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Abstract. We introduce in this work a concept of rough driver that
somehow provides a rough path-like analogue of an enriched object associated
with time-dependent vector fields. We use the machinery of approximate flows
to build the integration theory of rough drivers and prove well-posedness re-
sults for rough differential equations on flows and continuity of the solution
flow as a function of the generating rough driver. We show that the theory
of semimartingale stochastic flows developed in the 80’s and early 90’s fits
nicely in this framework, and obtain as a consequence some strong approx-
imation results for general semimartingale flows and provide a fresh look at
large deviation theorems for ‘Gaussian’ stochastic flows.

1. Introduction.

An elementary construction recipe of flows was recently introduced in [Bail5] and
used there to get back the core results of Lyons’ theory of rough differential equations
[Lyo98], [FV10] in a very short and elementary way. This work emphasizes the fact that
it may be worth considering flows of maps as the primary objects from which the indi-
vidual trajectories can be built, as opposed to the classical point of view that constructs
a flow from an uncountable collection of individual trajectories. Probabilists know how
tricky it can be to deal with uncountably many null sets. As well-recognized now, the
main success of Lyons’ theory was to disentangle probability from pure dynamics in the
study of stochastic differential equations by showing that the dynamics is a deterministic
and continuous function of an enriched signal that is constructed from the noise in the
equation by purely probabilistic means. This very clean picture led to new proofs and
extensions of foundational results in the theory of stochastic differential equations, such
as Stroock and Varadhan support theorem or the basics of Freidlin and Ventzel theory
of large deviations for diffusions.

It was realized in the late 70’s that stochastic differential equations not only define
individual trajectories, they also define flows of regular homeomorphisms, depending on
the regularity of the vector fields involved in the dynamics [ElwT78], [Bis81], [IW81],
[Kun81]. This opened the door to the study of stochastic flows of maps for themselves
[Har81], [Bax80], [LJ82], [LJ85] and it did not take long time before Le Jan and
Watanabe [LIJW84] clarified definitely the situation by showing that, in a semimartin-
gale setting, there is a one-to-one correspondence between flows of diffeomorphisms and
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time-varying stochastic velocity fields, under proper regularity conditions on the objects
involved. We offer in the present work an embedding of the theory of semimartingale
stochastic flows into the theory of rough flows similar to the embedding of the theory of
stochastic differential equations into the theory of rough differential equations. While the
acquainted reader will have noticed that the latter framework can be used to deal with
Brownian flows by seeing them as solution flows to some Banach space-valued rough dif-
ferential equations driven by a Brownian rough path in some space of vector fields, such
as done in [Der10], [DD12], the situation is not so clear for more general random veloc-
ity fields and stochastic flows of maps. Our approach provides a simple setting for dealing
with the general case, and we provide in this work an elementary direct approach to the
construction of stochastic flows whose scope goes beyond the realm of semimartingale
calculus.

Our theory of rough flows is based on the deterministic “Approximate flow-to-flow”
machinery introduced in [Bail5], which gives body to the following fact. To a two-index
family (fus)o<s<t<T of maps which falls short from being a flow one can associate a unique
flow (p1s)o<s<t<T close to (pts)o<s<t<T; moreover the flow ¢ depends continuously on
the approximate flow p. We introduce a notion of rough driver, that is an enriched
version of a time-dependent vector field, that is given by the additional datum of a
time-dependent second order differential operator satisfying some algebraic and analytic
conditions. A notion of solution to a differential equation driven by a rough driver
will be given, in the line of what was done in [Bail5] for rough differential equations,
and the approximate flow-to-flow machinery will be seen to lead to a clean and simple
well-posedness result for such equations. Importantly, the It6 map, that associates to a
rough driver the solution flow to its associated equation, is continuous. This continuity
result is the key to deep results in the theory of stochastic flows. We shall indeed
prove that reasonable semimartingale velocity fields can be lifted to rough drivers under
some mild boundedness and regularity conditions, and that the solution flow associated
to the semimartingale rough driver coincides almost surely with the solution flow to
the Kunita-type Stratonovich differential equation driven by the velocity field. In this
sense, our theory of rough flows encompasses the theory of stochastic flows. A Wong—
Zakai theorem will be proved for a general class of semimartingale velocity fields and a
sharp large deviation principle for Brownian flows will be proved as a consequence of the
continuity of the It6 map. No Wong—Zakai result was available so far for semimartingale
stochastic flows.

The setting of rough drivers and rough flows is presented in Section 2, together with
the approximate flow-to-flow machinery. This is the core of the deterministic machinery
and everything that follows elaborates on this material, in a probabilistic setting. Some
additional material on random rough drivers is in particular given in Section 2.5, where
we provide some new variations around the Kolmogorov regularity theorem needed along
the way and some sufficient conditions for a process to be bounded; this material may be
of independent interest. We show in Section 3 that reasonable semimartingale velocity
fields can be lifted to rough drivers under appropriate mild boundedness and regularity
assumptions and prove that the theory of semimartingale stochastic flows of maps is
naturally embedded in the theory of rough flows. As an illustration of the continuity of
the Itd6 map, we prove in Section 3.5 a Wong—Zakai theorem for stochastic flows of maps,
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and provide in Section 4 a fresh look at large deviation theorems for Brownian stochastic
flows. We proved in the follow up work [BRS17] that a large class of Gaussian vector
fields can be lifted into rough drivers; this shows explicitly that the setting of rough
drivers and rough flows goes beyond the semimartingale horizon. The point of view
of rough flows presented here was also used in [BC17] to investigate the problem of
stochastic turbulence.

The size of this work is related to the fact that it is intended to be as self-contained
as possible; no a priori knowledge of the theory of stochastic flows is required for its
understanding in particular. We have included as a consequence some material that is
well-known to experts in stochastic flows or large deviation theory for instance. A reader
interested only in the machinery of rough flows will have a complete picture by reading
Sections 2.1 to 2.4 and Theorem 2.16 in Section 2.5.

NoTATIONS.  We gather here for reference a number of notations that will be used
throughout the text.

e We shall exclusively use the letter E' to denote a Banach space. If F' is another
Banach space, we shall denote by L(E, F) the set of continuous linear maps from E
to F, and for M € L(FE, F), we shall write | M| for its operator norm. In this setting,
differentiability and regularity notions are understood in the sense of Fréchet. We
will also use the notation L(F) := L(E, E).

e If £ and F are two Banach spaces and f: E — F, we will denote by Df: E —
L(E, F) its Fréchet derivative (recall that the Fréchet derivative coincides with the
total derivative in the finite-dimensional case). For z € E, we will also use the
notation D, f := Df(x) € L(E,F). The second derivative will be denoted by
D%*f: E — L(E,L(E, F)) and, more generally, the n-th derivative by

D"f: E—L(E,--- ,L(E,F)---).
Recall that there is a canonical embedding
L(E, - ,L(E,F)---) = L(E®", F)

as vector spaces, where E®«" denotes the n-th algebraic tensor product of E.
Assume that we have a norm defined on E®«", and let E®" denote the closure
with respect to this norm. If the embedding

L(E, - ,L(E,F)---) < L(E®", F)

is continuous, we follow [FH14, p. 11] and call this norm compatible. Note that
there are always compatible norms, cf. [Rya02], but different choices may lead
to different spaces if the underlying space E is infinite-dimensional. Choosing a
compatible norm, the n-th Fréchet derivative can be seen as a continuous function
D"f: E — L(E®", F). Again, we set D f := D" f(z) € L(E®", F'). We recall the
reader that a vector field V' on E induces a first order differential operator, also
called a derivation,
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fe= (DAHV).

e In the finite dimensional case E = R¢, we will use the letter D for the total
derivative and the usual notation for partial derivatives:

b—t, =2 g2

Oz Y O

9% = o050, ap

in =031 0,
where i,41,...,4, € {1,...,d}, n € Ny and a = (a1, ...,q) € Nd. If a function f
is of the form f(z,y) with 2 € R% and y € R%, we use the notation 9% resp. 65 to
denote partial derivatives in the = resp. y-variable, o € Ngl, B e Ng"’. In the same
situation, 0, resp. J, means the total derivative in the x resp. y-variable.

e For functions z: [0, 7] — E, we will use the notation z;; = x;—x for the increments
of x.

e As is common, we shall use Einstein’s summation convention that a'b; := >, a'b;.

e A flow on E is a family (¢s)o<s<t<r of maps from E to itself such that ¢y = Id,
for all 0 < ¢ < T, and @iy © Pus = s, for all 0 < s < u <t < T. The letter T,
here and below, will always stand for a finite time horizon.

2. Rough flows.

2.1. Flows and approximate flows.

We introduced in [Bail5] a simple machinery for constructing flows on E from ap-
proximate flows that can be understood as a generalization of Lyons’ workhorse [Lyo98|
for constructing a rough path from an almost rough path; this is the core tool for the
construction of the rough integral. Roughly speaking, the “Approximate flow-to-flow”
machinery says that if we are given a family of maps (p4s)o<s<t<r from E to itself, and
if the maps p are close to defining a flow, in the sense that i, o pys — pirs is small
in a quantitative way, for s < u < ¢t with ¢ — s small, then there exists a unique flow
close to p. In the rough paths setting, Lyons almost multiplicative functionals involve a
family a = (as)o<s<t<r of elements of a tensor algebra such that ay, a,s — ars has some
given size whenever s < u < t with ¢ — s small, with the product on the tensor space
used here. Despite their similarity, Lyons’ setting differs from the present setting in that
multiplication in a tensor algebra satisfies the distributivity property ab — ac = a(b — ¢),
which obviously does not hold if a, b, ¢ are maps and the product stands for composition.
This seemingly minor point makes a real difference though, so it is fortunate that one
can still get an analogue of Lyons’ theorem in a function space setting. This comes at
a little price on the regularity of the set of maps p that one can consider. As usual, for
0 < r <1, we denote by C" the space of r-Holder functions, with the understanding that
they are Lipschitz continuous for » = 1. Following Stein and Lyons, for » > 1, a function
of class CI"l) with [r]-th derivative that is (r — [r])-Holder, is said to be r-Lipschitz.

DEFINITION 2.1. Let 0 < r <1 be given. A C"-approximate flow on E is a family

(Mt5)0<s<t<T of (1 4 p)-Lipschitz maps from E to itself, for some 0 < p < 1, depending
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continuously on (s,t) in the topology of uniform convergence and enjoying the following
two properties.

e Perturbation of the identity.
There exists a constant a with

0<l—-p<acx<l,
such that one has for any 0 < s <t < T, and any x € F, the decomposition
Dpugs =1d + AP + B, (2.1)

for some L(FE)-valued p-Lipschitz maps A% with p-Lipschitz norm bounded above
by c|t — s|*, and some L(E)-valued C'-bounded maps B¢, with C!-norm bounded
above by o:_4(1).

e C"-approximate flow property.
There exists some positive constants ¢; and a > 1, such that one has

Hﬂtu O Uys — /f’fts’ cr S C1 |t - Sla (22)

foral 0 <s<u<t<T.

Note that one requires a quantitative bound on A while we only require a qualitative
information on B, at the price of some more regularity for the latter. This fine decom-
position of the differential of u;,, as opposed to assuming only Dy, = Id + A*, makes
the setting more flexible. The exponents (1 4 p) and « may depend on pu.

The introduction of the notion of approximate flow is justified by the following result
proved in [Bail5]. Given a partition ms = {s = 59 < $1 < -+ < $p—1 < S = t} of
(s,t) C 0,77, set

Prps = Msps,_1 O O Hsysg-

THEOREM 2.2 (Constructing flows on E). A C"-approzimate flow, with 1/a < r,
defines a unique flow (pis)o<s<e<T on E to which one can associate a positive constant
0 such that the inequality

H‘pts - ,U/tsHOO S |t - S|a

holds for all 0 < s <t <T witht —s < J; this flow satisfies the inequality

‘arfl

H@ts — My 0o S 2Cl T {ﬂ—ts (23)

for any partition 75 of any interval (s,t) C [0,T), with mesh |7rt5’ < 8. Moreover, the C"
norm of the maps @5 is uniformly bounded by a function of the constant ¢ that appears
n (2.2), for all0 < s <t <T.

This statement generalises Gubinelli’s sewing lemma [Gub04], such as reshaped by
Feyel and de la Pradelle in [FALPO6], to the non-commutative, non-associative setting of
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maps on E. (The non-commutative sewing lemma of Feyel, de la Pradelle and Mokobodski
[FALPMOR8] requires associativity and cannot be used in the present setting.)

Theorem 2.2 is stated in [Bailb] for C'-approximate flows; the proof given there
works verbatim for C"-approximate flows provided 1/a < 7; a C-map is then understood
in that setting as a Lipschitz map. The crucial point in the above statement is the fact
that if p depends continuously in C” on some parameter then ¢ also happens to depend
continuously on that parameter, in C°, as a direct consequence of estimate (2.3). As
made clear in [Bail5], Theorem 2.2 can be seen as the cornerstone of the theory of
rough differential equations, with the continuity of the It6-Lyons solution map given as
a consequence of the aforementioned continuity of ¢ on a parameter. We shall see in the
present work that Theorem 2.2 is all we need to get back and extend the core results of
the theory of stochastic flows intensively developed in the 80’s and early 90’s. We shall
need for that purpose to introduce a notion of enriched velocity field that will somehow
play the role in our setting of weak geometric Holder p-rough paths, with 2 < p < 3, in
rough paths theory.

We shall thus pick a reqularity exponent 2 < p < 3 here, once and for all.

2.2. Rough drivers.
Let (V(-,t))o<t<r be a time-dependent vector field on E, with time increments

Vta() = V('7t) - V(,S)

To get a hand on the definition of a weak geometric p-rough driver given below, think of
Vis as given by the formula

V;fs = VXt57 (24)

where V(z) € L(R*,R?), for all x € R% and X = (X,X) is a p-rough path over R
Write V; for the image by V of the i*" vector in the canonical basis of R’. A solution
path z, to the rough differential equation

dxy = V(z¢) X (dt)

can be characterized as a path satisfying some uniform Euler-Taylor expansion of the
form

J(@) = [(ws) + Xi, (Vi) (ws) + XI5 (Vi) () + O (|t = o7

for all sufficiently regular real-valued functions f on R?. Recall we identify vector fields
and first order differential operators, so

ViVif = (D*£)(V}, Vi) + (D) ((DVi) (V).

