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Abstract. We define a moduli space of stable regular singular parabolic
connections with given spectral type on smooth projective curves and show
the smoothness of the moduli space and give a relative symplectic structure on
the moduli space. Moreover, we define the isomonodromic deformation on this
moduli space and prove the geometric Painlevé property of the isomonodromic
deformation.

Introduction.

Let T be a smooth covering of the moduli stack of n-pointed smooth projective
curves of genus g. Take a universal family (C,t) over T'. In the paper [4], the first author
constructed the relative moduli space

M&p(t,r,d) — T x A (d)

of regular singular a-stable parabolic connections of rank r and degree d on C/T. Here

%12% are rational numbers such that 0 < agi) < <o <1 and that

ol # i) for amy (i,5) # (", ). AT (d) is given by

a=(«a

n r—1

A (d) == Wiz e |d+ > Y AP =0
i=1 j=0

Then for any point (z, X) € Tx A (d), the fiber C?‘/T(i, 7,d)(z,) is smooth of dimension
2r2(g — 1) + nr(r — 1) + 2. He also constructed the algebraic splitting
D: F*(@T> — @]\/[a

C/T(Z,T,d)

of the canonical surjection @Mg‘/T(imd) — m(Or), where 7 : M(‘:"/T(i,r, d) — T is the
structure morphism. The subbundle D(7*(0©r)) C © M7 () satisfies the integrability

condition and the associated foliation F Mg, 7 (E,rd) is nothing but the isomonodromic
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deformation. One of the important results in [4] is that the isomonodromic deformation
determined by D(7*(O7)) has the geometric Painlevé property.
There is a locus Y in MC/T(t,T, d) such that (E,V, {[y)}) Mg‘/T(t, r,d) lies in YV
if and only if the residue matrix of V at ¢; is given by
(4)

pi I, * * *
0 W, ok

()
0 0 T /14\(9?[7‘0

We can easily see that the locus Y is preserved by the isomonodromic deformation.
However, the dimension of Y is too big because it parameterizes the parabolic structure
{ly)}. So we contract Y by forgetting the data {l;i)} and obtain a moduli space Y.
We say Y the moduli space of regular singular parabolic connections of spectral type
(1). By construction, Y is preserved by the isomonodromic deformation. So we obtain
a low dimensional phase space arising from the isomonodromic deformation. Such low
dimensional phase spaces get an attention from the viewpoint of the theory of integrable
systems.

Oshima studied in [9] the isomonodromic deformation of the Fuchsian system of
spectral types in detail. In particular, he studied additive Deligne—Simpson problem
on Fuchsian systems on trivial bundles on P! and a combinatorial structure of middle
convolutions and their relation to a Kac-Mooody root system discovered by Crawley-

Boevey [1].
Let us fix a smooth projective curve C' of genus g and a set of n-distinct points
t = (t1,--- ,tn) on C. Spectral types are given by tuples (rg.z))(léﬁzi_l of partitions

of integers, where r is a fixed rank of vector bundles and at each singular point ¢,
(4) —-1,.(9)

r;’ are positive integers such that S jeo T =T Fixing a degree d and a spectral type

(7‘§ )>3§§§l—17 let us take any local exponents v € N(d, (r}i))lﬁifn) (see Section 4). Then

we can define the moduli space M*(C,¢t,v,d, (rj(l))) of a-stable v-parabolic connections

on (C,t) of spectral type (r§-i)). In Section 1, we show that M*(C,t,v,d, (r](-i))) is a

smooth quasi-projective scheme of dimension (see Theorem 1.3)

n s;—1 )
dim M*(C,t,v,d, (7)) = 2%(g =)+ 242> 3 S rirl). (1)
i=1 j=0 j'>j
If we set
N =1+ 1+ e
one can rewrite as
n s;—1 7_ (z) )

dim M®(C, t,v,d, ( N — Z Z J . (3)
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The moduli space of a-stable parabolic connections of spectral types (r](-i)) is a deforma-

tion of the moduli space of a-stable parabolic Higgs bundles on (C,t) of spectral types

(r;"

dimension of the moduli spaces. The formula suggests that the genus of spectral curves

equal to N — " | Z‘;;_Ol 7‘5»1) (ry) —1)/2 where N is the genus of spectral curve with
(4)

trivial spectral types r;° = 1. It will be interesting to see the explicit geometry of the

moduli space of parabolic connections and parabolic Higgs bundles. An approach by
using the apparent singularities and their duals will be treated in [10].

