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Abstract. Motivated by the study of kernels of bilinear pseudodiffer-
ential operators with symbols in a Hormander class of critical order, we
investigate boundedness properties of strongly singular Calderén—-Zygmund
operators in the bilinear setting. For such operators, whose kernels satisfy
integral-type conditions, we establish boundedness properties in the setting of
Lebesgue spaces as well as endpoint mappings involving the space of functions
of bounded mean oscillations and the Hardy space. Assuming pointwise-type
conditions on the kernels, we show that strongly singular bilinear Calderén—
Zygmund operators satisfy pointwise estimates in terms of maximal operators,
which imply their boundedness in weighted Lebesgue spaces.

1. Introduction.

Bilinear pseudodifferential operators with symbols in the bilinear Hérmander classes
BSTs are a priori defined from S(R™) x S(R") into S'(R™) and have the form

~

To(f,9)(x) = / _o(@, & f(©Fme™ € dgdy Yr € R, f,g € SR™);
R n

given 0 <6 < p <1 and m € R, the corresponding symbol o belongs to the class BSs

if 0 : R™ x R® x R™ — C is an infinitely differentiable function such that for any given

multi-indices o, 8,7 € Ny there exists Cy g, > 0 satisfying

02020702, €M) < Con (L4 [€] + In)y™+001=r03HD v e e Rr. (L)

Such operators have been studied extensively and their boundedness properties have
been proved in a variety of settings; see the articles Bényi-Bernicot—Maldonado—
Naibo-Torres [2], Bényi-Maldonado-Naibo—Torres [3], Bényi-Torres [4], [5], Brummer—
Naibo [6], Herbert—Naibo [13], [14], Koezuka—Tomita [15], Michalowski-Rule-Staubach
[16], Miyachi-Tomita [17], [18], [19], Naibo [20], [21], Naibo-Thomson [22], Rodriguez-
Lépez—Staubach [23] and references therein.

The work in this manuscript is motivated by bilinear pseudodifferential operators
with symbols in the class BS;;L(PP) with 0 <6 < p < 1. As shown in [2, Theorem 2.2], if

5

o € BS]s with m < —n(1—p), then T, is bounded from L*(R") x L**(R") into L>*(R");
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moreover, it was proved in [17, Theorem A.2] that if o € BS]'; with m > —n(1 — p),
then T, may fail to be bounded from L*(R") x L*(R") into BMO(R"™). In view of

this, —n(1 — p) and BS’ "170) are referred to as a critical order and a critical bilinear

Hormander class, rebpectlvely If o is in the critical class BS n(1=p) , then T, is also
bounded from L>®(R™) x L*(R™) into BMO(R™); this was ﬁrst proved for0<p<1/2
and ¢ = 0 in [2, Theorem 2.4] and then extended to 0 < § < p < 1/2 in [21, Theorem
1.1]. Finally, the results in the recent manuscript [18] settled the boundedness from
L>(R™) x L*(R™) into BMO(R"™) for all operators with symbols in the critical classes
of order —n(1 — p) with 0 < p < 1.

In many instances, it is convenient to consider the kernel representation of bilinear
pseudodifferential operators with symbols in BS;%, formally

T, (f, 9) (@) = Ko (z,y,2)f(y)g(2) dydz,
since the estimates of the symbol o translate into quantitative estimates on the kernel
K, see [2, Theorem EJ. For example, if o € BSY ; with 0 < § < 1 or o € BS}’; with
m < —2n(l—p),0< < p<16<1landp>0,then T, is a bilinear Calderén— Zygmund
operator; that is, T, is bounded from L?(R") x L?(R") into L'(R") and the kernel K,
is a locally integrable function away from the diagonal A = {(z,z,x) : € R™} that, for
some ¢ > 0, satisfies estimates of the form

—2
(Ko (2,9, 2)| S (lo =yl + | — 2])

|Ko(z + hyy,2) — Ko (2,9, 2)| + Ko (7,9 + h, 2) — Ko (2,9, 2)|+
e —2n—e¢
|Ko(2,y, 2+ h) — Ko(z,y,2)| S B (|Jz — y| + |z — 2]) :

for (z,y,2) € R\ A and |h| < (|# —y| + |7 — 2|)/2. In particular, the bilinear Calderén—
Zygmund theory established in Coifman—Meyer [7] and Grafakos—Torres [12] gives that
T, is bounded from LP(R™) x LI(R") into L"(R™) with 1 < p,q < co and 1/r =1/p+
1/q , and from L*(R™) x L*°(R™) into BMO(R™). However, except for some ranges
of indices as those mentioned above, the classes BS)’; do not necessarily give rise to
bilinear Calderén—Zygmund operators and boundedness properties for the corresponding
operators have been studied in the references cited at the beginning of this section.

