > 1 be an integer. Let C' and H be complex b x b matrices.
Suppose that C is symmetric and H is Hermitian. Suppose furthermore that
C has positive definite real part, and that H is positive semidefinite. Then
C + H is nonsingular.

Proof. By the hypothesis, C' = A+ iB, H = R+ 1S, where A, B, R, S are
real b x b matrices satisfying: A = A, B' = B, and A is positive definite;
R'=R, S = -85 and

(VP iW) (R +iS)(V —iW) >0

for all V,W € R?, and equality holds if and only if V = W = 0. Suppose
that X +1iY € ker(C + H), where X,Y € R®. We have

(41)(X! — iv?) (R + iS) (X +iY) = X'RX + Y'RY — 2X'SY >0,
for all X, Y € R?. On the other hand,

((A +R)+i(B+ S))(X YY) =
(42) - <(A YRX —(B+ S)Y) + z'((B + X +(A+ R)y).

Thus, (A+ R)X = (B+S5)Y and (A+ R)Y = —(B+5)X. Let us multiply
the first relation on the left by X* and the second by Y, and sum: we get
(X'RX +Y'RY) + (X'AX + Y'AY) = 2X'SY.

In view of (41) and the positive definiteness of A, we conclude X*AX = 0,
Y'AY =0 whence X =Y = 0.
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To complete the proof of Theorem 2, we now only need to observe that

r0 H(w,k)

the asymptotic expansion described in the statement holds for e H3 7,

in view of Lemma 6 and the complex stationary phase Lemma.

3. Proof of Theorem 3.

To ease the exposition, let us first prove Theorem 3 under the following
additional simplifying assumption:
w € bY lies in an elementary fundamental wedge for the Hamiltonian action
of G on T*X \ {0} ([GS2], page 357).

Recall that this means that w is a regular value of the moment map
U:T*X \ {0} — g*, and that G, C G acts freely on ¥~} (w).

To begin with, let us then first of all clarify the relation between the
symplectic cone Y and the submanifolds

W=a"1(C0O)C M Z=9"1C(0)) CTX\{0}.
In view of (5), if p € X and r > 0 then
(p.rap) € Y NUTH(C(0)) <= 7(p) € 27 (C(0)).
In other words, we have
Lemma 8. Let 7 : Y — M be the projection, (z,ray) — w(x). Then
YNZ=a1tWw).
Furthermore, 0 ¢ ®(M) clearly implies:
Lemma 9. W C M is compact.

Recall, after [GS1], that Z and W are fibrating coisotropic submanifolds
of T*(X) \ {0} and M, respectively. More precisely, there exist symplectic
V-manifolds in the sense of Satake

(Zﬂ, QZO and (Wﬂ, QWO ,

and smooth maps pz : Z — Z%, pyw : W — W¥ whose fibres are the leaves
of the corresponding null foliations. Thus, if 1z : Z — T*(X) \ {0} and
vw : W — M are the inclusions, then ¢ (Qr-x) = p%5 () and ¢jy, () =
Py (Qyt), where Qp«x, ... denote the symplectic structures of the manifolds
T*X,.... The fibre of py (respectively, of py) through a point p € Z
(resp., € W) is the orbit of a certain normal subgroup H ¢ of the stabilizer
subgroup Gy under the coadjoint action, where f = W(p) (resp., f = ®(z)).
The Lie algebra b of Hy is the codimension one ideal of gy = Lie(G) given
by ([GS2], page 351):

(43) by ={§€gs:< f,{>=0}.
Let R be a symplectic manifold. Given an isotropic submanifold S C
R x R, we shall denote by S’ the corresponding isotropic relation, that is,
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the image of S under the map (r1,72) — (r1, —r2). Clearly S’ is an isotropic
submanifold of R x R, where R~ denotes R with the opposite symplectic
structure. The fibre products

Z Xp, Z and W X, W

are then Lagrangian relations in 7*(X x X) and T%(M x M), respectively.
We shall in a while be interested in the composition of the conic isotropic
relation X', with ¥ given by (12), with D =: (Z x,, Z). The previous
discussion obviously implies:

Lemma 10. ¥ o D = 7~ Y(W) x,,, #~1(W).
More explicitly, given that « is G-invariant we have
THW) Xy, 71 (W) = {((2,10), (y, 7)) = w(x) € W,
(44) (TS H<I>(7r(a:)) CTL,T > O} .

With the standard implicit identification between sections of L®* and
Sl-equivariant funcions on X, let

H(X @HO M L®k (w @ HO M, L®k>&u C H(X) C L2(X),
k>0 k>0
and let P, : L*(X) — H(X)(,) be the orthogonal projector. If { (k. &")}

is an orthonormal basis of HO(M, L®*),, for k,¢ = 1,2,..., the Schwartz
kernel of P, is

Py (z,y) ZSHW @35 y) (2,y € X).

The k-th Fourier component of P(w) is

Pk ZW“ @35 y) (2,y € X),

and we want to estimate asymptotically the diagonal behaviour of p(w),k on
W =o' (C(0)).

