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Abstract. In the study of the holomorphic equivalence problem for tube
domains, it is fundamental to investigate tube domains with polynomial in-
finitesimal automorphisms. To apply Lie group theory to the holomorphic
equivalence problem for such tube domains Tq, investigating certain solvable
subalgebras of g(T) plays an important role, where g(7q) is the Lie algebra of
all complete polynomial vector fields on Tq,. Related to this theme, we discuss
in this paper the structure and equivalence of a class of tube domains with
solvable groups of automorphisms. Besides, we give a concrete example of a
tube domain whose automorphism group is solvable and contains nonaffine
automorphisms.

Introduction.

A tube domain T with polynomial infinitesimal automorphisms is a tube domain
on which every complete holomorphic vector field is a polynomial vector field. We denote
by g(Tq) the Lie algebra of all complete holomorphic vector fields on Tg. In the study of
the holomorphic equivalence problem for tube domains, it is fundamental to investigate
such tube domains. A Siegel domain of the first kind is a typical example of a tube
domain with polynomial infinitesimal automorphisms, and then the structure of g(7¢) is
clarified well. For example, it is known that g(7) has the direct sum decomposition as
a graded Lie algebra, and so on. Furthermore, by using them, an affirmative answer to
the holomorphic equivalence problem for Siegel domains of the first kind is given. But
these results rely heavily on the peculiar own properties of Siegel domains of the first
kind, and it is difficult to apply a similar argument or method directly to arbitrary tube
domain T with polynomial infinitesimal automorphisms. In fact, even the direct sum
decomposition of g(7Ty) is not clear for such a case. Consequently, a new point of view is
needed in order to deal with tube domains with polynomial infinitesimal automorphisms
that are not necessarily Siegel domains of the first kind. The Prolongation Theorem
given in [6] about complete polynomial vector fields on a tube domain assures the result
that g(Tq) has some natural direct sum decomposition, and others, for aribitrary T,
and gives a lead to our study.

In general, a well-known theorem of H. Cartan that the holomorphic automorphism
group of a complex bounded domain has the structure of a Lie group enables us to apply
the conjugacy theorems in Lie theory to the theory of complex bounded domains. To

2010 Mathematics Subject Classification. Primary 32A07; Secondary 32M05, 32M25.

Key Words and Phrases. holomorphic equivalence problem, tube domains, solvable groups.

This work was partly supported by the Grant-in-Aid for Scientific Research (C), Japan Society for
the Promotion of Science.


http://dx.doi.org/10.2969/jmsj/06931157

1158 S. SHIMIZU

apply the conjugacy theorems to the holomorphic equivalence problem for tube domains
T with polynomial infinitesimal automorphisms, investigating certain solvable subalge-
bras of g(Tq) plays an important role. A typical case is just the case where g(Tq) itself
is solvable. In this paper, related to this theme, we discuss the structure and equivalence
of a class of tube domains with solvable groups of automorphisms from the view point
stated above.

This paper is organized as follows. In Section 1, we recall basic concepts and results
on tube domains. In particular, we recall two important theorems called the Structure
and Prolongation Theorems. Some consequences of the Prolongation Theorem are dis-
cussed in Section 2 together with lemmas on solvable subalgebras of g(T¢) for a tube
domain T with polynomial infinitesimal automorphisms. In Section 3, we give a struc-
ture theorem for solvable g(Ty,) as Theorem 3.1, which is a main result of this paper.
More precisely speaking, let T, be a tube domain in C" with polynomial infinitesimal
automorphisms and suppose that the base 2 of T, is a convex domain in R™ containing
no complete straight lines. Then we clarify the structure of g(7Tq) under the assumptions
that the holomorphic automorphism group Aut(7q) of Ty, is a solvable Lie group and
has the orbit through some point of T with dimension n + 1. Besides, as an application
of Theorem 3.1, we give an affirmative answer to the holomorphic equivalence problem
for such tube domains. Finally, Section 4 is devoted to a concrete example of a tube
domain as in Theorem 3.1. Among tube domains with polynomial infinitesimal auto-
morphisms, tube domains T, whose bases € are convex cones are characteristic in the
point that they have the property that if Aut(Tg) is solvable, then it necessarily consists
of affine transformations. The following example, given as Theorem 4.1, is an example
of Theorem 3.1 as well as an example that there is a tube domain Tq such that Aut(7q)
is solvable, but contains nonaffine automorphisms when €2 is not a convex cone.

EXAMPLE. Let  is a convex domain in R? containing no complete straight lines
given by

2
QO = {(y17y27y3) S R3|y2 > y% +€y3 _ 2}

Then T, is a tube domain in C? with polynomial infinitesimal automorphisms satisfying
the assumptions of Theorem 3.1 that Aut(7g,) is a solvable Lie group and has the orbit
through the origin of C? in T, with dimension 4. Moreover, ) is not a convex cone,
and Aut(Tq,) is solvable, but contains nonaffine automorphisms.

1. Preliminaries and background facts.

We first recall some notation and terminology. An automorphism of a complex
manifold M means a biholomorphic mapping of M onto itself. The group of all automor-
phisms of M is denoted by Aut(M). The complex manifold M is called homogeneous if
Aut(M) acts transitively on M. We denote by GL(n, R) x C™ the subgroup of Aut(C™)
consisting of all transformations of the form

C"5z2+—— Az+pB € C",
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where A € GL(n, R) and § € C"™. Two complex manifolds are said to be holomorphically
equivalent if there is a biholomorphic mapping between them. For a Lie group G, we
denote by G° the identity component of G and by Lie G the Lie algebraof G. If E = {--- }
is a subset of a vector space V over a field F', the linear subspace of V' spanned by E is
denoted by Er = {--- }r. The symbol §;; denotes the Kronecker’s delta.

We now recall basic concepts and results on tube domains. A tube domain Tq in
C"” is a domain in C™ given by T = R" + /=1, where Q is a domain in R™ and
is called the base of T. Clearly, each element & € R gives rise to an automorphism
o¢ € Aut(Tq) defined by

oe(2) =2+ & for z € Tq.
Write ¥ = R™. The additive group X acts as a group of automorphisms on T by
§-z=o0¢(z) for&e X andzeTp.

The subgroup of Aut(T) induced by ¥ is denoted by ¥r,,. Note that if ¢ € GL(n, R) x
C", then ¢(Tg) is a tube domain in C", and we have X1, ! = U7, where T5 =
o(Ta).