The present Section will make it clear that the operators X}, V; = V X, and X{f‘/ij =
(DV)V X5 are all we need in this formula to run the theory, with no need to separate
their space part, given by V and (DV)V, from their time part Xj,.
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DEFINITION 2.3. Let 2<p<3,and p—2 < p <1 be given. A weak geometric
(p, p)-rough driver is a family (Vis)o<s<t<T, With

Vie = (Vis; Vis),
and V;, a second order differential operator, such that
(i) the vector fields V4, are additive as functions of time
Vis = Viu + Vs

for all s <u < t, and each Vi, is of class C>*” on E, with

[l

o<s<t<T [t —s|1/P ’
(ii) the second order differential operators
1
Wi := Vi — §Vts‘/tsa

coincide with the derivations (first order differential operator) given by some vector
fields on F, denoted by the same letters Wi, and we have

LA

— < 0
o<s<t<T |t —s|>/P ’

(iii) we have
Vts = Vtu + Vus‘/;fu + Vusa
forany 0 <s<u<t<T.

(The formulation of item (ii) takes care of the fact that in a general Banach space,
not all derivations are associated with a vector field. See e.g. example 8.3 in Section 8.4
of [BGNO04]. In finite dimension, all derivations are associated with a vector field.) With
in mind the model weak geometric p-rough driver given by formula (2.4), the requirement
p—2 < p appears as a natural assumption to impose, given known well-posedness results
on rough differential equations [Dav07]; the first order condition on the operators Wi
justifies that we call V' a weak geometric p-rough driver, and condition (iii) stands for an
analogue of Chen’s relation. We shall freely talk about rough drivers rather than weak
geometric (p, p)-rough drivers in the sequel.

DEFINITION 2.4. We define the (pseudo-)norm of V' to be

— g HV“HCHP HWtSHc1+p
[V llp,p == OézgltogT { i — |17 Vv i [ (2.5)
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and define an associated (pseudo-)metric on the set D, , of weak geometric (p, p)-rough
drivers setting

dpo (V. V') =V =V .

Like the space of rough paths the space of rough drivers is not a linear space. We will
also need the homogeneous metric

HVts B V;f/chH HWts B Wt’s” 1+
AN P C P
0,,(V, V)= 0§§1<1£)§T [t s[L/r vV =82/ . (2.6)

We will often drop the subindices p, p when it is clear from the context in which space
we are working in. Note that d and 9 induce the same topology in the space of rough
drivers.

Note that one should add the C?>**-norm of V (+,0) in formula (2.5) to define a proper
norm on the space of rough drivers. This has no consequences as rough drivers are only
used via their increments. Note also that given a rough driver V and 0 < a < T, one
defines another rough driver V' := (V*, V%), on the time interval [0, a], setting

a
‘/;fs = Va—s,a—tv

2.7
V?g = _Vafs,aft + Vafs,aftvafs,afh ( )

for all 0 < s <t < a. It is indeed elementary to check that these operators satisfy the
algebraic conditions (ii) and (iii), with

1
Wtas = V?s - 5‘/;;‘/;: = —Wa—s,a—t; (28)

that they satisfy the above analytic requirements is obvious. This rough driver is called
the time reversal of the rough driver V', from time a. Note that |[V*|| < [|V|.

2.3. Rough flows.
We shall adopt below a definition of a solution flow to the equation

de =V (p;dt) (2.9)

similar to the above definition of a solution path to a rough differential equation. A
solution flow will be required to satisfy some uniform Euler—Taylor expansion of the
form

fOSDts - {f—i_‘/vtsf'i_vtsf} :O(‘t—8|3/p),

for all sufficiently regular real-valued functions f on R?. It is actually elementary to
construct a family of maps (ps)o<s<t<r which enjoys the above Euler—Taylor expansion
property. The key point is that this family will turn out to be a CP-approximate flow, if
p is not too small, so we shall get the existence and uniqueness of a solution flow from
its very definition and Theorem 2.2.
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Given 0 < s <t < T, consider the ordinary differential equation
Uu = Vis(Wu) + Wis(yu), 0<u <1, (2.10)

and denote by p;s its well-defined time 1 map, associating to any x € FE the value at
time 1 of the solution of equation (2.10) started from z. Elementary results on ordinary
differential equations imply that if one considers y, as a function of z, for 0 < u < 1,
then we have

yu —1d|| 0 < |V ]t - s|1/P (2.11)

for some universal positive constant c¢. Proposition 2.5 below shows that the maps pis
have the awaited Euler—Taylor expansion expected from a solution flow to equation (2.9).

ProrosiTiON 2.5.  We have
£ 0 105 = {4+ Visk +Veut | < ellfllcarolt = oI, (2.12)

for any f € C?>** and any 0 < s <t <T.

The proof of this statement is straightforward and relies on the the following formula.
For all x € E and all f € C2, we have

1 1
F (@) = f(@) + / (Vi) () du + / (Weof) () du
0 0
= f(@) + (Visf) (@) + (Visf) (@) + e (2)

where

E{S(x) - /01 /Ou {(VtSVtSf) (o) = (VtSVtsf) (w)} drdu + /01 /Ou (WtSst) (yr) drdu
+ /01 {(Wis ) (yu) — (Wis ) (2) } du.

The inequality

f

€
ts cr

<X+ NVIP)If lezro It — s*/2, (2.13)

justifies Proposition 2.5.

THEOREM 2.6.  The family of maps (pes)o<s<t<T 45 a CP-approzimate flow which
depends continuously on ((s,t), V') in C°-topology.

PrROOF.  The family (us)o<s<t<T satisfies the regularity assumptions (2.1) as a di-
rect consequence of classical results on the dependence of solutions to ordinary differential
equations with respect to parameters, including the initial condition for the equation.
These results also imply the continuous dependence of ;s on ((s,t), V') in CP-topology.
To show that the family p defines a CP-approximate flow, write, for 0 < s <u <t <T,
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=2 + Vis(2) + (VusId) (z) + e (2)
V(@) + (Vs Vi) (2) + (Vs Vi) () + €22 ()

+ (Veuld) (@) + ((Viuld) (prus () = (Veuld) () + €l (pus ()
= Mts(x) + {(Vus‘/tu) (l‘) + ((VtuId) (Nus(x)) - (Vtuld) (LL')) + Ez‘fgu ({,C)

+ (@) + el (s () }.

The approximate flow property then follows from the regularity assumptions on V;4 and
Vis, and estimate (2.13). O

With the notations used in the definition of an approximate flow, the exponent a
that appears here in the approximate flow identity (2.2) is a = 3/p.

DEFINITION 2.7. A flow (¢is)o<s<t<t is said to solve the rough differential equa-
tion

dp =V (p;dt) (2.14)
if there exists a possibly V-dependent positive constant § such that the inequality
Hcpts - Mts”oo < |t —sP/P (2.15)

holds for all 0 < s < ¢t < T with t — s < §. Flows solving a differential equation of
the form (2.14) are called rough flows. If equation (2.14) is well-posed, the map which
associates to a rough driver V' the solution flow to equation (2.14) is called the Ité6 map.

Following Cass and Weidner [CW17], [Bail8], one can equivalently take the Taylor
expansion property

¢rs = 1d + Vi, Id + Vi, Id + O ([t — s|*/7)

as a defining property of a solution flow to the rough differential equation (2.14). The fol-
lowing well-posedness result comes as a direct consequence of Theorem 2.2 and Theorem
2.6. A family of maps is said to be uniformly C” is it has uniformly bounded C”-norm.

THEOREM 2.8. Assume p > p/3. Then the differential equation on flows
de =V (p;dt)

has a unique solution flow; it takes values in the space of uniformly CP-homeomorphisms
of E, with uniformly CP-inverses, and depends continuously on V in the topology of
uniform convergence.

Proor. It follows from the proof of Theorem 2.6 that one can choose as a constant
c1 in inequality (2.2) a multiple of 1+ ||V, so we have from Theorem 2.2 the estimate
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- S c (1 + HV||4) T |7rts|9(3/10)*17

H(Pts = Ky

for any partition m of (s, ¢) C [0,7] with mesh || small enough, say no greater than
d. Note that the exponent p (3/p) — 1 is positive. As these bounds are uniform in (s,t),
and for V' in a bounded set of the space of rough drivers, and each pr,, is a continuous
function of V', the flow ¢ depends continuously on ((s,?), V).

To prove that ¢ is a homeomorphism, note that it follows from (2.8) that, for
0 <a<b<t, each pupg is a diffeomorphism with inverse given by the time one map
1y _q 4y Of the ordinary differential equation

Yu = ~Voa(Yu) = Wha(yu) = V;ttfmtfb(ZUU) + thfa,tfb(yu)a 0<u<l,

associated with the time reversed rough driver V. As p! has the same properties as p,
the maps

( )71— -1 O-++-0 -1 . O---0 t
:u’Trts - :u’slsg Msnsn,l - Msnsn,l /j’slso

converge uniformly to some continuous map wgsl,as the mesh of the partition ;s tends
to 0; these limit maps 90;51 satisfy by construction ;s o Sﬁ’;sl =1Id.

As Theorem 2.2 provides a uniform control of the CP-norm of the maps @45, the
same control holds for their inverses since ||[V?|| < ||V||. We propagate this control from
the set {(s,t) € [0,T)?; s <t, t —s <} to the whole of {(s,t) € [0,T)?; s < t} using
the flow property of . O

Note that the solution flow to the rough differential equation
dip = V(s dt),

driven by the time reversal of the rough driver V', from time 7', provides the inverse flow
of ¢, in the sense that

—1
Pts = wT—S, T—t,

for all 0 < s <t <T. Last, note that it is elementary to adapt the above results to add
a globally Lipschitz drift in the dynamics; the above results hold in that setting as well.

REMARK 2.9. 1. Note that like for the theory of rough paths, the technical shape
of the theory of rough drivers depends on that regularity exponent. Only two objects are
needed in the definition of a rough driver when 2 < p < 3; for 3 < p < 4, we would need
to introduce an additional object in the definition of a rough driver, that would thus
consist of three objects; and so on. There is no real difficulty other than notational in
giving a general theory, but as our applications of rough flows to the study of stochastic
flows only require to develop the theory in the case where 2 < p < 3, we stick to that
setting and invite the reader to make up herself her mind about what the general theory
looks like.

2. The rough drivers introduced here are somewhat a dual version of similar objects
that were introduced very recently in [BG17] by one of the authors and Gubinelli in the
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study of the well-posedness of a general family of linear hyperbolic symmetric systems of
equations driven by time-dependent vector fields that are only distributions in the time
direction. The latter work deals with evolutions in function spaces and uses functional
analytic tools in the setting of controlled paths to make a first step towards a general
theory of rough PDEs, in the lines of the classical PDE approach based on duality, a
priori estimates and compactness results. The present work does not overlap with the
latter.

How THE STORY GOES ON. The entire technical core of the theory of rough flows
is contained in Section 2.1 and Section 2.3. The remainder of this work is dedicated to

e showing how one can lift semimartingale velocity fields into rough drivers—Section
2.5 and 3.3,

e showing that stochastic and rough flows coincide for semimartingale velocity
fields—Section 3.4,

e proving a Wong—Zakai-type approximation theorem for semimartingale stochastic
flows—Section 3.5,

e proving Schilder- and Freidlin—Ventzel-type large deviation theorems for flows gen-
erated by Gaussian rough drivers—Section 4.1.

We emphasize here that we proved in the subsequent work [BRS17] that one can
lift into rough drivers a whole class of Gaussian velocity fields, showing that the setting
of rough flows goes beyond the setting of semimartingale calculus.

2.4. An It6 formula for rough flows.

With a view to identifying stochastic and rough flows in Section 3.4, we prove here
an elementary It6 formula analogue to Friz and Hairer’s It6 formula in [FH14]. As
a matter of fact, Theorem 2.11 below states that any 1/p-Holder path in a Banach
space satisfies an It6 formula, outside the setting of rough or controlled paths. To state
and prove it recall Feyel and de la Pradelle sewing lemma [FALPO6], that can be seen
as a precursor of the construction theorem for flows, Theorem 2.2. Given a partition
ms = {8 =80 <81 <+ < 8p_1 < 8, =t} of an interval [s,t], and an E-valued 2-index
map 2 = (2s)o<s<t<T, et

2y 1= Zspspo1 Tt T Zsysg-

THEOREM 2.10 ([FALPO6]). Let (21s)o<s<i<r be an E-valued 2-index continuous
map to which one can associate some positive constants ¢c; and a > 1 such that

|(2tw + 2us) — 25| S ca |t — s|* (2.16)

holds for all 0 < s < u < t < T. Then there exists a unique continuous function
Z :[0,T] — R, with increments Zys := Zy — Zs, to which one can associate a positive
constant § such that the inequality

|Zts *Zts| § |t7 s|a7
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holds for all 0 < s <u <t <T, witht— s <J; this map Z satisfies the inequality

‘a,1

|Zts — Ry S 261 T |7Tts

for any partition ms of any interval [s,t] C [0,T], with mesh ’ms‘ < 4. It follows in
particular that Z depends continuously on any parameter in uniform topology if z does.

A map 2z satisfying condition (2.16) is said to be almost-additive, and we write

t
s ::/ Zdu-
S

We equip the tensor product space F ® F with a compatible tensor norm that makes
the natural embedding L(E,L(E,R)) C L(E ® E,R) continuous. Given such a choice,
one can identify the second differential of a C2-real-valued function on E to an element
of L(F ® E,R) that is symmetric; this is what we do below.

THEOREM 2.11 (It6 formula). Let F : [0,T] x E — R be a C'-function of time with
time derivative O F (t,x) bounded and continuous, uniformly in x € E. Assume also that
F is of class C® in the sense of Fréchet as a function of its E-component, with derivatives
FM F@) FG) and 0,FY) | bounded uniformly in time'. Let (xt)o<s<i<T be 1/p-Hélder
FE-valued map. Then the continuous 2-index map

Zts = F((;’)IS) (e —xs) + F((SQ)I ) (@ — xg)®?

18 almost-additive, and we have
t t
F(t,z) = F(s,zs) —|—/ (0,F)(r,z,)dr +/ Zdus (2.17)
S S

forany0<s<t<T.

PROOF. The proof is a straightforward application of Feyel-de la Pradelle’ sewing
lemma, Theorem 2.10. Given 0 < s < u <t < T, the algebraic identity

Ztu + Zus = F((sl’)x ) (It - IS) (F((i)m“) - F((sl)z ))('Tt - :L'u)
2 2
* 2F<(u)m (@ — @)% + 2F<(s b (@ — ),

the regularity assumptions on F' and the symmetric character of F ), for any x € E,
we have

IMore precisely, F(( >) D"F(t,-)(y) € L(E®™,R) forn =1,2,3,t € [0,T] and y € E.