To this end, we shall describe P, as a Fourier integral operator with
complex phase and study the geometry of the associated (almost complex)
canonical relation. In fact, P, is the composition of two Fourier integral
operators whose associated canonical relations are related to the G-action
and to the complex structure, respectively. Namely, let

=P L*(X)w, € L*(X)
e>1

and denote by Q) : L*(X) — L2(X)(w) the orthogonal projector. If IT
denotes, as above, the Szegd projector, then P, = Q) o Il.
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As mentioned already, II is an elliptic degree zero Fourier integral ope-
rator with complex phase; its almost complex Lagrangian submanifold C
is locally parametrized by the phase function v, and can be characterized
geometrically as follows ([BS], Propositions 2.13 and 2.16). Let X denote a
complexification of X [MS], so that the natural (complex) symplectic struc-
ture on the cotangent bundle T*(X' ) is the complexification of the symplectic
structure on T%(X). Let ¢ = {(;} be the symbol of the boundary Cauchy-
Riemann operator dy, a smooth function on 7*(X), and let ¢ = {(;} be its

almost analytic extension to 77" (X).

Theorem 4. ([BS]) Let T C T*(X)\{0} be the almost analytic submanifold
defined by ¢ = 0. Then Y is a conic involutive submanifold of T (X) \
{0}, and C is (up to almost analytic equivalence) the unique Lagrangian

submanifold of (T*(X) \ {0}) X (T*(X') \ {O}> contained in T x T and
containing the wave front (12) of 1I.

Next, Q(y) is also an elliptic degree zero Fourier integral operator, with
real phase however. Its associated canonical relation is described in [GS2],
Theorem 6.7, in terms of the moment map ¥. Namely, with w and C(O) as
in Definition 1, assume that VU is transversal to C(QO). The conic Lagrangian
relation

D C (T(X) \{0}) x (T*(X) \ {0})
associated to (), is then the fibre product Z x,;, Z. To discuss the compo-
sition of IT and @), we shall view the latter as a Fourier integral operator
with complex phase, whose associated almost complex canonical relation
D c (T(X) x {0}) x (T°(X)\{0})
is simply the almost analytic extension of D. In the language and notation
of almost analytic machinery [MS], this can be described as follows.

The moment map ¥ : T*(X) — g* extends almost analytically to ¥ :
T*(X) — g%, where g, = g ®g C. Let C(O) C g be the complexification of
C(O) C g*; this can be explicitly decribed as

C(0) = {M AeCH W e @},
where O C g, is the coadjoint orbit of w in g} under the complexification
G of G. Then VU is transversal to O, and the almost analytic submanifold
Z = U~10) € T*(X) \ {0} is the complexification of Z. The fibration
p:Z — Mﬂ extends almost analytically to p : Z — Mf), and the fibre
product
D=:Zx;7ZCTX)xT*X)

is the almost analytic extension of D = Z x,, Z. It is therefore a Lagrangian

relation in 7*(X) x T*(X).
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Clearly, D and ¥ are the sets of real points of D and C, respectively. Set
A =T*(X) x diag (T*(X)) x T*(X)
and

A = T*(X) x diag <T*(X)> x T*(X).

Lemma 11. D x C and A meet transversally in T*(X) x T*(X) x T*(X) x

T*(X) at every point of (D x ¥)NA.

Proof. All statements in the following arguments are meant to be local along
the real locus. We have

D = {(w,w) e (T*(X)\{0}) x (T*(X) \{0}) :
V(w), ¥(w') € C(0), pw) = p(w')} .
If (w,w') € D, then the tangent space to D at (w,w') is
Thw oy (D) = {(v,v/) € Thwuw)(Z % 2) + dup(v) = dw/ﬁ(v’)} .

With g = dim(G), set k = g — dim(O) — 1 = codim (C(0)). If v’ € Tw(Z),
the collection of all v € Ty (Z) with dyp(v) = dyup(v') is an affine space of
dimension k.

Suppose next y = (w,w’,w’,w"”) € (D x )N A. Then
(T (D) X T iy (€) ) 1T, (B) =
{(’U,U/,U/,’U”) s (v,0') € T(ww)(Z X Z),duwp(v) = dup(v')

(vlav//) € T(w’,w”)(é)} :

The condition (v,v") € T(w,w/)(Z X Z) may be rewritten
¥ (v) € Ty,y (C(O)), duW(v') € Ty, (C(O)).

CrAM 3.1. C is transversal to C(O) under the map 7 : (w,w’) — U(w)
(along the real locus).

Proof. Certainly C' D ¥ D ¥, where
5= {(p, Aap,p, —Ady,) ip € X, € (C*}

is the complexification of ¥; here & is the complexification of the connection
1-form «. It suffices to show that ¥ is transversal to C'(O) under 7, whence
that ¥ is transversal to C'(O) under the map ~ : (w,w’) — ¥(w). By homo-
geneity of the moment map on the cotangent bundle and equality (A.11) in
the Appendix to [GS1], if p € X and r > 0 then

v ((p, rap, p, —ray)) = r¥ ((p, ap)) = @(p).
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The statement follows from the hypothesis that ® be transversal to C(O).

Returning to the proof of Lemma 11, the Claim clearly implies that
dime ( (Twr) (D) X T (C) ) NTy(A) ) = dim(C) = 2r,
where r = 2n + 1 = dim(X). We have on the other hand
dim¢ (C) 4 dime (D) — codime(A) = 2r + 2r — 2r = 2,
and thus the statement.

Lemma 12. The projection I1 = (my,m4) onto the the first and fourth fac-
tors,

I (w,w, v w") € (DxX)NA — (w,w”) € (T*(X)\ {0})x(T*(X) \ {0}),
1s injective and proper.