). Then the genus of spectral curves of parabolic Higgs bundles should be the half of

For example, if we consider the case ¢ = 0,n = 4,r = 2,d = —1 and ry) =1 for
all 4,7, then the spectral type will be denoted as (11, 11, 11, 11). The corresponding
moduli spaces M are nothing but the fiber of the phase space, or Okamoto’s space of
initial conditions of Painlevé VI equations and dim M = 2.

Yamakawa constructed in [13] the moduli space of stable filtered local systems and it
is analytically isomorphic to the moduli space M*(C,t,v,d, (rj(-i)
Hilbert morphism.

Sakai studied in [11] the Fuchsian system of spectral type which gives 4-dimensional
isomonodromic deformation equations. Here the 4-dimensional means that the dimen-
sion of the moduli space of parabolic connection of spectral type is 4. The interest-
ing point of [11] is that a Fuji-Suzuki system ([2], [3]) and a Sasano system ([12])
can be obtained from the isomonodromic deformations of the Fuchsian system of cer-

)) under the Riemann—

tain spectral types. Including them, there exists only 4-types of 4-dimensional isomon-
odromic deformation equations of Fuchsian systems of spectral types over P'. They
are corresponding to the spectral types r = 2,n = 5,(11,11,11,11,11) (Garnier),
r=3,n=4,(21,21,111,111) (the Fuji-Suzuki), r = 4,n = 4,(31,22,22,1111) (Sasano)
and r =4,n = 4,(22,22,22,211) (the sixth matrix Painlevé).

The main results in this paper are the smoothness and a symplectic structure of
the moduli space of stable regular singular parabolic connections of any spectral type on
smooth projective curves over C. (Cf. Theorem 1.2 and Theorem 3.1). Moreover, the
more important result (cf. Theorem 4.1) is that the isomonodromic deformation defined
on the moduli space of regular singular parabolic connections of spectral type has the
geometric Painlevé property. So we can say that the moduli space of stable regular
singular parabolic connections with given spectral type is the space of initial conditions
for the isomonodromic deformations.

Here the definition of the geometric Painlevé property is given in [6] and the geo-
metric Painlevé property implies the usual Painlevé property.

As a corollary, 4-dimensional isomonodromic deformation considered by Sakai in
[11] has the Painlevé property.

It will be also interesting to consider similar problems for parabolic connections
with irregular singularities of fixing spectral types. Classifications of spectral types of
dimension 4 cases are treated in [7] and [8].
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1. Definition and properties of the moduli space of regular singular par-
abolic connections with given spectral type.

Let C' be a smooth projective irreducible curve over C of genus g. We set
Tn = {t:(tl,...,tn) el x--- XC‘L#% fOI'Z?é_]}

Let r,d be integers with r > 0. For each ¢+ with 1 < ¢ < n, take positive integers
7“(()1), _..,r" | such that r = Z;’ 01 rj( D for any i. Set

75—1

(4)

() .
i i i<n v;’ € C for any 7,j and
N(d, (r}")) = {<u§ NoSigea| ) }

d+ Y, Y v =0

DEFINITION 1.1, Take t € T, and v = (v\”) € N(d, (r}")). We say (E,V,{l\"})

(z))1<z<n if

is a regular singular (¢, v)-parabolic connection of spectral type (r;”),2,25, 1

(1) E is an algebraic vector bundle on C of rank r and degree d,

(2) ViE— E®QL(t1 +---+ 1) is a connection,

(3) for each i, Els, = l(()i) . lf) DD lg?_l 5 1) = 0 is a filtration such that
dime (17 /1)) = (" and

(4) (resy, (V) — V?i)id) (l](-i)) C lg?_l for any 4, j.

Take rational numbers o = (aE”)E;EZ such that 0 < agz) < ag)

for any i,j and a;i) + a;f,) for (i,5) # (¢, ").

(4)

< ag <1

DEFINITION 1.2. A regular singular (t,v)-parabolic connection (E,V, {lg-i)}) of
spectral type (r; (é )) is said to be a-stable (resp. a-semistable) if

deg F + Y0, 325 o dime((Fle, 0 18,)/(Fle, n187))

rank F’
< degE+3Y 0 >0 101(1) dim (l(l) /Z(Z))
(resp. <) rank F

for any subbundle 0 # F C E with V(F) C F @ Q4 (t1 + -+ + tp).

