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Abstract. Kobayashi conjectured in the 36th Geometry Symposium in
Japan (1989) that a homogeneous space G/ H of reductive type does not admit
a compact Clifford—Klein form if rank G — rank K < rank H — rank Kz;. We
solve this conjecture affirmatively. We apply a cohomological obstruction to
the existence of compact Clifford—Klein forms proved previously by the author,
and use the Sullivan model for a reductive pair due to Cartan—Chevalley—
Koszul-Weil.

1. Introduction.

A Clifford—Klein form of a homogeneous space G/H is a quotient space I'\G/H,
where I' is a discrete subgroup of G acting properly and freely on G/H. It is a typical
example of a manifold locally modelled on G/H, i.e. a manifold obtained by patching
open sets of G/H by left translations by elements of G. Since the initial work [8] by
Kobayashi, the existence problem of compact Clifford—Klein forms has been studied by
various methods (e.g. [1], [10], [11], [12], [19]).

In this paper, we solve a conjecture on the nonexistence of compact Clifford—Klein
forms, posed by Kobayashi [9] in 1989, affirmatively. Recall that a homogeneous space
G/ H is called of reductive type if G is a linear reductive Lie group with Cartan involution
6 and H is a closed subgroup of G with finitely many connected components such that
O(H) = H. We write K and Kp for the corresponding maximal compact subgroups of
G and H, namely, K = G? and Ky = H?, respectively (throughout this paper, we use
superscripts to signify the invariant part, e.g. G = {g € G : 6(g) = g}). In this paper,
the rank always means the complex rank as opposed to the real rank (for instance, the
rank of U(p, q) is not min{p, ¢}, but p + ¢), namely, we define the rank of a reductive
Lie algebra to be the dimension of its maximal semisimple abelian subspace, and the
rank of a linear reductive Lie group to be that of the corresponding Lie algebra. Then,
Kobayashi’s conjecture is stated as follows:

CONJECTURE 1.1 ([9, Conjecture 6.4]). A homogeneous space G/H of reductive
type does not admit a compact Clifford—Klein form if rankG — rank K < rank H —
rank K.
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We prove Conjecture 1.1 using relative Lie algebra cohomology. Let us briefly recall
its definition from a geometric viewpoint (see Section 3.1 for a purely algebraic treat-
ment). We write g, b, ¢ and €y for the Lie algebras of G, H, K and Kp, respectively.
Let Hy denote the identity component of H. A G-invariant differential form on G/H
is determined by the value at 1 - Hy € G/Hy, and the value must be invariant under
the action of the stabilizer Hy, or equivalently, of h. Thus, the space Q(G/Hy)¢ of
G-invariant differential forms on G/Hj is naturally identified with (A(g/h)*)?, and the
exterior differential d on G/Hy can be seen as a differential on (A(g/h)*)Y. The relative
Lie algebra cohomology H*(g, h;R) is the cohomology of the differential graded algebra

((A(g/h)*)",d).

REMARK 1.2. Suppose that G is a connected compact Lie group with Lie algebra
g and H is a connected closed subgroup of G with Lie algebra . Then, the inclusion
(A(g/5)*)" ~ Q(G/H)® — Q(G/H) induces an isomorphism between the relative Lie
algebra cohomology H*(g, h; R) and the de Rham cohomology H*(G/H;R) (see e.g. [4,
Chapter I]).

We use the following cohomological obstruction to the existence of compact Clifford—
Klein forms, which was proved in [13] and extended to the locally modelled case in [14].

Fact 1.3. Let G/H be a homogeneous space of reductive type. If the homo-
morphism i : H®(g,h;R) — H®(g,tz;R) induced from the inclusion (A(g/h)*)"
(A(g/er)*)4 is not injective, then there exist no compact manifolds locally modelled on
the homogeneous space G/H (and, in particular, there exist no compact Clifford—Klein
forms of G/H).

Recall that, for a reductive Lie algebra g, the graded vector space Py~ defined by
Py ={a € (ATg*)?:a(zAy)=0for all z,y € (ATg)%}

is called the space of primitive elements in (Ag*)? (see Section 3.4), where AT denotes
the positive degree part of the exterior algebra. We prove the following result in this
paper, which leads to the affirmative solution of Conjecture 1.1.

THEOREM 1.4 (Theorem 4.1 (i) < (vii)). Let G/H be a homogeneous space of
reductive type. Then, the homomorphism i : H*(g,5;R) — H*(g,tm;R) is injective if
and only if the linear map rest : (Pg*)_g — (Ph*)_e induced from the restriction map
(Ag*)® — (Ab*)Y is surjective, where (-)~% denotes the (—1)-eigenspace for 6.

REMARK 1.5 (cf. Remark 4.2). In view of Remark 1.2, we can rephrase The-
orem 1.4 as follows: Let G be a connected compact Lie group with Lie algebra g
and H a connected closed subgroup of G with Lie algebra . Let 6 be an invo-
lution of G such that §(H) = H. Put Ky = HY Then, the homomorphism
7 H*(G/H;R) — H*(G/Kg;R) induced from the projection = : G/Ky — G/H
is injective if and only if the linear map rest : (Py+) ™% — (Py+)~% is surjective.