Proof. Injectivity follows immediately from the description of X.
Let next K C (T*(X) \ {0}) x (T*(X) \ {0}) be a compact subset. We
want to establish that II7'(K) is compact. Now

(D X 2) n A = {(h‘ : (pvrap)7 (p7 TQ’p), (p,T‘Oép), (p7 —T()ép)) :
w(p) € W,r > 0,h € Hq)oﬂ(p)} )

Here Hy denotes the codimension one closed Lie subgroup of the stabilizer
Gy C G of an element f € g* discussed on page 349 of [GS2]. The projection
K' = q(K) CT*(X)\ {0} of K onto the second factor is a compact subset
of T*(X) \ {0}. Clearly, II"!(K) is a closed subset of

(45) {(h-(p,rap), (p,rap), (p,ry), (p, —rap)) : w(p) € Wor > 0,
(46) h € Hoor(p), (p, —T0yp) € K'}.

It thus suffices to show that the latter set is compact. It is obvious that the
union Uﬂ(p)ew Hgor(p) 18 @ compact subset of G. Since W is compact, so
is 7~1(W) C X. Therefore the set of all r > 0 such that (p, —ra,) € K’
for some p € 71 (W) is contained in a closed interval [a,b] C Ry. The
statement follows.

REMARK 3.1. With a view to Corollary 4, we remark that the condition
that W is compact is not essential in the proof of Lemma 12. In fact, the
projection K” C M of K’ under the composition T*X — X 5 M is at any
rate a compact subset of W, and the condition 7(p) € W may be replaced
by the condition 7(p) € K" in (45).

Given this, we can compose the Fourier integral operators @ (. and 11 [MS]:
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Corollary 5. P, is a degree zero elliptic Fourier integral operator with
complex phase, associated to the almost analytic Lagrangian submanifold

_ ([)oé/), C (T*(X)\{O}) X (T*(X)\{0}>~

We now characterize I' geometrically. Let T C T*(X) \ {0} be as in the
statement of Theorem 4.

Lemma 13. Up to almost analytic equivalence, I' is uniquely determined by

the properties: i) T' C ( *(X)\ {0}) < *(X)\ {0}) is an almost analytic
Lagrangian submanifold;

ii) T" 2 DoY/;

iii) D C T x T.

Proof. Tt is clear that I/ O D o 3. Let us show that ' C ¥ x Y. We may
equivalently show that I' = Do C’ C T x Y. We have, by definition,

I = {(w,u/) c (T*(X) \ {0}) x (T*(X) \ {0}) 3w’ € T*(X)
such that (w,w”) € D, (w",w') € C’} .

Since C C T x T, we have w’ € T for all (w,w’) € I'. To show that w € T,
recall that
D=7 x3;7ZCT"X) x T*(X).
It is thus sufficient to show that if w,w” € Z, d(w”) = 0 and p(w) = p(w"),
then d(w) = 0. Being the complexification of the isotropic submanifold Z, Z
is also isotropic, and the leaf of its null foliation through p € Z is the orbit of
the complex group H C G. Since the action of G preserves the horizontal
distribution H(X/M ) (equivalently, the connection 1-form «), the symbol
d of the boudary Cauchy-Riemann operator is G-invariant. Complexifying,
the action of G preserves the horizontal distribution H (X /M), whence the
components d of d are G-invariant. Equivalently, since d is G-invariant the
Hamiltonian Vector fields X4, are in the kernel of dp; their complexifications
X d; ’s are therefore in the kernel of dp.
To establish the Lemma, we are thus reduced to proving that if

Ac (TE)\{0}) x (T°()\ {0})
is an almost analytic Lagrangian submanifold such that
ANDODDo¥Y and ACY x T,

then (up to almost analytic equivalence) I' = A.
Clearly A’ D (D o X'}, where (D o X'V denotes the complexification of
Do¥'. Now ((DoX'))7is a 2(n + 1)-dimensional almost analytic isotropic

submanifold of (T*(X) \ {0}) X (T*(X) \ {O}> On the other hand, T x T
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is the coisotropic submanifold defined by the 2n equations dgl) = (0 and

—2)
dj =0,7=1,...,n((1) and (2) stand for the component of evaluation).

The leaves of the null foliation of T x T are then generated by the flow of

the Hamiltonian vector fields Xél_)’s and Xg)’s. These span at each point of
J i

((D o ¥'))"a 2n-dimensional linear space which is trasversal to the tangent

space of (D o ¥'J. Hence A must be the union of the leaves passing through

((Dox)):

We now produce suitable local holomorphic coordinates on M in the
neighbourhood of p € W, and on L in the neighbourhood of z € Z. These
coordinates are adapted to the fibrating structure of W and Z.

Lemma 14. For any p € W and any sufficiently small open neighbourhood
U > x in W, the image of U under py is an open Kdihler manifold S C WE.
The map py = ply : U — S is a submersion, and Q|; = py, (Qs), where
Qg is the Kdhler structure of S.

Proof. This is proved by a straightforward adaptation of arguments from
[GS1] and [GS2]; we sketch the proof for the reader’s convenience and to
introduce some notation. As already recalled, by the theory in [GS2], we
have the following picture: If p € W and f = ®(p) € g*, let Hy C G be the
normal closed Lie subgroup of the stabilizer Gy of f with Lie algebra (43).
Then the fibre pﬁ/l (p) € W is the orbit of p under Hy. Therefore, p;Vl (p) is
diffeomorphic to the quotient Hy/H (p), where H(p) C Hy is the stabilizer
of p in Hy. Furthermore, H(p) C Hy is a discrete subgroup of Hy¢. Thus,
T,W is an coisotropic subspace of (T,M,€,), with symplectic complement
(T,W)* = Ty(Hy-p) CT,W. Let us set R, =:T,,(Hy - p).