Let T be a smooth algebraic scheme which is a smooth covering of the moduli
stack of n-pointed smooth projective irreducible curves of genus g over C and (C,t) be
the universal family over T (t = (f1,...,%,), where each #; is a section of C — T and
t;Nt; =0 for any i # j).

THEOREM 1.1.  There exists a relative coarse moduli scheme T : MCO‘/T( ( )) —
T x N(d, (rj(l))) of ac-stable regular singular parabolic connections of spectral type (TJ(Z) .
Moreover T is a quasi-projective morphism.
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PROOF. Proof is the same as that of [4, Theorem 2.1], which essentially uses [5,
Theorem 5.1] and we omit the proof here. O

THEOREM 1.2.  The relative moduli space m: Mg (d, (r; (@ ))) — T x N(d,( ](z))) is
smooth.

PROOF. Let M¢,r(d, (1)) be the moduli space of pairs (L, V) of a line bundle L
on C, and a connection Vg : L - L® QC/T(tl +-+++1%,). Then Mc,r(d, (1)) is an affine

space bundle over Picg/T xN(d, (1)), where

N(d, (1)) == {(,,u)) eC”

d+zn:u<” :0}.

i=1

Since Picg/T is smooth over T', M¢ 7 (d, (1)) is smooth over T' x N(d, (1)). Consider the
morphism

det: Mg (d, (1) — Mer(d, (1)) % x(a,ay N(d. ()
(B, VALY = (det(B), det(V)), n(E, V. {]"}).

It is sufficient to show that the morphism det is smooth. Let A be an Artinian local
ring over Mc 7 (d, (1)) X n(q4,1)) N (d, (r§.l))) with the maximal ideal m and I be an ideal of
A such that mI = 0. Let (L, V) € Mc/r(d, (1))(A) and v = (v{”) € N(d, (r{"))(A) be
the elements corresponding to the morphism Spec A — Me /7 (d, (1)) X n(a,(1)) N(d, (?"y)))
Take any member (E,V,{l; Z)}) € Mg p(d,(r (i)))(A/I) such that (vesy,4,/(V) —
j()ld)(l§)) C l§+1 for any 4,5 and that det(E,V, {Z(l b = (L, VLN),1~/) (XjA/I It is
sufficient to show that (E,V, {l§ )}) can be lifted to a flat family (F,V, {lj(-z)}) over A

such that det(E,V, {ly)}) = ((L,Vy5),v). We define a complex F§ by

FO = {a € End(E ® A/m) |Tr(a) = 0 and alz, 4/ (7)) © (157) ajm for any zg}
Tr(b) = 0 and

Fo:=13beEnd(E®A/m) @0 p(fr + -+ +1n) |resi g a/m (D) () asm) € (8 a/m
for any i, j

Vi:Flsam Voa—aoVeF.

Let CA = UqsUa be an affine open covering such that Ely ga/;;r = OU’"®A/I,
ﬁ{ AEU}<1foranyozand]i{oz| AGU}—lforanyz Take a free
Oy, module E,, of rank r with isomorphisms ¢, : det(Ey) = L|p, and ¢o: Eq®@A/T =

El|y,@a/1 such that
Vo @ A/T = det(dy): det(E,) — det(E)|v,0a/1 = (L@ A/ v, ca/1

If (#;)a € U,, we may assume that the parabolic structure {ly)} is given by
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() _ _ _ ol

lj - < z‘)A/I’""er;">+~--+ri:)_1 z‘)A/I>’
where e, ..., e, is the standard basis of E,. We define a parabolic structure {(la)gl)} on
E, by

(la)§z) = F)ar - ,eT.§¢)+'..+T‘£¢i)_l ~i)A>.

The connection ¢t o (V|y, )0 b : Ea @ AT = E\® QC/T(t1 4+ +1,) ®A/I is given
by a connection matrix B, € H*(EY ® B, ® QC/T(tl +---+1,)® A/I). Then we have

W A/DILe) % . .
B 0 (Vs(l)—Q Q@ A/DI *
1€z, (Ba) = . ’ . e ) )

where I () is the identity rj(,i) % r](.i) matrix. We can take a lift By € HO(EY © Eq ©
Qé/T(gl + -+ +1,)) of B, such that