Theorem 1.4 enables us to check easily if the assumption of Fact 1.3 is satisfied or
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not. Conjecture 1.1 follows immediately from Fact 1.3, Theorem 1.4 and the fact that
dim(Py-)~% = rank G — rank K (Fact 3.11 (1)), as we shall explain in Section 4.2.

The proof of Theorem 1.4 is based on the theory of Cartan, Chevalley, Koszul
and Weil ([3]) that gives an easy way to compute the relative Lie algebra cohomology
H*(g,h;R) of a reductive pair (g,h). In modern terminology of Sullivan’s rational ho-
motopy theory (initiated by [16]), what they actually did is the construction of a pure
Sullivan model for the differential graded algebra ((A(g/h)*)?, d) from a transgression for
g. By this theory, the proof is reduced to computations of invariant polynomials and a
spectral sequence for pure Sullivan algebras.

REMARK 1.6. For the proof of Conjecture 1.1, it is enough to show the “only if”
part of Theorem 1.4 (i.e. Theorem 4.1 (i) = (vii)). However, we believe that Theorem 1.4
itself is rather interesting in its own right, and thus we also give the proof of the “if”
part (i.e. Theorem 4.1 (vii) = (i)) in this paper.

REMARK 1.7. Kobayashi and Ono proved Conjecture 1.1 in the case of rank G =
rank H, investigating the Euler class of the tangent bundle of a compact Clifford—Klein
form ([8, Proposition 4.10], [11, Corollary 5]). Fact 1.3 can be regarded as an extension
of their results to all the Chern—Weil characteristic classes (cf. Theorem 4.1 (i) < (ii)
and [13, Proposition 6.1]).

REMARK 1.8. Tholozan ([17, Version 2], [18]) independently proved Conjecture 1.1.
The strategy of his proof and ours are similar; his proof is based on a new cohomological
obstruction to the existence of compact Clifford—Klein forms, which is a generalization
of Fact 1.3. It seems that his proof cannot be applied to the case of manifolds locally
modelled on G/H because his new obstruction is established only for compact Clifford—
Klein forms. However, we are not sure if it is an essential difference or not. Indeed, as
far as the author knows, a compact manifold locally modelled on a homogeneous space
of reductive type has not been found, other than compact Clifford—Klein forms.

The organization of this paper is as follows. In Section 2, we recall the definition of
pure Sullivan algebras and construct a spectral sequence arising from a homomorphism of
pure Sullivan algebras. In Section 3, we recall the theory of transgressions for a reductive
Lie algebra and the Sullivan model for a reductive pair, mostly without proof, and apply
the spectral sequence constructed in Section 2 to this setting. In Section 4, we give the
proofs of Theorem 1.4 and Conjecture 1.1 using results in Section 3.

2. Preliminaries on pure Sullivan algebras.

In this section, we first recall the general definition of pure Sullivan algebras. As we
shall see in Section 3, the relative Lie algebra cohomology of a reductive pair is computed
by a certain pure Sullivan algebra. We then construct a spectral sequence defined for
a homomorphism of pure Sullivan algebras of the form 1 ® g : (AU ® 5177 —0f) —
(AU ®@ SW, —0g4s), which will be used in the proof of Theorem 1.4 (cf. Theorem 4.1
(viii)). We refer to [16] and [5] for further results on Sullivan algebras.

Since Theorem 1.4 is a purely algebraic theorem, we work over an arbitrary field K
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of characteristic 0, rather than over R, in the rest of this paper. There are two gradings
on the exterior algebra AV of a graded vector space V', namely, the one defined as in the
ungraded case and the one induced from the grading on V. We write AV = @p APV
for the former grading and AV = P, (AV)? for the latter. Unless otherwise specified,
we regard AV as a graded algebra by the latter grading. We use the notation ATV for
the positive degree part of AV with respect to the former grading. It is also the positive
degree part of the latter grading if V' is positively graded, which is always the case in this
paper. We define (SV)?, SPV and STV in the same way. Given a graded vector space
V, we define a new graded vector space V by V = V[—1], i.e. by putting Vr =Vl for
each n € Z. We write ¥ for the element of V corresponding to v € V. Similarly, we write
Q for the element of SV corresponding to Q € SV. For v € V, we denote by (v) and
1(v) the left multiplications by v on AV and SV, respectively. For o € V*, we denote by
t(a) and J(«) the derivations of AV and SV uniquely determined by t(a)v = a(v) and
d(a)v = a(v) (v € V), respectively. We always use the Koszul sign convention, namely,
we multiply by (—1)P? when we interchange two objects of homogeneous degrees p and
q, respectively.

2.1. Pure Sullivan algebras.

Let U=, -, Ut and V =@, -, V*"~! be finite-dimensional, oddly and pos-
itively graded vector spaces. Let f : SU — SV be a graded algebra homomorphism.
Define a differential ¢ on a graded algebra AU ® % by the formula

6y = ue) @ u(f(@)),

?

where (e;); is a basis of U and (e); the basis of U* dual to (e;);. It is called the Koszul
differential associated with f. In other words, the Koszul differential §; is the unique
derivation satisfying

Sfu@l) =10 f@), 6;1®7) =0 (uel, veV).

Thus, d; does not depend on the choice of a basis (¢');, and we have 67 = 0. A differential
graded algebra of the form (AU @ SV, —48 ) is called a pure Sullivan algebra.

