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Joint denseness of Hurwitz zeta functions with
algebraic irrational parameters
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Abstract. In this paper, we study the joint denseness of the Riemann
zeta function and Hurwitz zeta functions with certain algebraic irrational and
transcendental parameters on s > 1. We also provide evidence for the dense-
ness of the Hurwitz zeta function with an algebraic irrational parameter on
1/2<Rs < 1.

1. Introduction.

Let a be a real number with 0 < o < 1. The Hurwitz zeta function associated with
« is defined by

- 1
o) =3 oy (11)
for s = 0 + it € C with ¢ > 1. The Riemann zeta function ((s) is a special case of
the Hurwitz zeta function since ((s,1) = ¢(s) and ((s,1/2) = (2° — 1){(s). It is well-
known that the Hurwitz zeta function shares some of the properties of the Riemann zeta
function such as an analytic continuation and a functional equation. Another interesting
property of the Riemann zeta function is universality, which roughly states that vertical
shifts of the Riemann zeta function on a closed disc in the right half of the critical strip
can approximate every nonvanishing analytic function defined on the disc. See [1], [4] or
[9] for details. We expect that universality holds for every Hurwitz zeta function ((s, @)
as well.

Indeed, the universality of {(s, @) has been proved for both transcendental and ratio-
nal o’s (by different methods), but not for algebraic irrational a’s. For a transcendental
a, we apply Kronecker’s theorem to the set

Zo ={logln+a):n=0,1,2,...},

which is linearly independent over Q. For a rational a = a/q with ged(a,q) = 1 and
q > 2, we use the joint universality of Dirichlet L-functions L(s, x) and the identity
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((s2) =5 ¥ xare. (1.2

x mod q

Here, Kronecker’s theorem is applied to the set
{log p : p prime number}.

It is not clear whether the universality of (s, o) with algebraic irrational « holds or not.

The linear independence of the set Z,, is important to study the value distribution of
(s, @) for algebraic irrational «’s. It is known that the set Z,, for an algebraic irrational a
is linearly dependent over Q, unlike the transcendental case. However, it seems that there
is no pattern to the dependence, and this makes it hard to apply Kronecker’s theorem. To
get around this difficulty, we instead consider a maximal linearly independent subset of
Zs. How big is it? It is known to be infinite. Cassels [2] proved that at least 51 percent
(in the sense of density) of Z, is linearly independent over Q. For large degree o’s,
Worley [10] improved this by providing bigger lower bounds depending on the degree.
These results imply that ((s,«) has infinitely many zeros in the strip 1 < s < 1+§
for any fixed § > 0. (See [2] for the details.) This extends a theorem of Davenport and
Heilbronn [3] for transcendental and rational a’s with 0 < o < 1 and « # 1/2. Moreover,
it is easy to see from the proof in [2] that the set

{¢(s,a) : Rs > 1}

is dense in C for each algebraic irrational o. With more effort, the second author [6]
proved the joint denseness of the Riemann zeta function and a Hurwitz zeta function
with an algebraic irrational «. We extend these results further as follows.

THEOREM 1. Let aq,...,a, be algebraic irrational numbers in (0,1) such that
Q(a;) NQ(4;) = Q (1.3)
holds for each j < r, where &; = {a; : @ < r, i # j}. Let apy1,...,0p4¢ be real

transcendental numbers in (0,1) which are algebraically independent over Q. Then the
set

{(C(o+it), (o +it,an),...,C (o +it,aryp)) €CTHH 1o > 1, t € R}
is dense in CTH+1,

Note that the assumption (1.3) and the algebraic independence imply the linear
independence between the sets of Z,,;’s. We will provide a stronger version of Cassels’s
lemma in Subsection 2.1, which combines ideas from [2] and [10]. It also explains a gap
in the proof of Lemma 2 of [6]. Then we will prove Theorem 1 in Section 2.

At this point it is natural to ask about the joint denseness or universality of Hurwitz
zeta functions with rational parameters. The joint denseness might be proved by applying
the joint denseness of Dirichlet L-functions on Rs > 1 to (1.2). However, the joint
universality might not be true. A dual identity to (1.2) gives a representation for a
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Dirichlet L-function in terms of Hurwitz zeta functions, so if the joint universality of the
Hurwitz zeta functions is true, then by Rouché’s theorem one can find an off-line zero
of the Dirichlet L-function which would disprove the Riemann hypothesis. This makes
it very interesting to study the joint denseness or universality of Hurwitz zeta functions
with rational parameters.