Consider a biholomorphic mapping ¢ : T, — T, between two tube domains T,
and Tq, in C™. Then, by what we have noted above and [3, Section 1, Proposition], ¢
is given by an element of GL(n, R) x C™ if and only if ¢ is equivariant with respect to
the X-actions. Biholomorphic mappings between tube domains equivariant with respect
to the Y-actions may be considered as natural isomorphisms in the category of tube
domains. In view of this observation, we say that two tube domains T, and T, in C”
are affinely equivalent if there is a biholomorphic mapping between them given by an
element of GL(n, R) x C™.

If the convex hull of the base 2 of a tube domain T, in C™ contains no complete
straight lines, then Tq is holomorphically equivalent to a bounded domain in C™ and,
by a well-known theorem of H. Cartan, the group Aut(7q) of all automorphisms of T
forms a Lie group with respect to the compact-open topology. The Lie algebra g(Tg) of
the Lie group Aut(Tq) can be identified canonically with the finite-dimensional real Lie
algebra consisting of all complete holomorphic vector fields on Tq.

Let z; = z; +v/—1y;, j = 1,...,n, be the complex coordinate functions of C",
where z;,y; € R, j =1,...,n. For z = (21,...,2,), we write Rez = (z1,...,2,) and
Imz = (y1,...,Yn). For j =1,...,n, we write 0; = 0/0z;. Let D be a domain in C".
Then every holomorphic vector field Z on D can be written in the form

Z =Y fi(2)d;,
j=1

where f1(2),..., fn(z) are holomorphic functions on D. The vector field Z is called a
polynomial vector field if fi(z),..., fn(z) are polynomials in z1, ..., z,. The maximum
value of the degrees of the polynomials fi(z),..., fn(2) is called the degree of Z. The
following result is fundamental in our study.
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STRUCTURE THEOREM ([3, Section 2, Theorem]). To each tube domain Tq in C™
whose base Q has the convex hull containing no complete straight lines, there is associated
a tube domain T which is affinely equivalent to Tq such that g(Tg) has the direct sum
decomposition

9(Tg) =p+e
for which

p={X € g(Ty) | X is a polynomial vector field},

T n n
¢ = E e* | 0; + g V=1ald; |, e % | 0; — E V—1al0; ,
i=1 j=r+1 j=r+1 R
where 1 is an integer between 0 and n and al, i = 1,...,r,j = r+1,...,n, are real
constants.

The integer r is called the exponential rank of the tube domain T, and is denoted
by e(Tq). This is well-defined, because it is readily verified that if two tube domains
Tq, and Tq, are affinely equivalent, then we have e(Tq,) = e(Tq,). When a tube
domain Ty, satisfies e(Tq) = 0, we call T, a tube domain with polynomial infinitesimal
automorphisms.

Our main theme in this paper is a study of tube domains with polynomial infini-
tesimal automorphisms. This is motivated by the holomorphic equivalence problem for
tube domains, which we will explain below.

In terms of the notion of the affine equivalence of tube domains, the holomorphic
equivalence problem for tube domains may be formulated as the problem of studying
the relationship between the holomorphic equivalence of tube domains and the affine
equivalence of tube domains. It is clear that if two tube domains in C" are affinely
equivalent, then they are holomorphically equivalent. What we have to ask is whether
the converse assertion holds or not:

PROBLEM. If two tube domains T, and Tq, in C™ are holomorphically equivalent,
then are they affinely equivalent?

When ©; and €y are convex cones in R™, an affirmative answer is given (see
Matsushima [1]). On the other hand, when ; and Qo are arbitrary domains in R"
whose convex hulls contain no complete straight lines, there is a simple counter example.
In fact, consider the upper half plane

T(o7w):{x+\/jly€C|z€R,y>0}
and the strip
T ={r+V-1lyeClzeR,0<y <7}

in the complex plane. Then the tube domains T(g o) and T{g ) in C are holomorphically
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equivalent, but not affinely equivalent. We can clarify what causes a phenomenon like
this by making use of the Structure Theorem stated above.

Let T, and Tq, be tube domains in C™ whose bases 2; and {22 have the convex
hulls containing no complete straight lines. Since the exponential rank of a tube domain
is an affine invariant, it is natural to reformulate the holomorphic equivalence problem
for tube domains as follows:

PROBLEM (x). If e(Tq,) = e(Tq,) and if T, and T, are holomorphically equiv-
alent, then are Tq, and T, affinely equivalent?

The counter example shown above corresponds to the case where e(Tq,) # e(Tq,),
because e(1(p,»)) = 0 and e(T{o,»)) = 1. On the other hand, when ; and €23 are bounded
domains in R", it is shown ([4]) that if T, and Tq, are holomorphically equivalent, then
we have e(Tq,) = e(Tq,), and T, and Tq, are affinely equivalent.

Specifying Problem (x), we consider the following problem which has fundamental
importance:

PROBLEM (xx). If e(Tq,) = e(Tq,) = 0 and if T, and Tq, are holomorphically
equivalent, then are T, and T, affinely equivalent?

When Q; and €, are convex cones in R", we have e(Tq,) = e(Tq,) = 0 (see [1]), and
an affirmative answer to Problem (xx) is given, as stated above. For an attempt to solve
Problem (*x) in the case where T, and T, are arbitrary tube domains with polynomial
infinitesimal automorphisms, we need a further study of the structure of g(7¢). The
Prolongation Theorem stated below enables us to make a more detailed analysis of the
structure of g(7Tq).

Before stating the Prolongation Theorem, we recall some facts on the affine auto-
morphism group of a tube domain. Let T, be a tube domain in C™ whose base §2 has the
convex hull containing no complete straight lines. The group Aff(Tj,) of all complex affine
transformations of C™ leaving T, invariant may be viewed as a subgroup of Aut(7Tg), and
is called the affine automorphism group of Tq,. Note that Aff(Tq) is a closed subgroup
of the Lie group Aut(Tq) and that X1, is a subgroup of Aff(Tq). The subalgebra a(Tgq)
of g(Tq) corresponding to Aff(Tg) is given by

a(Tq) = {X € g(T) | X is a polynomial vector field of degree at most one}
and the subalgebra s(Tq) of g(Tq) corresponding to ¥y, is given by
5(Tq) ={01,...,0n}R.