REMARK 2.1. The minus sign in our definition of a pure Sullivan algebra is in-
serted just for convenience and is not essential. Indeed, 1 ® sgn : (AU ® S‘N/, —87) =
(AU S ‘7, ds) is an isomorphism of differential graded algebras, where sgn denotes the
automorphism of SV defined by sgn lgpp = (—1)P.

The Koszul differential on AV @ SV associated with the identity map 14 on S Vis
denoted by dy instead of d; ;.

2.2. A spectral sequence for pure Sullivan algebras.
Let U, V and W be ﬁnite—dirrignsional, oddly and positively graded vector spaces.
Let f: SU — SV and g : SV — SW be graded algebra homomorphisms. Then,

1®g: (AU® SV, —87) = (AU @ SW,—6,5)
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is a differential graded algebra homomorphism.

The Koszul differential 5 on AU ® SV can be extended to the differential 01l
on AURSV @AV ®@SW. By abuse of notation, we abbreviate 6 ®1®1 to §7. Similarly,
the Koszul differentials §; on AV ® S/V[7, dgf on AU ® SW and Sy on AV ® SV are

naturally extended to the differentials on AU ® SV @AV ® SW, which we shall denote
by the same symbols. We define a differential graded algebra homomorphism

m: (AU ® SV @AV @ SW,—6; — 8, + 0y) — (AU @ SW, —6,4¢)
by

m(¢© Q@Y ®R) =0 (o € AU, Q € SV, o € ATV, R € SW),

me®Q®1®R)=¢®g(Q)R (¢ € AU, Q € SV, R € SW).

PROPOSITION 2.2.  The homomorphism m is a Sullivan model for the homomor-
phism 1@ g : (AU ® SV, —65) = (AU @ SW,—d,y), i.e.

(i) The diagram

(AU ® SV, —6;) il (AU @ SW, —0,)

\mT

(AU @ SV @ AV @ SW, =67 — 6, + 6v)

commutes, where i is the natural inclusion.

(ii) It induces an isomorphism in cohomology:
m: H* (AU @ SV @AV ® SW,—6; — 6, + 6v) <> H* (AU @ SW, —047).

REMARK 2.3.  The nilpotency condition on differential ([5, p. 181]) is always sat-
isfied in this situation.

Proposition 2.2 should be known to experts, but we give its proof in Section 2.3 for
the sake of completeness.

Let us define a filtration (FP),ecy of the differential graded algebra (AURSVRAV®
SW, =87 — b4+ y) by

F* = PAU @ SV)F @ AV @ SW.

k>p

The next proposition is easily obtained from routine computations and the identification
m:H* (AU ®@ SV @ AV @ SW,—8; — 8, + 0y) — H*(AU @ SW,—d,¢).

PROPOSITION 2.4.  The spectral sequence (EP1,d,.) associated with the filtration
(FP)pen satisfies the following:
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(1) EDY = HP(AU @ SV, —6) @ HY(AV @ SW,—5,).
(2) The spectral sequence (EP4,d,) converges to HPY1(AU @ SW, —dgf).

(3) The homomorphism 1®@g : HP(AU®SV, —85) — HP(AURSW, —d4¢) is factorized
as

HP(AU ® SV, —67) =5 ERC — ERO < HP(AU @ SW, —6,4).

2.3. Proof of Proposition 2.2.
The condition (i) is trivial. Let us verify the condition (ii).
For (p,q) € N?, let 7, , denote the projection of AU ® SV @ AV ® SW given by

0 on AURSPV@A'V®SW, 0.¢)# (pq),
T = ~ —
P 1 on AU® SPV @ AV @ SW.

We write 7 instead of mg ¢ when we regard mg ¢ as a map from AU ® SV @ AV @ SW to
AU ® SW. Define a linear endomorphism  of AU ® SV ® AV ® SW by

1 ~ AU @ SPV @ AV @ SW,
—Zl@&(fﬂ)@s(fj)@ol on
K=4P+a%5 (p,q) # (0,0),
0 on AURK®K®SW,

where (f;); is a basis of V and (f7); the basis of V* dual to (f;);. One can easily show
that oy + kéy =1 —mg o (see e.g. [7, Section 3.1]). Since

(8,5)(AU @ SPV @ AV @ SW) C AU @ 5P~V @ AV @ SW,

the infinite sum Z;io(zsgn)p is well-defined as a linear automorphism of AU @ SV ®

AV ® SW, whose inverse is 1 — d4x. Define an endomorphism ¢ of the graded algebra
AU ®@ SV @ AV @ SW by

Puele1el)=uelelel+ry (G0 f(1)elol) (ueU),

p=0
P10TR121)=18T0191-10191® g(?) (veV),
Plelorel)=101vel (veV),
191010 =101010® (weW).

Then, ¢ has the following properties:
LEMMA 2.5. (1) ¢(=0gf + 0v) = (=05 — g + 0v ).
(2) For any x € AU ® SV @ AV ® SW, there exists n € N such that (1 — ¢)"x = 0.
(3) mop =m.
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ProoF. We identify U, V,V and W as graded subspaces of AU ® SV&AV®SW
in a natural way.

(1). Since both sides are derivations of AU @ SV ® AV & SW, it suffices to verify
this equality on U, 17, V and W. The only nontrivial equality is

O(—0yp + o) (uR1@1®1) = (0 — 6, +ov)p(u@1le1®1)  (ueU).