In this article, we show that bilinear pseudodifferential operators with symbols in the
critical classes BS "(1 P) posses kernels that lie barely outside the scope of the bilinear
Calderén— Zygmund theory. More specifically, the kernels of such operators are shown
to be strongly singular bilinear Calderdn—Zygmund kernels, and when 0 < p < 1/2, the
operators are shown to be strongly singular bilinear Calderon—Zygmund operators. For
the latter operators, whose kernels satisfy integral-type conditions, we establish bound-
edness properties in the setting of Lebesgue spaces as well as the endpoint mappings
from L (R") x L*°(R"™) into BMO(R"), from H(R") x L>=(R") into L*(R") and from
L (R™) x HY(R™) into L' (R™), where H!(R™) denotes the Hardy space. Assuming point-
wise conditions on the kernels, we also show that strongly singular bilinear Calderén—
Zygmund operators satisfy pointwise estimates in terms of the sharp maximal operator
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and the Hardy—Littlewood maximal operator, which imply their boundedness in weighted
Lebesgue spaces.

The article is organized as follows. In Section 2, we define strongly singular bi-
linear Calderén—Zygmund operators and state and prove their boundedness properties
in unweighted Lebesgue spaces as well as endpoint mappings involving BMO(R™) and
H!(R™). Pointwise estimates in terms of maximal operators and weighted estimates in
Lebesgue spaces for such singular operators are presented in Section 3. Section 4 dis-
cusses the realization of bilinear pseudodifferential operators with symbols in the critical
classes BS;;L(I_‘) ) as strongly singular bilinear Calderéon-Zygmund operators.

We end this section with definitions and notation used throughout the manuscript.

DEFINITIONS AND NOTATION. The Hardy-Littlewood maximal operator will be
denoted by M, that is,

M(f)(x) ,sup][ F)ldy ¥reR",f e LL (R,
zEQ

where the supremum is taken over all cubes Q C R" containing x and JCQ |fy)|dy =
W/1QN) f, 1£ ) dy.

A weight on R"™ is a non-negative locally integrable function defined on R". Given
1 < p < oo, the Muckenhoupt class A, is defined as the family of weights w on R™ such

that
sup (]é winay (]{2 w(y)" dy)pl <0,

where the supremum is taken over all cubes Q C R™ and p’ is the conjugate exponent of
p- We set Aoe := o1 4y

Given a weight on R™ and 0 < p < oo, the notation LP (R™) means the Lebesgue
space with respect to the measure w(z) dz; if w = 1 we simply write LP(R™). We recall
that for 1 < p < oo, w € A, if and only if M is bounded on L? (R™).

The sharp maximal operator M# is defined by

M# = Sllp][ |f fQ| dy Vr € Rnaf € Llloc(Rn>7
z€Q
where fg = fQ ) dy and the supremum is taken over cubes ) C R™ containing x.

The space of functions of bounded mean oscillations, BMO(R"™), consists of all
measurable functions defined on R” (identified modulo constants) such that

1 £l garo = HM#(f)HLOO < 00.

We recall that the dual of the Hardy space H!(R") is BMO(R").

The Schwartz class of smooth rapidly decreasing functions on R™ will be denoted
by S(R™) and its dual, the class of tempered distributions, by S’(R™). The notation
C2°(R™) will mean the space of compactly supported infinitely differentiable functions
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defined on R™. The space of bounded measurable functions defined on R™ that have
compact support will be indicated by L°(R™).

The Fourier transform of a tempered distribution f is denoted by f

The notation A < B means A < ¢ B, where ¢ is a constant that may depend on
some of the parameters and weights used but not on the functions involved.

2. Strongly singular bilinear Calderén—Zygmund operators.

In this section we first present the definitions of strongly singular bilinear Calderén—
Zygmund kernels and operators, which are inspired by the work in the linear setting of
Fefferman [10], Fefferman—Stein [11] and Alvarez—Milman [1]. We then state and prove
boundedness properties of these operators in the context of Lebesgue spaces, H!(R")
and BMO(R™).

Let T : S(R™) x S(R™) — S’'(R™) be a continuous bilinear operator and K be a
complex-valued locally integrable function defined on R3"\ A. We say that T is associated
to K if for any f,g € CZ(R"™),

T(f, 9)(x) = / K(z,y,2)f(9)g(z) dyd= ¥ & supp (f) Nsupp (9).  (2.2)

R2n

The formal transposes of the operator 7" will be denoted by T*! and 72 and are defined
by

(T(f,9):h) = (T*'(h,9), [) = (T**(f,h),9) V[, 9,h € SR™).
It follows that the kernels K*/ of T for j = 1,2 are given by
K (2, y,2) = K(y,z,2)  and  K*2(x,y,2) = K(z,9,2).