Now, the group Aff(Q) of all affine transformations of R™ leaving 2 invariant has the
structure of a Lie group in a natural manner. Let yi, ..., y, be the coordinate functions
of R™. We call a vector field Y on 2 an affine vector field if Y has the form

- 0
Y =3 hiy)—,
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where hq(y),...,h,(y) are polynomials in y,...,y, of degree at most one. Then the
Lie algebra a(€2) of Aff(©2) can be identified canonically with the Lie algebra of all com-
plete affine vector fields on Q. By [4, Section 1, Lemma 3], there exists a Lie algebra
isomorphism ¢, of a(2) into a(Tq) such that a(Tq) is decomposed as the direct sum

a(Ta) = s(To) + 1 (a(2)) (1.1)

of 5(Tq) and ¢, (a(2)). In fact, ¢, : a(Q) — a(Tq) is given by

n n n n
0
Ly - a(Q) = Z (Z QjiY; + bj) 87 — Z (Z Aji2q + \/—1bj> (9]' S a(TQ), (1.2)
j=1 \i=1 Y j=1 \i=1
where aj;,b;, j,4 =1,...,n, are real constants. As a consequence, note that s(Tq) is an

abelian ideal in a(Tq).

To state the Prolongation Theorem, let T, be a tube domain in C™ whose base 2 is
a convex domain in R™ containing no complete straight lines. For a polynomial vector
field Z on Tq of degree 2, we write

7= 22: (X(k) n ﬁwk)) ,
k=0

where X*) V(%) are polynomial vector fields whose components with respect to
01,...,0, are homogeneous polynomials in z1,...,2, with real coeflicients of degree
k, and set

Zy = X® + V=17,
Zig = XY + /=1y,
Zig =XxO.

Note that Z = Zj5) + Zjq) + Z}p) + V=1Y®). The following theorem gives a criterion on
the completeness of Z.

PROLONGATION THEOREM ([6, Section 2], [5]). Let Z be a polynomial vector field
on Tq of degree 2. Then Z is complete on Tq if and only if one has Y ?) =0, and the
vector fields [0;, Z], i = 1,...,n, and Z, are all complete on Tq. Consequently, if Z is
complete on Tq, then Zy) is complete on Tqo. Also, if Z = Zp) and if the vector fields
[0i, Z], i=1,...,n, are all complete on Tq, then Z is complete on Tq.

2. Tube domains with polynomial infinitesimal automorphisms.

When we are discussing tube domains T with polynomial infinitesimal automor-
phisms, it is one of the key points that a polynomial gives the Taylor expansion around
the origin of the function it represents. The purpose of this section is to give some fun-
damental results on g(7,) obtained by combining the Prolongation Theorem with this
fact.
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2.1. General observations on an isotropy subalgebra of g(Tq).

Let T be a tube domain in C™ whose base ) has the convex hull containing no
complete straight lines. We may assume without loss of generality that T contains the
origin of C™. Every element Z of g(T¢) has the Taylor expansion around the origin given
as

7 = Z Z((k)),
k=0

where Z((®) is a polynomial vector field whose components with respect to 91, ..., 0,
are homogeneous polynomials in z1, ..., z, of degree k. We write
n n
Z((l)) = <Z Cji(Z)Zi) 3j,
j=1 \i=1
where ¢;;(Z), j,i =1,...,n, are complex constants. Let £ denote the isotropy subalgebra

of g(Tq) at the origin. Then € consists of those elements Z of g(Tq) which satisfy Z((0) =
0. An application of H. Cartan’s uniqueness theorem [2, Chapter 5, Proposition 1]
yields the following result.

LEMMA 2.1. If Z is an element of € and if Z((1) =0, then Z = 0.
This result implies that the linear representation of £ given by
t>Z v+ (c;(Z)) € gl(n, C)

is faithful, where gl(n, C) denotes the set of complex n by n matrices viewed as the Lie
algebra of GL(n, C). We recall here that Tq has the Bergman metric ds7,,. Using the in-
variance of ds%ﬂ under the action of 31, after a suitable real linear change of coordinates
we may assume that the holomorphic vector fields 91, ..., d, form an orthonormal basis
at the origin with respect to ds7, . Then the matrix (¢;;(Z)) is a skew-Hermitian matrix
for every element Z of €. Indeed, this follows from the fact that every automorphism of
T is an isometry with respect to ds7,,.

2.2. Consequences of the prolongation theorem.

Let Tq, be a tube domain in C™ whose base (2 is a convex domain in R™ containing
no complete straight lines, and suppose further that e(Tq) = 0, or g(Tq) consists of all
polynomial vector fields which are complete on Tq,. Then every element Z of g(Tq) can
be written in the form

o0
z=Y 7", (2.1)

k=0
where Z(¥) is a polynomial vector field whose components with respect to 0y, ..., 0, are
homogeneous polynomials in z1,...,z, of degree k. Note that, in (2.1), only finitely

many Z*)’s are not equal to zero. We may assume without loss of generality that Tp
contains the origin, and that 0i,...,0, form an orthonormal basis at the origin with
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respect to the Bergman metric ds%ﬂ. Then (2.1) gives the Taylor expansion of Z around
the origin. For £ =0,1,2,..., we write

7k — x (k) + /_1y(1€)7

where X®) V(%) are polynomial vector fields whose components are homogeneous poly-
nomials with real coefficients of degree k. We define real vector subspaces q, s, a,,b of

9(Ta) by

2 2

q= {Z co(Ta) | Z = ZZ(k) = Z (X(k) +¢f1y(k)) }’
k=0 k=0

s={01,...,00)n,

a={Zco(To) |7=xV+y=TYO ],

b={ZeaTn)|2=x+ =Ty},

The Prolongation Theorem shows that q has the direct sum decomposition
g=s+a,+b.

Note that b is contained in the isotropy subalgebra € of g(Tg) at the origin. The following
result on b is useful for a further study of the structure of g(7q).

LEMMA 2.2. Let Z=X® 4+ /=1Y ) be an element of b and write
YW= 2": (i bji(Z>Zi> 9,
j=1 \i=1
where bj;(Z), j,i=1,...,n, are real constants. Then the following hold.
i) X® =0 if and only if YV = 0.
i) The real n by n matriz (bj;(Z)) is symmetric for every element Z of b.

PrOOF. To prove i), suppose that X®@) = 0. Then, for every i = 1,...,n, we have

[0:, Z] = ﬁzn: b;i(2)0;.