(@)

ve 11 @ * e *
i ’I”Si_1 )
0 Viz)_QI (i) tee *
res i, , (Ba) = . T
0 0 (1)] xe

and that Tr(B,)(e1 A -+ Aep) = (gaa ®id)"Y(VL|u, (paler A - Ae,))). Consider the
connection V,, : E, = E, ® QC/T ty 4 -+ 1,) defined by

fi df1 f
V - GEoz
f”’ d'f‘ fT‘

Then we obtain a local parabolic connection (E,, Va, {(I )(i)}) on U,,. If (t;)a ¢ U, for

any ¢, then we can easily obtain a local parabolic connection (Eq, Vq, {(la)y)}) on U,

(in this case, a parabolic structure {(la);i)} is nothing). We put Uyg := U, N Us and
Uagy = Uy NUg NU,. Take an isomorphism
Opa: Ealv., — Eslu.s

such that 0z, @ A/I = (;Sgl o ¢ and that g o det(0s,) = @o. We put

. —1 . —1
uaﬁ"/ T ¢Ot © (9'ya UaB—y © 9’Yﬂ|UaB—y © eﬁ@‘Uan - ldEaanﬁ,Y) © ¢a
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and
vas = Ba© (Valvas = 054 © Vsluas © 0pa) 0 03"

Then we have {uqp,} € C2({Us}, FY @ 1) and {vap} € CH({Us}, Fo ®I). We can easily
see that

d{uapy} =0 and VT{ualgW} = —d{vap}-
So we can define an element
W(B, V., {I{"}) == [{taps } {vap}) € HA(FS) @ L.

We can check that w(E, V, {lj(l)}) = 0 if and only if (E,V, {l?}) can be lifted to a flat
family (E, V, {l?l)}) over A such that det(E,V, {[j(l)}) = ((L,VL5),v). From the spectral
sequence HY(FL) = HPTI(FY), there is an isomorphism

1gt
H2(F2) = coker (Hl(fOO) HED, Hl(fg)) .

Since (F¢))¥ ® Qp ) = F§ and (F3)Y @ Qg =2 Fy', we have

1 t
H2(F2) = coker (Hl(fOO) HED, Hl(}'é)>

1ot v
~ ker (Hl(}'é)v —>H v Hl(foo)v>

_Ho(v“r

\
Y )
> ker (HO((J-'&)V Q) —— H((F)Y © Qé/T)>

_HO (vt v
> Ker (H%f&)ﬂﬂ%f&)) .

_HO(vt
Take any element a € ker <H0(f00)ﬂ>Ho(}"&)>. Then we have a €

End((E, V,{{"})® A/m). Since (E,V,{I{"})® A/m is a-stable, we have a = c-idpg a/m
for some ¢ € A/m. So we have a = 0, because Tr(a) = 0. Thus we have

_HO(vt
ker <H0(]-'00) —HVD, HO(}'&)> = 0 and so we have H?(F*) = 0. In particular, we have

w(E,V, {ly)}) = 0. Thus (E,V, {lgz)}) can be lifted to a flat family (E, V, {l~§7)}) over A
such that (E,V,{I{"}) ® A/T = (B, V,{I'"}) and that det(E, V,{I\"}) = (L, V1), ).
Hence det is a smooth morphism. O

THEOREM 1.3.  For any (z,v) € T x N(d, (r§i))), the fiber Mg (d, (ry)))(x’,,) =

7 (x,v) is of equidimension
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n s;—1 n s;—1
7"2(9—1)4-2—1-222Zry)r](f):% (g—1)+2+nr(r—1)— ZZTJ@ -1)
i=1 j=0 j/'>j i=1 j=0

if MEp(d, (r$7)) gy # 0.

PROOF. Since Mg‘/T(d (r(i)))(x v) is smooth, it is sufficient to show that the tan-

gent space © Mg 7 (d(r$)) ) (y) of M&)r(d, (r f)))(x,u) at any point y = (E,V, {l§-”}) €