DEFINITION 2.1. Let T : S(R") x S(R") — S’(R™) be a continuous bilinear op-
erator associated to a complex-valued locally integrable function K defined on R3" \ A.
We say that T is a strongly singular bilinear Calderon—Zygmund operator if the following
conditions hold:

(C1) T can be extended to a bounded operator from L?(R") x L?(R") into L'(R");

(C2) there exists 0 < & < 1 such that

sup / IK(z,y,2) — K(z',y,2)| dydz < oo, (2.3)
22 R Jjo—a/| SJa—y|+[o—2]

sup / IK(z,y,2) — K(z,y, 2)| dedz < oo, (2.4)
vy €R™ Jly—y'|*Sly—z|+]y—2]

swp [ Ky, 2) ~ K(a,y,2)| dedy < oo (25)
22 €R™ 22| ozl -yl

(C3) T, T*! and T*? can be extended to bounded operators from L?(R") x L?(R") into
LY¢(R™) with ¢ as given above.
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A straightforward example of a kernel that satisfies (2.3) is the following: Let K be
a locally integrable function defined on R3" \ A such that there exist 0 < s < 1 and
0 < e < 1 for which
jz — 2|
|z — y| + |z — 2[)2nts/e

if o —a'" Sl —yl+ o -zl

(2.6)

|M%%@_KWWJN§(

Similar statements follow in relation to (2.4) and (2.5).

REMARK 2.1.  We note that if T : S(R") x S(R"™) — S’'(R") is a bilinear continuous
operator associated to a kernel K that can be extended to a bounded operator from
L3(R™) x L*(R™) into L"(R™) for some 1 < r < oo then (2.2) holds for f,g € L (R")
and for almost every = ¢ supp (f) Nsupp (g). This follows from a limiting argument and
will be implicitly used throughout the proofs.

We next state and prove the main results in this section.

THEOREM 2.1.  Let T be a strongly singular bilinear Calderén—Zygmund operator.
Then T can be extended to a bounded operator from L (R™) x L>°(R™) into BMO(R"),
from HY(R™) x L>®(R") into LY(R™), from L>=(R™) x HY(R™) into L'(R™) and from
LP(R™) x LY(R™) into L™(R™) for all p,q,r satisfying 1 < p,q < o0, 1 < r < o0,
1r=1/p+1/g, (1/p,1/q,1/r) # (1,0,1) and (1/p,1/q,1/r) # (0, 1,1).

The proof of Theorem 2.1, detailed at the end of this section, will be a consequence
of the following theorem, duality and bilinear interpolation.

THEOREM 2.2. LetT : S(R") x S(R") — S'(R™) be a bilinear continuous operator
associated to a complez-valued locally integrable function K defined on R3™*\ A that verifies
condition (2.3) for some 0 < ¢ < 1. Assume also that T can be extended to a bounded
operator from L?(R™) x L*(R") into L*(R™) (or from L?(R™) x L>=(R") into L*(R™) or
from L>®(R"™) x L*(R"™) into L*(R"™)) and from L*(R™) x L*(R") into L'/¢(R™). Then
T can be extended to a bounded operator from L (R™) x L*°(R™) into BMO(R"™).

ProOOF. Note that T is well-defined on L°(R™) x L°(R"™) since T is defined
on L*(R") x L?(R™) and recall that, as pointed out in Remark 2.1, (2.2) holds for
fig € LS (R™) and for almost every = ¢ supp (f) Nsupp (g). We will prove that for all
cubes @ C R" there is Cg € C such that

éﬁ%ﬂ@%mwiﬂmMMoWyﬂﬁW%

where the implicit constant is independent of ). This gives that T is bounded from
L (R™) x Le°(R™) into BMO(R™). We refer the reader to Appendix A regarding how
T can be extended to a bounded operator from L>°(R™) x L>°(R™) into BMO(R™).

Fix a cube @) contained in R™ of side length d > 0 and center zg. Define Q as the
cube with center x¢ and side length 2d° if d < 1 or side length 2d if d > 1; note that
QCQ.For f,ge L (R™), we write
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T(f,9) = T(fxg,9%5) + T(fXa,9xge) + T(fX5e9X3) + T(fXGer 9XGe)-

We first estimate the term T(fXQ,gXQ). If d < 1 apply Hélder’s inequality, the
boundedness of T' from L?*(R™) x L?(R") into L*/*(R™) and the fact that |Q| ~ |Q|° to
get that

]Q‘T(fXQ’QXQ)(x)‘ do < (é ‘T(fXQ>gXQ)(CE)‘1/s dm)a

< (]é o dy>1/2 (]{2 o) dz)w

S Al pee gl oo -

When d > 1 we proceed similarly using the boundedness of T' from L?(R™) x L?(R") into
LY(R™) (or from L*(R™) x L°°(R") into L*(R™) or from L*(R"™) x L?(R") into L*(R™))
and that |Q] ~ |Q|, which implies

£ [ 0x0)@)] do £ 151 gl

We will next prove that

| [P ox00@) = Conl de 5 Wl ol (27)
]Q‘T(fx(gc,gxg})(x) —Cqa| dz < || fllp 9l pos - (2.8)
1, [P0 960 = Cas| o S 11 Nl (29)

with the implicit constants independent of f, ¢ and @, and where

Coi = - K(zq,y, 2)f(W)xoW)9(2)xg.(2) dydz,
Cqp = - K(zq,y,2)f(W)xa: (1)9(2)xp(2) dydz,
Cq3 = - K(zq,y,2) f(y)xg:(¥)9(2)xge (2) dydz.