The left-hand side is equal to —1 ® 1 ® 1 ® gf(u), while the right-hand side is computed
as

(—6; — 6, +0)p(u®1®1®1)

=— 10 f(@) @181+ (=0, +0v)k > _(Gp)P(1® f@) @1@1)
p=0
=(—1+40dvr) > (Gr)P(1@ f@) @1@1)
p=0
7r00+msvz PA®f@)®1e1)

= — 70,0 Z(éw)p(l ®f@e1el)

25/{ Tpo(l® fu) @ 1®1).

Thus, it is enough to see that
Ger)P(1®Q®1®R) =101010g(QR  (QES'V, RESW) (%)

holds for every p € N. Obviously (%) is true. Let us assume that (*,_1) is true for some
p > 1. Then, for Q € SPV and R € SW,

(0r)P12Q®1®R) = %(@m)?‘l S 1eaf)Qe1eg(f)R

J
1 — ) -
=l®leleg (p Zu(fﬂ)ﬁ(fj)Q) R
J
by the induction hypothesis. Since }; u(ﬁ)a(fj) = p on SPV, we have
1 ~ o\ = .
11®leg 5Zu(fﬂ)a(fj)cz R=121®12g(Q)R.

Hence (%) is also true. This completes the proof of Lemma 2.5 (1).
(2). Pt A={z e AURSV @AV @ SW : (1 — ¢)"x = 0 for some n € N}. Notice
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that A is a subalgebra of AU @ SV ® AV ® SW. Indeed, the equality (1—9¢)(xz') =
(1 —¢)(x)z’ + ¢(2)(1 — ¢)(«') implies that, if (1 — ¢)"z = 0 and (1 — ¢)" 2’ = 0, then
(1—¢)”+”/_1(xx’) = 0. Therefore, it suffices to show that U, XN/, v, W C A. The inclusions
‘7, V, W C A are obvious. This implies K ® SV & AV @ SW C A. Now, U C A follows
from (1 —¢)(U) CK® SV @ AV @ SW.

(3). Since both sides are graded algebra homomorphisms, it suffices to verify this
equality on U, ‘77 V and W. The only nontrivial equality is

meu®1le1lel)=rue®lelel) (uel),

which follows from 7k = 0. 0

Now, we resume the proof of Proposition 2.2. By Lemma 2.5,
¢: (AU SV @AV ®@SW,—dy; +0y) = (AU @ SV @ AV @ SW,—87 — 6, + 0y)

is a differential graded algebra isomorphism, whose inverse is ;% /(1 — #)*, that makes
the diagram

(AU @ SV @ AV @ SW,—0,7 + dy)
b T
(AU @ 8V @ AV @ SW, —8f — 8, + 0y) — 2> (AU @ SW, —8,¢)
commute. Thus, it suffices to show that the projection
7 (AU ® SV @AV @ SW,—8,5 + 8y) = (AU @ SW, —6,7)
induces an isomorphism in cohomology. Let
i: (AU @ SW,—b,5) = (AU @ SV @ AV ®@ SW, 047 + dv)
denote the natural inclusion. We have 7i = 1 and
im=moo =1—0yk— Koy =1— (=045 + 0y )k — k(—dg5 + Ov).

Therefore, m : H*(AU ® SV @ AV @ SW,—8,5 + 6y) — H*(AU @ SW,—6,¢) is an
isomorphism with inverse i : H*(AUQSW, —64¢) = H*(AURSVRAVRSW, —045+0v).
This completes the proof of Proposition 2.2. O

3. Preliminaries on the relative Lie algebra cohomology of reductive
pairs.

In this section, we recall the Cartan—Chevalley—Koszul-Weil theory (announced in
[3]) on transgressions for a reductive Lie algebra and the Sullivan model for a reductive
pair. We mostly omit the proofs. See [6] or [15] for details on this subject.
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We retain the notations of Section 2. We always regard the dual g* of a Lie algebra
g as a graded vector space concentrated in degree 1. Thus g* is concentrated in degree 2.
We write £ for the g-action on the exterior algebra Ag*. Given an automorphism 6
of a Lie algebra g, we denote by the same symbol € the induced automorphisms of
(Ag*)®, (Sg*)9, etc. Note that our notations are not the same as any of [3], [6] and
[15]; for instance, APy- ® (55*)Y in our notation corresponds to I (G) ®Is(g) in [3], to
(VF*)g=0 @ APg in [6] and to C(g,h) = APg ® Sy in [15].

3.1. Relative Lie algebra cohomology.
Let g be a Lie algebra and h a subalgebra of g. Let d be the differential on the
exterior algebra Ag* given by

(da)(X1,..., Xp1) = Z a([Xian],Xlw-~>5(\i7-~-35(;7~~-aXp+1)
1<i<j<p+1
(O( € Apg*y le cee 7Xp+1 € g)

The graded subalgebra
(A(g/5)")" = {a € Ag*: (X)a =0, L(X)a =0 for all X € h}

of Ag* is closed under the differential d. The cohomology of the differential graded algebra
((A(g/h)*)Y,d) is denoted by H*®(g,h;K) and called the relative Lie algebra cohomology
of a pair (g, b).

REMARK 3.1. If K =R and a pair (g,h) comes from a homogeneous space G/H,
it is easy to see that the above definition coincides with the geometric definition given in
Introduction.

3.2. The Cartan model of equivariant cohomology and the Chern—Weil

homomorphism.