We conclude that py is a submersion and S is a symplectic manifold of
real dimension 2 (n — dim(Hy)) = 2(n — g + dim(O) + 1). Furthermore, for
p € M let F, C T,M ® C be the +i-eigenspace of the complex structure
Jp € End (T,M). By Lemma 3.6 of [GS1],

(47) F,Nn(R,®C)=0.

For p € W, we set
Fy = F,n(T,W&®C);
then (FI’,)L has complex dimension n + dim Hy (n is the complex dimension
of M). Therefore, by H j-invariance and dimension count, F’ descends to
a well-defined positive Lagrangian complex distribution on S. Integrability
follows as in loc. cit., and therefore S inherits compatible complex and
symplectic structures.

Lemma 15. Pick anyp € W and let U be any sufficiently small open neigh-
bourhood of p in W. Set S = pw(U), and endow it with the holomorphic
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structure described in Lemma 14. Then there exists a map o : S — W sati-
sfying the following properties: i) o (pw(p)) = p; i1): o is holomorphic as a
map from S to M; iii): o is a section of pw, that is, py o o =idg.

Proof. The only property not immediately obvious is (ii). Set as above

k = g —dim(O) — 1; we may choose local coordinates t1,...,t, for g* on
a neighbourhood V of f = ®(p) centered at f and such that C(O)NV
is defined by t; = --- = t; = 0. Let U C ® (V) be a sufficiently small

neighbourhood of p. The map
ViU =R P eUm (L(2(p),. .. tr(®(p) € R

is a submersion, and its image a neighbourhood D of 0 € R*. For ¢ € U, let
W, =4¢"c) c U. Then Wy = W NU, and W, is a submanifold of U for
every c € D. If ¢ € U, define

Fp =: Fy N (Tg(Wy(g) ® C) .
Let us set Ry =: Ty(Wy () Given (47), we have
(48) Fyn(R;®C) =0

for every ¢ € U (perhaps after further restricting U). This implies that F” is
a complex distribution on U, of rank n—g+dim(O)+1. It is integrable, essen-
tially by definition, and therefore the complex version of the Frobenius inte-
grability theorem applies. Thus, we may find local holomorphic coordinates
T1,...,7, on U centered at p, such that F' = span{d/0r; : j =1,...,k}.
After further restricting if necessary, the manifold S = {rgg1=++=mrp =
0} is then a section of p, as required.

The G-invariance of L and V clearly implies

Lemma 16. LetU C Z and S = p(U) C Mf) be as in Lemma 14. On S there
are an hermitian line bundle (Lg, hLS) with (unique) compatible connection
Vig, such that L|; = p;(Ls), hLgy = pi;(hr) and Vi = pf; (Vig).

We have in fact Lg = 0*(L), hpy = 0*(hr), Vg = 0" (Vig).

Let us now fix p € W and let U be the open neighbourhood of p in W,
S the open Kéhler manifold and 7y = pw|; : U — S be the submersion
described in Lemma 14. Let ¢ : § — U C M be the holomorphic section
described in Lemma 15. Set p = wy(p) € S, and let (z1,...,2;) be local
holomorphic coordinates on S centered at p, where k =n — g+ dim O + 1.
Let H; C G be the complexification of Hy, with Lie algebra § = by ® C.
Let exp : b} — Hf be the exponential map of HS, and let V C b be an
open neighbourhood of the origin such that exp induces a diffeomorphism of
V onto its image. Then, perhaps retricting S and V to smaller open subsets,
the holomorphic map ¢ : S x V — M given by

C: (5,0) > exp(v) - o (s)
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is a diffeomorphism onto its image. We obtain local holomorphic coordinates
(21, 2k, wi,...,wp) on M centered at x; here w; = uj + iv;, where u;
and v; are linear coordinates on by, and h=n -k =g —dimO — 1.

We may also suppose without loss of generality that the local holomorphic
coordinates (z,w) are preferred at p in the sense of [SZ]: in our integrable
case this simply means that in the given coordinate system the Kéahler form
at p is the standard symplectic structure wy on C". To see this, notice that
we have a symplectically orthogonal direct sum

TP(M) ®C = Fzg ©® [Rp @ Jp(Rp)],

where R, = T,(Hy - p). Furthermore, R, and J,(R,) are dually paired
Lagrangian subspaces of the symplectic subspace R, & Jp(R,). In terms of
the decomposition

Ty(S x V) =CF @b} and b5 =hy@i-by
we have
Fy = do¢ (C* @ {0}) . B, = do¢ ({0} @ b; & {0}).
Ip(Rp) = doC ({0} & {0} &7 - by).

Thus, in order for (z,w) to be a preferred system of local holomorphic co-
ordinates at p it is sufficient to choose the z;’s so that they form a system
of preferred coordinates on S at p, and to make an appropriate choice for a
basis in .

Let now e; be a preferred holomorphic local frame for L at p in the
sense of [SZ]. Given our choice of a preferred system of local holomorphic
coordinates (z,w) at p, the function 8 = ||e%||* = ||eL|| ™2 then satisifes

(49) Blz,w) =14 |2|? + |w]® + -

A point in the neighbourhood of L*(p) C L* with local holomorphic coordi-
nates (z,w, \) lies on X if and only if |A[?3(z,w) = 1.