928 I. BAILLEUL and S. RIEDEL

Zty t Zus = F((SI,)IS)(.Tt - xs) + F((:)m ) ( - xs) ® (-’Ift - xu)
+ O<|t . s|3/p) +O([ly — ) |2 — 2|

1
F((j)z ) (w2 — m,)®? 2F((52)a:b) (2 — x5)%?
= Zts + O(|t — 3\3/”).
Itd’s formula (2.17) follows by noting that we have for all n > 1
n—1
F(ta) = F(sizg) = > {F(sivn,v,) = Flsizs,) |
i=0
n—1 n—1
- On(l) + Z(SiJrl - Sz) (asF Suxs + Z { wasLJrl - F(Sizxsi)}v
i=0 i=0

with

F(si,xsiﬂ) — F(shxsi)

1 e
((sz),:cg )(x5i+1 - as,) §F((Szi)1'si) T A O(‘xswl — Tsy

’)

= Zs;418; +O<|Si+1 ,Si|3/p>' _

As an example, consider the solution flow ¢ to a rough differential equation on R4
dp =V (p;dt).

Write ¢, for ¢, and consider it as an element of the space E of continuous paths
from [0, 7] to C(R?, R?), equipped with the norm of uniform convergence, with C(R¢, R¢)
endowed with a norm inducing uniform convergence on compact sets. It satisfies by its
very definition and Proposition 2.5 the Euler—Taylor expansion

01 = s + (VisId) 0 ps + (VisId) 0 o5 + O(|t — s[>/P)

so it is a 1/p-Holder path in that space. Now, given some points y1, ...,y in R? and a
C3-real-valued function f on (R%)*, one can think of the function
F(¢) = f(o(y),-- - o(yk)), (2.18)

for ¢ € F, as a typical time-independent example of function satisfying the conditions of
Theorem 2.11. One then has

F(¢Si+1)_F(905i) = f((psi-HSi (9051- (yl))v s Psiqas; (9051' (yk))> - f(@sz (yl)a sy Psy (yk))

k
= 3 (VAL AVED ) ) (9or ) 00, () +Oc (Jsisa—sil /7).
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b component of f.

where the upper index {m} means that the operators act on the m*
The above sum defines an almost-additive continuous function zj., taken here at time

ts»
(8i41, 8i), so we have

Floe(n)s - oe(r)) = fos(n)s-- -5 os(yn)) +/ 2l

for all times 0 < s <¢ < T.

2.5. A Kolmogorov-type regularity theorem.

We shall use below the theory of rough drivers in a setting where the drivers are
random. Like in the theory of rough paths, the primary object we are given is not the
random rough driver itself, or the random rough path, but rather a genuine random
vector field, or random path, which needs to be enhanced in a first step into a random
rough driver, or random rough path. This first, purely probabilistic, step can typically be
done using some Kolmogorov-type continuity arguments. We give in this Section some
variations on this theme that will be used to enhance vector field-valued martingales into
rough drivers in Section 3.3; a reader interested only in these applications is advised to
skip the technical details and only have a look at Theorem 2.16; for the other readers, it
is our hope that this somewhat long Section contains some material interesting in itself;
it provides moment conditions under which one can get back uniform in time estimates
on quantities of the form (¢t — s)~%|| X¢s||ca, such as required by the definition of a rough
driver.

The next Lemma gives sufficient conditions for a process defined on a possibly un-
bounded domain to be bounded. Recall the equivalence of having Gaussian tails to
square-root growth of moments, cf. [FV10, Lemma A.17].

LEMMA 2.12. Let (E,dg) be a complete, separable metric space. Let D be an open
subset of R, X: D — (E,dg) a continuous stochastic process, e € E and k > 0. Set

Dn::{xeD:n—lg\x|<n}

and N :={n € N : D, # 0}. Let (an)nen be a sequence of non-negative real numbers
and (xn)neN a sequence of elements in D such that z,, € D,, for every n € N.

(i) Assume that there are g € (q,00) and v € (d/q,1] such that

sup ||z (X (@), X)), < ranle gyl
z,y€D, La

and that

Jde (X (@).0) ], < R

for every n € N. Set (by,) := (apn?) and assume that ||b|lee < K < 0o. Then there
is a constant C' = C(q,) such that

H sup dE(X(x),e)HLq < CKk.
xzeD
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(ii) Let vy € (0,1] and assume that for every q > 1 there is a constant ¢, such that for
every n € N,

sup HdE(X(a:),X(y))H < kegaplz —y|”
z,y€D, La

and that
HdE(X(SCn),e)HLq < Kegan

where cg = O(\/q) when q¢ — co. Assume that a, = O(n~7(1 + logn)~/2). Then
for every q > 1 there is some constant C' = C(q,~) such that

supdg(X(x),e ‘ < Ck
acEID) E( ( ) ) La
with C = O(/q) when q — oo. In particular, the random variable

sup,cp de(X(x),e) has a Gaussian tail.

Proor. Without loss of generality, one may assume x = 1, otherwise we consider
the metric dp = dg/k instead, and N = N — otherwise we add small, disjoint balls to D
and define X to be constant and equal to e on these balls. We first prove Claim (i).

Let @ > d/q and set p(u) = u®t/4. By the Garsia-Rodemich-Rumsey Lemma
(cf. e.g. [Sch09, Lemma 2.4 (i)]), for every z,y € D,,

1
|z — y|a—d/a < CV"/q

where

udv.

q
[ (X (), X(v)|
v, = /
Dy XD, lu — v|oatd

Thus, by a change of variables,

q

M < CQGZ/ lu— |9 gy dy
N Dy XD,

E
| — y|oa/a

sup
z,y€D,

< anan+<v—a>q/ = o] (09— gy gy,
(0.1)2

Let 8 € (0,7 —d/q) and set & = d/q + B < . Then the integral is finite, and we have
shown that

sup dE (X(l‘), X(y))

< C’ann(“f*B).
z,y€Dy |z —yl?

La

By the triangle inequality,
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sup dg(X(z),e)
zeD,

< Can(n?” +1) < 2Cbh,.
La

Thus we obtain

E <Sup dE(X(JU),e)q> =E (sup sup dE(X(a:),e)q) < i:llE ( sup dE(X(x),e)q>

zeD n xze€D, x€D,

<21C7) bl < o0

n=1

and claim (i) is shown.

Now we prove claim (ii). Note that the constant in the Garsia—Rodemich—-Rumsey
Lemma may be chosen non-increasing in q. Therefore, we can argue similarly as before
to see that for every ¢ > 1 and n € N,

sup dg (X(;B)7 e)
z€D,,

< Cyby

La

where C; = O(,/q). This shows that the random variable has Gaussian tails, i.e. there
is some constant C' such that for every n € N

(i) =con(-£)

x€D,
for every t > 0. Hence

2

oo 2 o
P (sup dE(X(:L‘),e) > t> < CZeXp (—Cfb2> < CZeXp (—tc(l +logn)>
n=1 n n=1

zeD
< Cexp —ﬁ OOE n=t*/C
- C

n=1

and the sum is finite for ¢ large enough. This proves that sup,cp dg(X(2),e) has Gauss-
ian tails. O

COROLLARY 2.13.  Let D be an open subset of R?, (E,| -||) a separable Banach
space, X: D — E a continuous stochastic process and q > 1.

(i) Assume that there are K > 0 and v € (0,1] such that for every x,y € D with
0<|z—y| <1,

[X (@) = XW)| . < #lz—yl” (2.19)
and that there is an n € (0,00) such that for every x € D,

[X(@)[La <

K
—_— 2.20
T LA faxfn (220

with q sufficiently large satisfying
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1 1 1
qg>—-+d{-+—-].
n no
Then the random variable sup,¢cp || X (z)| is almost surely finite. Moreover, there
is a constant C = C(v,q,n) such that

sup ||X(:c)||’

< Ck. (2.21)
La

(ii) Assume that (2.19) and (2.20) hold for every q¢ > 1 with k = k(q) < \/q~k and some
1 € (0,00).

Then sup,cp || X (x)|| has Gaussian tails and there is a constant C = C(vy,n) such
that

< C/gh

sup HX(m)H
xzeD La

for every g > 1.

ProoF. We start with proving (i). Let z,y € D such that |x — y| > 1. Then, by
(2.20),

[X (@) = X W) o < X @) L0+ X @) 0 < 26 < 2602 —y|”
which shows that
| X (2) = X(y)|| .o < 26lx —y|” (2.22)

holds for every z,y € D. Now let 2,y € D such that n — 1 < |z],|y| < n. Interpolating
between the inequality

5@ = X0 < IX@0 + X0 < o

and inequality (2.22), we see that for every A € [0, 1],
X () = X ()| 0 < Crn= Iz —y
and
HX(JJ)HM < Crn~ =2

for every &,y € D,,. Set v/ := v\ and a,, := n~ (1= In order to obtain (a,n") € ¢4(N),
we must have ¢(Ay — (1 — \)n) < —1 which is equivalent to

1
5<n—k(n+7)~

The condition v > d/q is equivalent to
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1 Ay
5 < 0
Choosing \* =n/(v/d+n+ ) € (0,1), we have
Ay 7
d  y+dy+n)

n—XNm+7) =

which is indeed smaller than 1/¢ by assumption. Hence we may apply Lemma 2.12 to
conlude (i). The claim (ii) follows by applying Lemma 2.12 (ii). O

EXAMPLE. Consider the Gaussian process X: (0,00) — R where X; =
B./(1+t%), for a standard Brownian motion B, and « € (1/2,1]. Then, if ¢ > 0,

q
1Xullze < valXelle < —Y2

~ 1—|—t°‘_1/2
and for s < t,
1, — X2 = 1Be( +5%) = Bs(L+t*)[e2 _ [ Be = Bsllzz | || Bsllr2 [t — 5°
B (14 52)(1 +to) = 14t (14 52)(1 +t2)
_ |t—s|1/2 951/24a—1/2 \t_5|1/2
- 14te (14 s4)(1+tv)
< |t7 s|1/2
and

1260 = X[ o S vl Xe = Xl o
Applying part (ii) in Corollary 2.13 shows that the random variable

sup {Xt‘
t€(0,00)

is finite and has Gaussian tails. Note that this is sharp in the sense that the law of
the iterated logarithm for a Brownian motion implies that it is not possible to choose
a=1/2.

Next, we apply the same ideas to give conditions for Holder continuity.

LEMMA 2.14. Let (E,dg) be a complete separable metric space, D an open subset
of RY, X: D — (E,d) a continuous stochastic process and x > 0. Set

Dn::{xED:n—lg\x|<n}

and N:={n €N : D, # 0}. Let (an)nen be a sequence of non-negative real numbers.

(i) Assume that there are ¢ > 1 and v € (d/q, 1] such that for every n € N and every
x,y € D,, with 0 < |z —y| <4,
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[de(X (), X ()] Lo < Kanlz =yl

Let 8 € (0,7 — d/q). Define the sequence (b,) = (anrﬂ_ﬂ), and assume that
[Iblle < K < oo. Then there is a constant C' = C(q,~) such that

z,y€D |{E - y‘ﬂ
0<|z—y|<1

< CKk.

La

(ii) Assume that there is some v € (0,1] and that for every q > 1 there is a positive
constant cq such that for every n € N and every x,y € D,, with 0 < |z —y| < 4,

e (x @) X W), < reganla =yl

where ¢ = O(\/q) when ¢ — oo. Let 8 € (0,7) and assume thalt a, =
O(n=0=8)(1+logn)~1/2). Then for everyq > 1 there is some constant C = C(q, )
such that

sup dE (X($)>X(y>)

z,yeD ‘x - y|6
0<]z—y|<1

<Ck
La
with C' = O(,/q) when q — oco. In particular, the random variable
sup ——————=
z,y€D |’I - y|B
0<|z—y|<1

has Gaussian tails.

PrRoOOF. Without loss of generality, one can choose k =1 and N = N. For n € N,
set Dy, := {D, UDy, 1 UDj,ia}. We first prove (i). Fix some n € N and some k& € N.
Let @ > d/q and define

(s) = sot(d/a) if s € [0,4],
br (400+d 4 fo(s — 4)V9 if 5 > 4.

Fix z,y € D, with 0 < |z — y| < 1. From the Garsia—Rodemich-Rumsey Lemma,
dp(X(2), X(y)) < CV, e —y|*~ ¥

where

q
[de (X (u), X (v)]
ank:/ 7 du dv.
DuxDn  pr(ju—v])

Thus
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E sup dudv

ap (. x0)| _, p Bl X0
|z — y|a—d/a =¢ ~/D><D Pr(Ju —v])?

m,yeﬁn
0<|z—y|<1

]E[dE (X(u),X(v))q}

<1 / du dv.

ZZ%;Q Dytix Dyt pr(Ju—v[)?

For every m € N, we have

E[dis (X (u), X (v))"]
/ dudv < al, / lu — v| =V gy do
Dip X Din pr(ju—v])? (D X Do) Ju—v]| <4}
/ E[ds (X (u), X(v))’] .
+ u dv.
(Do x Do) {u—v] >4y 49T+ k(ju — v — 4)
Moreover, by a change of variables,
/ lu — 0| gy do < / lu — 0|9 gy do
(D X Dy )N {|u—v|<4} Dy XD,

— pdt(—a)g / lu — 0|94 @y do.
(0,1)2

Set a« = d/q+ B < 7. Then this integral is finite, and sending k — oo shows that

dg (X X
sup ’W < C(ann('y—ﬂ) Fanp1(n+ 108 L g o(n+ 2)(v—ﬂ))
0<asyl<1

La
= C(bn + bn+1 + bn+2)-

Now take z,y € D with 0 < |z — y| < 1 and assume that

dE(X(CL'), X(Q))

> t.
|z —yl? -

Then there is an n € N such that « € D,, and since |z —y| <1,y € {D,,-1UD,UD, 11},
where we set Dy := D;. Thus we have shown that for every ¢ > 0,

dig (X X dig (X X
sup E( (x)ﬂ (y)) > ¢ c U sup E'( (x)a (y)) > ¢
x,y€D |;[;_y|ﬁ z,y€Dp |x_y|ﬁ
0<|z—y|<1 neN L o<]z—y[<1]
and therefore
q q
de (X X > dep(X(x), X
z,y€D |£C - y|ﬁ n=1 z,yEDy ‘fﬂ - y|ﬁ

0<|z—y|<1 0<|z—y|<1
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Now we prove (ii). Note that the constant in the Garsia—Rodemich—-Rumsey Lemma
may be chosen non-increasing in gq. Therefore, we can argue similarly as before to see
that for every ¢ > 1 and n € N,

sup dE (X(x),X(y))

m,yeﬁn “r _y|/8
0<|z—y|<1 La

< Cq (bn + bn+1 + bn+2)

where Cy = O(,/q ). This shows that the random variable has Gaussian tails, i.e. there
is some constant C such that for every n € N

ds (X (), X (y) o
Bl s =5 2 SO g )

z,y€Dp
0<|z—y|<1

for every t > 0. Hence

de (X (z), X (y)) > ( t2 )
P su —— 2 >t | <C) exp|-—
v PR ;l P\ 7O + bosr 1 buga)?
0<|z—y|<1 -
o0 t2
< C’nE:1exp <_C(1 + logn)>
Y o t2/C
< 7 _
_Cexp( C> ngzln

and the sum is finite for ¢ large enough. This proves that

wp 12(XE@).X(0)

z,yeD |‘T - y|ﬂ
0<]z—y|<1

has Gaussian tails. O
EXAMPLE. Let X: (0,00) = R be the Gaussian process defined as

__ B
Vitlog(1+1t)’

B being a standard Brownian motion. Then

|t — s|t/? N Vitlog(1+t) — /slog(l + s)

V/tlog(l +t) V1og(1 + s)/slog(1 + s)

X, =

[Xe — Xsllze <

By the mean value theorem,

tlog(l+t) — slog(l+s) < (log(1+1t)+ 1)(t —s)
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and therefore

Vitlog(1+1t) — /slog(1 +s) < \/tlog(1+t) — slog(1 + s) < /(log(1 + t) + 1)|t — s|*/2.
If (n—1) <s<t<mn, we have for any ¢ > 2
1X: = Xlloo S VallXe = Xsllze S Vaanlt — s|'/?

with a, = O(n~2(1 + logn)~'/2). Part (ii) of Lemma 2.14 shows that for any 8 €
(0,1/2), the random variable

sup |Xf - X9|
5,t€(0,00) |t - 3|ﬁ
0<|t—s|<1

is finite and has Gaussian tails.