Cartan and Weil defined the notion of equivariant cohomology for a differential
graded algebra equipped with “interior products” and “Lie derivatives” by the elements
of a Lie algebra ([2], [3]). We here explain their basic results in the case of (Ag*,d),
which admits interior products and Lie derivatives by the elements of . See e.g. [6,
Chapter VIII] or [7, Sections 2-5] for the general case.

Let g be a Lie algebra and b a subalgebra of g. Define a differential dg on a graded
algebra (Ag* ® Sf;*)h by the formula

dgy =d®1— > u(F}) @ p(F),
J
where (F}); is a basis of h and (F7); the basis of h* dual to (F}),. The cohomology of the

differential graded algebra ((Ag* ®SF;*)”, dg,p) is called the Cartan model of h-equivariant
cohomology of Ag*. The natural inclusion

w: ((SH9)7,0) = (Ag* @ Sh*)%,dgp), Qr1®Q
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induces a homomorphism w : (Sh*)" — H*((Ag* ® SF;‘)h,dg’h), which is said to be the
Chern—Weil homomorphism.
One has a natural inclusion of differential graded algebras

e: (A(g/h)").d) = (Ag* ® Sﬁ;)h,dg,h>7 a—a®l.

FAcT 3.2 (cf. [6, Chapter VIII, Theorem IV], [7, Section 5.1]).  When b has an b-
invariant complementary linear subspace V in g (e.g. when b = g or when b is reductive
in g), the inclusion € induces an isomorphism € : H*(g,h;K) = H*((Ag* ® Sb*)",dyp).

The inverse isomorphism is constructed as follows (cf. [6, Chapter VIII, Proposi-
tion IX], [7, Section 5.2]). Let 7y denote the projection Ag* = Ab* @ AV* — AV™*. Let

X : Sh* — AV be the graded algebra homomorphism induced from the graded linear
map

h* — A2V*, F s —F([,]),

where F' € h* is regarded as an element of g* by putting F|y = 0. Then, the graded
algebra homomorphism

Yv i AgT@Sh = AVT (= A(g/h)"),  a®@Q mv(a) AX(Q).
restricts to the differential graded algebra homomorphism
Yv i (Ag* @ S57)", dgy) = (Ag/5)")", d).
This ¥y induces the inverse of € in cohomology. We simply write w for the composition
(et ow =)y ow: (Sh7)" — H*((Ag" © SH°)°, dg,) > H" (g, h; K),
which is also said to be the Chern—Weil homomorphism.

REMARK 3.3 (cf. [6, Chapter XI, Section 1]). Recall that we can identify
H*(g,h;R) with H*(G/H;R) if G is a connected compact Lie group with Lie alge-
bra g and H is a connected closed subgroup with Lie algebra § (Remark 1.2). Under
this identification, the Chern—Weil homomorphism w : (Sf)N*)h — H*(g,h;R) defined
here corresponds to the Chern-Weil homomorphism w : (S§*)" — H*(G/H;R) for the
principal H-bundle G — G/H.

3.3. The Cartan map.
Let g be a Lie algebra. By Fact 3.2, one has

N K
HP((Ag* @ Sg*)%,dg,q) ~ H"(g,9;K) = {0

Thus, for P € ((Sg*)9)2* (= (S*g*)®) (k > 1), there exists a unique element pg(lg) of

(A2F=1g*)9 such that dg 4(pg(P) © 1+ Q) = =1 ® P for some Q € (Ag* @ Stg*)? (the
uniqueness follows from d|(¢-)s = 0). This defines a linear map py : (Stg*)9 — (Atg*)9
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of degree —1, called the Cartan map for g. See [6, Chapter VI, Section 2| for details.

3.4. Primitive elements and transgressions.
Let g be a reductive Lie algebra. Let Py« denote the space of primitive elements in
(Ag*)?, namely,

Py ={a € (ATg")?:a(z Ay) =0 for all 7,y € (ATg)?}.

It is known that Py is oddly graded ([6, Chapter V, Lemma VII (1)]), the inclusion
Py« — (Ag*)® induces an isomorphism AP« ~ (Ag*)? ([6, Chapter V, Theorem IIIJ)
and the dimension of Py« is equal to the rank of g ([6, Chapter X, Theorem XIIJ).

REMARK 3.4. If g be a reductive Lie algebra, (Ag*)? is dual to the graded algebra
(Ag)? and therefore admits a graded coalgebra structure in a natural way. One can
easily see that (Ag)? together with the usual algebra structure and the above coalgebra
structure forms a graded Hopf algebra. The above definition of Py« coincides with the
usual definition of the space of primitive elements in a graded Hopf algebra.

Fact 3.5 ([6, Chapter VI, Theorem II]).  The Cartan map pg for a reductive Lie
algebra g satisfies ker pg = (STg*)? - (STg*)? and image pyg = Py-.

A linear map 75 : Py- — (Stg*)9 of degree 1 satisfying py o 7, = 1 is called a
transgression in the Weil algebra of g. We simply call it a transgression for g.