As an application of the lemma in 2.1, we also study the denseness of the Hurwitz
zeta function ((s,«) for an algebraic irrational number « inside the critical strip. We
believe the following conjecture is true.

CONJECTURE 1. Let a be an algebraic irrational number with 0 < o < 1 and let
1/2 < 09 < 1 be fized. Then the set

{C(op +it,a): t € R}
18 dense in C.

Conjecture 1 was also stated in Gonek’s thesis [4, p.122]. To provide evidence for
Conjecture 1, in Section 3 we will study the denseness of the sum

x(n+ a)

with a suitable sense of convergence, where x is a character defined on {n + a},>o.

Recently, Sourmelidis and Steuding [7] announced surprising results including a
substantial part of Conjecture 1. Theorem 1 in [7] provides explicit simultaneous esti-
mations of {(s,a) and its derivatives in the strip 1/2 < Rs < 1 for algebraic irrational
a of large degree. Theorem 2 in [7] is the universality theorem of ((s,«) in the strip
1—(2-3%7! < g9 < Rs < 1 for all but finitely many algebraic irrational « in [4, 1] of
degree at most (162(1 — o)) ~/2 — 1, where 0 < A < 1 is given.

2. Proof of Theorem 1.

Let a,...,a, be algebraic irrational numbers and let c;41,...,a,4¢ be transcen-
dental numbers satisfying the conditions in Theorem 1. Then we want to prove that for
any € > 0 and any complex numbers zy, ..., z,1¢, there exists a complex number s with
Rs > 1 such that

|log ((s) — 20| < ¢
and
IC(s, ) — 25 <

both hold for j = 1,...,r + £. Here is the outline of the proof of Theorem 1. In
Subsection 2.1 we first prove an essential lemma. Then, in Subsection 2.2, we define a
totally multiplicative function x from

Dry¢:=NU{n+a; :n>0,j=1,...,r+/{}
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to
Sti={z€C:|z|=1}
such that
x(p
log (s : x) Zlog( p )
and
) n—i—on o
C(s, 51 x ; (n+a;) = zj

for some s in s > 1 and all j = 1,...,r 4+ £. In Subsection 2.3, we apply Kronecker’s
theorem to find numbers ¢ satisfying

((s+it) ~ (s : x)

and

C(s+it,a;) = ((s, 05 : X)
for j=1,...,r4+ £ and Rs > 1, and then apply Rouché’s theorem to complete the proof.

2.1. Lemma.

Let a be an algebraic irrational number of degree k and let a denote the ideal
denominator of a. We define N'(b) = Ng/q(b) to be the norm of an ideal b of the field
K = Q(a). Let I, be the set of all prime ideals p { a in K = Q(«) satisfying the following
three properties:

(1) p is of the first degree, that is, N'(p) = p is a rational prime,
(2) p is unambiguous, that is, p2 { p,

(3) if p|(n + a)a for a nonnegative integer n, then p’ { (n + a)a for any prime ideal
p'#p with N(p') = p
One can show that there are only finitely many prime ideals p in K such that p ¢ I, and

p|(n + «)a for some nonnegative integer n.

LEMMA 1. Let N > 107 and M = [10~°N] be positive integers. For each algebraic
irrational number o of degree k, let q be the smallest positive integer such that qa is an
algebraic integer. Define c(a)) = 2kq and

InN =%n(a) ={N<n<N+M:

T € Lo (Pl (1 + 0)t, p = N(pa) > c(@)(N + M)}, @1)

Then there exists an integer No > 107 depending on o such that
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o> (1= (5 ) ) o 22)

for N > Ny. Each prime ideal p,, in (2.1) satisfies

P f H (m+ a)a (2.3)

0<m<N+M
m#£n

and

)t I (m+ak, (2.4)

0<m<N+M
where (py) is the principal ideal of K = Q(«) generated by py,.

REMARK. The first inequality of (2.15) is slightly better than (2.2). For k = 2 at
least 54 percent of integers in (N, N + M| are contained in T . The proportion in (2.2)
is an increasing sequence of k, whose value at k = 3 is approximately 0.708. Hence, for
any algebraic irrational a we see that

TN (a) > 0.54M
holds for N > N,.