COROLLARY 2.15. Let D be an open subset of RY, and (E,|| - ||) be a separable
Banach space. Let X: D — E be a continuous stochastic process and q > 1.

(i) Assume that there are constants k> 0, v € (0,1] and 8 € (0,7) such that for every
z,y €D with0 < |z —y| <1,

[ X (2) = X ()| o < slz—yl” (2.23)

and that there is n € (0,00) such that for every x € D,

K

)| Lo < Trr (2.24)

HX(a:

where q > 1 satisfies

g gl 1
. n(76)+d<n(vﬁ)+vﬂ>'

Then the random variable

[X(@) - X
sup -_
z,y€D |.”L' - y|ﬁ

0<|z—y|<1

is almost surely finite. Moreover, there is a constant C = C(v,n, f,q) such that

sup [1X(@) = Xl < Cr. (2.25)
z,yeD |{E - y|6
0<|z—y|<1

La

(ii) Assume that (2.23) and (2.24) hold for every ¢ > 1 with k = k(q) < \/qk and some
n € (0,00).
Then for every B € (0,7),
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[X (@) - X
sup -_
z,yeD |1‘ - y|ﬁ

0<|z—y|<1

has Gaussian tails, and there is a constant C = C(~,n, ) such that

| X (=) — X(v)]| .
~ = 2 <o
A T = OVaR
0<|z—y|<1 La

holds for every q > 1.

PrROOF. The proof is similar to the proof of Corollary 2.13, using Lemma 2.14
above. We leave the details to the reader. O

If D is an open subset of R?, and (E,|| - ||) is a normed space, f: D — E a function
and p € (0,1], we define

[I£ () = @)l

z,y€D |£L‘ - y|p
0<]z—y|<1

1711 := max  2sup || f(=)
zeD

Let f,g: D — R™. Then we define the function (f ® g): D — R™*™ by setting (f ©
9)¥(z) = f'(z)g’ (z). Note that || - |3, is equivalent to || - [|c» and that we have

IF ©gllee < [l llce llgllce (2.26)

provided we equip R™ and R™>*™ with the sup norm.

In the following, we will consider stochastic processes V: D x [0,7] — R™ and
W:Dx{0<s<t<T}— R™™ for which we assume that for every s < u <t € [0,T)
and every x € D,

Wis(2) — Wys() — Wiy (2) = Vis(2) © Vi () (2.27)
holds almost surely. The next theorem is the main result of this Section.

THEOREM 2.16 (Kolmogorov criterion for rough drivers). Let D be an open subset
of RY, k>0 and 1,72 € (0,1].

(i) Let V: D x I — R™ be a stochastic process and q¢ > 1. Assume that for every
r,y€DwithO<|r—y|<lands<tel,

s o < Klt = sz -y (2.28)

and that there is n € (0,00) such and that for every x € D and s <t €I,

K|t — s

[Vis ()| o < FENFT

(2.29)
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Let o € (0,71), B € (0,72) and assume that

V2 V2 1 1
q>max{77(72—5)+d<77(72—5)+72—5>’71—04}. (2.30)

Then there is a continuous modification of the process V. Moreover, there is a
constant C' = C(y1,7y2,, B,m,d,T,q) such that

Vs s
s<ier [E— s

< Ck. (2.31)

(ii) In addition, let W: D x {0 < s <t < T} — R™*™ be a stochastic process for
which the relation (2.26) holds and q > 2. Assume that for every x,y € D with
O<|z—y|<lands<tel,

Wes(2) = Wes@)l| arz < 62[t = s*T |2 — g™ (2.32)
and that there is an n € (0,00) such that for everyx € D and s <t € I,

k2|t — s

T (2.33)

[Wes @)| o/ <
Let o € (0,71), B € (0,72) and assume that q is sufficiently large such that (2.30)
holds. Then there is a continuous modification of the process W. Moreover, there
is a constant C' = C(y1,7y2, @, B,m,d, T, q) such that

< C?k2. 2.34
s<ter |t — 82 = ( )

La/2

(iii) Assume in addition that (2.28), (2.32) and the growth conditions (2.29) and (2.33)
hold for every q > 2 with constant k < \/qk. Then for every o € (0,71) and
B € (0,72), the random variables

s<ter [t —s|® s<ter |t —s]?@
have Gaussian tails.

Proor. Without loss of generality we may assume x = 1, otherwise we can replace
V and W by V/k and W/k? respectively. Furthermore, we will prove the result for the
|| - I norm, claimed results follow by equivalence of norms.

We start with proving (i). Fix s < ¢. Using (2.28) and the classical Kolmogorov
theorem [Kal02, Theorem 3.23], there is a continuous modification of the process x —
Vis(z) on D. The estimates (2.28) and (2.29) and Corollary 2.15 imply that
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sup <Clt—s™
z,yeD |.T - y‘ﬁ
0<|z—y|<1 La
and Corollary 2.13 gives
sup [Vis(2)]|| < CJt —s|™.
reD La

Note in particular that the constant on the right hand side of both equations is inde-
pendent of s and t. We can repeat this procedure for every s < ¢t and obtain a process
t — V; which, for every ¢ € [0, T], takes values in CbB almost surely, and for which

[Ive = villeo|, < cle—sp (2.35)

holds for every s < t. Applying again the Kolmogorov theorem for Banach space valued
processes gives the claim.

We proceed with (ii). Asin (i), for every s < ¢ there are modifications of the process
x +— Wis(z) such that

[l 0 < Cle = s,

La/2

Using the algebraic relation (2.27), the estimate (2.35) for V' and the compatibility of
the || - [|55 norms given in (2.26), we can mimic the proof of the Kolmogorov criterion for
rough paths ([FH14, Theorem 3.1]) to conlude.

Assertion (iii) follows similarly by using part (ii) in the Corollaries 2.15 and 2.13. O

Finally, we give a Kolmogorov criterion for the distance between rough drivers, whose
proof is very similar to the proof of Theorem 2.16, using the Kolmogorov criterion for
rough path distance [FH14, Theorem 3.3]; we leave it to the reader.

THEOREM 2.17 (Kolmogorov criterion for rough driver distance). Let k > 0,
v,7v2 € (0,1] and (V,W), (V,W) processes as in Theorem 2.16. Set AV =V —V
and AW =W —W.

(i) Assume that (V, W) and (V, W) satisfy the same moment conditions as in Theorem
2.16 with q sufficiently large as in (2.30). Moreover, assume that there is an e > 0
such that

|AVis(2) = AVis(y)|| 0 < erlt — s |z —y|™ (2.36)
and
|AWia(2) = AW ()| e < n%lt = 5270 — 72 (2.37)

for every x,y € D such that 0 < |z —y| <1 and every s <t € [0,T] and that
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K|t — s
[AVs(2)]|,, < €W (2.38)
and
204 _ o2
AWy (@), < LS00 (2.39)
La/

14 |z|*

hold for every x € D and every s < t € [0,T]. Then there are continuous
modifications of the processes (V,W) and (V,W). Moreover, there is a constant
C =C(v,v2,a,8,m,d,T,q) such that

sup Vs = Visllea | (2.40)
s<ter [t —s|® La
and
sup M < eC?K2. (2.41)
s<tel |t — 5|2 La/a

(i) Assume in addition that (V,W) and (V,W) satisfy the same moment conditions
as in Theorem 2.16 for every q > 2 and that (2.36), (2.37), (2.38) and (2.39) also
hold for every q > 2 with common constant k < \/qk. Then there is a constant
C =C(v1,72,,8,n,d,T) such that

[t — s|2

—
+e1/2 \/sup —H il tSHCB < VgRC
s<tel [t — | La s<tel

La

for every q > 2.

3. Stochastic and rough flows.

The theory of stochastic flows grew out of the pioneering works of the Russian school
[BF61], [IA72] on the dependence of solutions to stochastic differential equations with
respect to parameters and the proof by Bismut [Bis81] and Kunita [Kun81] that sto-
chastic differential equations generate continuous flows of diffeomorphisms under proper
regularity conditions on the driving vector fields. The Brownian character of these ran-
dom flows, that is the fact that they are continuous with stationary and independent
increments, was inherited from the Brownian character of their driving noise. The next
natural step consisted in the study of Brownian flows for themselves. After the works
of Harris [Har81], Baxendale [Bax80] and Le Jan [LJ82], they appeared to be gener-
ated by stochastic differential equations driven by infinitely many Brownian motions, or
better, to be in one-to-one correspondence with vector field-valued Brownian motions.
A probabilistic integration theory of such random time-varying velocity fields was devel-
oped to establish that correspondence, and it was extended by Le Jan and Watanabe
[LIW84] to a large class of continuous semimartingale flows and continuous semimartin-



942 I. BAILLEUL and S. RIEDEL

gale velocity fields. Kunita [Kun86a], [Kun86b] studied the problem of convergence
of stochastic flows, with applications to averaging and homogenization results, and pro-
moted the use of stochastic flows to implement a version of the characteristic method
in the setting of first and second order stochastic partial differential equations, notably
those coming from the nonlinear filtering theory.

We shall show in this Section that the theory of semimartingale stochastic flows can
be embedded into the theory of rough flows developed in Section 2. We review in Section
3.2 the basics of the theory of stochastic flows and show in Section 3.3 that sufficiently
regular (semi)martingale velocity fields can be lifted to rough drivers; this is done using
our Kolmogorov-type criterion for rough drivers, Theorem 2.16. The identification of
(semi)martingale flows generated by (semi)martingale velocity fields to rough flows as-
sociated with the corresponding rough driver is done through the It6 formula, on which
one can read the local characteristics of a semimartingale flow.

3.1. Notations for function spaces.

The study of stochastic flows classically requires the introduction of a number of
function spaces, that we recall here.

Let F and F be Banach spaces. The derivative of a function f from E to F is
understood in the Fréchet sense. We shall equip tensor products of Banach spaces with
a compatible tensor norm which makes the canonical embedding

L(E,L(E,F)) -+ L(E® E, F)

continuous. The n-th derivative of f can be seen as a function D" f: E — L(E®" F).
For n € Ny and p € (0, 1], we define

" » | D™ f(x) — D" f ()]
n = ntp = .DZ + .
[ fllntp = Il Fllens ;:0: sup D" f ()] 0<\|ili€|\§1 [z — y|°

We define C;"*(E, F) to be the space of n-times continuously differentiable functions
f: E — F such that || f||¢n+s < 00.

Next, we consider the finite dimensional case. Let D be a domain of R?, i.e. an
open connected subset, and A C D any subset, n € Ny and p € (0,1]. For a function
f: D — RF, set

fllnspa:= > sup|0°f(@)|+ > sup [0°f(x) = 9 f(y)|

@, T —yP
OS‘O‘|SnmeA la|=n ()<|¢yfyA‘§1 | y|
We also set ||fln+p = || fllntp;p- Note that this is consistent with the notation above

when D = RY. Let C"?(D,R¥) be the space of n-times continuously differentiable
functions f: D — R¥ such that || f||,4+, x < oo for every compact subset K C D. Note
that although the (semi-)norms we defined here differ slightly from those used by Kunita
in his book [Kun90], they are actually equivalent on compact sets, hence the spaces
coincide. We also define

ClP(D,RF) := {f € C"P(D,R*) : || fllntp < o0}
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For a function g: D x D — RF, we similarly define

Iglpspa ==Y sup [0205g(x,y)]

0<[a]<n WYEA

070y g(x,y) — 0705 g(2",y) — 9305 g(x,y') + 9705 g(",y)
fa o= o7l — /17 |

_ z,y,@’ y' €A
la=m o< Zar] Jy—y'|<1

As above, set [|g]ln, := llgll5,.p- We denote by é\”W(D x D, RF) the space of functions
g: D x D — R¥ which are n-times continuously differentiable with respect to each = and

y and for which [|g]|;;, ,. x < oo for every compact subset K C D. Set
CP(D x D,RY) == {g € C(D x D,RY) : |lgllns, < oo}.

We will sometimes use the shorter notation C™* and C;"”, C™r and 5;; # respectively
when domain and codomain of the function spaces are clear from the context.

3.2. Semimartingale stochastic flows.

We describe in this Section the basics of the theory of semimartingale stochastic
flows, and refer the reader to [LJW84] or [Kun90] for a complete account; we refer
to Kunita’s book for precise regularity and growth assumptions on the different objects
involved. Readers familiar with this material can go directly to Section 3.3.

Let (9, F, (Ft)o<i<r,P) be a filtered probability space; denote by Diff, resp. §, the
complete separable metric spaces of C* diffeomorphisms of R?, resp. C* vector fields on
R?, for some integer ko > 2.

DEFINITION 3.1. A Diff-valued continuous (F;)o<¢<r-adapted random process
(P1)o<i<r is called a Diff-valued semimartingale stochastic flow of maps if the real-
valued processes f(¢e (7)) are real-valued (F;)o<;<7-semimartingales for all z € R?, and
all f € C®°(R?). Such a Diff-valued semimartingale is said to be regular if for every
z,y € RY and f,g € C®(R?), the bounded variation part of f(¢e(x)) and the bracket
(f(pe(x)),9(0e(y))) are absolutely continuous with respect to Lebesgue measure dt.