Fact 3.6 ([6, Chapter VI, Theorem I]). A transgression 74 for a reductive Lie
algebra g induces a graded algebra isomorphism 74 : SPg« —» (SgN*)*

The condition pg o 7y = 1 is equivalent to the existence of a graded linear map
Q : Py — (Ag" ® Stg*)9 such that dyg(a® 1+ Q(a)) = —1 @ 74(a) (@ € Py-).
There exists a unique transgression 74 for g such that this graded linear map €2 can be
taken so that («(Z) ® 1)(Q(«)) = 0 for any Z € (ATg)9 and o € Py- ([6, Chapter VI,
Proposition VI]). It is called the distinguished transgression for g.

3.5. Compatibility with automorphisms.
It is obvious from the definition of the Cartan map pg for a Lie algebra g that the
following diagram commutes for any automorphism 6 of g:

(Stgh) ——=Atg"

|

(Stg")0 ——= Atg"

We say that a transgression 74 for a reductive Lie algebra g is compatible with an auto-
morphism 6 of g if the following diagram commutes:
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Py —— (S7g")°

[

Py- T> (S+E?k)g-

It readily follows from its uniqueness that the distinguished transgression is compatible
with any automorphism.

3.6. The Sullivan model for a reductive pair.

Now, let (g,h) be a reductive pair, i.e. g a reductive Lie algebra and h a subalgebra
of g such that b is reductive in g. Let 74 : Py» — (S*gw"“)g be a transgression for g and
Tg SPNQ* =5 (Sg*)? the induced isomorphism (cf. Fact 3.6). Define a graded algebra
homomorphism 755 : SPge — (S5*)% by 735 (Q) = 74(Q)[5. Here, (-)] : (Sg*)® — (Sh*)"
denotes the restriction map. We sometimes write rest instead of (-)|y. Let us consider
the pure Sullivan algebra (AP, ® (Sh*)Y, —6-— ) associated with 74.5:

Sr(@@1) =10 75(a)ly, 657 (1®Q) =0 (a€ Py, Q€ (SH)").

By definition of 7, there exists a graded linear map Q2 : Py — (Ag* ® S*g*)® such that
dgo(@®1+Q(a)) = -1® 14(a) (o € Py+). Let us take one of such 2. The Chevalley
homomorphism

Ig : (APye @ (SH)", 06— ) — ((Ag* ® SH*)", dg )
is a differential graded algebra homomorphism defined by
Dola®l)=a®1+(1@rest)(Qa)), 9o(10Q)=10Q  (a€ Py, Qe (Sh")"),
where rest : Sg* — S I'F‘ is the restriction map.

Fact 3.7 ([6, Chapter X, Proposition IV]).  The Chevalley homomorphism Vg
induces an tsomorphism in cohomology:

o : HY(APy @ (Sb%)", —0r) & H*((Ag”™ © Sb*)°, dg p) (= H*(g,h:K)).

REMARK 3.8. Fact 3.7 means that the Chevalley homomorphism ¥¢, (resp. ¢y ovq,
where 9y is as in Section 3.2) is a Sullivan model for the differential graded algebra
(Ag* ® Sh~*)h,dg7b) (resp. ((A(g/h)*)",d)). We thus call it the Sullivan model for the
reductive pair (g, h), abusing terminology.

3.7. The Chern—Weil homomorphism in the Sullivan model. _
We retain the setting of Section 3.6. Let w' : (S5*)" — H®*(APy @ (Sh*)", —6-—)
be the homomorphism induced from the inclusion

w': ((S59)%,0) = (APy- @ (Sh*)", =6~ ), O—120.

Tg.h

PROPOSITION 3.9 ([6, Chapter X, Proposition IV]). The homomorphism w' is
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identified with the Chern—Weil homomorphism w : (Sh*)" — H*((Ag* @ S’f;*)h,dg,h)
(~ H*(g,b;K)) via Vg (or e 1odg).

Indeed, w = dg o w' : ((Sh*)?,0) = ((Ag* @ SH*), dg.p)-

PROPOSITION 3.10 ([6, Chapter X, Corollary III (1) to Theorem III]).  One has
(kerw =) kerw’ = (S*g*)?|y - (Sh*)".

This follows easily from the definition of differential 47— and Fact 3.6.

3.8. The case of reductive symmetric pairs.
If (g,b) is a reductive symmetric pair, i.e. g is a reductive Lie algebra and b = g’
for some involution 6 of g, the following useful results follow:

Fact 3.11.  Let (g,h) be a reductive symmetric pair. Then,
(1) (6, Chapter X, Corollary to Proposition VI]) dim(P,-)~? = rank g — rank .

(2) ([6, Chapter X, Proposition VII]) If 74 is a transgression for g that is compatible
with 0, the following is a graded algebra isomorphism:

APy )% @ imagew’ = H*(APg ® (SH*)", =6 ), a®[1®Q]— [a®q).

Ta.,b

REMARK 3.12. In [6, Chapter X, Proposition VII|, 74 is assumed to be a distin-
guished transgression, but its proof is, in fact, valid for any transgression compatible
with 6.