Me)r(d, (r(i)))(m v) is of dimension

n s;—1

2r¥(g—1)+ 2+ 22 Z Z r§i)r§f).
i=1 j=1j'>j
Set
0._ NG1O) =
Fo = {a € End(E) |alg,), (1;7) C l for any i, j

fl;:{beé’nd( )®QC/T(t1+ 1)
Vi F's4—Voa—aoVeFh

res gy, (b)(ly)) C 13(21 for any i,j}

Note that we have an isomorphism

1 .
Ong,pa. () /Tx N (d, (r()))( y) =H (F*),

Mgy r

where 0,0 4,99/ mx N (@)
Me)r(d, (r( ))) over T x N(d, (r (Z))). From the spectral sequence H?(FP) = HPT(F*),

we obtain an exact sequence

is the algebraic relative tangent bundle of

0—C— H'F") — H'(F') — HY(F*) — H'(F") — H'(F') — C—0.
So we have
dimH'(F*) = dim H(F") + dim H'(F°) — dim H*(F°) — dim H'(F") + 2 dim¢c C
= dim H((F°)" @ Q¢ ) + dim H'(F°) — dim H°(F°)
—dim H'((F°)" ® Q¢ /) +2
= dim H'(F°)" + dim H(F°) = dim H(F°) — dim H*(F°)" +2
=2 —2x(F").

Here we used the isomorphism F' = (F°)Y ® Q ¢/r and Serre duality. We define a
subsheaf £ C End(E) by the exact sequence

0— & — End(E) —> @Hom @915 /18y — 0
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Inductively we define a subsheaf & C End(F) by the exact sequence

0 — & — &1 — @ Hom(1 1  /117) — 0.

i=1
Then we have Eyax, {s;—1} = FO and
n s;—1
X(FO) = x(End(E)) = 3" 3 dim Hom(1{"”, 187, /15"
=1 j=1

n s;—1

53> I

i=1 j=1 j/>j—1

So we have
n s;—1

dmHY(F*) =2 - x(FO) =2 (g-D+2+2> 3 3 0. 0

i=1 j=0 j'>j

2. Riemann—Hilbert correspondence.

Let T, C and t = (fy,...,1,) be as in Section 1. Take a point z € T. Then C, is a
smooth projective curve of genus g over C and (¢;),. .., (t,), are distinct points of C,.
Consider the categorical quotient

RP,(C,,t,) := Hom (m1(Ca \ {(t) gy (Bn)a}y %), GL,(C)) // GL,(C)
by the adjoint action. We set

n Sifl .
Bi={b:=(")IZ=n WD € C for each i, j and [] [ 01")" =1
i=1 j=0

For b € B and = € T, we denote by RP,.(C,,t,,b) the categorical quotient of

for each i, there is a filtration
Cr = WO(” Sw 5 oWl

si—1

p € Hom (m1(Co \ {(F1)as - - -, (Fn), %), GL,(C)) | > WD = _ |
such that ( (vi) — b;z)id)(Wj(l))

cw®

41 for any 1, j

by the adjoint action of GL,(C), where ; is a loop around (Z;),. Then we have a
canonical closed immersion

RP,(Cy,ts,b) < RP,.(Cy, ts).
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For v € N(d, (r§i))), consider the moduli space Mg (d, (r y)))(z’,,). We define b =
()7) = rh(v) by

() _ ()
b;” = exp(—2mv—1v;")

for any i,j. For (E,V, {l(l)}) € Mg (d, (r§i)))(m7u), ker VO o\ ((#1) ..., (Bn).} DECOMES
a local system and corresponds to a representation p : 71 (Co \ {(t1)zs-- -, (tn)z}, *) —
GL,(C). Then we put RH(E,V,{I{"}) := [p] € RP,(Cs,ts,b). So we can define a

morphism

RH: Mg (d, () (o) — RP(Co, T, b).

Consider the scheme
p: M (d, (r§")) — M (d, (r}"))
such that for an affine scheme U over /\/lg/T(al7 (7’§i))),
l( /l(+1 = VJ(O) - Vg(zl) o2 Vj(:«)(.“_1 - Vj(z«)@ =0
T T

Y (@) _ (2) ) Iy
My (d, (r;)U) = (Vi) |is a filtration such that V](Q/VJ(Q+1 is a line bundle (-
ont; xU

where Mg .(d, (rj(l))) is the moduli functor of a-stable regular singular parabolic
](Z)) and (E,V, {Z(Z)}) is the member corresponding to
U— Mg)p(d, (r; @ ))) Then MCO‘/T(d (7‘( ))) is a flag scheme over M&r(d, (r( ))) and so p

is a smooth projective surjective morphism. A point of Mg /T(d (r§ ))) corresponds to a

connections of spectral type (

regular singular parabolic connection considered in [4]. Assume that we can choose a so
that a-stable < a-semistable. If we choose o = ((¢/ ),(;))Ez%ﬁ suitably, any parabolic

connection (E,V, {l](-i)}, {VJ(Z)}) in M(?‘/T(d (r(.i))) is automatically a’-stable. So we can
define an inclusion

v MEp(d, (r$)) < M&p(t,r,d),

where M /T(t, r,d) is the moduli space of a’-stable regular singular parabolic connections
defined in [4, Theorem 2.1]. If we take ' suitably, ¢ becomes a closed immersion.