In order to obtain an asymtpotic expansion for the equivariant Szégo
kernels P, on the diagonal, we shall need a more complete description of
their microlocal structure near any given point of diag(W#). To this end,
we shall now prove the existence of a regular positive phase function, in the
sense of [MS], microlocally associated to the Lagrangian almost analytic
manifold I' in the neighbourhood of any point in (p,p) € diag(W). The
phase function will be (locally) defined on X x X x RT and have the form
t- ”% (ZC ’ y)'

Let us then fix pg € W and adopt in an open neighbourhood T of pg in M
the local holomorphic coordinates (z,w) introduced above. This determines
local holomorphic coordinates (z,w, z’,w’) on the open neighbourhood T x
T C M x M of (pg,po) € diag(W). Let us choose on T (perhaps after
restriction) a preferred holomorphic local frame ey, for L at py.
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Recall that M and X denote the almost analytic extensions of M and X,
and that the S l—grincigal bundle 7 : X — M almost analytically extends to
a C*-bundle 7 : X — M.

Proposition 2. Let pg € W and T be as above. Then, perhaps after restrict-
ing T to a smaller open neighbourhood of pg, there exists a smooth function
b e C®(T x T) with the following property: Let ¢ € C®°(X|p x X|,) be the

restriction of ) € C*(L|p x L) given by:

() =i (1—-Aub(p,q)),

where ¢, U' € L|y correspond to (p,N), (q,p) € T x C, respectively. Then
t-1 € C®(X|p x X|p xRy) is a regular phase function for T

This means the following [MS], [SZ]. Let ¢ be the almost analytic ex-
tension of ¥ to X‘T X X‘T' Then

(50) U = {(@, tds,§,td50) : B(@,5) =0, t Ry}

In addition, we shall prove in Proposition 3 that 1 is of positive type, that
is, the imaginary part of 1 satisfies I(¢)) > 0.

Proof of Proposition 2. We shall adapt the reduction argument in the proof
of Theorem 2.1 of [SZ] to the present equivariant context.

As a first step, we shall replace the holomorphic preferred local section ey,
of L at p with a different local section, €y, not holomorphic but capturing
the equivariant geometry of our picture. We shall construct a phase function
for " of the asserted form ¢ =i (1 — Afic(p, q)) in the local (nonholomorphic)
coordinates on L* (and X)) associated to the holomorphic coordinates (z, w)
on M and the section €7. The phase function in the original holomorphic
coordinates will then be given by pull-back under the change of basis from
e; to €. Going back to holomorphic coordinates will be convenient in the
proof of Proposition 3.

To this end, in the notation of Lemmas 15 and 14, let us first of all choose
a local holomorphic section er of the Hermitian holomorphic line bundle
Ls = ¢* (L) on S which is preferred at pg. We shall view this as a section
of L defined on the submanifold o(S) C M.

Next we shall extend ez to a local section of L by using the action of
the complexified groups H ¢- More precisely, set

H = {(hjs) eGxS: heﬁcb(o(s))}7

H:{(h,s) eGxS: hEH@(U(S))}.

Then H C 7:[~and the projection onto the second factor induces smooth
fibrations 7 : H — S and r : H — S with 77(s) = Hg(s(s)) and 771 (s) =
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Hg(g(s)) for every s € S. There is an obvious smooth map
A:H— M, (h,s)r h-o(s)

which is a local diffeomorphism along the unit section £ = {(e,s) : s € S}
of 7. Therefore, A induces a diffeomorphism of an open neighbourhood U
of £ onto an open neighbourhood 7" of (S) in M. Let Y = U N'H. Then U
maps diffeomorphically under A onto an open neighbourhood 77 =T N'W
of o(S) in W.

A is covered by the smooth map

B:H— L, (h,s)— h-epg(a(s)).
Setting €, (A(h,s)) = B(h,s) ((h,s) € H) we thus define a C* section of L
over T'.

Let €7, be the dual frame of L* over T', and set 8= |72

2 ~
= lews]

€Ls
Since G preserves the Hermitian structure of L, (3 is constant along the fibres
of piw : W — W¥in T. Then B_l/Qé*LS is a unitary section of L* over T,
and induces a trivialization y : ST x T2 X/,

AL
x(\,p) = | p,——=—=¢L,(p)

B(p)

Suppose that p’ € T has local coordinates (z,a + i0) (a € R). Pick
2’ € 7=1(p') with coordinates (z,a,)). If h € Hgyy and h-p' € T, then
h-p' € T and it has coordinates (z,b, \) for some b € R.

Now, in view of Lemma 13 and (44) ¢ will parametrize I" if the following
conditions are satisfied:

i) set Z() = {(@9) € X|g x X|p: ¥(a,y) = 0); then

Z(w) = {(ac,h:c) S X|T X X’T : 7T(.%') eW,he H@(w(m))};

) detp] 7y = @i (@), = dybl 5y = a3(), where ¢; : X x X — X is the
projection onto the i-th factor;

iii): passing to almost analytic extensions (and writing X for X ‘ _), set

2(0) = {(@.9) € X x X+ 9(3,5) = 0}; then { (#,ds) =0, { (5, dg) =
0on Z (zﬁ), here ¢ is the symbol of boundary d-operator on X, 5 is the
almost analytic extension of ¢ (and, as in Theorem 4 and Lemma 13, T is
defined by ¢ = 0).

We look for a solution of the form ¢ = i (1 — Afic(p, ¢)), and view i), ii)
and iii) as conditions on c¢. To determine ¢, we shall symplectically reduce
" with respect to the S'-simmetry.