Proor. For an integer n > 0, we may write

(n+a)a=0b H pun®) (2.5)

pela

where the u,(p) are nonnegative integers and b is the product of all the prime factors of
(n + a)a which are not in I,. Define

6N;:{N<n§N+M:p“"(p)SMforallpEIa}

for integers N > 107 and M = [107°N]. We first want to find an upper bound for
SN = ﬁ@N
Define

Since the norm of b is bounded,

o)=Y un(p)logp+O(1)

pl(ntaja
pEla

for n € Gy. By taking the norm in (2.5) we have that
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Z un(p)logp =log N((n + a)a) + O(1).

pl(nta)a
pEla

Since N'((n + «)a) > n*, we have that
o(n) > klogn + O(1)

forn € Sy. Let p:= Sy/M < 1, then

Z o(n) > (klogM + O(1))Sy = (kp + o(1)) M log M.

necGy

(2.6)

We next find an upper bound for the sum in (2.6). We split o(n) into three parts as

o(n) = o1(n) + o2(n) + 03(n),

where o1, 02, o3 are the sums of log p with p?|(n + «)a in the sets

o1: v>1, p* <M,
o v=1, M/ <p< M,
03 : U=1,p<M1/2.

Following the proof of the lemma in [2], we find that

S o1(n) = o(Mlog M),

neSGyn

and

> os(n) > (kp - % - 0(1)> M log M.

neGy

If the right-hand side of (2.11) is negative, then

1
< — .
p < 2k+0(1)

Otherwise, by (2.10), (2.11) and the Cauchy—Schwarz inequality

(2.7)

(2.10)

(2.11)

(2.12)
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2
< Sy Y (os(m)”,

neGy

Z o3(n)

neSy

and we find that
1 2 3
<kp— 2—|—0(1)> M?log?> M < <8p+0(1)> M?1log® M.

From this we obtain

8k?p? — (8k +3)p+2 < o(1).

Thus,
Sy =pM < (8k+3_1'—6k248k+9 —|—0(1)>M. (2.13)
The number of n € (N, N + M]\ &y is
M tey s (1_ 8k—|—3—1|—6\k/248k+9 +O(1))M

by (2.13). For such n, there is a prime ideal p such that
p’l(n+a)a, p’">M (2.14)
for some integer v > 1. We also see that
P’ (m+a)a
for m #mn and N <m < N + M. For if p?|(m + «)a, then
(m—n)aC (m+a)a+ (n+a)a Cp*.

Since p 1 a, p?|m —n and so p’|m — n. However, this contradicts 0 # |m —n| < M < p*.
Since the number of p with p < ¢(a)(N + M) is o(M) by the prime ideal theorem, we
have

k+3+v48k +9
1N > h h i +o(1) | M
16k2
2.15
S . o
- 2k 4k3/2  8k2

for sufficiently large N. This proves (2.2).

We next prove (2.3) for each p, in (2.1). Suppose that p,|(m + «)a for some 0 <
m < N + M and m # n. Similarly to the previous paragraph, we see that p,|m — n,
which contradicts 0 < |m —n| < N + M < p,.

Finally, we prove (2.4) for each p,, in (2.1). Let p = p, and n; = n. Then it is
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enough to show that there are no positive integers no,...,ny < N + M with ¢t < k such
that

t

() | [](ni + @)a. (2.16)

=1

Suppose that (2.16) holds. Let ¢ be the smallest positive integer such that 8 = g« is an
integer of K. Put m; = gn; for i <¢, then (2.16) implies

t

[10mi+8) € (p). (2.17)

i=1
One can expand the product
t t+1
[10mi+8) = Zsm i(m)B Y, (2.18)
i=1
where S;(m) (0 < j <t) are the elementary symmetric polynomials in my,...,m; and

m = (my,...,m). Note that So(m) = 1. Let {71,...,7%} be a basis for the integer ring
Ok of K over Z. Then there exist integers a;; € Z (1 < ¢,j < k) such that

k
= "aim; (2.19)
j=1

By (2.17)—(2.19) we see that

k  /t+1
> <Z aijSt+1—i(m)> v; € (p).