For v = (uj(-i)) € N(d, (7";2')))7 we define v/ = ((u’)((f))(légffl by (u’)éi) = V](-i) if
q*m+zj i< J(l) With0§m§r§i)fl. Now assume that rn — 2r —2 > 0 if g = 0,
n>1ifg=1and n >1if g =2. Since the Riemann-Hilbert morphism

RH: MCa//T (ia T, d)(w,l/’) — RPT‘ (C7 i)rh(u’)

is a proper surjective morphism by [4], the restriction
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RH | ;. Mg r(d, ")) o) — RP(Cy T, b)

S (d(r57)) (00

is also proper. We have a commutative diagram

MEp(d (M Newy 2 M (1)) aw)
RH'MO‘/T(d,(ry)))(I,,,)\" ) v RH

RP,(C,,t.,b).
Since p is surjective, the morphism
RH: M&r(d, (r")) (o) — RP,(Co, Es, b)
becomes a proper morphism.

REMARK 2.1.  Yamakawa gives in [13, 4.3, 4.4], the Riemann—Hilbert isomorphism

; )))(axv) to the moduli space of stable filtered local

systems which is constructed as a quiver variety. The properness of the morphism

RH: MC/T(d (rj(l)))(w),,) — RP,(C,, ., b) can be obtained also from this Yamakawa’s
precise result.

from the moduli space Mg (d, (r(i

REMARK 2.2. It is somewhat a complicated problem whether the morphism RH :

Me)p(d, (r§i)))(m7y) — RP,.(Cy, t,, b) defined above is surjective. For example, it happens

that for g = 0 and for small n, the moduli space Mé"/T(d (r(-i)))(x,,,) becomes empty but

J
the moduli space RP,.(C,,t,b) is not empty.
3. Relative symplectic form on the moduli space.

THEOREM 3.1. Assume that we can take o so that o-stable & «-semistable.
Then there exists a relative symplectic form

0 o () 2
weH (MC/T(dﬂ (TJ ))7Q /T(d (T( )))/TXN( d,(r ())))

REMARK 3.1.  We need some assumption on ( (¢ )) for the existence of such a. For

@ -

example, if some r;” is coprime to 7, then we can take such a.

PROOF. There are an affine scheme U and an étale surjective morphism 7 : U —
Me)p(d, (r; (@ ))) which factors through the moduli functor Mg .(d, (r( ))) namely there

is a universal family (E,V, {ljl)}) on C X7 U. We define a complex F* on C x U by

FO .= {aegnd( )‘a|(t) (lj(z)) Cly) for any i,j}
- {besnd(E)emé/T(fl Fo i)
Vi:F'sa—Voa—aoVeF.

res(gi)U(b)(l ) C l]+1 for any i,j}
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Let 7y : C X7 U — U be the projection. Then we have

S) =7 Ope (0,69 TxN@,D)) = R (m0)(F*).

U/TxN(d,(r{")) &r

Take an affine open covering C x7 U = |J,, U, and a member v € HO(U,R! (mp).(F*)) =
H'(C x7 U, F*). v is given by [({uas}, {va})], where {uns} € C*({Us}, F°), {va} €
C°({U,}, F1) and

d{uas} = {ugy = tay +tap} =0, V' ({uag}) = {vs — va} = d{va}.
We define a pairing
wy: HY(C xp U, F*) x H'(C xp U, F*) — B*(C x1 U, Q¢ .y ) = H'(U, Op)
by

wu ([({uas}, {va D [({uagh, {vab)]) = [({Tr(uagous, )}, —{Tr(uagovi) —Tr(vaouns) -
By definition, we can easily see that wy descends to a pairing

w:@ x © —>(’)

Mg (A, () /T N(dy(r§?)) ™ M, 1 (dy(r§?)) /Tx N (d, (7)) Mg, (dy(r§?))"
Take any C-valued point y = (E,V, {lg-i)}) € M%..(d, (r(-i)))((C) over (z,v) € T x

C/T J
N(d, (r§l))). Then a tangent vector v € © corresponds to

Mg,..(d, <r“>>>/TxN<d,<r§“>>(y>
a C[t]/(#*)-valued point (E*, V", {(1"){"}) € Mg p(d, (")) (s (Clt]/(12)) such that
(B*, V", {(1")"}) @ Clt]/(t) = (B,V,{I{"}). We can check that w(v,v) is nothing but
the obstruction class for the lifting of (E¥, V", {(l”)gl)}) to a member of

ME(d, (1)) () (CIH /().