Namely, the action of S! on X lifts to a Hamiltonian action on T*(X) \
{0}. Let v : T*X \ {0} — R be the moment map. These actions in turn
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almost analytically extend to actions of C* on X and T*%(X), and v to an
almost analytic map v : T*(X) \ {0} — C. The symplectic reductions of

(7 () \ {0}) x (T7(X)\ {0}) and (T%(X) \{0}) x (T*(X) \ {0}), given
by

(7 x )1 (1,1)/C* xC* D (v xv)}(1,1)/8" x S!
are symplectically equivalent to T*(M x M)\ {0} and (M x M)\ {0},
respectively. The S'- and C*-invariant functions ¢ and ¢ descend to func-
tions ¢, and ¢, on T*(M x M)\ {0} and T*(M x M) \ {0}, and ¢, is

the almost analytic extension of ¢,. The reduced Lagrangian submanifold
I, CT*(M x M)\ {0} is defined as

L, = (I'n(7xo)7'(1,1)) /C* x C*.
Let T, C T*(M) \ {0} be the reduction of Y, that is, the almost analytic
submanifold defined by ¢, = 0. Given Lemma 13, T, may be charachter-
ized geometrically as the unique almost analytic Lagrangian submanifold of
T*(M x M)\ {0} contained in T, x T, and with the given real locus, which

is the reduction of the real locus of T'.
The pull-back of ¢ under x x x is the function

¢' =i (1—Niv(p,q))

on X x X, where v(p,q) = ¢(p,q)/+/B(p)\/(q). Hence we may view 1), ii)

and iii) as conditions on ~.

Over diag(W) C M x M C M x M the projection I', — M x M is a local
diffeomorphism. Therefore we can find, locally along diag(WW), a function
A(p, ¢) such that

T, = {(p’, d; log(b), 4, —d; 1og(5)> LB e M} .
The real locus (I';)r of I, is the reduction under S* x S' of the real locus

of I'; given Lemma 10 and (44), in local coordinates we have

(Tr)e = {((2,0), 1 (0, =€) :p € W, ¢ € Ty (M), 30 such that
(51) Qo) = dO + (. h € Hq,(p)} .
Lemma 17. Ifz € X, p=n(z) € W and hs € Hy(p) is a smooth path, the
path s(s) = hs - x in X is horizontal.

Proof. 1t suffices to show that if p = 7(z) € W and £ € by, where f =
®(p), then the induced vector field {x on X is horizontal at x, that is,
ag (Ex(z)) = 0. In view of (19), we are then reduced to proving that if
€ € by then ¢¢(p) = 0. We have

Pe(p) = (®(p),§) =< f,§ >=0,
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in view of (43).

Lemma 18. 7 is constant on W x,,,,, W. Therefore, after adding a suitable
additive constant to it, we may assume that 7y =1 on W x,,, W, i.e. that

c(p,q) = /BP)\/B(q) ifpeW and g = h-p with h € Hg ).

Proof. Let (p1,h1 - p1) € W xp,, W be in the neighbourhood of (pg, po).
Thus, p1 € W and h1 € Hgq,). We can join (po,po) and (p1,h1 - p1)
within W x,,,, W going first from (pg, po) to (p1,p1) through a smooth path
v(t) = (pi,pe) (t € ]0,1]) with p, € W for every ¢ € [0,1], and then from
(p1,p1) to (p1,h1 - p1) through a path v(t) = (p1,he - p1) (t € [0,1]) with
ho = e and hy € Hgp,) for every ¢t € [0,1]. It is thus sufficient to show
that b is constant on every path of the above form, and for this in turn it
suffices to check that every element of (I',.)g vanishes on the tangent vectors
to these paths.

An element of (T';)r lying over (p¢, p¢) has the form n = (p¢, ¢, pt, —() for
a suitable cotangent vector ¢ at p;, while %L = (pg, pr). Thus, (n, (pr,pr)) =
C(pr) — C(p) = 0.

An element of (I',)r lying over (p1, hs - p1) has the form

n= (ph C? hs *P1, _Cs)
where (s = (dplhs_l)t (¢). Here by definition ¢ € T); M satisfies o

p1,ei®)
¢+ df, and dp, h;' denotes the differential of h;! € G, viewed as a diffeo-
morphism of M, at py.

On the other hand, %‘t:g = (0,4(s)), where k(s) = hs - p1. Thus, we
need to check that (s (£(s)) = 0 for every s.

Let us consider, in the local trivialization induced by €7, the path in X

given for some fixed 6 € R by
];(S) = hS . (p17ei6) = (hs 'plaeie)
(the second equali:cy reflects the construction of_é L)
By Lemma 17, £ is horizontal, that is, az(s) (R(s)) = 0 for every s. Since,

again invoking the definition of (I';)r and the construction of €1, az ) =
s + df, we conclude that ;s (k(s)) = 0.

Let now IV C T* (f( x X > \ {0} be the almost analytic Lagrangian sub-

manifold parametrized by ¢’. By constructon, I satisfies conditions (ii) and
(iii) above. To verify condition (i), suppose that (zg,y0) € Z(¢') and thus
(z0, dzd' (20, 90), Yo, —dyd' (0, y0)) € T’y (the real locus of I'"). Then (in view
of [SZ], (44)) dlog(7)(xo,yo) must be real. Thus, if z¢,yo € X correspond
to ((po, o), (qos uo)) under x x x, we must have (pg,qo) € W x,,,, W. Hence
3(po,q0) = 1, and the condition that ¢’(pg,qo) = 1 implies A\g = pp. Thus,
by our choice of local coordinates, if h € Hg(y,) is such that go = h - po, we
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have yg = h - 9. Hence, I" satisfies (i) and the proof of Proposition 2 is
complete.

Proposition 3. The reqular phase function of Proposition 2 is of positive
type, that is, the imaginary part of ¢ satisfies

(52) S() =0
on an open neighbourhood of (po,po) € W Xp,, W.