Jj=1

Since 71, ..., is a basis for O, it follows that

t+1
ZaszH-I —1 =0 (mOd p) (220)

for every 1 < j < k.
If t <k, one can write this system with additional zeros (if necessary) as

sem] o
7 |So(m)| _ |0
Y B I (2.21)
. O - _0_

in Z, = Z/pZ, where AT is the transpose of the matrix A := (a;;). Since both of
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{7, s} and {B°, ..., BF"1} are linearly independent over Q, the matrix A is invert-
ible. Note that each a;; depends only on c. Thus, the determinant of A is not divisible
by a prime p if p > |det A|. Hence, A (mod p) is also invertible, and by (2.21)

S;(m) =0 (mod p)

for every 0 < i < ¢ and sufficiently large p > ¢(a)(IN + M). This contradicts the fact
So(m) = 1.

Next we consider the case t = k. Since k is the degree, we have

k—1

BE=>"ep (2.22)

i=0
for some ¢; € Z. By (2.17), (2.18) and (2.22), we find that

k+1 k

k
[[(mi+8) = Zsk+1 i(M)BT = (Sppa—i(m) + ci1) B € (p).
i=1

i=1
By the argument in the case t < k, we deduce that
Sk+1-i(m) +ci—1 =0 (mod p)
for every 1 < i < k. In particular,
S1(m) 4+ cx—1=q(n1 4+ +ng) +ck—1 =0 (mod p). (2.23)
Since N < ny < N+ M and n; > 0 for all ¢, it is easy to see that
gni+---+ng)+c—1 #0
for sufficiently large N. Thus
0<|q(ny+--+ni)+cx1| <qh(N+ M)+ |cx—1| < c(a)(N +M) <p

for sufficiently large N. But this contradicts (2.23). This completes the proof of (2.4)
and the lemma. O

2.2. Construction of x.

We next investigate dependencies among the numbers n and n + «;. First recall
that a1, ..., a4 are independent transcendental parameters and claim that the values
x(n+a;) forn > 0and j =7+ 1,...,7+ £ can be chosen to be any numbers in S?,
independent of the values x(n) for n > 1 and x(n + ;) forn >0and j=1,...,7. Let
A; be a finite subset of Z>¢ for each j. Suppose that

r+L

H H (n+a)mmd - H nmno =1

7j=1 nGAj neAy
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for my, ; € Z. Then we see that

r+£
H H (n+a;)" € Qai,. .., o)
Jj=r+1l n€A;

is algebraic over Q and a root of a polynomial with rational coefficients. Since
Qpri1, ..., 04 are algebraically independent over Q, we must have

mn’j =0

forallm € Aj and j =7 +1,...,7+ ¢. This proves the claim.

Next consider the algebraic parameters «aq,...,qa,. For each j < r, we claim that
the values x(n + «;) for n > 0 are independent of the values x(n + ;) for n >0, i # j
and i < r, but may depend on the values x(n) for n > 1. Suppose that

,
H H (n+ ;)™ H Mo =1
j=1 n€A; n€eAp
for my, ; € Z. For each j <, we have
H (n+a )i = H H (n 4 o) Mt H n~ Mo e Q
neEA; i#j n€EA; n€Ag
by (1.3). Hence
II n+ay)mi =g
TLEAJ'

for some g; € Q. This proves the claim.
There is a positive integer Ny such that Lemma 1 holds for all ay,...,a, and N >
Ny. Let § = 1072. Then there exists a real number oy > 1 such that

Al 1 1
—— + |z <6 —_— (2.24)
n;) (n+ag)7 = n;v (n+aj)7
forall j=1,...,7,
o~ X(n+a;)
Lt x) = E = 2 2.25
C<JO a] X) n=0 (’I’L + aj)tfo “ ( )

forall j=r+1,...,r+ ¢ and some x(n + a;) € S', and

log((og: x) = Z —log (1 — ﬁf))) =2z (2.26)

p

for some x(p) € S'. Here, (2.24) is due to



Joint denseness of Hurwitz zeta functions 51

- 1
li —_— =
LB e
and (2.25) and (2.26) are explained in Chapter XI [8], using the theory of summation of
convex curves. Thus, we only need to define x(n + ;) for n >0 and each j =1,...,7r.
Let j be a positive integer < r. We will construct a totally multiplicative function
® from the set of fractional ideals in Q(c;) to S* and then let

x(n+a;) =9+ qy )
for n > 0 by a restriction of 1. We first determine the values of ¢ on the set
P;(N) :={p:p|(n+ a;)a; for some 0 <n < N, or pla,}.
Make a list of the prime ideals p € P;(INg) and define ¢ (p) inductively by the condition