Since Mg)p(d, (r j(-i)))(z’,,) is smooth, we have w(v,v) = 0. Thus w is skew symmetric.
Let

— @V
Mg, (

& @MaTw (r§)/Tx N (d,(r{)) d,(r§))/Tx N (d,(r{"))

be the homomorphism induced by w. For any C-valued point y € Mg (d, (rj(l)))((C)

() H' (P () = © W) — 6%,

Mg, (d(r§)) /T x N (d(r” & (dy(r$))/Tx N (d, (7’ o))

= H(F" ()"

induces an exact commutative diagram
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HY(FO(y)) — HY(F'(y)) — H{(F'(y) — H'(F°(y) — HYF'(y)

b1l le 5(1/)\]/ bSl b4J{
HY(F'(y)Y — HY(F(y)" — HY(F*(y)" — H(F'(y)" — H'(F°(y)",
where by, b, b3, by are isomorphisms induced by FO(y) = Fl(y)V @ Qéu, Fly) =
Foly)V® Qéy and Serre duality. Thus £(y) becomes an isomorphism by the five lemma.

Now we will prove that w is d-closed. As is explained in Section 2, we have
a smooth projective surjective morphism p: MC/T(d (rg-z)))(x vy = Mgp(d, (T('Z)))(x,u)
and a closed immersion ¢: MC/T(d (r ()))(w v) = MC/T(t 7,d)(z)- Take any closed
point y € Mg‘/T(d (rj(z)))(w’,,). Then there is a subscheme U C MC/T(d (ry)))(m’,,)
such that p|ly: U — MCC‘/T(d (r(.i)))(m’,/) is étale and y € p(U). We can take a closed
point ' € U such that p(y’) = y. Then y corresponds to a member (£, V, {l; Z)})
MC/T(d (7“;-2)))(95 v) and y’ corresponds to a member (E,V, {l(l 1, {V](k)}) Take tangent
vectors v,w € Op(y’). Since Oy(y') = O, (@), )( y), we can regard v,w as

C/T NG z,v

elements of H!(F*(y)). Put

a|(t (l(i)) l(i) for any 4,7 and

FY:=<a€é&nd(E)|for the mduced morphlsm ag o l( )/l Do l(l /lﬁ_1 ;
we have (a jl) ®id)(V; k) C Vj(k) for any z,j,k
i res i, (b)(l(Z ) C ly) for any i,j and
Fli={be&nd(E)®QL(D) |for the induced morphism b( O l(l)/l(_i_1 IS )/Zﬁ_1 ,

we have bgl)(VJ(Z)) C V(k)Jrl for any i, j, k
Vi:F'3a~ Voa—aoVeFh
We have a canonical commutative diagram
FOly) ¢—— F°
ST
Fly) —— F.
Then we have
Ou(y') = H'(F* (1)),
GMg/T(d,(r]@))(M) (y’) = Hl(j—o — -7:1(9)),
O

&

i Td)(T o (y/) = Hl(ﬁo — ﬁ1)7
and canonical homomorphisms
Onig, ima,,, W) EH(F = F) < HU(F? = FL(y)) = HY(F(y)

H'(F
Ontg @iy, W)

I
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There is a canonical symplectic form @ on Mé"//T(i,r, d)(zﬁ,,/). There exists a split-
ting s: HY(F*(y)) — HY(F° — Fl(y)) of the surjection p,: H'(F® — F(y')) —
H!'(F*(y')) determined by U. Take an affine open covering C; = |J,U,. The tan-
gent vectors v,w can be represented by ({aas}, {ba}) and ({a,}, {b,}), respectively,
where {aap}, {alz} € C*({Ua}, FO(y')) and {ba}, {b},} € C°({Ua}, F'(y')). Replacing
Aap, G, ba, b, we may have that s(v) and s(w) can be represented by ({aap}, {ba})
and ({a,z}, {b,}), respectively with {aas}, {a;s} € C'({Uqa}, FO). Then we have

(1 (5(0)); 1 (3(w)) = [({Tr(aap © a3y}, —{Tr(aag 0 b) = Tr(ba © agg)H] = w(v, w),

which means that @|y = (p|y)*(w). Since @ is d-closed by [4, Proposition 7.3], (p|v)* (w)

is also d-closed. Thus w is d-closed, because p|y: U — M(f?‘/T(d, (r(l)

) () is étale. O

4. TIsomonodromic deformation.

Let T be an algebraic scheme over C, which is a smooth covering of the moduli stack

of n-pointed smooth projective curves of genus g. Take a universal family (C,%) over 7.