Proof. Let us go back to our original preferred holomorphic coordinates
in the neighbourhood of pg. Recall the geometric charachterization of I’
described in Lemma 13. The condition that T € T x T (Lemma 13, iii))
implies

Cram 3.2. To infinite order along W x,,, W, a is holomorphic in p and
anti-holomorphic in q.

On the other hand, the condition that I' > (D o X’) be the real locus of
1 (Lemma 13, ii)) forces (in the given trivialization)

1= Nia(p,q) <= ((p,A).(q,p)) € Do X",
In particular, applying this to ((p, ), (p,A)) € diag(X) with p € W, we
obtain

a(p,p) = Blp) (P W).
In other words, a(-,-) restricted to diag(W) is the dual hermitian metric
on L*, in the holomorphic coframe ej .

In the local holomorphic coordinates (z;,w;), with w; = a; 4+ ib;, W is
defined by the equations b; = 0. Thus, working in local coordinates near
p € W and given (49), a((z,a +140),(z,a +140)) = 1+ [2|*> + |a|* +---. In
view of Claim 3.2 we conclude

Corollary 6. To infinite order along W,
CL((Z,U}),(Z/,U)/)) = 1+z?+wm+ .

We can now apply verbatim the argument following the proof of Lemma
2.2 in [SZ] (we only need to replace z with the pair (z,w)) to conclude that
1 is a positive phase function. More precisely, let us fix z¢o € 77 1(pg). We
may assume that €7 (pg) = xo, so that z¢ has local coordinates (2o, w,, ) =
(0,0,0), where A = €¥). A nearby z € X has local coordinates (z,w, ). Let
us compute (¢ (zo,x)) as the real part of —ith(zg,2z). We obtain

. _ CL(0,0,Z,U}) —i0 __ —1
—ip(xg,x) = 1—We o — (1—8 9)

— 1
+e [l + 0 (I wl)|
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which is positive if § and (z,w) are small.

Given this, we may conclude:

Proposition 4. P,y may be microlocally represented near the diagonal by
an oscillatory integral of the kind:

m .
/ it (2.y) Su(z,y,t)dt,
0

where s, € S"(X x X x RT) has an asymptotic development
o
Sw(x7 Y, t) ~ Z " Sg)(l‘, y)

j=0
By ellipticity sg)) (x,y) #0 if (z,y) € Tr.

With this microlocal description, to complete the proof of Theorem 3 we
need now only follow the argument in the proof of Thoerem 1 on pp 327-9
of [Z)].

Corollaries 1 and 3 are now straightforward, since the complexification G
of G acts on each irreducible piece HO(M, L®*),,.

Let us now remove the simplifying assumption that w lie in an elementary
fundamental wedge for the Hamiltonian action of G on T*X. Recall that
U :T*X — g* is the moment map.

Lemma 19. Let R C T*X \ {0} be a G-invariant open conic set satisfying
the following conditions:

i): the restriction W|p : R — g* is trasversal to C(O);

ii): G, acts freely on W~ (w) N R.

Then Zp = \I'_I(C(O)) N R is a fibrating coisotropic submanifold of R,
and the leaf of the null fibration through y € Zg is the orbit of Hy, f =
U(y). Let pz, : Zp — Zgz be the null fibration. Then the fibre product
ZRr Xpzp, Zr C T*X xT*X 1is a Lagrangian relation. Furthermore, the
orthogonal projector Q. : L*(X) — H(X) is microlocally equivalent on
RxRCT*X xT*X to a Fourier integral operator associated to Zr Xpsp, ZR.

In other words, there is a Fourier integral operator Q(w) on X associated
to the Lagrangian relation Zp X pzp Zr such that

WF (Qu) = Q) N (R x R) = 0.

Proof. This follows straightforwardly from the theory of [GS2], but we shall
sketch a proof for the reader’s convenience.

The first part of the Lemma is an immediate consequence of the arguments
in section 2 of loc. cit..
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On the other hand,

(53) I'={(9.7,¢,9¢) : g€ G, CeT"X\{0}, v = ¥(()}

is a canonical relation in T*G x T*X x (T*X)~ (cfr (4.2) of loc. cit.), called
the moment Lagrangian for the action of G on T*X. In our case, this is
simply the conormal bundle to the graph of the action of G on X. Here
we implicitly identify T*G with G x g* by means of right translations, and
denote by (T*X)~ the symplectic manifold obtained by 7% X by changing
sign to the standard symplectic structure. Restricting to R x R, we obtain
a homogeneous canonical relation

(54) Tr={(97:¢9) :9€G,(ERy=V(()} ST*GxRxR".
Let furthermore
Acioy={(g,f): f€C(0),g€ Hf} CG x g* =T*G

be the charachter Lagrangian associated to C(O), a homogeneous Lagrangian
submanifold of 7*G. Under the hypothesis of the Lemma, I'r and Ag (o)
intersect cleanly, and Zg X, Zr = ' o Aco)-

Now recall that

Q) = /G X (g Helg) dg,

where by o we denote the unitary action of G on L?(X), and

X(w) = Zdim(ka)ka.
k=1

Here xi,, is the charachter function associated to the irreducible representa-
tion with highest weight kw. By Theorem 6.3 of [GS2], x4, is a Lagrangian
distribution on G, associated to the charachter Lagrangian Ac(); on the
other hand, the Schwartz kernel g € D’ (G x X x X) of the action g is a La-
grangian distribution on 7%G x T*X x (T*X)~, associated to the moment
Lagrangian. By the above, the Schwartz kernel Q(w) € D'(X x X) of Q)
is given by:

O (1) = /G Yo (9™ )a(g.2,y) dg.