Their densities w! (z) and {f, g};(2,y) can be chosen to be jointly measurable and
continuous in f, g in the C2-norm [LJW84]. Set

(Lef) (@) =w! (671 (), (Fo9)e(w,y) = {f, g}e (07 (), &7 (),

so that the processes

Mtf(x) = f(gbt(x)) — f(gbo(x)) _/0 (ﬁsf) (¢S(w)) ds, zeR? fe CZO(Rd)

are continuous (F;)o<i<r-local martingales with bracket

t
0

(M (2), M9(y)), = / (F, )1 (65 (2), a(v) ds.
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We have

and
(9w 0) = lim 3 E[{ Geane@) = F@Ho(Gunaw) - o)} |7,

with limits in L' whenever they exist. Under proper regularity conditions [LIW84], the
operators (f, g)s(x,y) can be seen to be random differential operators of the form

<fa g>s(x7y) = A;J(xay) 812,]‘3

for some process A;(z,y) with values in the space Symm(d) of symmetric d x d matrices.
The operators Ls can moreover be expressed in terms of A; and its differential with
respect to the space variables, so that the data of the processes As and L is equivalent
to the data of the process As and an F-valued process be. The family of random operators
(-, )¢ and the drift by are called the local characteristics of the Diff-valued semimartingale
¢e. As an example, for the semimartingale flow generated by a stochastic differential
equation of the form

dxy = Vi(z¢) od By,

driven by an /-dimensional Brownian motion, we have
1
Lof = 9 Z Vizf
i=1

and

(f.9)s(z ) = (Vif) (2)(Vi9) (y),

and the drift by in the local characteristic is given here by the time-independent vector
field

1 1
bs(z) = §(ViVi)($) = §(DwVi)Vi($)-
The infinitesimal counterpart of a ®iff-valued semimartingale is given by the follow-
ing notion.

DEFINITION 3.2. A semimartingale velocity field is an §-valued process (V;)o<t<r
such that the processes (Vs f)(z) are real-valued semimartingale for all x € R? and all
f € C=(R?). Tt is called regular if one can write

t
Vt:Mt—i—/ vg ds
0
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for a vector field-valued adapted process v,, and an F-valued local martingale M, for
which there exists a Symm(d)-valued process as(x,y) with

<3QM.(x),8ﬁM.(y)>t :/0 oy 5‘5 as(z,y)ds

for a range of multiindices «, § depending on the regularity assumptions on as. The pair
(ae,vs) is called the local characteristics of the semimartingale velocity field V.

A theory of Stratonovich integration can be constructed for making sense of integrals

of the form
t
/ ‘/ods (xs)»
0

for some progressively measurable process x, and some regular semimartingale velocity
field V4, as a limit in probability of symmetric Riemann sums. This requires some almost
sure regularity properties on the local characteristics (., ve) of V4, and some almost sure
bound on fot las(xs,zs)| ds and fot |vs(xs)| ds — see e.g. Section 2.3 of [Kun86b]. Under
these conditions, the integral Stratonovich equation

t
Ty = Xo +/ Voas(xs) (3.1)
0

can be seen to have a unique solution started from any point xy € R

THEOREM 3.3 ([LIYWB84]). These solutions can be gathered into a semimartingale
stochastic flow whose local characteristics are (ae, Ve + Co), where the time-dependent
vector field cs has coordinates

d
i 1 ij
c(z) = 3 E (')yjasj(ac,y)’
j=1

y=z

in the canonical basis of RY. Conversely, one can associate to any reqular stochastic
flow of diffeomorphisms ¢o a semimartingale velocity field Vs, with the same local char-
acteristics as ¢o, and such that ¢ coincides with the stochastic flow generated by the
Stratonovich equation

t t
xt=xo+/ Vods(xs)—/ cs(ws)ds.
0 0

The optimal regularity assumptions on the velocity fields and stochastic flows of
maps are given in Theorems 4.4.1 and 4.5.1 of Kunita’s book. We shall use the full
strength of these two statements in Section 3.4 to identify semimartingale stochastic
flows of maps and the rough flows associated with the lift of the semimartingale velocity
fields into a rough driver.

The correspondence between semimartingale stochastic flows and semimartingale
velocity fields via an It equation of the form
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t
sr:t:a:o—F/ Vas(xs)
0

is exact, with no need to add the drift fg cs ds. We state it here under the above form as
we shall see below that rough flows are naturally associated with Stratonovich differential
equations.

The main difficulty in this business is to deal with the local martingale part of the
dynamics, which is where probability theory is really needed. As a consequence, we shall
concentrate our efforts on local martingale velocity fields in the sequel, the remaining
changes to deal with regular semimartingale velocity fields being essentially cosmetic.
As above, we shall freely identify in the sequel vector fields with first order differential
operators. In order to keep consistent notations, we shall also denote by

t t
/ Qs My and / O Mods
0 0

the It6 and Stratonovich integrals of an adapted process as with respect to a local
martingale m.

3.3. Local martingale rough drivers.

The aim of this Section is to give conditions under which a local martingale velocity
field can be lifted into a rough driver. Let D be an open connected subset of R¢ and
let M stand for a local martingale velocity field. We prove in this Section that such a
field can be lifted to a rough driver M = (Mys, Mys)o<s<i<r, With M, := M, — M,
under regularity and boundedness assumptions on the local characteristic of M. At a
heuristic level, if M is differentiable in space, the second level operator M, associated
with M;s = My — M is given by the formula

t
Mts:/ MusModu

t t
= </ M;S&Mfdu) 6k + (/ M&s Mfdu) 6J2k7

with obvious notations for the operators d), and 9%,. In the following, we will use the
notation

(Mys.My) = (DMy) (Myy).

As the classical rules of Stratonovich integration give

t

; 1 1 1

(/ Mijj,s Mfdu) a]?k = 5 Mtjth’iaJZk = 5 Mis Mys — § (Mts~Mts);
s

we see that the operators My, can be decomposed as

1
Mg = Wis + 5 My My, (3.2)
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where

t
W, = ( / Mz;saiMfdu) Ok — 5 (M. M)
1

t
2 (/ M;saZMgu - MéualMilfs> ak

S
1 t
= 5 / (Mus~Mdu - Mdu'Mus)

S

is a martingale velocity field defined pointwisely by an Itd integral. The proof that
the process M,y := (Mys,M;s) has a modification which is a p-rough driver for every
2 < p < 3 will require two elementary intermediate results that heavily rest on a now
classical modified version of Kolmogorov’s regularity criterion that we recall here for the
reader’s convenience—this is different from the content of the above Section 2.5; they
can be found in Section 3 of Kunita’s book [Kun90].

THEOREM 3.4. 1. Let Mo(x), x € D, be a family of continuous local martin-
gales started from 0, such that the joint quadratic variation (Me(z), Me(y)) has a
continuous modification in CY3. Then the process M has a modification that is a
continuous process with values in C%¢, for every e < 4.

2. Let M be a local martingale velocity field started from 0, with local characteristic
the random field ai(x,y). Assume that has a continuous modification that belongs
almost surely to (/Z\m";, for some integer m > 1, and 0 < § < 1. Then, for every
0 < € < 9, the velocity field M has a modification that is a continuous process with
values in C™; we still denote it by M. Furthermore, for each multi-index o, with
la| < m, the time varying random field M is a local martingale velocity field
with quadratic variation

d{0* My(x), 0“ M (y)), = 95 0y ar(x,y) dt.

3. Let here M and N be two local martingale velocity fields with values in C™°. Then
their joint quadratic variation

(Ma(), Na (1)),

has a continuous modification taking values in Cmoe for every e < §. Furthermore,
if m > 1, this modification satisfies the identity

930, (Ma(2), No(y)), = (0°Ma(2), 0" Ne(y)),
for all |, |8] < m.
Proor. Cf. Theorem 3.1.1, Theorem 3.1.2 and Theorem 3.1.3 in [Kun90]. O

These regularity results will be instrumental in the proof of the following intermedi-
ate result. Note that N in equation (3.3) below is seen as a vector field, not a differential
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operator, so (MN)(z) = (DyN)(M(x)).

PROPOSITION 3.5.  Let M,N: D x[0,T] — R be continuous C™°-valued local mar-
tingale fields, for m € Ny and 6 € (0,1]. Assume M is adapted to the filtration generated
by N. Then the pointwisely defined It6 integral

= /0 (M, Ny () (3.3)

has a continuous modification taking values in C"™“-process for every o < 8. Moreover,
if m > 1, the derivative is almost surely given by the formula

t t t
0; (/ M, Nds) = / 0; M Nys +/ M, O;Nys. (34)
0 0 0

Both assertions also hold for the Stratonovich integral.

The proof of this result is somewhat lengthy but rests on classical considerations
based on the regularization theorem, Theorem 3.4.

Up(z) := (/Ot M, Nds) (2).

This is a continuous local martingale field with joint quadratic variation given by

PROOF. Set

(). U}, = [ Mala) Ma(a) d(Ne(a), Nel),- (35)
Fix t € [0, T}, some compact set K C D and set

9(2,y) == (Ue(2), Us (y)) -

We first consider the case m = 0. Choose « < ¢’ < §. Then, for z,z’,y,y’ € K, we have

‘g(x, y) — 9@’ y) — g(z.y') + g(z"y)
= [(Us(@) = Ua(@), Ua(y) = Ua(y)),|

<| [ 000) = 2.) O = M) V). M),

+ / (Ms(l‘)—MS(LL'/))MS(xl)d<N,(£L‘),N,(y)—N.(yl)>s

0
+ 0 MS(xl) (Ms(y) - Ms(y/)) d<N.(x) - N.(:U/),N.(y»s

+AMMMMMMMM*M@%M@*MWM-
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For the first integral, we use Kunita’s extended Cauchy—Schwarz inequality, as stated in
[Kun90, Theorem 2.2.13], to see that

/0 (Ma(z) — Ma(2)) (Ma(y) — Ma(y/)) d{Nu(z), Na(p)).

< (/ (M () — My (a"))* d<N.(sc)>s) : (/Otws(y) - M (y))? d<N°<y)>s> )

<z —a'’ly—y'|° sup ”Mng—Hijl;K sup (Ne(2)) -
s€[0,T] z2EK

Similarly, for the second integral,

/O (Ma(x) — My (2')) My(2') d{Na(), Na(y) — Na(3)).

1/2

<( (M) - M) avon,) ([ ML) d(N(y) N), ) "

T LA IS 1Y S v [ER AN
s€1[0,T) s€1[0,T z€

1/2
P |

5’;K.

From point 3 in Theorem 3.4 we know that there is a version of the joint quadratic vari-
ation of N such that [[(Ne, Ne)7l|5.x < oo. The other integrals are estimated similarly.
This shows that

lg(z,y) — 9(@',y) — g(z,y) + g(', )]

sup 7 7 < 00.
|z — /[ [y —y']°

l',l",y-,y’EK

z#£x y#y’
Clearly ||g||co;x < 00, thus we have shown that the joint quadratic variation of U has a
modification which is a continuous éh"s/—process. Point 1 in Theorem 3.4 shows that U
has a modification which is a continuous C%“-process. Now let m > 1. From point 3 in
Theorem 3.4 we may deduce that the joint quadratic variation of N has a modification
which is a continuous C~m’5/—process with

858;<N.(x),N.(y)> = <85N,(33), 87No(y)>

for every | 8], |y] < m. We may apply Proposition 5.1 in Appendix iteratively in equation
(3.5) to show that (Us(z),Us(y))+ has a modification which is m-times differentiable with
respect to z and y, and we can calculate the derivatives using the product rule stated in
Proposition 5.1. As above, one can show that the m-th derivative has the claimed Hoélder
regularity, and we can conclude with point 2 of Theorem 3.4 that U has a modification
which is a continuous C"*-process. The It6-Stratonovich conversion formula

t t
1
/0 ]\43—Nrods:\/0 MsNds+§<MﬂNo>t

and point 3 in Theorem 3.4 show that the same is true for the Stratonovich integral.
We now come to equation (3.4). In the following, we use || - |1 for the L'-norm
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with respect to P. For n € N, set
ro=inf {t € 0,71 + | Millgws + [Nel|ors = n}-

The random times 7,, define an increasing sequence of stopping times such that P(7,, <
T)—-0an—0. Let z € D, t >0 and choose h such that z + he; € D. Then

H;L {/OMTn (Mg Ngs) (x + he;) — /OMTn (MsNds)(x)}
_ /O T 0, Nay) () — /O 00, 0,8) («)

L1
tATh N tAT, N
_ ‘ / M(z + he;) — My(x) Noo(2+ hes) + M, (x) Ngs(z + he;) — Nys(z)
0 h 0 h
tATH tATh
_ / ;M () Ny (x) + M,(@) 0:Nas ()| |
0 0

S ‘

/OMM (Ms(x + he;l') - M5<x)) (Nas(x + hei) — Nas())

/Omm (Ms(gc + he;) — M (x)

L1

+] :

- 0ML()) V(o)

Lt
tAT,

Nys(z + he;) — Nys(x)
M,(z) < d ; dsi) 8¢Nd5(x)>

"

0 1

We aim to show that the integrals on the right hand side vanish as h — 0, using the
Burkholder-Davis—Gundy inequality. We start with the first integral. Note that since
N is a C'9-process, also the stopped process is a C'%-process and its joint quadratic
variation has a modification which is a C19 -process for any ¢ < 6. In particular,

(No(z + he;) — No(z)) -0

tAT,
almost surely as h — 0. From the Burkholder-Davis—Gundy inequality,

p/2

E‘(N.(x+hei)—N.(x)> <C,E

P
sup ’Ns(x—khei)—Ns(x)” < C2PpP

tA
Tn SE[0,tAT,]

which shows that (Ne(z + he;) — No(z))tnr, — 0 in LP for any p > 1. Using the
Burkholder—-Davis—Gundy inequality for the first integral gives

E /Ot“n (Ms (x4 he;) — My(x)

) (Nys(x + he;) — Nds(x))‘

h
tATy ) — 2 i
0
1/2
<CE| sup ||3iMs||zo<N-(l‘ + he;) — N'(x)>t/\‘rn

S€[0,tATy]
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1/2

SCnE‘<N.(x+hei)—N.(x)> -0

tATh

as h — 0. For the second integral, the Burkholder-Davis-Gundy inequality gives

/Ot/\rn (Ms(x + he;) — M (x)

E
h

- 0M()) Naslo)

1/2
<CE

/Ot/\Tn (Ms(ff + he;) — M(x)

2
: - OM()) d(N.(a),

For h — 0, we can use dominated convergence twice for the expectation and the
Lebesgue—Stieltjes integral to see that this term indeed converges to 0. Now we come to
the third integral. Set

Ne(x + he;) — Nt(x).