We will show (2.7), with the estimates (2.8) and (2.9) following in the same way. Note
that if x € Q, y € @ and z € Q° then

|z -2l Sd° Slrg — 2| Slwg — 2| +zg —y| ifd<1,
|z —2q|° Sd°* <dS|eg -2 Slvg — 2|+ |zg —yl ifd>1

Therefore, for € @ and using (2.3), we have

IT(fX5,9x5:)(x) — Coa
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S K K. Al S0 o) dyd:
yeQ,zeQ”

<[ Kl .2) — K. v.2)| F(0)] g(2)] dydz
lz—zql®Slzg—2|+zq—yl
Sl gl oo -
Averaging in x over ) we obtain (2.7). O
We end this section with the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. Since T can be extended to a bounded operator from
L?(R") x L*R") into L'(R"), a duality argument implies that T*! and T*? can
be extended to bounded operators from L*(R") x L?(R") into L?(R") and from
L?(R™) x L*(R"™) into L?(R™), respectively. Theorem 2.2 then gives that T, T*! and T*2
can be extended to bounded operators from L>(R™) x L>*(R") into BMO(R™). As a con-
sequence, by duality, T can be extended to a bounded operator from H!(R™) x L>°(R")
into L'(R") and from L*>(R") x H!(R") into L'(R"). Bilinear complex interpolation
implies that T is bounded from LP(R™) x LI(R™) into L"(R™) for all p,q,r such that
(1/p,1/q,1/r) is in the convex hull of the points (0,0,0), (1,0,1) and (0,1,1). That
is, 1 < pg < oo, 1< 7r <oo, I/r=1/p+1/q, (1/p,1/q,1/r) # (1,0,1) and
(1/p,1/g,1/r) # (0,1,1). 0

3. Pointwise inequalities and weighted estimates for strongly singular
bilinear Calderén—Zygmund operators.

In this section we show that Theorem 2.2 can be improved if the stronger condi-
tion (2.6) is assumed, by proving a pointwise inequality in terms of the sharp maximal
operator and the Hardy—Littlewood maximal operator. In particular, such result will im-
ply weighted estimates for strongly singular bilinear Calderén—Zygmund operators that
satisfy (2.6).

THEOREM 3.1. Let T : S(R") x S(R™) — S'(R™) be a bilinear continuous operator
associated to a complez-valued locally integrable function K defined on R3™\ A that verifies
condition (2.6) for some 0 < e <1 and 0 < s < 1. Assume also that T can be extended
to a bounded operator from L*(R™) x L?(R") into L'(R™) and from L?(R™) x L*(R")
into L'/*(R™). Then T satisfies

M#(T(f,9))(z) S Ma(f)(x)Ma(g)(z) Yz R, f,g € L (R"), (3.10)
where Ma(h) = (M(|h]?))/2.

COROLLARY 3.2. IfT:S(R™) x S(R") — S'(R™) satisfies the hypothesis of The-
orem 3.1, the following statements hold true:

(a) T can be extended to a bounded operator from L>°(R™) x L>(R"™) into BMO(R™).
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(b) Let 2 < p,q < oo and r be such that 1/r = 1/p +1/q; consider v € A, 5, w € Ag/s

and define w := v"/Pw™/%. Then T can be extended to a bounded operator from
L2(R™) x L1 (R™) into LT (R™).

REMARK 3.1. If T is a strongly singular bilinear Calderén-Zygmund operator
that satisfies (2.6), then, besides the results from Theorem 2.1, T satisfies (3.10) and
the weighted estimates stated in item (b) of Corollary 3.2. If T satisfies (2.6) and its
symmetric counterparts, then (3.10) and item (b) of Corollary 3.2 also hold for T*! and
T*2.

We briefly comment on the proof of Corollary 3.2 and then prove Theorem 3.1. Note
that item (a) of Corollary 3.2 follows from Theorem 2.2, but of course, it can be inferred
from (3.10): such inequality gives that T, is bounded from L°(R™) x L (R™) into
BMO(R™), which in turn implies that T, can be extended to a bounded operator from
L>*(R™) x L>°(R™) into BMO(R™) as shown in Appendix A. For (b) we use the weighted
Fefferman—Stein inequality (see Fefferman—Stein [11] and Cruz-Uribe-Martell-Pérez [8,
Theorem 1.3]) to get that

ITo (£, ) < IMTo (£, 9))lp S |MH*(T(F,9))|

T )
Lu

we then use (3.10), Holder’s inequality and the boundedness properties in weighted
Lebesgue spaces of M to obtain

1o (s lLr, S WA lee lgllLs,  VF g € LER™).

T, can then be extended by density to a bounded operator from LE(R™) x L% (R™) into
L7 (R™).