Jj=1

On the other hand, since 0;, Z € g(Tq) and since g(Tq) forms a Lie algebra, it follows
that [0;, Z] € g(T). Therefore we see by [3, Section 3, Lemma 5] that b;;(Z) = 0 for
all j = 1,...,n. This implies that Y1) = 0, and the “only if” part of i) is proved. The
“if” part of i) is an immediate consequence of Lemma 2.1, because we have Z € £ and
Z(W) = /=1y D),

To prove ii), let Z = X®) + /=1 (M) be any element of b. Then we have c;;(Z) =
V=1b;;(Z) for all j,i = 1,...,n, or (¢;;(Z)) = /=1(b;;(Z)) as n by n matrices. Since
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(¢ji(Z)) is a skew-Hermitian matrix and (b;;(Z)) is a real matrix, it follows that (b;;(Z))
is a symmetric matrix, which proves ii). O

As a consequence of ii) of Lemma 2.2, it should be observed that, when b is an abelian
subalgebra of g(Tq), the matrices (b;;(Z)), Z € b, are simultaneously diagonalizable by
a suitable orthogonal change of coordinates.

2.3. Lemmas on solvable subalgebras of g(Tgq).

As is shown in Matsushima [1], in the study of tube domains T, with polynomial
infinitesimal automorphisms, investigating solvable subalgebras of g(T) plays an im-
portant role. In this subsection, we give a lemma useful in the investigation of solvable
subalgebras of g(Tq) containing s(Tq).

Let T and q = 5 + a, + b be as in the preceding subsection. Let Z be an element
of q. Then, with the notation of Section 1, we have

Z=Zg+ Ziq + 21y (2.2)
and
Z[S] = X(O) €s,
Zig =XV +V/=1Y 0 € q,,
Z[b] = X(2) —+ V —1Y(1) €b.
We write
n n
X(Q) = Z fjaj and Y(l) = Zgjﬁj,
j=1 j=1
where f; and g; are homogeneous polynomials in z1,..., 2, with real coefficients of de-

grees 2 and 1, respectively.

LEMMA 2.3. Let t be a solvable subalgebra of g(Tq) containing s. If Z € qNt
and if the polynomials g;, 7 =1,...,n, depend on only the variables z1, ..., zm, then the
polynomials fj, j =1,...,n, depend on only the variables z1,. .., zp,.

PROOF. Let i be any index with m + 1 <4 < n. Then we have [0;, Z|] € [s, 5] =
{0}. Also, since 0;9; =0 for all j = 1,...,n by assumption, it follows that

[0i Zy] = [0, XP +V=1[0;, Y]
= Zaifjaj + ﬁz&-gﬁj
j=1 j=1
=" 0:f;0;.
j=1

Therefore we see from (2.2) that



1166 S. SHIMIZU

[0i, Z) =101, Zi) + > _ 0:f;0;. (2.3)
j=1
Note that we have
[0:;, Z] e [t, ] Ct, [0, Z[a]] €sCt. (2.4)

Write W = Z?Zl 0;f;0;. As a consequence of (2.4), W belongs to t.
We show that the endomorphism ad W of g(Tq) is zero. It is sufficient to show that
the endomorphism ad W is nilpotent and semisimple. We put

adt={adT: 9(T0)® — a(Ta)° | T € 1],

where g(Tq)€ denotes the complexification of g(7Tq) and ad T denotes the complex linear
extension of adT : g(Ta) — g(Tq) to g(To)C. Since t is solvable, Lie’s theorem shows
that, after a suitable choice of basis of g(T)€, every endomorphism belonging to ad t is

represented by an upper triangular matrix. As a consequence, ad [0;, Z] = [;1\52-, C;d\Z]

—_~—

is a nilpotent endomorphism of g(Tq)€. On the other hand, ad[0;, Z[q)] is a nilpotent

—

endomorphism of g(T)C in view of the fact that ad X, and hence ad X is a nilpotent
endomorphism for every element X of s. Therefore we conclude by (2.3) and what Lie’s
theorem has shown that

—_~

adW = ad [0;, 7] — ad [0, Zia),

and hence ad W is nilpotent. It remains to show that the endomorphism ad W is semisim-
ple. To see this, note that the components of W with respect to 91, ..., 0, are homoge-
neous polynomials of degree 1. Therefore the value of W at the origin is equal to zero.
This implies that W € €. Since € is a compact subalgebra of g(Tg), we see that the
endomorphism ad W is semisimple, and our assertion is shown.

The result of the preceding paragraph implies that [0;, W] =0 for all i = 1,...,n.
Therefore we have W € s. Since the components of W with respect to 0y, ..., 0, must
be homogeneous polynomials of degree 1, it follows that

0=W= iaifjaja

j=1
or 0;f; =0 for all j =1,...,n. Since this holds for every i = m +1,...,n, we conclude
that the polynomials f;, j = 1,...,n, depend on only the variables z1,..., 2y, and the
lemma is proved. (]

In the next section, we need the following lemma.

LEMMA 2.4.  Let t be a solvable subalgebra of §(Tq) containing s. If Z = Zy) € bNt
and if YV has the form Y1) = b, 2,0, +- - -+ bp2;0,,, where by, ..., b, are real constants,
then X @) has the form X2 = alzfal +-- -—&—anzf(f?n, where aq, ..., a, are real constants.
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Moreover, the constant a; is equal to 0.

PrROOF. The fact that X(® has the form X® = 4,220, + --- + a,220, is an
immediate consequence of Lemma 2.3. We show that a; = 0. Suppose contrarily that
a; # 0. For convenience, we denote by the notation “ --” a vector field of the form
h1O1+- - +h;—10;—1+h;110;11+ - ~+hnOyp, where hy, ... hi_1,hiy1,. .., hy are functions.
Then a;lZ is written as a;lZ = (22 + v/=1X2)0; + -+, where ) is a real constant.
Applying if necessary a change of coordinates given by the translation that replaces z;
by 2 — (V—=1/2)\, we have a; ' Z — (\?/4)0; = 220; + - -- , which is an element of t and
denoted by W. Since t contains the element (1/2)[0;, W] = 2;0; + - - - , it follows that

t:){@i,ziaz—+~~,zf@i+~~}R. (25)

Now, we denote by D™t the m-th derived algebra of the Lie algebra t. Then we see from
(2.5) that D™t contains a nonzero vector subspace {9;, 2;0; + - -+ ,220; + - - - }r for every
m = 0,1,2,.... This contradicts the assumption that t is solvable, and our assertion is
proved. O

3. A class of tube domains with solvable groups of automorphisms.

Among tube domains with polynomial infinitesimal automorphisms, tube domains
To whose bases ) are convex cones are characteristic in the point that they have the
property that if Aut(7,) is solvable, then Aut(7T,) necessarily consists of affine transfor-
mations. On the other hand, when  is an arbitrary convex domain in R™ containing no
complete straight lines, there is a tube domain Tq, in C™ such that Aut(Tg) is solvable,
but contains nonaffine automorphisms, as is shown in the next section. More generally,
we have the following structure theorem on a class of tube domains with solvable groups
of automorphisms.