Y(p) = p(p1)---¥(py)

for (p) = p1---p,. Note that ¢(p) = x(p) for a rational prime p is already determined
in (2.26). Let

Y(p) =1

if there is a conjugate p’ of p such that ¥ (p’) is not yet defined, and otherwise let

Y(p) =) [] ve) "

p'#p

Hence, we have defined ¢ (p) for all p € P;j(Ny) and x(n+a;) forn < Npand j =1,...,7.

Define M; = [10_6N1] and Ni+1 = N;+ M; fori > 0. Let N; < n < Ni+1 and
assume that we have defined ¢ (p) for all p € P;(N;). We want to determine 9(n + o)
by defining the values at prime ideal divisors of (n+c;). If ¢(p) is already defined for all
p|(n + o;)a;, then ¢(n + ;) is determined by multiplicativity. If there is a p|(n + «;)a;
such that 1 (p) is not defined yet, but n ¢ Ty, (a;), then we simply let ¥(p) = 1. If
n € Ty, (a;), then by Lemma 1 there is a prime ideal p,,|(n + ¢;)a; in (2.1) that satisfies
(2.3) and (2.4). Thus, we may choose ¥(p,) to be any number in S'. Tt follows that
we may choose ¥(n + a;) for n € Ty, (a;) to be any number in S!, too. By repeating
this inductive process, we can determine t(p) for all p and (n + «;) for all n > 0 and
j=1,...,r. It is important to notice that for j = 1,...,r, we can choose the value
x(n + a;) to be any number in S if and only if n € T, («;) for some i > 0.

Now we define x(n + «;) for n € Ty, (a;), 1 < j < r and ¢ > 0 such that

oo

<5 > % (2.27)

n+ ;)0
n=N;+1 + ])

gi: x(n + o)

(n+ a)o0

Zj

n=0

holds for all 4 > 0, which implies that
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N Xta)
(o0, 1 x) —RZ:OW =z (2.28)
We prove (2.27) by induction on 4. First, by (2.24) we see that (2.27) holds for ¢ = 0.
Suppose now that (2.27) holds for ¢« > 0. We prove (2.27) for i + 1 by making suitable
choices of the values x(n + ;) € S! for n € Ty, (a;). For any n, n’ € Ty, (a;) with
n>n',

.00 . . . 2
1< (n+ay) <<N’+M’+QJ> < 2.

(n' + ;)70 Ni+a;
Since %, (cj) > 5, the sum

Z x(n + o)

et (e (n+ aj)oo

with |x(n + a;)| = 1, takes any value z in the disc

1

nETm(cs) (n + Ozj)cro
Let 8y, (oj) be the set of integers in N; < n < N; + M; with n & Ty, (o), and let

Xj(?’L + Oéj)
AJ(Nz) = Z T Now Zj-
n<N; or n€ln, (a5) (n + aj) ’

If |A;(N;)| < S3;(N;), then there exist x(n + a;) € S for all n € Ty, (a;) such that

s e
n€TN, (aj) J

Thus,

3 xtay) 4 g

n<M;+N; (n + aj)UO

which obviously implies (2.27) for ¢ + 1.
If [Aj(N;)| > Ss,;(N;), then there exist x(n+a;) € S for all n € Ty, (a;) such that

(n+aj)70

x(n + aj) A (Ny)
2 Taray T W IEE)

ne€TN, (o)

Thus,
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x(n + ay)
ST XX ] A (V)] — Sag (M. (2.29)
n<N;+M; (n+ aj)
Define
x(n+ a;j) 1
S1(N;) = =2 — 2| and Sy ;(N;):= P
J ng]:\[i (Tl + aj)o'o J J neu%;(aj) (TL + O(j)a'()
Then
|Aj(Ni)| = S3,;(Ni) < S1,5(Ni) + S2,5(N;) — S3,5(N:). (2.30)

By Lemma 1 we see that

S35 (Vi) > (1/2 + 0)M;(N; + M; 4 aj)~7° - 144
Soj(Ni) = (1/2 = 8)M;(N; + a;) =0 1-4
Thus,
S3,j(Ni) = S2,5(N;) > 6(S2,;(Ni) + S3,;(Ni))- (2.31)

The inductive hypothesis (2.27) is

S1,5(Ni) < 6(52,5(Ni) + 55,5 (Ni) + Sa,5(Ni)), (2.32)
where
1
Sy = Y
n>N;i1 (n T aj)
Thus we have
Slyj(NZ) + SQJ(NZ‘) — S&j(Ni) < 5S4J(Nz) (233)

Therefore, (2.27) for i + 1 holds by (2.29), (2.30) and (2.33).