PROOF OF THEOREM 3.1. We follow ideas from [21, Theorem 2.2]. We have to
prove that for all cubes @ C R™ there is a constant Cg € C such that

]g IT(f.9)(w) — Cal dy S Ma(f)(@)Ma(g)(x) V€ Q. f.g € LE(R™),

where the implicit constant is independent of Q.
Fix a cube @) C R" of side length d > 0 and center zg; let Q be as in the proof of
Theorem 2.2. For f,g € L (R™) consider

T(f,9) =T(fx5,9x3) + T(Fxg:9X5e) + T (XG0 9%5) + T(fXGer 9XGe)-

The term T'( Ixo QXQ) is controlled using the boundedness of T" in the same way
done in the proof of Theorem 2.2. If d < 1, we apply Holder’s inequality and the
boundedness of T’ from L?(R™) x L?(R™) into L'/¢(R™) to get that for all 2 € Q

JQ‘T(JIX@QXQ)(U)‘ dv < ( 5 [f)I* d )1/2( l9(2) dz) < Mo(f) (@) Ma(g) ().
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When d > 1 we proceed similarly using the boundedness of 7" from L?(R") x L?(R™) into
L'(R™), which implies

L Irte o) av < M) matore) wre e
For the terms T'(fxg,9Xg¢), T(fXxge:9X5) and T(fXge: 9xge), we will prove that
]{2 IT(xg 96 )(0) — Can| dv £ Mo(1)(@) Mo(g) @) ¥ € @,

L e ox@)0) = Casl v S M) Mot o) v

L rGxge9va ) = ool dv S Matp) Mio)a) € @

where Cq 1,Cq.2,Cq,3 are as in the proof of Theorem 2.2.
Define Lg(v,y,2) = K(v,y,2) — K(zg,y,2);set t =eifd<landt =1ifd > 1.
For v,z € @ we have that

T(xg 9% (v CQ1\<Z | 1wl Isw)lae) dvde
yeQ
am wQ| (w
1/2
00 1/2 )
S| [ g v (/ e ) [ 1o a
k=1 yeQ
|z—zq|~(2kd)? lz—zq|~(2¥d)*
1/2

< Mo(f)(@) Ma(g)(x) Y i/ / 5 1Lo(v,y,2)” dydz
ye

k=1
2=z |~ (2kd)?

We next show that the sum above is bounded by a constant independent of d, v and Q.
Indeed, we have

s 2
v — 2q
Lo aytzs [ dyd:
/yeQ ¢ yeQ (lrq =yl + lzq — 2[)+e/e
lz—zo|~(2kd)t |z—zq|~(2%d)!

~ |U _ xQ|28 |Q| (de)—Qt(2n+s/s)+tn
< d2sdtn(2kd)f2t(2n+s/5)+tn’

where in the first inequality we have used that |z — zg| ~ (2Fd)* implies that [v — z¢|® <
lzg — y| + |zg — 2| since v € @ and in the third inequality we have used that v € @ and
the definition of @. Then, the sum above is controlled by
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Zdnt2k(n/2)t(d25dtn(2kd) 2t(2n+5/a)+tn 1/2 _ st(l t/a)z—kt(n-‘ré/s)
k=1 k=1

< 227kt(n+s/e) < 0.
k=1

We have then obtained that
IT(/xg: X0 (®) — Caa| S Ma(f)(@) Malg)(@) Vo2 € Q.

Integrating in v over @ it follows that
]{2 IT(xg 96 )(0) — | dv £ Mo(1)@) Mo(g) @) ¥ € @,

as desired. ~ The term T(fxg.,9x5)(v) is treated analogously.  For the term
T(fxéc, QXQC) we proceed similarly as above and get that if v,z € @) then

T a0 (0) ~ Coa £ 35 / Lo,y 2)] 1) 19(2)] dyd
k=1j=1"1y=zq|~(27d)*
|z—xq|~(2%d)t
1/2
S Ma(f) (@) Ma(g)(@) 3 3 dntali+0n/2 / Loy, 2)? dyd=
k=1 j=1 ly—zq|~(27d)t

|z—ag|~ (28 d)?

This last sum is finite and controlled by a constant independent of d, v and @ as the
following computation shows. We have

v — gl

2
Lov.y. AP dydz % [ ( ) dyd:
/ly—mlfv(?-”d)t y-sal~@ar \ ([T =yl + |rg — z[)>rte/e
[z—zq|~(2~d)* [z—zq|~(2kd)*t

1 1
N|U7$Q|2s / ————dy / - dx
ly—wol~(2d) |zg — y|2n+s/5 lz—zq|~(2kd)t |Tg — |2n+s/E

S d2s (2jd)—t(n+s/5) (2k:d)—t(n+s/e)7

which gives that the sum above is controlled by

>

k=13

dnt2(j+k)(n/2)t(d2s (2jd)—t(n+s/s) (de)—t(n,+s/s))1/2

M2

1

(oo} (oo} [oe] [ee]
Z st (1-t/e)9—i(ts/(2c)) 9—k(ts/(2¢)) Z Z 9—i(ts/(2e))9—k(ts/(2€)) oo,
k=1 j=1 k=1 j=1

We then obtain that
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T(fxges 9X0:)(®) — Ca| S Ma(f)(@) Ma(g) (@) Vo,2 € Q,

and integrating in v over @ gives the expected inequality. O

4. The critical bilinear Hérmander class BS "(1 2

In this section, we show that if o € BS n(l ?) with 0 <d<pand 0 < p<1then
the kernel of T, satisfies condition (2.3) w1th e = p. By the symbolic calculus of the
bilinear Hérmander classes proved in [3, Theorem 2.1], (2.4) and (2.5) also follow with
€ = p. As a consequence, T, has a strongly singular bilinear Calderén—Zygmund kernel.