Nth(x) = A

As before, we can use the Burkholder-Davis—Gundy inequality to see that

tATH

1/2
E

M) (ND (z) — 8iNds(x))‘ < CnE ‘<N,h(x) —ON(@)),

Taking a modification which is a C L&' _process of the joint quadratic variation of N gives,
using point 3 of Theorem 3.4, that
(N} (x) = OiNo(2)),,, —0

almost surely as h — 0. Using the Burkholder-Davis—Gundy inequality as above shows
that the convergence also holds in LP for any p > 1. To conclude, we have shown that

tATH

1 tATH
— ( Ms(z + he;) Ngs(x + he;) —
0

! M.(0) N )

0
tATh

5 / s 8 M, (2) Ns () + M, (x) 8 Nas ()
0 0

in L' as h — 0. Since we already know that the convergence holds almost surely, the
limits coincide and we have shown that

tATH

ai< Ms(a:)Nds(x)> / " OM,(x) Nus () + M.(z) ;Nas(z)  (3.6)
0 0 o

holds almost surely for every n € N. Now,

p (ai ( /0 ML) Nds(x)> £ 0, ( Otm M, (z) Nds(m))> <P(rn <T) =0

as n — 0o, therefore
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o ( M) Vo)) 0 ([ M) Vo))

in probability as n — co. The same is true for the other two integrals on the right hand
side of (3.6) which shows (3.4) for the It6 integral. For the Stratonovich integral, the
assertion follows from the It6—Stratonovich conversion formula and the equality

31<M.(:17),N.(z)>t = (0;M4(z), No(2)), + <M.(:17),8¢N.(1:)>t. O

t

Recall the definition of the space é;’ 9

PROPOSITION 3.6. Let M, N: D x [0,T] — R be continuous local martingale fields
adapted to the same filtration. Assume that the quadratic variation of the processes is
given by

d(Me(z), Mo(y))t = ar(z,y) dt  resp.
d(Ne(2), Ne(y))t = be(z,y) di

for every x,y € D and every t € [0,T]. Moreover, assume that there is a 6 € (0,1] such
that a and b have continuous modifications in the space Cg’é. Let p > 2 and p € (0,9).

(i) Assume that there are k > 0 and some n € (0,00) such that

Vo)

u€[0,T]

La(Q) ~ 1+ |x\"

holds for every x € D where

el G () ) 09

Then the process M has a modification which satisfies

sup HMtSHCP
0<s<t<T |t — s|1/P

almost surely.

(i) Set

Uts(x) Z:/ (MusNdu)(x)

Assume that there are a constant k > 0 and some n € (0,00) such that

ay(z, ) (z,2) (3.9)

+sup‘

sup ‘
u€[0,T]

wel0,T) 1 + |l’|77

for every x € D with q sufficiently large as in (3.8).

Then the process U has a modification which satisfies
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su e
0§s<£)§T |t — s|2/p

almost surely.

(iii) Assume that sup,e(o 1) l|atl|s and sup,ejo ) [|0e]|5 are almost surely bounded random
variables and that (3.9) holds for some k > 0 and n € (0,00) uniformly for every
qgz1.

Then the random variables

[ Mis |, [Uss e
sup o —— and sup o — o
o<s<t<T [t — 8|*/P o<s<t<T |t — 8|>/P

have Gaussian tails.

PROOF.  We start with (i). In a first step, we assume that sup,¢(o 7 [|as]l5 is an
almost surely bounded random variable and that (3.7) holds uniformly for every ¢ > 1.
Under these assumptions, we aim to show that M has a modification such that

([ Mis|ce

su 3.10
o<acrer Jt — 5|77 (810)
is finite almost surely and has Gaussian tails. Set
ay:=| sup |aulls (3.11)
w€e[0,T] Lo

Let s < tand z,y € D with 0 < |z —y| < 1. By the Burkholder-Davis—Gundy inequality
with optimal constants (cf. [CK91, Theorem A}), for every g > 2,

a/2

t
E|Mys(x) — Mis(y)|” < C1q7/°E / au(2,2) = au(z,y) — au(y, ) + au(y, y) du

2
< quq/2|t — s|q/2of{/ |z — y‘qé
where we used the estimate

sup |ay (2, %) — au(®,y) — au(y, =) + au(y,y)| < a1z —y|*
we[0,T]

in the last step. Similarly, for s <t and = € D,

t
/ ay(z, x) du

for every g > 2. Hence we can conclude with Theorem 2.16 (iii) that M has a modification
such that (3.10) is finite and has Gaussian tails.

Now we drop the assumption that a; < co. Consider the stopped process M :=
Mip-, where

q/2

q
E| My, ()|? < Cq*E < Cq1?|t — s|9/? <H>

L+ [z
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7, =inf{t€[0,T] : sup |aullsy >ny,
u€[0,t]

hence

tATh
M@ M) = [ aulay) du.
0
Fix n € N. As before, we have the estimates

1M7 () = M{s ()|l 1o < OV/alt = s3] = y)°

for every z,y € D, s <t and ¢ > 1, and

K
M2 @) < Oyt — 5|2 ( )

L faf?

for every © € D, s < t and ¢ as in (3.8). Thus Theorem 2.16 implies that there is a
modification of M™ such that

M?’l
sup || ts”lc"
o<s<t<T |t — 8|/P

is finite almost surely for every n € N. Now,

Mg M M}
IF’( sup Ht&”“oo)ﬁ[@( sup m# sup H“HC”>

o<s<t<T |t — 8[1/P o<s<t<T |t — 8|V/P " o<sci<r |t — 8|1/P
<P(r, <T)—0

as n — 0o, which shows that indeed

Il

< 0
o<s<t<T |t — 8|1/P

almost surely. This shows (i) and the first part of (iii).
We proceed with (ii). As above, we first assume that

_|_
Loe

< o0
Loo

sup [|bu |5

w€[0,T]

sup [lay |5
we[0,T]

Qg 1=

and that (3.9) holds uniformly for every ¢ > 1. Let z,y € D such that 0 < |z —y| < 1
and s < t. By the triangle inequality, for every ¢ > 2,

|Ua(@) — U)o < ] [ s = M) Nt

La/2

4 / Moa(y) (Nau(z) — Nau(®))

La/2
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Note that

Therefore, applying twice the Burkholder—Davis—Gundy inequality,

< ( )>ts sup |Mus( )_Mus(y)l

u€|s,t]

/ (Mays (2)— Mo (4)) N ()

Lq/2

La/2

< OVl (Ne(@))es | Sup |Mus W] oo

u€ls,t]

< OV Ne(@)) sl = 1V/(M. Mo(y))tsllare-

Now we have the estimate

[V (Ne(2))1s]| 2 = HW < Va|t — 5|2
Lo

Furthermore, as seen above,

I/ (M Ma(W)) sl pors < Varlt — sz —y|?

which implies

< Cagglt — sl|z — y|°.
La/2

/ (Mae () — Mas(4)) N ()

Similarly,

< Conqlt — sljz — y|°,
Lal/2

hence we have shown that
Ut () = Urs ()| par2 < Cang|t — s||z — y/°

holds for every q > 2, every s < t and every x,y € D such that 0 < |z —y| < 1.
Similarly, for every ¢ > 2, every x € D and every s < t,

1Ues (@)l parz < Callv/(Ma(@))es | Lo llv/ (Na () 5 1
_ Calt - s|
S TP

Hence we can apply Theorem 2.16 to show that the process U has a modification such
that
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wp Wl

o<s<t<T |t — 8|?/P
is finite almost surely and has Gaussian tails. It remains to prove (ii) when as = co. In
this case, we can consider the stopped processes M;" := M., and N;* := Nip,, where

on = inf {te [0,7] : sup |lau|ls + sup [[bu]} Zn}

u€[0,t] w€|0,t]
and proceed as above. We leave the details to the reader. O

THEOREM 3.7.  Let M be a continuous local martingale velocity field in C*?(D, R?)
with continuous local characteristic a in C;"S for some § € (0,1].

(i) Let p € (0,6) and p € (2,3). Assume that there aren n € (0,00) and a constant
Kk > 0 such that

< (3.12)

o )
sup ”\/aaauﬂ?y|zyz Lo = T4

u€[0,T]

0<\a|<2

for every z € D where q satisfies

">max{n<65—m+d(n<56—p> +51p>’1/211/p}'

Then M = (M,M), M being defined as in (3.2), has a modification which is a weak
geometric (p, p)-rough driver. We call M the natural lift of M.

(i) Assume that supycpo 7 llacllyys is an almost surely bounded random variable and
that there are an n € (0,00) and a constant £ > 0 such that (3.12) holds uniformly
for every z € D and every q > 1.

Then for every p € (2,3) and p € (0,0), M = (M,M) has a modification which is

a weak geometric (p, p)-rough driver, and the random variables

| Mislc2+0 [Wisller+o
sup S— 5= and sup o,
o<s<t<T [t —|'/P o<s<t<T |t —s|?/P

W being defined as in (3.2), have Gaussian tails.

PrROOF. The claim for M follows by applying Proposition 3.6 to M and its deriva-
tives. For W, we use the product rule in Proposition 3.5 for calculating the derivatives
and apply Proposition 3.6 afterwards. The estimates for W together with M yield the
claimed estimates for M. We leave the details to the reader. g

REMARK 3.8. In the special case where M or a have compact support, i.e. when
there exists a deterministic compact set K C D such that M resp. a are supported on K
almost surely, assertion (i) of Theorem 3.7 holds without any moment conditions on a.
Indeed, this follows from the fact that the stopped processes in Proposition 3.6 trivially
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satisfy the growth condition stated in the Kolmogorov theorem 2.16, and this was the
only point where these assumptions were needed.

3.4. Stochastic and rough flows.

We keep in this Section the notations of the previous Sections, and denote in partic-
ular by (F;)o<i<r a filtration to which the semimartingale velocity field M is adapted.
Assume that the local characteristic a of M satisfies the boundedness assumptions of
point (i) in Theorem 3.7. Then we can use Theorem 3.7 to define the natural lift M of
M into a rough driver, and one can make sense of the rough flow ¢ as pathwise solution
to the equation

dp = M(p;dt)

using Theorem 2.8. Tt follows from equation (2.3), giving ¢y as a limit of compositions
of upe’s, that ¢ is a semimartingale stochastic flow of homeomorphisms. One can read
its local characteristics on the It formula that it satisfies. Given z,y € R? and f,g € Cg’,
we have

Flees(@) = f(@) + (Mis f) ()
+ % {(/q Mys. Mg, — Mdu-Mus)f} (x) + % (MZf)(z) + O(|t _ S|3/p)7

with an O(-) term depending only on ||M]|| and | f|¢s, with a similar formula for
9(p1s(y)). We read on this identity that

f(<Pt+h,t(5U)) — ()
h

]:t:|7

lim E [
h10

L. 1
]:t‘| = lhlfol E {2 (Mt2+h,tf) ()
and

lim + E {{f(%mt(x)) — f@) Ho(errne(y) — 9} ‘ft]

hi0 h
= 1}11% % E [(MtJrh,tf) () (Mt+h,t9) (v) ‘}—t] = (f,9)(x,y).

So the semimartingale stochastic flow ¢ has the same local characteristics as the semi-
martingale stochastic flow generated by the Stratonovich differential equation

dxy = Mogi(4); (3.13)

they coincide by Theorem 3.3, such as stated in Theorems 4.4.1 and 4.5.1 in Kunita’s
book, as assumption (3.12) on the local characteristic a of M is clearly stronger than the
optimal assumptions of Kunita.

THEOREM 3.9. Let M be a continuous local martingale wvelocity field in
C2°(R4, RY), for some & € (2/3,1], with continuous local characteristic a in CAE’(;. Let M
be the rough driver assoctated with M by Theorem 3.7. Under the condition that M or a
have compact support or that the growth condition (3.12) holds, the rough flow solution
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to the differential equation
de = M (¢p; dt)

coincides with the stochastic flow generated by the Stratonovich differential equation
(3.13).

3.5. Strong approximations.

We give in this Section an example of use of the continuity of the It6 map, in the
setting of rough drivers and rough flows, by proving a Wong—Zakai type theorem for
semimartingale stochastic flows of maps. That is, we prove that such flows are limits in
probability of flows generated by ordinary differential equations. Granted the continuity
of the Itd6 map, the core of the proof consists in showing that a rough lift of a continuous
piecewise linear time interpolation of a semimartingale velocity field M converges in
probability to M in the topology of rough drivers.

As in the last Section, let

M:[0,T] — C*°(D,R?)

be a continuous local martingale velocity field with quadratic variation

(Mi(x), Mi(y)), = / a2, ) ds

and 6 € (0,1]. Let D={0=1tg <t; < ...<t, =T} be a partition of the interval [0, T]
and define the piecewise linear approximation of M with respect to D as

M, — M,
MP = M, + (t —t;) —22 4

if t e [t;,tir1].
ti-{-l . ti [ (x z+1]

Note that D — MP commutes with the spatial derivate, i.e.
81'(MD) = (81M)D = &MD

Define the mesh size of the partition by the formula |D| := max; |t;41 — t;|. We define
the first order differential operator

L[ b : L D :
W= (/ Mfs*’c’)iM(Z’k—/ Mcﬁ’laiME;k> O
1

t
— 5 | (MRME - MDD

via usual Riemann—Stieltjes integration. Then we set

1
ME = WP + 3 MEME

and
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MP = (MP MP). (3.14)

Our aim is to prove that MP converges towards the natural lift M of M when |D| — 0
in probability (or even in LP(2)) in the topology of rough drivers. Note that

1 1

t t
Wts = 5/ (Mus-Mdu - Mdu-Mus> = 5/ (Mus-Modu - Modu-Mus>7
s s

hence it is enough to prove that the Riemann—Stieltjes integrals of the approximated
processes converge towards the Stratonovich integrals (in the right topology), and this is
what we are going to do.

LEmMMA 3.10. Let M = (MY, ..., M%):[0,T] — R? be a continuous local martin-
gale and assume that

M) |[ o/2 < K < o0

for some ¢ > 2 and K > 0. Let M and MP be the associated rough paths lifts to M and
MP, je. M = (M,M) and MP = (MP MP) where

t t
M = / MysMogy and MP = / MP MmP
S S
are iterated Stratonovich, resp. Riemann—Stieltjes, integrals. Set

sup [ M|
0<v—u<|D]|

La

and assume that ¢ < 1.
Then for every ¢ € (0,1/3) there is a constant C = C(6,q,K) such that

M, — MP < O |[(M) 4 =02 ind
1 il Lo (M) s a2
[Mes — M2, < C/ (M )es]|are

for every s,t € [0,T].

PROOF. Let d denote the Carnot-Caratheodoy metric on the step-two free nilpo-
tent Lie group G2 over R? (cf. [FV10, Chapter 7]). By interpolation and [FV10, Propo-
sition 8.15], for fixed s <t and 2 < p’ <p < 3,

d(Mtsa Mtg)
< (dO—H('jI(M7 MD)li(p,/p)dp’—var;[s,t] (Ma MD)p'/p)
S (doe (M, M) 070 4 o (M, MPY2HICO (M2 C0) 4 | B2 12700

—var; —var;[s,t]

< (I, o+ IO ) -
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Taking the g-th moment, using Hélder’s inequality and Cauchy—Schwarz, we obtain

E [d(MtS, Mg)"}

1—(p'/p)
< (E[doo(M,M”)q} &\l (o, 2)7] (=114 +E[||Mﬂgo])>

p'/p
$ (E[IMIS o] +E[IMPI o] ) -

By [FV10, Theorem 14.8 and Theorem 14.15],
E[|MI%] SE[(M)7|*?]  and

p—var| ~

E[IMP|%] < E[IMP|}_ | S E[(M)r]?).
Using the same theorems, we also have

E[IMIS gon] SE[ADZ7]  and  E[IMP)L, SE[(iL?].