2.3. Completion of the proof.
Let  be a real number satisfying 0 < n < (09 — 1)/2. Given € > 0, there exists
N > 0 such that

wl o

1 1
max{ max ZN CETALEE 3 —log <1 - pm) <

n> p>N

By the construction of x in Subsection 2.2, we can apply Kronecker’s approximation
theorem, to see that there exists a real number ¢ such that

e8P — x(p)| <

]
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for p < N, and
) ) €
|e—ztlog(n+a_7) _ X(n + Oéj)| < Z

forn < N and 1 < j <r+ ¢, where

smunfa s (1-55) (T gy |-

Therefore, we have
¢(s +it, a5) = (s, 05 : X))

2 x(n +a;) = (n+a;)™"]
<
P N I

——G—*Z ’I’L+04] 1+17

<e

forall 1 <j<r+¢and Rs>1+mn, and also

[ log C(s +it) —log ((s : x)|

1 — 1 |x(p)™ —p~"™|
<2 ¥ -log (1—W) D IP IR
p>N p<N m=1
9 + A Z Z pm(1+77)
p<N m=1

<e€

for Rs > 1+ 7. Put
Co(s) =log((s),  Gols:x) =log((s: x)
and
Gi(s) =C(s,a5),  Gils:x)=((s,a5:x)
for j=1,...,r+¢, and
9i(s) = G(s:X) — %

for j = 0,...,7 +¢. Then we have just proved that for any ¢ > 0, there exists a real
number ¢ such that

Gi(s+it) —zj — gj(s)| <€ (2.34)

forall j =0,...,r+fand Rs > 1+n.
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Since the functions g;(s) for j < r + ¢ have a common zero at s = oo by (2.25),
(2.26) and (2.28), there exists 0 < €9 < 7 such that

g;(s) #0
for 0 < |s —og| < ¢ forall j <r+ £ Given 0 < €1 < €, let

M:= max max [(j(s)|+1
0<j<r+£ Ns>1+n

and

= min min > 0.
€= Jun o omin 195(s)]

By (2.34) there exists a real number ¢ such that
G (s +it) — z; — g;(s)| < e2
for all j <r + ¢ and Rs > 1+ n. Thus, for each j < r + £ we have
G (s +it) — 2z — g;(s) < g;(s)]
on the circle |s—og| = €1 /M. Therefore, by Rouché’s theorem, there is a complex number

s; with |s; — 09| < €1/M such that (;(s; + it) = z;. Moreover, we find that

|Cj(51 +it)—Zj|: <M‘Sj—81|<261.

/ (i (s +it)ds

Thus, we have shown that given ¢ > 0, there exists a complex number s; + it with
|s1 — o] < €/(2M) such that

[Gi(s1+it) — zj| <€
for all 7 < r 4 £. This completes the proof of the theorem. O

3. Evidence of the denseness of (s, «) in the critical strip.

THEOREM 2. Let a be an algebraic irrational number with 0 < o < 1 of degree
k> 2 and let 1/2 < o9 < 1 be fized. Then for any complex number z, there exist a
character x on {n + a}n>0 and an increasing sequence {N;}i>o C N such that N; — oo
as it — 0o and

lim E =z
1—00 ’I’L—|—Oé ‘70

Notice that the limit in Theorem 2 is not a usual sum
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i x(n+ «)
n=0 (n + a)o’g ’
because from the proof in Subsection 3.1 one cannot see that the above sum is convergent.

However, we can find a convergent rearrangement for algebraic irrational « of degree > 2
as follows.

COROLLARY 1. Let a be an algebraic irrational number with 0 < o < 1 of degree
k>2andlet 1/2 < o9 < 1 be fized. Then the set of all convergent rearrangements of
the sums ), x(n+ a)/(n+ «)?° for all characters x on the set {n + a},>o is C.