The operator T,, is known to be bounded from L?(R™) x L?(R") into L*(R") (see [2]
and references therein); it was shown in [21, Lemma 2.1] that if the condition 0 < p < 1/2
is further imposed, then T, and its transposes are also bounded from L?(R") x L?(R")
into L'/¢ (R™). Therefore, T, with such a symbol becomes a strongly singular bilinear
Calderén—Zygmund operator. In particular, Theorem 2.1 applied to T, recovers [21,
Theorem 1.1]. Note that T, does not necessarily satisfies the hypothesis of Theorem 3.1
since its kernel may fail to satisfy the stronger condition (2.6); however, the pointwise
inequality (3.10) does hold for T, as proved in [21, Theorem 2.2]. Therefore, not only
does T, satisfy all boundedness properties stated in Theorem 2.1 but it also verifies the
weighted estimated from part (b) of Corollary 3.2.

Fix o € BS;)?(I_’)) with 0 < § < p and 0 < p < 1. We next proceed to show that
the kernel of T,,, which we denote by K, satisfies (2.3) with ¢ = p
We begin by showing that

sup / |K (z,y,2) — K(2',y,2)| dydz < oo, (4.11)
R

le—a’[>1
where for fixed x, z’, we denote
R, :={(y,z) € R?": 3|z —2'|” < |z —y| + |z — 2|};
let us also write
Rim{(3,2) € R s [o— /| < [z — y| + |o — 2]},

Fix z,2’ € R™ so that |z — 2’| > 1. Using [2, Theorem E (v)], we obtain that for
(y,2) € R, we have

K (2,9, 2)| S (J& =yl + o — 2)) 7P,
Furthermore, if (y, z) € R, by [2, Theorem E (vi)] we also get
|K(:C?ya Z) - K(fﬂ,,y, Z)‘ S |x — SL'/|p(|£E _ y‘ + |1. _ Z|)7n(1+1/p)—1.

Note that n(1+1/p) = 2n+n(l — p)/p > 2n. We break down the left hand side
of (4.11) into two cases. In the first case, let us further assume that |z — 2/| < 31/(=r),
Then, R, C R and we can write
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/ K (z,y,2) = K(2',y, 2)| dydz 5/ o —2'P(J& = y| + o — =) "V dydz
R

p R,
S [ oyl o= ) dys
Ry
<o — 2|02 < 1.

Secondly, let us now assume that | — 2/| > 31/(1=p). in this case R C R,. Write

| 1K)~ K] dydz = 1+ 11,
R

P

with I = [ |[K(z,y,2) — K(2',y, 2)| dydz and IT = [, \R |K (z,y,2) — K(2',y,2)| dydz.
We estimate I as follows:

15 [ Jo =o'z =yl + fo = o) OO dyds
R
S [ (o =yl + fo = al) 001
R
< |$ _ x/|n(1—1/p)—1+p <1.
We estimate I1 as follows:

II < / |K(x,y,z)|dydz—|—/ |K (2, y, 2)| dydz.
Ry\R R,\R

Now,

/R MLESIEE /R (2 — ] + o — =)0 dydz < o — o |00 < 1.
P

P

Note also that, if (y,2) € R, \ R, we have |z —y| + |z — 2| < | — 2’|, hence
2" —yl+ ]2 — 2| > 2l — 2| = (lz —yl + |z — 2]) > [o — 2|.

Thus, by appealing again to [2, Theorem E (v)], we can write

)*n(1+1//)) dydz

/R K2 v / (e —y|+ |2’ — =

|lz—a’|<|2' —yl|+|a’ ]
/in(l—1
<o —af P3P <1,

This finishes the proof of (4.11).

It remains to show that the following estimate also holds:

sup / |K(x,y,2) — K(2,y, 2)| dydz < . (4.12)
0<|z—z'|<1JR,

Note that the approach used for the case |x — 2’| > 1 using the pointwise estimates for K
does not work anymore since this leads to negative powers of |z — 2'|. In order to prove
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(4.12) we follow the idea in [1]; see also [24, Chapter VII, p.322]. Let (&, n) and (&, n),
&,n € R™, be infinitely differentiable functions so that suppe C {(&,n) : |&] + |n] < 2},

suppt) C {(&n) : 1/2 < [¢] + || < 2} and ¢(&n) + 2252, ¥(277€,277n) = 1 for all
&, n eR™ Fix z,2’ € R" so that |z — 2/| < 1. For j > 0, we write

Kj(:c,y,z):/ (fj(sc,f,n)ei@*y)fei("”*z)'"dfdn,
R2"
where

oo(z,&,m) = oz, &,m)e(&,n) and oj(x,&n) = oz, &n)(277¢,277n) for j > 1.