7var;[s,t]:| ~
The estimate [FV10, Equation (14.6) p. 400] gives

1/4

eloworar < (<[, o janal]) (slonar ) el _om o]

< VKUt 4 1),

Setting 6 = 1 — p’/p, we have shown that

Hd(Mts7M£) La/2

|, SR 7.
La

The result follows by equivalence of homogeneous norms on G2 ([FV10, Theorem 7.44]).
O

PROPOSITION 3.11.  Let M, N: D x[0,T] — R be continuous local martingale fields
adapted to the same filtration. Assume that the quadratic variation of the processes is
given by

d(Ma (), Ma(y))r = ar(z,y) resp.
d(Ne(z), Ne(y))t = be(z,y)

for every x,y € D and every t € [0,T]. Moreover, assume that there is a 6 € (0,1] such
that a and b have continuous modifications in the space Cl?’é. Let p> 2 and p € (0,6).

(i) Assume that there are an n € (0,00) and a constant k£ > 0 such that

s [V

uel0,T"

K
1+ ||

<
La
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for every x € D where

1) 0 1 1
q>max{+d( + ), } 3.15
w6—p =0 T5=0) -1 (8.15)
Let M be the modification of the process given in Proposition 3.6.
Then
||Mt3 — MtZzHCﬂ
sup —— == =0 3.16
ogs<1t)gT [t — s|t/P ( )

in probability when |D| — 0.
(ii) Define

Usa(z) = / (MysNog)(z) and UP(z) == / (MNE)(2)

S

as Stratonovich and Riemann—Stieltjes integral respectively. Assume that there are
ann >0 and a constant k > 0 such that

+ sup H\/ :ch‘H

u€[0,T]

(z,2) (3.17)

sup ‘

w€[0,T] 1+|x\"

for every x € D with q sufficiently large as in (3.15). Let U be the modification of
the process given in Proposition 3.6.

Then

HUts Uts Hcp
ogiglt)gT S t—s2r =0 (3.18)

in probability when |D| — 0.

(iii) Assume that sup,ec(o 7 laulls and sup,ep 1 |bull5 are almost surely bounded ran-
dom variables and that (3.17) holds for some n € (0,00) and k > 0 uniformly for
all g > 1.

Then the convergences in (3.16) and (3.18) hold in L2 for every q > 1.

ProOOF. We will only give a proof in the case of a and b having compact support.
The more general case works analogous using the stated growth conditions, as seen in
the proof of Proposition 3.6. We start with (i). Assume first that sup,e(o 7 [laull5 is
an almost surely bounded random variable. Fix z,y € D such that 0 < |z —y| < 1
and let s < ¢t € [0,T]. Define the martingale M := M(x) — M(y) and let M denote
its canonical rough path lift (given by M and its iterated Stratonovich integrals). From
the Burkholder-Davis—Gundy inequality for enhanced martingales (cf. [FV10, Theorem
14.8]), for every q > 2,
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<o
m

where the constant C' depends on the essential supremum of sup,,c( 77 [|aul[5. We may
assume that |D| is sufficiently small such the right hand side of the equation is smaller
than 1. By Lemma 3.10, for every ¢ > 2 and every 8 € (0,1/3),

sup [ Muu||
0<v—u<|D|

< D" ?|z —y|°
La

HMts(x) — MP(z) — Mys(y) + Mfi(y)HLq

(1-8)/2
< CID| )z — y|P/8 (M (z) — M())is || 0/
< DI — y POt — 502,

We have already seen that
||Mts(z) - Mts(y)HLq < C’|$ - y|6|t - 5|1/27
and by the triangle inequality,
|ME (@)~ ME@)| | < Clo -yl It - 5|72,
Choosing 8 small enough and ¢ large enough, we can apply Theorem 2.17 to see that

o 100 = B,

/16
T < C|D|

La

which shows the claim. If the essential supremum of sup,¢(o 7y [|au |5 is not bounded,
define the stopping times

o =inf{t €[0,T] : sup |la,|[} >n
u€[0,t]

and set M"™ := M;a,,. We can repeat the argument above and conclude that

n n;D
| — a7,
sup

—0
<t |t—s|1/P

in probability as |D| tends to 0, and every n € N. Fix some € > 0 and some n € N. Then

| Mo — M2
P sup—cp =~ €
|t s|\/p
D
(el ol
< sup ——— = — su > —
il B A S P E Y7 o Jt—sr |72
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;D

N

+ su > —

s<Ig |t—8‘1/p -2

D
P(r, <T)+P Jass - ‘C“ > =
< Ty < + su —
= (TL ) s<I§§) |t_5|1/p _2 )

and the first term converges to 0 a n — oco. This shows that indeed

D

HMtS - M2

sup ————— <%
s<t |tL - 3|1/p

—0

in probability when |D| — 0.
Now we prove (ii). As above, we first assume that sup,ecjo ) llaullf and
sup,epo,7] [1bulls are almost surely bounded random variables. Let x,y € D with

0 <Jr—y|l <1and s <t We have already seen that in case of the It6 integral,
for every ¢ > 2,

\ / (Mo Na) (@) / (MasNa) ()

Moreover, we have

< Ot — ||z —y|°.
La/2

[(v@), N @), — (M), N,

< H(M(x) — M(y), N(x)),,

< |V(M@ - mw),||,

< C’|t—s\|x—y|5.

La/2
+ H(M(y),N(m‘) = N[0

V@ -Nwy),|,

La/2

(N (@),

(M(z)),,

La

This implies that the same estimate holds for the Stratonovich integral, thus

HUts(ac) — Uts(y)HLq/z < Clt—s||x— y\‘s.

By the triangle inequality,

UB ()~ UZ(y)|

S ‘

Now we define the martingale M := ((M(x) — M(y))/|z — y|°, N(z)). We can check that
for its quadratic variation, we have

|(ar),,

where the constant C' does not depend on z or y. From [FV10, Theorem 14.15], it

La/2

/ (MP(x) — MP,(4)) N2, (x

[ MEGOEE - NEW)

La/2 ‘ La/2

< Clt—s|

La/2
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follows that

<Clt—s||z - y|5.
La/2

[ () - M2 VR )

Similarly,

< Clt—s| |z =y’
La/2

)(NE@) - NE)
and hence
|UR (@) = URW)|| o < Clt = sllz —yl°.
Therefore, by the triangle inequality,
|Us(@) — UR @) — Ui ) + VW), < Clt = slla—yI". (3.19)

On the other hand, we can apply Lemma 3.10 to the martingale M (x), x fixed, to see
that for every ¢ > 2 and every 8 € (0,1/3),

HUts(x) - Ug(x)H < C\D|W8H<M )

< < CID|P/8 |t — 5|1 P.
Lal/2

La/2

The same estimate holds if we replace x by y, and by the triangle inequality, we also get

|Uts(@) - UB @) - Uis() + UR )|, <CIDIle—s'2. (3.20)

La/2

Interpolating the two inequalities (3.19) and (3.20), we see that for every ¢ > 2, every
B € (0,1/3) and every A € [0, 1], we have the estimate

|U(@) = UR @) = U () + VR @) |, < CIDP/ Sl = y| 077t — 172,

Choosing A > 0 and 8 > 0 small enough and ¢ large enough, we can again use Theorem
2.17 to see that

sup HUts B UtEHCP

WYts — Ytslice AB/8
O S TRET < CIP|

La/2

which proves the claim if sup,c(o ) [laul[5 and sup,cpo 7y [|bull5 are bounded random
variables. The general case follows by the same stopping argument as above. O

THEOREM 3.12. Let M be a continuous local martingale veloczty field in
C%>9(D,R%), for some § € (0,1], with continuous local characteristic a in C

(i) Let p € (0,9) and p € (2,3). Assume that there are an n € (0,00) and a constant
Kk > 0 such that
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K

o ) <
sup H\/aaauwy|xyz L S T2

u€(0,T]

(3.21)
o<\a|<2

for every z € D where q satisfies

Pm&x{n(éé—p)”(n(éa—p) +6ip>’1/2i1/p}'

Let M = (M,M) be the weak geometric (p, p)-rough driver given in Theorem 3.7.
Then

MP - M (3.22)
in probability a |D| — 0, with MP defined as in (3.14).

(i) Assume that sup,cpo 7y laulls is almost surely bounded, and that the growth con-
dition (3.21) holds for some n € (0,00) and a constant k > 0 uniformly for all
qg=>1.

Then for every p € (2,3) and p € (0,9), M = (M,M) has a modification which is
a weak geometric (p, p)-rough driver, and the convergence in (3.22) holds in L7 for
every q > 1.

PRrROOF. This follows by applying Proposition 3.11 to M, W, MP and WP and its
derivatives. We use the product rule in Proposition 3.5 for calculating the derivatives of
W and Proposition 5.1 for the derivatives of WP. The details are left to the reader. [J

REMARK 3.13.  As seen in the proof of Proposition 3.11, assertion (i) in Theorem
3.12 holds without any moment conditions on a in the case where M or a have compact
support.

It follows then directly from this statement and the continuity of the It6 solution
map, Theorem 2.8, that the solution flow to the equation

dp = M(p;dt)

satisfies a Wong—Zakal theorem. Using that the flow coincides with the one generated
by the corresponding Stratonovich SDE, we obtain the following corollary.

COROLLARY 3.14. Let M be a continuous local martingale velocity field in
C?%(R%, RY), for some § € (2/3,1], with local characteristic a in éf’é. Assume that
M or a have compact support or that the growth assumption (3.12) holds. Let ¢ be the
flow generated by the Stratonovich solution to

dp = M(p;odt)
and ©P be the pathwise solution to

deP = MD(ch;dt).
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Then P — ¢ in the space of C* homeomorphisms uniformly in probability when |D| — 0
for all p € (0,6).

4. Application: Large deviations.

We provide in this Section another illustration of use of the continuity of the It
map by proving a large deviation theorem for Brownian flows. Relatively few works
were dedicated to these topices, and we mention [BDM10] and [DD12]. In [BDM10],
Dupuis and his co-authors use Dupuis’ weak convergence approach to large deviation
principles to prove such a result for Brownian flows of maps, building on a general large
deviation criterion proved earlier in [BDMOS8]. Dereich and Dimitroff’s approach in
[DD12] is more in the line of the present work. In the spirit of Elworthy’s approach
to stochastic differential equations [Elw82], they consider Brownian flows of maps as
solutions to rough differential equations driven by a Banach space valued Brownian rough
path, whose construction in a vector field setting was made possible by the previous work
[Der10] of Dereich. The support and large deviation theorems for Brownian flows are
then inherited from the corresponding results proved in [Der10] for the above mentioned
vector field-valued Brownian rough path, via the classical It6 map. Our approach here
is similar to the latter, and perhaps more direct.

Let (E,H1,7) be a Gaussian Banach space with norm || - ||, i.e. (E,|| - ) is a sep-
arable Banach space, v is a Gaussian measure defined on the Borel o algebra and H;
the Cameron-Martin Hilbert space (cf. [Bog98] or [Led96, Chapter 4] for the precise
definitions and further properties). Recall that #H; is continuously embedded in E, and
for every h € H;,

2]l < oy [lhlls, = oy v/ (B )n,

- / |~ (d).
E

A process X : [0,T] — E, defined on some probability space, is called an E-valued Wiener
process if it has almost surely continuous sample paths starting from 0, has independent
increments, and for every £ € E*, the distribution of (X; — X, €) is a centered Gaussian
random variable with variance [t — s||¢|3,, (cf. [LLQO2] and [Der10] for more properties
about E-valued Wiener processes). The law of X on the space C([0,7T], E) is again
Gaussian, and one can see that the corresponding Cameron—-Martin space H is given by

24— {/O.fsds : feLQ([o,T],Hl)}

where

where the integral is a Bochner-integral. Moreover, if hi = fot hids, i = 1,2, the scalar
product is given by

(h,h2),, /<h1 ). ds.
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Let p € [1,00). In the following, we will use the notion of p-variation of a path
h:[0,T] — E which is defined as
1/p
p)

where the supremum is taken over all finite partitions (¢;) of the interval [s,¢]. If
17]l1—var;[0,7) < 00, we say that h has finite variation.

Hh”p—var;[s,t} = ( sup ] (Z ||ht,;+1 — ht,;
ti

t;)C[s,t

LEMMA 4.1.  For every h € H we have

=]

I S o v <o/ (h, h)n (4.1)

and for [s,t] C[0,T7,

||h||17va'r;[s,t] < O"y|t - 3|1/2 <h, h>7{ (42)
In particular, every h € H is 1/2-Holder continuous and has finite variation on [0,T].

PrOOF. Clearly, (4.1) follows from (4.2), hence we only prove the second estimate.
Let h € H with h(t) = fg hs ds and let (t;) be a partition of some interval [s,t] C [0, T].
Then

tit1 . t .
S i = bl <32 [ Wialdu= [l du
i i Jti s
1/2

T
< |t —s|!/? (/ 1|2 du) < oyt — |2/ (h By
0

Taking the supremum over all partitions shows the claim. O

Let D be an open, relatively compact, connected subset of R%, m € Ny and 6 € (0,1].
In the following, we would like to take the space C;’L’6(D, R?) as E and consider a Gaussian
measure on this space. However, C;" (D, RY) is not separable (which is usually the case
for Holder-type spaces). Instead, we define the space C," ’0’5(D,Rd) as the closure of
smooth paths from D to RY with respect to the norm || - ||,nss. As for Holder spaces,
using boundedness of D, one can show that these spaces are separable. From now on,
let £ = C;n’0’5(D,Rd) and assume that there is a Gaussian Banach space (E, Hy,7).

If v is a C° (D, R?) valued path with finite variation and if m > 1, we define the
pair S(v)¢s = (vts, Vis) by setting

ves(x) = ve(x) — vs(x) and Vis = Wis + o VtsVts

where w;s is the first order differential operator
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1 t
Wts = 5 Vus-Vdu — Udu-Vus
2 \Js

and the integral is a Riemann-Stieltjes integral. Note that if X is a Wiener process in
C," ’0’6, S(h) is always defined for every Cameron—Martin path h since these paths are
continuous and have bounded variation by Lemma 4.1. Moreover, the following holds:

LEMMA 4.2.  Let (E,H1,7v) be a Gaussian Banach space with E = Cf’o’é(D,Rd)
and 6 € (0,1]. Then, for every h € H, S(h) is a geometric (2,6)-rough driver, and a
constant C' such that

[ — hs]leats [[wesller+s >
T <oy (h,h) and sstg)ﬂ < Co;

t
Wts = 5 </ hus~hdu - hdu-hus> .