THEOREM 3.1. Let T be a tube domain in C™ whose base §2 is a convexr domain
i R™ containing no complete straight lines and let n > 2. Assume that:

i) Tq is a tube domain with polynomial infinitesimal automorphisms;
i) Aut(Tq) is a solvable Lie group;

ili) Tq contains the origin o of C™ and the orbit G(Tq) - 0o of G(Tq) through o has
dimension n + 1, where G(Tq) denotes the identity component of Aut(Tq).

Then, in the notation of Subsection 2.2, g(Tq) coincides with q. Moreover, according to
the cases of a) b # {0} and b) b = {0}, the following hold.

a) One hasn > 3 and, after a real linear change of coordinates in C™, a,, b and the
nilradical n of g(Tq) are given by

a, = {\/j181 + 22102 m +tNa,.  (direct sum),
b= {V—1210; + 2202 }r,
n=s-+ {\/jlal + 22182};{.
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Also, any n-dimensional abelian ideal in n is conjugate to s by an inner automorphism
of 9(Tq).

b) The nilradical n of g(Tq) contains s and has dimension less than or equal to n+1.
Also, any n-dimensional abelian ideal in n coincides with s.

ProOF. The condition iii) implies that, after a real linear change of coordinates
in C™, we may assume that

TO(G(TQ) -O) = {81,...,8n}R+{¢j181}R, (31)

where T,(G(Tgq) - 0) denotes the tangent space to G(Tq) - 0 at o.

Consider first the case where b # {0}. Take a nonzero element Z = X 4 /=1y ()
of b. Since the value of the vector field [0;, Z] at 0 is in T,(G(Tq)-0) for every i = 1,...,n,
it follows from (3.1) that Y has the form Y = (1214 +¢Cpnzpn)01, where cq, ..., cp
are real constants.

We show that ¢; # 0. Suppose the contrary. Note that cs,..., ¢, are not all 0.
Indeed, otherwise, by i) of Lemma 2.2, Z must be 0. By a permutation of the coordinates

Z2,. .., 2n, We may assume that co # 0. Applying if necessary a change of coordinates
C" 3 (21,...,2n) — (w1,...,wy,) € C",
wy = 21,

W = C222 + +++ + CpZn,

Wy =2, 1=23,...,M,
we see that Y (1) has the form Y1) = wy(d/0w;). For simplicity, write 21,...,2, as
w1, ..., wy, again. Then it follows from Lemma 2.4 that X(®) has the form

X® = a12501 + az32303 + - -+ + 4, 230y,
where a1, as,...,a, are real constants. Therefore we have
Z = (a125 + V—122)01 + 32303 + - - - 4 1 230,. (3.2)

We recall here the general result ([3, Section 3, Lemma 6]) that if Ty is a tube domain
in C™ whose base () has the convex hull containing no complete straight lines and if a
complete holomorphic vector field X on Tg, is of the form

X = Z fj(Zh...,Zk)aj

j=k+1

then f;(#1,...,2k), j = k+1,...,n, are real constants. Combining (3.2) with this result,
we obtain Z = 0, which is a contradiction and our assertion is shown.

Replacing Z by cle, we may assume that Y (1) = (z21+c222+ - +cn2,)01. Applying
if necessary a change of coordinates

C" 3 (21,...,2n) — (w1,...,wy,) € C",
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{wl =21+ C2z2 + -+ Cp2n,

w; =2i, 1=2,...,M,

we see that V(1) has the form Y1) = w;(9/0w,). For simplicity, write z1,..., 2, as
wi, ..., wy, again. Then it follows from Lemma 2.4 that X(® has the form

X® = 492205 + - + 0,270,
where ao, ..., a, are real constants. Therefore we have
Z =V/—12101 + 422305 + -+ + a4, 230, = V12101 + 23 (a905 + - - + a,0y,).

Note that as,...,a, are not all 0. Indeed, otherwise, by i) of Lemma 2.2, Z must be
0. Hence, by a suitable real linear change of the coordinates zs, ..., z,, Z has the form
Z = \/—71,2181 + 2%82

We show that b = {\/—1210; + 2202 }r. Note that Ty contains the origin o. Since
b is contained in a compact subalgebra of g(7q) given as the isotropy subalgebra of
9(Tq) at o and since g(Tq) is solvable, we see that b is abelian. Take any element W =
U +/=1V ™ of b. Since the value of the vector field [;, W] at o is in T,(G(Tq) - 0) for
everyi=1,...,n, it follows from (3.1) that V(! has the form V1) = (¢;21+- - 4¢,2, )01,
where ¢1,. .., ¢, are real constants. The fact that [Z, W] = 0 implies that

Z, U(2)] + (coza + -+ Cnzn)01 + V122201 — 2/ —121(c121 + -+ + €p2p)02 = 0.

Here the coefficient functions of the vector field [Z, U(Q)] are polynomials of degree greater
than or equal to 2. Therefore we have co = - -+ = ¢,, = 0, which shows that VO = ¢2,0;.
From this, we see that W — 17 = U® — clzfag. By i) of Lemma 2.2, we obtain
W —c1Z =0, or W = ¢1Z. We thus conclude that b = {y/—1210; + 2702} r.

We show that a, = {/—19; + 22192 }r + €N a, (direct sum). Since

[01,V=1210 + 202]) = V=101 + 22102

is an element of g(Tg), we see that v/—10;+22,02 € a.. We note here that n > 3. Indeed,
if n = 2, then Q is given by Q = {(y1,72) € R?|y2 > 37 + ¢} for some constant ¢ € R,
because the vector field v/—18; + 22105 is complete on Tq and  is a convex domain in
R? containing no complete straight lines. Therefore T must be homogeneous, which
contradicts the condition iii). Now, take any element Z = X 4+ /=1Y(® of a,. Since
the value of the vector field Z at o is in T,(G(Tq) - 0), it follows from (3.1) that Y(©)
has the form Y(©) = \d;, where ) is a real constant. Put W = Z — AV=10; + 22105).
Then W takes the value 0 at the origin o, becuase Y(©) = A\d;. Therefore we have
W etna, and Z = A(v/—10; + 22102) + W. This concludes that a, is the direct sum
of {\/—7181 + 22162}11 and €N a,.