It suffices to estimate

/R |Kj(z,y,2) — K;(@',y,2)| dydz < ¢j(z — '),

P

where the functions ¢; satisfy Y 7% ¢;j(z — 2’) $ 1 uniformly in z, z".
As a first instance, we estimate crudely
J,

Note that, since |z — &'|? > |z — /|, if (y, z) € R,, then

K (2., 2) — Koy, 2)] dydz < / K (@,9,2)| dydz + / K (&, g, 2)| dyd-.

o R, R,

2 —yl+ ]2’ =zl 2w -yl + o — 2| =2 — 2| Z 3lz — 2|0 =2z — 2| = |z — 2|7

Thus, it suffices to estimate [, |Kj;(z,y,z2)| dydz.
P
Let N € 2N be so that N > n. By using Holder’s inequality, the integral of
|Kj(z,y,2)| over R, is less than

—N/2

(2 =yl + |z — 2)N2K; (2, 5, )| 2 ayan | (12 = 9l + o = =), N2 (ayas)-

Using polar coordinates immediately gives that

—N/2 /=N

Iz = yl* + o = 2*) ™ 2x5, lL2(ayas) ~ o — 2

We now estimate the first L? norm above. Integration by parts gives
(Jz =yl + |z = 2 )V2K;(2,y,2) = ()N | AT R0;(w, €, m)eie 0+ gean
R2n ’

= Z Cary s /Rzn agzg(x,&n)g—jlazl(ag%w)(z—j&Q—jn)ei(m—y)eri(r—Z)'n dédn,
|D¢1+042|:N

where 1 should be replaced by ¢ if j = 0. Now, using Plancherel’s theorem, the conditions
on the symbol o and the supports of ¢ and ¢, we can estimate
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(2 =yl + o — 2PV 2K (2,5, 2) | paagasy S Y (27)"emDplenlgmivlesigin

|CM1+O¢2|:N
~ 93P(n—N)
We have thus obtained that
/ |Kj(‘rayaz) 7Kj(x/ayaz)‘ dydz 5 (2j|x 7x/|)p(an) vj S NO' (413)
RP

It turns out that we can improve the estimate (4.13) if we further require 27 |z —z'| <
1; we show this next. As in the above calculation, we let N € 2N be so that N > n and
apply Holder’s inequality to get

[ 1) = Ks(a!, 2] dydz < B
R

P

where
L= (L + 2V (e = yl* + |z — =) V) K (2,9, 2) = K52y, 2]l 2 agas)
and
I = (L + 27V (e =y + |2 = 2)) X, e g

Using a change of variables we see that

1/2
I, < (/ (1+ |y|? + |z|?)"No=2ine dydz) ~ 27ITP,
R2n
We estimate I; next. Observe first that
Kj(x,y,2) — K;(2',y,2) =T+ 11,
where
7 / o (!, €, m)eiE I EFE— (] _ i -0 geap
R2n

and

I = / (05(,&,m) — 05(a', &, m)) eV =20 dedp,

RQn
Therefore, we have Iy < I 1 + I1 2, with
Ly =1+ 27N (lz =y + & — 2*)V*) | 2 (ayaz)

and

L= |1+ 27N (jo =y + |2 = 2)N2) | 12 (ayas) -
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Integration by parts gives that (14 277N (|z — y|> + |z — 2|2)V/?)I equals
i N/2 iz’ —x)- (x—y)- (x—z)-
L 0 DN AN o €)1 = e e gy,

Now, since 27|z — 2| < 1 and [£] + |n| ~ 27 (S 1if j = 0) in the support of o, we have
11— el E| < g — 2|6 + | S Vo — 2| < (2]a — 2|)”.
The above and the fact that o € BS;Q(I_p) leads to
o3&, & m)(1 — D )] < 9in-D 23] — g
Moreover, 2ijAg7/72 [o(x!, €,m)(1 — €& =2)(E+mM)] is given by

2iPN Z cal,ag,agag%a(xl7£,7])2_‘1‘&2'(8?37'¢)(2_j€,2_j?’])(l' — o) ila’=o)-(E+)
la1+as+asz|=N
|as|>0

+ 20NN e anan 08t (2, €,m)2771021(982 ) (277 €, 27 n) (1 — i@ (),
a1 +az|=N

where 9 should be replaced by ¢ if j = 0. Since 0 < p < 1 and 2/ [z — 2’| < 1 we can
control

2PN AN o (o €, m) (1 — @ - (Emy)

§2ij Z (zj)—n(l—p)—p\alIQ—jp\oczl(2j|x_x/‘)\%IQ—jp\asl

|oar+az+az|=N
|az|>0

+ 97PN Z (27)~n=p)=rlealg=irlazl(9i |z — 2/|)P
‘Oél-i-az‘:N
< (2j|x _ m/‘)pg—jn(l—p)_

The previous estimates imply that
(1 + (—1)N2200N Ao (2!, €,m) (1 — €= =D EM)]| < (2] — o/ [)r27Im (),
thus, by using Plancherel’s theorem, we conclude that
Ly < (2]x — 2/|)P279n=P)in (2 |g — o/|)P2ime.