3.9. Induced homomorphisms.
Let g be a Lie algebra, b a subalgebra of g and I a subalgebra of h. Then the inclusion

i: ((A(g/0)*)",d) = (Alg/1)")", d)
and the restriction
1®rest : (Ag* ® 6%, dg) — (Ag* ® SF)", dg )

are differential graded algebra homomorphisms. The following diagram commutes:

((Ag/b)")",d) —— ((Ag" ® SH)", dg.p)

J{i l 1®rest

(Ag/D")',d) —— ((Ag” © ST)", dy,0)-

Suppose, in addition, that (g,h) and (g,[) are reductive pairs. Take a transgression T
for g and a graded linear map Q : Py — (Ag* ® S*g*)8 such that dg 4(a ® 1+ Q(a)) =
—1 ® 74(x). Then,

1@ rest : (APy- ® (Sh*)", —0—) = (AP @ (SI*)', —6-—)
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is a differential graded algebra homomorphism, and the diagram

(AP ® (SH*), =0, ) —2> ((Ag* ® SH*)", dg )

\Ll@rest ll@rest

(AP @ (SF), —6—) —22 > ((Ag* ® SF)', dy )

Tg,l
commutes. In summary,
ProroSITION 3.13.  The homomorphism

1 @rest : H*(APy ® (Sh*)", —6-— ) — H*(APy- ® (SI¥)", —6-—)

is identified with the homomorphism i : H*(g,h;K) — H*(g,;K) via ¢! o dq.

3.10. A spectral sequence for the Sullivan models of reductive pairs.
As in Section 3.9, let (g,h) be a reductive pair and [ a subalgebra of h such that
(g,0) is a reductive pair. Let 7; and 7y be transgressions of g and b, respectively. We
identify (S§*)" with Sﬁ; via 75. We thus denote by dp,. the Koszul differential on
APy @ (Sh*)Y defined by
0p,. (B 1) =74(8), 0p.(10Q)=0  (BE Py, Q€ (Sh)").

Let us apply the spectral sequence constructed in Section 2 to the differential graded
algebra homomorphism

L@rest : (APy- ® (Sh*)", —0—) = (APy- @ (S1¥)", —6:).
By Proposition 2.2, the differential graded algebra homomorphism

m: (APg ® (S§*)" ® APy @ (SI*)', —6— — 8y +0p,.) — (APye ® (SI), —67—)

defined by
ma®Q®BRR)=0 (a € APy, Q € (SH*)", B e AT Py, Re (S,
me®Qo1oR) =a® Q- R (¢ € APy, Q € (55)", R e (51

is a Sullivan model for the diﬁfrential graded algebra homomorphism 1 & rest : (APg» ®
(855*)%, =07 ) = (APy @ (S1¥)', —67—). Let (FP)yen be a filtration of the differential
graded algebra (AP @ (Sh*)" @ APy- @ (S1*)', =07, — 07— + 0p,.) defined by FP =
D>, (AP ® (SH*)N)E @ APy ® (S*)'. Applying Proposition 2.4 to this setting, we
have the following:

COROLLARY 3.14.  Let (EP9,d,.) be the spectral sequence associated with the filtra-
tion (FP)pen. Then,

(1) BS" = HP(APy ® (S°)", =67 ) © HI(APy- @ (ST)', —057).

,b
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(2) The spectral sequence (E?9,d,) converges to HPT9(APg ® (S1%)", —07)-

(3) The homomorphism

L@rest : HY(APy- @ (S5%)°, =07 ) — HP (AP @ (ST)', —0r7)

Tg,b Tg,!

is factorized as
HP(APy ® (Sh*)", —0:—) = ER® — E20 <y HP(APy- ® (ST9)', —0:).

REMARK 3.15.  Suppose that G is a connected compact Lie group with Lie algebra
g, H is a connected closed subgroup of G with Lie algebra h and L is a connected closed
subgroup of H with Lie algebra . Then, our spectral sequence may be seen as a Sullivan
model version of the Leray—Serre spectral sequence for the fibre bundle G/L — G/H
(cf. Remark 1.2).

4. Main theorem.
We retain the notations of Section 3.

4.1. Main theorem.

Let us prove the following theorem, which gives some conditions equivalent to the
injectivity of the homomorphism i : H*(g, h; K) — H*(g, £5; K). Recall that, when K = R
and a pair (g, ) comes from a homogeneous space G/H of reductive type, the injectivity

of i is a necessary condition for the existence of a compact manifold locally modelled on
G/H (cf. Fact 1.3).

THEOREM 4.1.  Let (g,h) be a reductive pair over a field K of characteristic 0 and
0 an involution of g such that 6(h) = h. Put & = h’. Let 74 : Py — (Sg*)® be a
transgression for g. Let 1y @ Py~ — (Sf;‘)h be a transgression for § that is compatible
with 8. Then, the following conditions are all equivalent:

(i) The homomorphism i : H®*(g,h; K) — H*(g, ty; K) is injective.

(ii) The homomorphism i|imagew : imagew — H®(g,ty;K) is injective, where w :
(Sh*)» — H*(g,h;K) is the Chern—-Weil homomorphism.

(iii) The homomorphism

1 @rest : H*(APy- ® (Sh*)", —8— ) = H* (AP @ (S), —6,— )

Tg.b Ta, by
18 injective.
(iv) The homomorphism

(1 @ rest) |image w : imagew’ — H*(APg= @ (SET’;)**) =0~ )

Ta,ty

is injective, where w' : (Sh*)" — H*(APg- ® (Sh*)", —07=) is defined by w'(Q) =
1® Q).
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(v) ((S*5%)")=" C (S*g")%y - (Sh*)".
(vi) The linear map
rest : ((STg)/((S*g")® - (S7g")) % = ((SF9*)"/((STh")" - (ST9)"))~*
induced from the restriction map (Sg*)® — (Sh*)" is surjective.