We show that nNgq = s+ {y/—19; +22192 }r. For brevity, write Zg = /—12101 +270,
and Wy = /=101 + 22102. Then ad Wy = [ad 0y, ad Zy] is nilpotent in view of Lie’s
theorem. Also, it is obvious that ad 0; is nilpotent for every i = 1,...,n. Therefore nNq
contains s + {Wy}r. Let Z be any element of ¢ such that ad Z is nilpotent. We can
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write Z = Ay + uWy + U + T, where A, u are real contants and U € €Na,, T € s.
Then ad (AZy + U) is semisimple, because \Zy + U belongs to the isotropy subalgebra
€. On the other hand, ad Z, ad uWy, adT are all nilpotent. Since ad(\Zy + U) =
ad Z — ad pWy — ad T, we see that ad (AZy + U) is nilpotent and semisimple, and hence
ad (AZy 4+ U) = 0. As a consequence, we have

0= (ad(A\Zy+U))0; = [A\Zp + U, 0;] foreveryi=1,...,n,

which implies that AZy + U = 0. This concludes that nNq = s+ {v/—10; + 22102} r.

We show that g(Tq) = q. Suppose that g(Tq) # ¢, or that there exists a nonzero
element Z of g(Tq) of degree greater than or equal to 3. Then we can choose suitable
nonnegative integers vy, ..., v, with some v; > 0 such that (ad9;)** - -- (ad 9,)"" Z is an
element of g(Tq) of degree just 2, which we denote by W. In view of Lie’s theorem,
ad W is nilpotent, so that W € nNq. But, as is shown above, we must have nNq =
s+ {v/—10; + 2210 }r. This is a contradiction, because the degree of W is 2. We thus
conclude that g(Tq) = q.

Since g(Tn) = q, we have n = 5 + {/—10; + 22:0:}r. We show that any n-
dimensional abelian ideal sg in n is conjugate to s by an inner automorphism of g(7j).
Write Zp = Mjlzlal + Z%@g and Wy = \/jlﬁl + 22109 as above. If s = 5, then
our assertion is obvious. Suppose that sy # s. Then we see that sy has the form
so = {A\Wy + u01, 09, -+ ,0ntwr, where A, u are real constants and A # 0. Now, we have
the relations

(ad Zo)WO = 81, (&d Z0)81 = —WQ, (ad Zo)al = 0, 1= 2, N
From these, it follows that, when «, 8 € R,

Ad(ExptZy)(aWy + 1) = (acost — Bsint)Wy + (asint + [ cost)dr,
Ad(EXp tZO)& = @, 1= 2, N

for all t € R, where Ad : G(Tq) — Int(g(Tq)) is the adjoint representation of the Lie
group G(Tq). If u # 0, then, for tg € R with tantg = A\/u, we have

Ad(ExptoZy)(AWo + pd1) = v01  for some real constant -,

and therefore Ad(ExptoZy)so = s. On the other hand, if 4 = 0, then, for ty = 7/2, we
have

Ad(EXp tQZQ)()\WO) = )\81,

and therefore Ad(ExptoZp)so = s. These show that sg is conjugate to s by an inner
automorphism of g(Tq), as desired.

Consider next the case where b = {0}. We show that g(Tq) = q = s + a.. Suppose
that g(T) # q, or that there exists a nonzero element Z of g(Tq) of degree greater
than or equal to 3. Then we can choose suitable nonnegative integers v1,..., v, such
that (ad01)"* - - - (ad 0,)"" Z is an element of g(Tq) of degree just 2. By the Prolongation
Theorem, this yields that b # {0}, which is a contradiction. We thus conclude that
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9(To) =q=s5+a,.

We show that n contains s and has dimension less than or equal to n + 1. The fact
that n D s follows by a similar way to the case where b # {0}. Assume that n # s. Since
a(Tq) = s + a, and n O s, there exists a nonzero element Z = XM + /=1Y () of q,
such that ad Z is nilpotent. Since the value of the vector field Z at o is in T,(G(Tgq) - 0),
it follows from (3.1) that Y(© has the form Y(®) = X\J;, where ) is a real constant.
Here we have A\ # 0. Indeed, otherwise, Z belongs to . From this, we see that ad Z
is nilpotent and semisimple, and hence ad Z = 0. This implies that Z = 0, which is a
contradiction. Now, let W be any element of g(Tq) such that ad W is nilpotent. Write
W=UW +/=1VO 4+ T, where UM 4+ /=1V ) € q, and T € s. It follows again from
(3.1) that V© has the form V() = ud;, where u is a real constant. Therefore we have
W —(u/NZ=UY — (u/A) XD 4T, or

U — %X(l) —W— %Z - (3.3)

Since W, (u/N\)Z, T € g(Tq), this shows that UM — (u/X\) X1 is an element of g(Tq)
which takes the value 0 at the origin o, so that U™ — (/X)X ™) belongs to £. On the
other hand, since ad (UM — (u/A\)XMV) = ad W — ad (u/\)Z — ad T by (3.3) and since
adW, ad ((u/N)Z), ad T are all nilpotent, ad (U™ — (/X)X D) is nilpotent. From these,
we see that ad (UM — (u/A)X ™M) is semisimple and nilpotent, and hence ad (U™ —
(/N X®) = 0, which implies that UM — (u/A)X® = 0. By (3.3), we have W =
(u/N)Z +T, and n = s+ {Z}r is shown. We thus conclude that n has dimension less
than or equal to n + 1.

We show that any n-dimensional abelian ideal sy in n coincides with s. Suppose
that so # s. Then, since 59 C n C g(Tq) = s + a. = a(T) and since n contains s, we can
apply [6, Lemma 4.2] to so by noting the proof of it. Therefore there exists a nonzero
complete polynomial vector field on T of degree 2. By the Prolongation Theorem, this
yields that b # {0}, which is a contradiction. We thus conclude that so = s, and the
proof of the theorem is completed. O

REMARK 3.2. Theorem 3.1 asserts that, under the assumption of the theorem,
any n-dimensional abelian ideal in the nilradical n of g(Tq) is conjugate to s by an
inner automorphism of g(7Tq). The result like this plays a key role on the study of the
holomorphic equivalence probelem for tube domains.

Using Theorem 3.1, we can give an answer to the holomorphic equivalence problem
for a class of tube domains with solvable groups of automorphisms.

THEOREM 3.3. Let T and Tq be two tube domains in C™ whose bases Q and €
are convex domains in R™ containing no complete straight lines and let n > 2. Assume
that:

i) To and Tq are tube domains with polynomial infinitesimal automorphisms;

ii) Aut(Tq) is a solvable Lie group;
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iii) There exists a point zo of T such that the orbit of G(Tq) through zo has dimension
n+ 1.

Under these assumptions, if Tq and T are holomorphically equivalent, then they are
affinely equivalent.