We will prove Theorem 2 in Subsection 3.1 and Corollary 1 in Subsection 3.2.

3.1. Proof of Theorem 2.

Let Ny be the integer in Lemma 1 and let M; = [107°N;] and N;; = N; + M; for
all ¢ > 0. The set Ty, is defined in (2.1) and we let Uy, = (N;, Niy1] \ Twy,. Given a
complex number z, we want to find a character x on {n + a},>o such that

N,

i > =
n=0

We instead define a character y on the set of fractional ideals of Q(«) and then restrict

it to {n+ a},>o. Since it is totally multiplicative, we only need to define it for all prime

ideals.

Define x(n + a) =1 for all n < Ny. (We may choose x(p) = 1 for all p|(n + a)a or
pla.) We next inductively define x(n + «) for N; < n < N;4; assuming that all x(n + «)
for n < N; are defined. Since the fractional ideal (n + «) for each n € T, has an
independent prime ideal factor p, by Lemma 1, the values x(n + «) for n € T, can be
any complex numbers in S* = {z € C : |z| = 1}. Since x is multiplicative, the values
x(n + a) for n € Yy, are determined by the induction hypothesis.

By (2.2) for k > 2, one can find a subset Uy, of Ty, such that 26Uy, = fly,. For
each n € Yy, and for any two elements n’, n” € Uy, one can define two values x(n' + «)
and x(n” + ) in S! such that

x(nta) | x(w+a)  x(n+a)
(n+a)? (0 4+a) (04 «a)%

(3.1)

Thus, it is easy to find a character y such that

nen, (n T O[)”O
ne%Ni

Define

A = ZM_Z

s (n+a)oo
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The sum
Z x(n +a)
nexTN,; \Un, (n * a)Uo
can be any complex number in the set

{ze(C:|z|< ) mla)g}

neTn,; \tUn,
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by suitable choices of the values x(n + a) € S! for n € Ty, \ Uy,. So we can define

x(n+ a) € St so that

Z M:—Ai

nET N, \Un, (n+ ajee
if

|Ai| < Z W7

ne€Tn, \tUn,

and

x(n+ a) A; 1

nef%:\um (n+a) ~ A nEf%:\uNi (n+ )7

if

1
Al > Z mtay

neTn, \Un,

In both cases we have

n+«
|Aig1] = |As + M
nGTNi\LlNi
A; 1
D e
|Az| nET N Uy, (n+a) 0
1
ol L D DI merar
nETa iy, (n + a)o0
< |Ail.

Since the sum
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as N; — oo, there is an integer J such that
|As] < Z _
= (n+ a)oo’
n€Tn,; \Un,

Then we see that

s xera)

ne¥n; \Un, (n ™ a)ao
and
A =0
for all # > J. Thus

lm A= lim 3 X2
i—00 1—00 (TL =+ OA)UO
n<N;

This completes the proof. O

3.2. Proof of Corollary 1.
We follow the notation in the proof of Theorem 2. Given a complex number z, we
have constructed a character x in Theorem 2 such that

i 3 A Ee)
i—00 == (n + a)oa
We want to define a rearrangement {my, },>0 of Z>o and a character 1 such that
(mp + O‘)UO

n=0

By the proof of Theorem 2, there exists a character ¢, an integer J and a rearrangement
{my : n >0} of Z>¢ such that for i > J

(1) mp =n and ¥(n+ a) = x(n + «a) for n < Ny,
(2) m,, permutes the integers in (N;, N;41],

(3) m < m/ for every m € Uy, and m’' € Ty, \ Un;,
(4)

4) for Uy, = {mn,430-2 : £ =1,...,L} and Uy, = {mn,430—; : £ =1,...,L and
j =0,1}, we have that

Y(mn,y30—2 +0)  Y(my,13e-1 @) Y(my, 430+ @) _
(MmN, +30-2 + )0 (my,30-1 + @)% (my,430 + @)%

)

(5) ’(/J(mn + Oé) = (—1)" for m,, € T, \il]\]1 = {mNi+3L+j g=1,....M; — 3L},
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(6) my, < my for every my, m, € Ty, \ Uy, with n < n’.

Then it is easy to show that the sum

o

Z X(mn + @)

n=0 (m” + a)Uo

is convergent to z.
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