(vil) The linear map rest : (Py<)~% — (Py<)~% induced from the restriction map
(Ag*)? — (AH*)Y is surjective.

(viii) The spectral sequence

B = HY(APy © (S67)", ~075) @ HY(APy- © (SE)", ~0,)

Tg,b

= HPHI(APy. ® (S€)", —0,~ )

Tgv"h
defined as in Corollary 3.14 collapses at the FEs-term.

REMARK 4.2 (cf. Remark 1.5). Suppose that G is a connected compact Lie group
with Lie algebra g and H is a connected closed subgroup of G with Lie algebra . Suppose
that the involution 6 of g lifts to an involution of G such that (H) = H. Put Ky = H?
and let 7 : G/Ky — G/H denote the projection. Then, the conditions (i), (ii) and (viii)
are respectively rephrased as follows:

(i) The homomorphism 7* : H*(G/H;R) — H*(G/Kg;R) is injective.

(ii") The homomorphism m*|imagew : imagew — H*(G/Kg;R) is injective, where w :
(Sh*)» — H*(G/H;R) is the Chern-Weil homomorphism for the principal H-
bundle G — G/H.

(viii") The Leray—Serre spectral sequence
EY? = HP(G/H;R)® HY(H/Ky;R) = H?T1(G/Ky;R)
for the fibre bundle 7 : G/Kg — G/H collapses at the Es-term

(cf. Remarks 1.2, 3.3 and 3.15). Theorem 4.1 says that these conditions are all equivalent,
and they are also equivalent to the algebraic conditions (v)—(vii).

PROOF OF THEOREM 4.1. (i) = (ii). Trivial.

(iii) = (iv). Trivial.

(i) & (iii). This follows from Proposition 3.13.

(ii) < (iv). This follows from Propositions 3.9 and 3.13.

(iv) = (v). Take any Q € ((Sh*)")~?. Then we have Ql¢, = 0. By (iv), [1 ®Q]=0
in H*(APg- ® (Sh*)", —07 ). This means Q € (S*g*)%]y - (5h*)" by Proposition 3.10.

(v) = (vi). Take any Q € ((STH*)"/((Sth*)" - (STH*)"))=%. Let Q € (STh*)Y be a
representative of Q. By (v), we can write
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Q%(Q) e ;Pi‘“ Qi (PPRe(STe), Qie(STh)").

Put P’ = (P — 6(P))/2. Then P’ € ((Stg*)9/((S*g*)? - (Stg*)9))~? and P'[, = Q.
(vi) = (v). We shall prove

((875")") =% < (S*g")?y - (S5*)° (n)
by induction on n. Assume that (f,,) is true for m < n — 1. Let us take any Q €
((S™p*)")=%. By (vi), we can write

Q=Ply+> Qi Q (Pe(S"g")%, Qic(S™h),
i=1
Qi € (S"7™)" 1 <m; <n—1)

Then,
0= %(Q —0(Q)) = %(P —0(P))y + i > (@i = 6@ (@ + 6(Q))

+ (Qi+0(Q:))(Q: = 0(Q2) )
We have
Qi = 0(Q1), @} —0(Qh) € (S¥g")°ly - (Sb™)"

by the induction hypothesis, and therefore Q € (S*tg*)9|y - (Sb*)". Thus (t,) is also
true.
(vi) & (vii). This follows from commutativity of the diagram

((5* @) /(S ) - (576)9) = ()

Pg

rest l rest

(M6 /(5 H57) - (576) 2 (Pye) ",

Ph

where pg and py are the linear isomorphisms induced from the Cartan maps.
(v) = (viii). We shall prove d, = 0 (r > 2) by induction on r. Let us assume that
ds =0 for 2 < s <r—1. Then

EP = BP? = HP(APg- @ (Sh%)", —07) ® HY(APy- © (SE)", 0 ).

Tg,b

By Leibniz’s rule, to prove d,. = 0, it suffices to see that dr|E2,q = 0 for all ¢ > 0.
Moreover, by Fact 3.11 (2) and again by Leibniz’s rule, it is enough to prove that

o d.(1®1]®[1® R]) = 0 for any R € (St;)*.
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e d ([l®1]®[3®1]) =0 for any B € (Py)?.

By construction of the spectral sequence, we have d,([1® 1] ® [l ® R]) = 0 and

lemn@)elel] ifse(PH°,

d-(1el]eBel])= 0 if e (PL)? g#r—1
b/ '

Since 7 is taken to be compatible with 6, it follows that 7(8) € ((Sh*)")~?. By (v),
we have 7, (8) € (Stg*)9y - (Sh*)P. This implies that [1 ® 75(8)] = 0 in H*(APyg- ®
(S5*)", —07— ) by Proposition 3.10. We have thus proved d, = 0.

(viii) = (iii). This follows immediately from Corollary 3.14 (3). O

4.2. Proof of Conjecture 1.1.

Suppose that the inequality rank G — rank K < rank H — rank Ky holds. Then,

the linear map rest : (Py«)~? — (Py-)~? cannot be surjective because dim (Py-)~% =

rank G — rank K and dim (Py+)~% = rank H — rank Kz (Fact 3.11 (1)). Applying The-
orem 4.1 (i) = (vii) and Fact 1.3, we conclude the nonexistence of compact manifolds
locally modelled on G/H and, in particular, of compact Clifford—Klein forms of G/H. O
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