PrOOF. Let ¢ : Tq — T be a biholomorphic mapping between T and Ty .
Since pAut(To)p ™t = Aut(T) and pG(Ta)p~! = G(Tqr), we see from the assumption
that Aut(Tq) is solvable and the orbit of G(Tq/) through ¢(zp) has dimension n + 1.
Note that, replacing if necessary T and To by Ta — 2o and T — ¢(z0), respectively,
we may assume that zo and p(zg) are the origin.

Now, let ® : Aut(7Ty,) — Aut(Tq) be a Lie group isomorphism between Aut(Tq) and
Aut(To) given by ®(f) = pofop~! for f € Aut(Tq). We denote by @, the differential of
®, which is regarded as a Lie algebra isomorphism between g(7Ty,) and g(Tq/). Let n and
n’ be the nilradicals of g(Tq) and g(Tq/), respectively. Then we have ®,(n) = n’. Since
5(Tq) is an n-dimensional abelian ideal in n, we see that ®,(s(Tq)) is an n-dimensional
abelian ideal in n’. By Theorem 3.1 and the remark after it, there exists an inner
automorphism 7, of g(Tq/) such that 7.(®.(s(Tq))) = s(Tq/). Here 7, is the differential
of a Lie group automorphism 7 of G(Tq) given by 7(h) = gohog™! for h € G(Tq), where
g is some element of G(Tq/). Therefore we have (g o ¢)X1, (g0 ¢)~' = Zr,,. It follows
from [3, Section 1, Proposition] that go is given by an element of GL(n, R) x C™. This
shows that T and Tq: are affinely equivalent, and our theorem is proved. O

4. An example of a tube domain whose automorphism group is solvable
and contains nonaffine automorphisms.

In this section, we give a concrete example of a tube domain in Theorem 3.1, which
is an example of a tube domain whose automorphism group is solvable and contains non-
affine automorphisms as well. In what follows, we use the same notation as in Theorem
3.1.

THEOREM 4.1.  Let Qg is a convexr domain in R? containing no complete straight
lines given by

: 2
Qo = {(y1,v2,93) € R¥|yo > y7 +e¥5 — 2}

Then Tq, is a tube domain with polynomial infinitesimal automorphisms, and g(Tq,) is
given by
9(Tq,) =s+a.,+b,
a, = {\/ —101 + 22182}[{,
b= {\/ —12181 + Z%aQ}R.

To prove Theorem 4.1, it suffices to prove the following:
1) Every element of g(Tq,) is a polynomial vector field;

2) a, = {\/ —10; + 22182}11;
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3) b= {\/—12181 + Z%aQ}R;
4) 9(Ta,) = q.

We prove 1). For this, we need a lemma. Before stating the lemma, we fix notation.
Let r be an integer between 0 and n. Let 7’ : C* — C” be the projection given
by 7' (z1,...,2n) = (21,-..,2). For k = (ki,...,k.) € Z", we define a tube domain
D(k1,... k) in C" by

D(k1,. . kr) = Thym, (ki +1)m) X = X Ty (k1)) -

The following lemma gives a useful criterion for a given tube domain to be a tube domain
with polynomial infinitesimal automorphisms.

LeEMMA 4.2.  Let Tg be a tube domain in C™ whose base Q has the convex hull
containing no complete straight lines. Assume that g(Tg) contains a subspace ¢ given by

ks n n
¢ = Z e” 61 + Z vV 71&33‘7 ; e~ 5‘1 - Z vV 71azaj 5
=1 j=r+1 j=r+1 R
where r is an integer between 0 and n and ag, i=1,...,r,j=r+1,...,n, are real
constants. If Tg, is the tube domain in C” given as the image of the domain T under
the projection 7', then Tg, = D(k1, ..., k) for some (k1,..., k) € Z". As a consequence,
one has

Q C (kym, (ky + )m) x -+ x (kpmr, (ky 4+ 1)7) x R,

PrROOF. By [3, Section 3, Lemma 4], the holomorphic vector fields e*19y, ..., e* 0,
are complete on Tg,. Therefore it follows from [4, Section 2, Lemma 3| that Tg, =
D(ky,..., k) for some (ky,...,k,) € Z". O

We turn to the proof of 1). By the Structure Theorem in Section 1, there exists a
tube domain Tg = which is affinely equivalent to Tq, such that g(TQO) has the direct sum
decomposition

9(Tg,) =p+e
for which

p={X € g(Ty,) | X is a polynomial vector field},

r 3 3
¢ = Z et 8Z + Z A% —1@{({%‘ s e~ 82 — Z AV —lagaj s

i=1 j=r+1 j=r+1 R
where r is an integer between 0 and 3 and ag, t=1,...,r,j =r+1,...,3, are real
constants. Suppose here that ¢ # {0}, or 7 > 1. An application of Lemma 4.2 to Tg , ¢
yields that
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Qo C (kym, (ky + 1)) x -+ x (kpmr, (kp + 1)7) x R377.

Since Qp is affinely equivalent to g, it follows that this can not occur. Therefore we
obtain ¢ = {0}, and hence g(75 ) = p, which implies that every element of g(Tq,) is a
polynomial vector field.

We prove 2). The defining function p of the boundary of Qq is given by p(y1,y2,ys) =
Y —y2 + e¥: — 2. Let Y be an affine vector field on Qo and write

0 0
Y = (a1y1 + azy2 + azys + ao)aiyl + (b1y1 + baya + bsys + bo)aiy2

0
+ (c1y1 + coy2 + cays + Co)@,
3

where a;, b;, ¢;, i = 0,1,2,3, are real constants. In view of (1.1) and (1.2), to prove 2),
it is sufficient to show that

. 2
(Yp)(y1,y2,93) =0 for all (y1,ys,ys) € R with yp = yf + € (4.1)
if and only if b; = 2ag, and the other coefficients are all 0, that is, ¥ has the form

0 0
Y = A= + 2y —,
8y1 yl@yg

where A is a real constant. The “if” part is immediate. We show the “only if” part. (4.1)
is written as

0 = 2a1y? + 2027 + 2asy1¥* + 2azy1ys + 2a0y1
2
— biyr — bayi — bae¥s — bays — by
+ 2e1y1y3e” + 2c2y3yse?s + 2eay3e” + 2ezyie”s + 2coysel. (4.2)

By letting y3 = 0 in (4.2), it follows that
as =0, by = 2a;. (4.3)
On the other hand, putting y; = 0 in (4.2), we have
0= —bgeyg — bsysz — by + 202743623’?2’ + 203y§ey?2’ + QCoygeyg. (4.4)
By substituting y3 = 0 into (4.4), we see that
0= —by — by (4.5)