For the spectral type (7“§Z)

a-stable < a-semistable. We choose @’ as in Section 2. As is stated in [4, Propostion
8.1], there is an algebraic splitting

), assume that we can take a parabolic weight a such that

D:7*(Or) — @Mg/’T(i,r,d)

of the canonical surjection m,: eMé’/'T(i,r,d) — m*(Or), where 7: M(?‘/,T(i,r, d) —
T is the structure morphism. By the construction of D in [4, Proposition 8.1],
we can see that the image of D|M€/T(d,(r§i))) g‘/T(d,(rﬁ"")) -
@Mg‘/'T(i,nd)|Mg‘/T(d,(r§“))' Since D(7*(©7)) C @MS‘//T(imd) satisfies the integrability con-
dition, D|Mg/T(d,(r§.“))((ﬂ]\?fg/T(d,(r;“)))*(@T)) C GMg/T(d,(r;i))) also satisfies the integra-

bility condition. Consider the projective surjective morphism

is contained in 61\71

pr MEp(d, (r$?)) — M&r(d, (r{"))

J J

as in Section 2. Note that the geometric fibers of p are irreducible. Then we obtain a
composition of homomorphisms

p-(DI o))

D/' 7\ * ) ~ * ) Ca/T(d’(T; O. )
. (71' ) ( T) — p*(ﬂ- ( T)) p*( M(?‘/T(d7(r§l))))
20" O w609 7 Onrg )

and D’ is an algebraic splitting of the canonical surjective homomorphism
. * . (%) :

7 GMg‘/T(d,(rj(v”)) — (7)*(©r), where n’: M) (d, (r;”)) — T is the structure mor-

phism. Since D|Mg/T(d7(r;i)))((7T|M3/T(d7(r;“)))*(@T)) C @Mg‘/T(d,(rﬁ-i))) satisfies the inte-

grability condition, D'((7')*(01)) C ©,,4 also satisfies the integrability con-
c/T

(d,(r§))
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dition. The corresponding foliation F, .

@)y, is nothing but the isomonodromic
& (dy(r;™))

deformation.

THEOREM 4.1.  Assume that rn —2r —2>01ifg=0,n>14ifg=1andn > 0 if
g > 2. Moreover, assume that we can take o so that a-stable < a-semistable. Then the

isomonodromic foliation F, o (D determined by D' satisfies the geometric Painlevé
c/r\®\T; )

property, namely for any path v: [0,1] — T and for any point © € g‘/T(d, (rj(l))) with

m'(x) = (0), there is a unique path 5: [0,1] — Mg)p(d, (rj(z))) which lies in a leaf of

) ;oo - .
fMg/T(“r;l))) such that 7' o4 =~ and that ¥(0) = z.

Proor. Take any path v: [0,1] — T" and a point x € Mg, (d, (ry))) such that

7' () = v(0). Since p: Mg‘/T(d, (rﬁ-”)) = Mg)p(d, (TJ(Z))) is surjective, there is a point
T e ~é"/T(al, (rﬁz))) such that p(Z) = z. By the geometric Painlevé property stated in
[4, Theorem 2.3], there is a unique path +': [0,1] — é"//T(i,r, d) such that 4/(0) =
Z, m(Z) = v(0) and that the image of 4/ lies in a leaf of the foliation determined by
D(7*(Or)) C G)Mg/’T(i,r,d)' By construction, the image of 7/ in fact lies in ]\ng‘/T(d, (ry)))
So the path p o v/ satisfies the desired condition. O

REMARK 4.1. Asin Remark 2.1, there is an analytic isomorphism from the moduli
space of stable parabolic connections with given spectral type to the moduli space of
stable filtered local systems given by Yamakawa. By extending this Riemann—Hilbert
analytic isomorphism to the isomorphism between the relative moduli spaces over T, we
can also obtain the geometric Painlevé property.
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