Let P; + P> ~ id be a pseudodifferential partition of unity on X such that
Py ~id on R. We may write 90 = 01 + 02, where 9; = P; o9, and accordingly
Q(w) ~ Q(W)J + @(w)g. Then Q(w)z is smoothing on R x R. Since on
the other hand p; is a Lagrangian distribution associated to I'r, by the
hypothesis we may interpret QN(w)J as a pull-back (under the diagonal map
GxXxX—GxGxX xX), followed by a push-forward. The Lemma
then follows from the usual functorial properties of distributions.
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Let us now return to the proof of the Theorem. Given the relation between
U and ¢ on the cone Y C T*(X), if @ is transversal to C(O) then at any rate
so is W|y,, whence V¥ itself in a conic open neighbourhood R of Y in T*X \
{0}. Given the G-equivariance of ¥, we may assume that R is G-invariant.
By assumption, G, acts freely on ®~! (R w), whence on ¥ ! (R w)NY.
Therefore, perhaps after replacing R by a smaller G-invariant conic open
neighbourhood of Y in 7*X \ {0}, we may assume that Gy acts freely on
U~ (Ryw)NR. Arguing as above with a pseudodifferential partition of unity,
we may decompose (. (or Q’(w)) as a sum Q) = Q)1 + Q(v),2, Where
Q(wm is smoothing on R x R. Therefore, so is the composition Q)2 o I,
since WF(II) CY x Y C R x R. Every choice in the above argument may
be assumed S'-invariant. We are thus reducing to applying the previous
arguments to the composition Q(w),l oIl

4. Proof of Proposition 1.

The proof is a slight modification of some of the arguments in the proofs of
Theorem 1 and of Theorem 2. Fix p € M with ®(p) # 0, and for € > 0 let

Upe =:{g € G : dista(gp,p) < €}.

Then U, ¢ is an open neighbourhood of the stabilizer subgroup

Gp={9€G:gp=p},
and Up e — Gp, as € — 0. We have G, = {e} if p ¢ R, since in our situation
G acts freely on M\ R =G - &~1(0).

Choose z € X with p = 7(x). Then Il ,(p,p) = Iy (x,2) may be
decomposed as in (16) with U = U, ; thus the first term is the integral
of an averaged Szego kernel over U, . and the second is the integral over
G\ Upe. For any fixed e, the latter term is therefore rapidly decreasing as
k — +oo, since Il (z',2") is rapidly decreasing in k if 7(z") # m(z”). We
are then led to estimate

55 Miolwa) = dim() [ xolo™) el (@).) do.
pre

and we shall now argue that if € has been chosen suitably small (in particular,
very small with respect to ¢(p) = ||®(p)|| > 0) then IT ., (x, x)’ is also rapidly
decreasing as k — 4o0o. To this end, let us first remark that, as in (17),
Iy o (x, )" may be written as a complex oscillatory integral in dg, df, du,
with phase ¥, (g,0,u) = utp(e®p,-1(x),x) — 0 (here and below we think of
x as a parameter, and denote by dV, the differential of W, with respect to
(9,0, u)).

Arguing as in the first part of the proof of Lemma 5, we can see that
given 0 < a < 1 < b there exists d > 0 and ¢’ > 0 such that if 0 < e < €
then [|[dVU,(g,0,u)|| > dif g € Upe and u ¢ [a, b].
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Now if g € Uy we have an estimate similar to (35), with eg replaced by
€, and to (37), with Cyey replaced by ¢(p). Therefore, if € has been chosen
sufficiently small, the phase ¥, has no stationary points on U, X St x
(0, 4+00), and actually its differential is bounded from below in norm there.
This proves the first statement of the proposition.

Now let K C M\ (7'(0) U R) be a compact subset, and let us show that
the rapid decay of I ,(z, )" is uniform over x € 7~1(K). For § > 0 let
Us C G be the §-neighbourhood of the identity in G, with respect to some
fixed invariant metric. As K is compact and G acts freely on the semistable
locus G - ®~1(0) D K, there exist 0 < TK,s < Sk, such that

(56) distx (gz,x) < sk s for any v € X and g € Us,

(57) distx (gz,z) > ris if m(z) € K and g ¢ Us.

Furthermore, we may assume that rx 5 < sgs — 0 as d — 0.
Let us then choose § > 0 so that sg s is very small with respect to

o(K) =:min{p(p) :pe K} > 0.

For every z € 7~ 1(K) we may decompose I, (z, ) in (16), where the first
term is now the integral over Us and the second is the integral over G \ Us.
In view of (57), the latter term is rapidly decreasing in k as k — +o0.

We are thus led to look for a uniform estimate, over z € 7 ~!(K), of

68 Tew(ea) = din(V%) | xolg™) MGy (a).2) do.

5
Viewing this as a complex oscillatory integral as in (17), we want to bound
from below the differential of the phase W, (g,0,u) = ut(e?p,1(z),z) -0,
uniformly over z € 7~ 1(K).

Given that 771 (K) is compact, a slight modification of the argument used
in the proof of Lemma 5 now proves the following: If 0 < a < 1 < b and
0 < ¢ < 7 there exists v > 0 such that for all sufficiently small § > 0 we
have ||d¥,| > v if z € m~Y(K), g € Us and u & [a,b] or § & [—c,c].

We may now argue as in the first part of the proof of this Proposition,
however replacing now €3 with sy s in the analogue of (35), holding if (z, g) €
K x Us, and Cs¢y with ¢(K) in the analogue of (37).
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