PrROOF. Let h € H and S(h) = (h,h) be defined as above. The claim for h follows
directly from Lemma 4.1, and the algebraic condition for (h,h) follows from well-known
identities for Riemann—Stieltjes integrals. Let i,k € {1,...,d}, z € D and s < t. Then,
by Riemann—Stieltjes estimates and Lemma 4.1,

[ i@ 21k (2)

(h, h)

su
s<1:t) |t -

where

—_

< sup ’h sup Z|3ht - aht( )’

u€E[s,t] (f )C[s,t]

< sup ||hus||2+5( sup ZHhtnl hth2+6

u€(s,t] )Cls,

< o2|t — s[(h, h).

One can perform the same estimate for the second term in ws. By the triangle inequality,
this shows that

[[wes]|co
sup < C{h,h
s<t It - 3| < >
We can calculate the derivative of w using Proposition 5.1 and perform similar estimates,
also for the Hélder norm, to conclude. O

4.1. Schilder’s theorem and Freidlin—Ventzel large deviations for sto-

chastic flows.

In this Section, we will prove a large deviation result for a (p, p)-rough driver X in
the case where the underlying vector field X is a Wiener process. We will do this by
using the extended contraction principle (see e.g. [DZ98, Theorem 4.2.23]), a strategy
which has proven to be useful in rough paths theory ([LQZO02], [MSS06], [FV07],
[FV10]). As a corollary, we obtain a Freidlin—Ventzel-type large deviation result for
the flow generated by this driver. The key step is to prove that X" := XP» with
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D, ={kT/n : k=0,...,n} is an exponentially good approximation to X. This is done
in Lemmata 4.3 and 4.4.
For € > 0, set 6. X := (¢X, 6.X) where

2
56th = 51—:Wts + %thth

t 2
= % ( / (EX s (€X ) o — (sX)odu.(eX)us> + S5 XX

S
We similarly define §. X™ with Riemann—Stieltjes integrals. Note that the homogeneous
metric 0 defined in (2.6) enjoys the property that 9(6. X, 9. X") = 0(X, X") for every
€ > 0 (which is the reason why we call it homogeneous metric). Note that since X is
Gaussian, the local characteristic a is almost surely deterministic. Moreover, since D
is bounded, the growth condition (3.12) in Theorem 3.7 is trivially satisfied for a and
possible derivatives.

LEMMA 4.3. Let D be a relatively compact domain in R? and X be a Wiener
process in Cf’o’é for some § € (0,1]. Let X = (X,X) denote its natural lift to a (p,p)-
rough driver for some p € (0,0) and p € (2,3). Let n > 0 be fized. Then the following
holds:

lim limsupe? log]P’(bp,p(ésX,daX") > 77) = —00.
n—=o0  £—0
ProOF. Lete > 0andn € Nbe fixed. Since X is Gaussian, the quadratic variation
process a is deterministic, and all estimates for X, X™, X — X™ and its iterated integrals
in the proof of Proposition 3.11 hold for ¢ = 2. Moreover, |X|ra < /q|X|[z2. The
iterated Stratonovich and Riemann-Stieltjes integrals are both elements in the second
inhomogeneous Wiener chaos, therefore

)

L2

H/odX@odX

SqH/odX@odX
La

i | s

<o faxrsaxe
La

L

for all ¢ > 2, see e.g. [FV10, Theorem D.8], and similar estimates hold for the other
quantities. Therefore, we may apply Theorem 2.17 with x equal to a constant times ,/q
which shows that

HDPVP(X,XTL)HLQ = an\/a

holds for all ¢ > 2 and some constant a,,. Repeating this argument for every n € N, we
obtain a sequence («,) converging to 0 as n — oo. Thus

P(2,,0(0.X.5.X") > 1) = P (0,,(X. X") > 1)

15
q
< <8> qq/2a%
n

ol (23]
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Choosing ¢ = ¢ 2

we obtain the inequality
e logP(0,,,(0-X, 8. X™) > 1) < log(an/n)

from which the claim follows. O

If ‘H is the Cameron—Martin space of a Cf 0% _valued Wiener process and v is a path
. . 22,0,
with values in C;"", set

(1/2){(v,v)g, ifveH
I(v) :=
400 otherwise.

2,0,6
G,

LEMMA 4.4. Let H be the Cameron—Martin space for some -valued Wiener

process. Choose A > 0. Then

lim sup 0,5 S(RP),S(h)) =0
IDI=0 fheH : I(h)<A} p’5< (R, S( )>

for every p > 2.
PROOF. It is easy to check (cf. [FV10, Proposition 5.20] and Lemma 4.2) that

1A = B2, 45

< V3 sup Wizhsless g mes

sup <
o<s<t<r |t —s|'/? o<s<t<T [t — s[1/2
From Lemma 4.2, we know that
[ weslle1+s 2
sup ————— < CoZ{h,h
S<I? |t—8‘ — ’y< 9 >

Now fix j,k € {1,...,d}, s<tand x € D. Then

t
/ h?dj( )3 th ‘ HhDJ )||1fvar;[s,t] ||ath7k(I)

|| 1—var;[s,t]”

For u € [0, 7], define up :=sup{t; € D : t; < u} and uP := inf{t; € D : t; > u}. With
this notation, using the estimates from Lemma 4.1,

B B B B0,
O ) e
+W’h — hi, (@)
52— 5| e =l 1oy~ o2y

= 8P = sp|Y2 pcu<o<r |v— ul/?
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|tD — tD|1/2 0<u<v<T |’U - u|1/2

< 30,/ (h, )|t — s|*/2.

A similar estimate holds for 0; hPi* . Therefore,

D;k
() O;h > (.)H
sup
0<s<t<T [t — s

0 < 952(h, h).
Let s < tand z,y € D. We have

t
[ i@ annte) - [ i annto)

< ||nP9 @)~ KD ()

o7

1—var;[s,t]

(9th;]€($) - ajhp;k(y)

1—var;[s,t]

|

1—var;[s,t] 1—var;[s,t]

Similar to hP# (), one can estimate

Hhm hD’J(y)H < 30\ /Th, ) |t — s[V/2 |2 — y[?

1—var;[s,t]

and similarly for 9;hP* () — 9;hP*(y). Thus

Dij ( th(.)H

sup

8 < 902(h,h).
0<s<t<T |t — s < 905 (A, 1)

Using the product rule (Proposition 5.1),

t t
o ([ i ozt ) = [ B ot + [ 1B om0k w)

and similar estimates as above, we can show that

sup 2o <Co (h,h)
o<s<t<T |t — 8]

(e 0)

sup sup HS hD H < 00.
D h:I(h 2,6

where

wts

l\')\»—l

This implies
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Let p > 2. Then

2/p
) WE b, ‘ hE ~ hus, N 1—2/p
sup —— 1% sup —— - su hi.—h
0§s<£)§T [t—s|t/p  — 0§s<£)§T [t — s|1/2 (OSS<E§T H ts Tt 2+6>
|2 s |
S
< su 2+95 + ts||2446
a O§s<£)§T [t —s|/2  o<s<i<r |t — 5|1/2
1-2/p
X su hP —h
(0<s<1tO<T’ b s 2+5)
and
t D D:k i .
IO E R OE RO L HO!
sup 5
0<s<t<T it — s|?/p
2/p
t . D;k t 5
IAIOLIEHO] [IRZHOLHO!
< sup + sup *
0<s<t<T |t — s 0<s<t<T [t — s]
¢ . 1-2/p
iJ Dk j k
X ( sup / hoi? (1) Ojhgy (*) —/ hlu(+) Dby () ) :
0<s<t<T s s 1+6
Therefore, the claim follows if we can prove
lim  sup sup ‘ hP —h =0 4.3
IDI=0 4. 1(hy<A 0<s<t<T | “llots (4.3)
and
t t
. j Dik j
lim  sup sup / R () 0jhy ™ () —/ h, () O;hk () =0. (4.4)
IDI=0h: 1(h)<A 0<s<t<T ||Js s 146

Concerning (4.3), note that

sup ‘hg—hts <2 sup htD—ht .
0<s<t<T 2+6 t€[0,T] 244
If t € [0,T] is fixed, using Lemma 4.1, we have
hyo —h
Hh?fht _H(ttD)t;“’+htpht
2495 tP —tp 246
S 2 sup ||h7j - hu||2+5
lv—u|<|D|
hy — by
<2y/|D| sup lIho = hull2+s

—ui<ip| v —ult/?
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< QU'Y V <h7h>7-t \/ﬁ»

and (4.3) follows. Fix € D. By Young integration estimates (cf. e.g. [F'V10, Theorem

t t
/ WP () ;h 2 () — / B () Bl (2)

o

5 HhD;j N hJH + thulfvar;[O,T]Hath;k - ajh’kH

2—var;[0,7] 1—var;[0,T] 2—var;[O,T].

From interpolation for the p-variation [F'V10, Proposition 5.5] and our former estimates,

2o =]

2—var;[0,T]

WP _ pJ

uv uv

g( swp_|
0<u<v<T

1/2 1/2
Dsj J
1+5> (Hh Hlfvar;[O,T] + ||h Hl—var;[07T]>
< Coyv/(h, )3 [DIV2.

A similar estimate holds for [|9;hP* — 8;h*||5_yar;0,7] and we obtain

/ hD33 () 9;hT " () / hi () 9;hE L ( )

As above, one can use the product rule and obtain similar estimate for the Holder norm
of the derivative. This shows that

t
/ REI OV ONEC) ~ [ B 05hh ()

and (4.4) follows. O

< Co2(h, h)y [D|M*.

sup
0<s<t<T

< Co?(h,h)y |D|*/*
146

THEOREM 4.5 (Schilder’s theorem for Wiener rough drivers). Let D be a relatively
compact domain and let X be a Wiener process in Cf’o"s(D,Rd) with Cameron—Martin
space H. Denote by X its natural lift to a (p, p)-rough driver. For € > 0, set P. :=

0 (8. X)~L. Then the family {P- : ¢ > 0} of probability measures satisfies a large
deviation principle on the space of rough drivers with speed e~2 and good rate function
L) o= (0,9) andveH
—(v,v) ifv=(v,v) andv
J(v) =< 2
400 otherwise.

PROOF. The proof is standard, using the large deviation principle for Gaussian
measure [DS89, Section 3.4], the extended contraction principle [DZ98, Theorem 4.2.23]
and the results in Lemmata 4.3 and 4.4 (cf. e.g. [FV10, Theorem 13.42]). O

As an immediate corollary, we obtain Freidlin—Ventzel large devations for a class of
stochastic flows.
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THEOREM 4.6. Let X be a Wiener process in 63’0’5(D7Rd), for some § € (2/3,1],
and let o be the flow generated by the Stratonovich solution to

dp® = eX (¢ ; odt).

Let v® denote the law of ¢ in the space of CP-homeomorphisms, p € (2/3,6). Then the
family {v° : € > 0} of probability measures satisfies a large deviation principle with speed
72 and good rate function

L(y) = inf{J(v) L dip = v(z/;;dt)}.

PrRoOF. The Stratonovich solution equals the solution generated by the (p,p)-
rough driver X. Using Theorem 4.5 and the pathwise continuity X +— ¢, we can
use the usual contraction principle in large deviation theory [DZ98, Theorem 4.2.1]
to conclude. O

5. Appendix.

We provide in this appendix an elementary regularity result for integrals depending
on a parameter.

Let 4. be a standard Dirac sequence. If I is a closed interval and f: I — R is
a continuous function, let f: R — R denote the unique continuous extension which
coincides with f on I and which is constant outside this interval. Set f¢ := d. * f. If
D is some subset of R and if f: D x I — R is a continuous function in time for every
z € D, set

fe(z,t) = (55 * f(am))(t)

PROPOSITION 5.1.  Let D C R? be an open set and let f: D x [0,T] — R and
g: Dx[0,T] = R be continuous. Assume that f and g are continuously differentiable on
D and that f(z,0) = 9;f(x,0) = 0 for every x € D and every i = 1,...,d. Moreover,
assume that there are p,q € [1,00) with 1/p+1/q > 1 such that

Supz Hf z+1 ('7ti)||]él and Supz ||g z+1 t?,)”?:l

are finite, where the suprema are taken over all finite partitions of the interval
[0 T] Then the Young integral (cf. e.g. [F'V10, Chapter 6] for the precise definition)
fo g(x,dt) exists, is continuously differentiable for all x € D and the derivative is

gwen by
T T .
o (/0 f(x,t)g(x,dt)> :/0 (9if(:v,t)9(a:,dt)+/0 f(x,t) 8;g(, dt)

foralli=1,...,d.

Proor. Fixie {l,...,d}. For any x € D and ¢ > 0,
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0; (/0 f(x7t)g€(x,dt)> =0 </O f(x’t)at(ga(%t))dt)

T T
_ / 0, f (. )04 (" (. 1)) i + / P t)0: (Brglr, ) (1)) d
0 0
T T
- / 0,f (2,1) (. dt) + / P, t) (@i, )7 (do).
0 0

Let ¢’ > g such that 1/p+1/¢’ > 1. Fix ¢ € D, let U be some neighbourhood of z and
take y € U. From Young estimates and interpolation, we obtain

T T
/ 0if (y,t) g% (y, dt) — / 0:f(y,t) g(y, dt)
0 0

(t:)C[0,T]

1/p
<C sup (Z}@f(y,tm)—@f(y,ti)v’)
t;

1/4’
sup (Z |9°(y, tign) (y,tm)—ga(y7t¢)+g(y,ti)|q>

(t;)C[0,T] t
1/p
’L '7ti b
(;g{]gﬂ(ZHf 1) — f( )Hcl)
1/q
Z '7ti I
e @:Hg 1) )Hc1>
1/q) /9
St 2,

x o1=a/d sup Hg ||1 a/d

0<t<T

It is easy to check that

1/q 1/q
Sup (ZHQ tit1) tz‘)Hgl) < Sup (ZHQ tiy1) ti)||gl> .

clo,7] clor) 7

Therefore, we obtain a bound of the form

T T
/ 0, (4,t) g% (y, dt) — / 0. (4,1) gy, dt) o
0 0

<C sup |g°(-,t) -

e Do

where C' is independent of y and . Thus,

/ 9if(y,t) g°(y, dt) —>/ 9if(y,t) g(y,dt)
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uniformly in a neighbourhood around x when € — 0. Similarly,

T T
/ Py, 0)(@igly, ) (de) — / . )drg(y, dt)
0 0

uniformly in a neighbourhood around z when € — 0. This shows differentiability in = of
the integral

/ ft) gle. dt)
0

and the claimed identity. O
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