A similar argument shows that I; o < (27]|x — 2/])?27"; the difference is that now we

~

control

|(1 + (*I)N/QQJ-PNA?%2)(UJ4(QZ,g,n) — 0']‘(93/75,77)” 5 |SC o z/|(2j),n(1,p)+5
< (2| — a!|)P2In(=r),
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All in all, we have shown that I; < (27| — 2'|)?2/™", which gives, for 27|z — 2’| < 1, the
improved estimate

/ |Kj(2,y,2) = Kj(2',y, 2)] dydz S (2| — a/|)P27m0270" ~ (2|2 — a|)P. (4.14)
R

P

Letting c;(z —2') := min{(2’|z —2'|)?, (2/|z — 2|)*"~™)} and combining (4.13) and
(4.14) gives

/ K (2, 2) — K;(2',y,2)| dydz < ej — o) Vj € No.
R

P

Now, let jo > 0 be so that 27°|x — 2’| < 1 and 2%°T!|z — 2’| > 1 and notice that
0o Jo 0o
ch(.%‘ _ x/) < ZQ(j—jo)ﬂ + Z 9(i—jo—1)p(n=N) < 1,
Jj=0 j=0 Jj=jo+1

with the implicit constant independent of x and ', finishing the proof of (4.12).

Appendix A. Defining T on L*°(R"™) x L*°(R™).

The purpose of this appendix is to indicate how an operator T satisfying the hy-
pothesis of Theorem 2.2 can be extended to a bounded operator from L (R™) x L (R™)
into BMO. Our discussion is inspired by the one in Duoandikoetxea [9, 119-120].

Fix f,g € L°(R"™). Let @ C R™ be a cube centered at the origin which contains x
and let Q be the cube containing Q introduced in the proof of Theorem 2.2. We define

To(f,9)(x) = T(fxg 9x)(®) + Tio(f;9)(x) + Lo (f9) (%) + I3.0(f, 9)(2), (A.15)

where
half)a) = [ | (K@..2) = K03 2)f ) ma(:)xg () dudz,
B )a) = [ | (K@..2) = K05 2)/ g (1)a(2)xq (<) dudz,
haUf)a) = [ | (K@..2) = K052 )xq (1)9(2)xqe (2) dud

We note that T'(fxg, 9xg) is well-defined since fxg,9xg5 € L°(R™) and that the terms
10,7 =1,2,3, are defined through absolutely convergent integrals. Indeed, for 0 < e < 1
as in (2.3), we have

1.0 (f,9)(x)| 5/ IK(z,y,2) = K(0,y,2)| dydz |[f]|L=llgll -

ol Slo—yl+lo—2|
S Az llgll zee-

We show next that given cubes @, R centered at the origin and containing x, the
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definitions of T (f, ¢)(z) and Tr(f, g)(x) are the same modulo a constant independent of
x. Without loss of generality, let us assume that @@ C R; in particular, this gives Q C R
as well. Using Remark 2.1, a straightforward calculation now shows that T (f, g)(z) —

Th(f.9)(x) equals
—T(fxpo 9xa) — T(f X 9Xm0)
+ [ U2) = K052 F )9 g () dud

= [ 2) = K005 ) £ ey 0:2)

= | K(z,y,2) f(9)9(2) (X 216 (W)X (2) + Xz (W)X 7o (2)) dydz

. K(z,y,2) f(¥)9(2)(X(Gx5)c — X(axR)e)(Y: 2) dydz

~ | K0, y,2) f()9(2) (X (axa)c = X(RxR)e) Y, 2) dydz

:_[ K0y, 2)f(y)g(2) dydz.
RXR\QXQ

This gives the desired result since the last integral is independent of x and, because K is
locally integrable on R3"\ A and f, g € L>°(R"), we can assume without loss of generality
that it is absolutely convergent. Thus, as a function in BM O, we can define T'(f, g) for
fyg € L*°(R™) via the right hand-side of (A.15).

It remains to show that ||T(f, 9)|lsao S| flln<|lgllze. Let @ C R™ be an arbitrary
cube and let R C R™ be some cube centered at the origin such that ¢ C R. For
x € @, we can then write T'(f, g)(x) = Tr(f, g)(x). By the proof of Theorem 2.2, since
IXr 9x5 € LE(R™), there is some constant Cg such that

]{2 T xgx ) (@) — Caldz < [ fllz~llgll =

with the implicit constant independent of ). Moreover, it was shown above that
1L.5(f,9) ()] S |1 < llgllz for = € R and j = 1,2,3; then we have

]{2 Ln(f,0) (@) de < || flollgllz~ for j=1,2,3.
Altogether, we have that
]{2 T(f.9)(x) — Col dz < |||~ gl .

with the implicit constant independent of ). This gives the desired conclusion.
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