Also, by differentiating the both sides of (4.4) with respect to y3 and substituting y3 = 0
into it, we see that

0= —b3 + 2co + 2¢g. (46)

Moreover, by differentiating the both sides of (4.4) twice with respect to ys, it follows
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that
0= bgeyg(ayg + (terms of degree < 1))
+ caes (Bys + (terms of degree < 2)) + c3e¥s (vy3 + (terms of degree < 3))

+ coe¥s (6y5 + (terms of degree < 2)), (4.7

where «, 8, 7, § are some nonzero constants and (terms of degree < k) denotes a poly-
nomial in y3 of degree less than or equal to k. Multiplying the both sides of (4.7) by
e‘yg, we obtain

0 = bo(ay? + (terms of degree < 1))
+ coe¥s (Bys + (terms of degree < 2)) + c3(yy3 + (terms of degree < 3))
+ ¢o(6y3 + (terms of degree < 2)). (4.8)

Since e¥ is not a polynomial in ys, this shows that co = 0. As a result, we have c3 = 0.
Indeed, the right hand side of (4.8) is a polynomial in y3 and the coefficient of y3 is c37.
A similar argument shows that ¢y = by = 0. Combining these with (4.3), (4.5) and (4.6),
we have a; = by = b3 = 0 as well. To sum up so far, we obtain

a1=a3=0,bo=b3=0by=0,co=c3=c9=0. (4.9)
Now, substituting (4.9) into (4.2) yields that
0 = 2a3y1ys + 2a0y1 — biys + 2c1y1y3e% . (4.10)
Letting y3 = 0 in (4.10), we see that
by = 2aq. (4.11)
By substituting (4.11) into (4.10), it follows that
ag =c; =0. (4.12)

(4.9), (4.11), and (4.12) show the “only if” part, and the proof of 2) is completed.

We prove 3). Note first that, by 2), the vector field v/—19; +221 95 is complete on Ty, .
Now, set Z = \/jl2131 + Z%ag Since [81, Z] e \/jlal + 22109 and [32, Z} = [63, Z] =0
are all complete on Tq,, it follows from the Prolongation Theorem that Z is complete
on Tq,, so that {/—1210; + 270:}r C b. Let W = U®? + /=1V () be any element of
b. Then we have

[0;, W] € a,. = {V—101 +22102}r  for every i = 1,2,3. (4.13)

Write

3 3
U® =3"f0; and V1 =>"g;0,,
j=1

Jj=1
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where f; and g; are homogeneous polynomials in 21, 22, 23 with real coefficients of degrees
2 and 1, respectively. By (4.13), for j = 1,3, we have 0, f; = 0 for every ¢ = 1,2, 3, which
implies that fi = f3 = 0. On the other hand, if we write fa(2) = az? + b23 + 23 +
dz129 4 ez923+ fz321, where a,b, ¢, d, e, f are real constants, then we see from (4.13) that
O fo(z) = 2bzg + dz1 + ez3 and 05 f2(2) = 2cz5 + ezo + fz1 are constant multiples of z,
respectively. Therefore we have b = ¢ = e = 0, so that fo(2) = az? + dz122 + f2321.
Furthermore, since 01 fa(z) = 2az1 + dz2 + fz3 is a constant multiple of 2z; again by
(4.13), it follows that d = f = 0. We thus obtain

U = az20,. (4.14)

Now, By (4.13), for j = 2,3, we have 0;9; = 0 for every i = 1,2,3, which implies that

g2 = g3 = 0. From this and (4.14), we see that W has the form W = /—1(pz; +

qze + 1r23)01 + az30,, where p,q,7 are real constants. Since [0y, W] = /—1¢d; and

[03, W] = /—1r0,, it follows from [3, Section 3, Lemma 5] that ¢ = r = 0, so that

W = v/—1pz10;, +az?0,. Therefore we have W —aZ = \/—1(p—a)z10;. By i) of Lemma

2.2, this shows that 0 = /=1(p — a)z10; = W — aZ, or W = aZ. We thus conclude 3).
Finally, we prove 4). Note first that, by 2) and 3), q is given by

q={(V-1Az1 + V=1p+ )01 + (A2] + 2uz1 + B)0s + 705 | o, B, 7, A\, u € R}, (4.15)

Now, suppose that g(Tq,) # ¢, or that there exists a nonzero element W of g(Tq,) of
degree greater than or equal to 3. Then we can choose suitable nonnegative integers
Vi,...,Vn such that (ad 1) ---(ad0,)""W is an element of g(Tq,) of degree just 3,
which we denote again by W. Write W = 23:1 f;0;, where f;, j = 1,2,3, are polyno-
mials in 21, 22, z3 of degree less than or equal to 3. For the polynomial f;, we denote by
fj(g) and fj@ its homogeneous parts of degrees 3 and 2, respectively. Then, using (4.15)
and the fact that [0;, W] € q for every i = 1,2, 3, we can show the following:

a) fl(g)(z) =0 and fl(z)(z) = pz?, where p is a complex constant;

b) £59(2) = rz? and £ (2) = ¢22, where r is a nonzero real constant and g is a
complex constant;

c) 353)(2) =0 and féz)(z) = 0.
Consequently, replacing »~'W, r~1p,r~1q by W, p, q if necessary, we can write

W = (pzf + a1z1 + asza + azzz + ag)oh
+ (23 + q2% + biz1 + baza + bgzg + bo)02 + (€121 + c222 + c323 +¢0)03,  (4.16)

where p, q, a;, b;, ¢;, 1 = 0,1,2,3, are complex constants. Since
[01, W] = (2pz1 + a1)01 + (327 +2q21 + b1)0s + 103
coincides with
(V=1Azy + V=1p+ )01 + (\2? 4+ 2uz, + B)02 + 403 for A =3 and p = q,

we see that
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3
p= 5\/—1, a1 =V-1qg+ a. (4.17)

Set Z = /—101 + 2210. Then, substituting (4.17) into (4.16), we have

[Z, W] = {(2a3 — 3)z1 + (V—1a — ¢)} 0y

+ {2(b2 — 04)21 — 2a929 — 2a323 + vV —1b; — 2&0}82 + (2622’1 + vV —101)83.
(4.18)

This shows that [Z, W] is an element of

s+a. = {(V-1p+ )01 + (2uz1 + )02 + 705 | o, 8,7, 1 € R}

and has the form (4.18). As a consequence, we must have az = 3/2 and ay = 0 simulta-
neouly, which is a contradiction. We thus conclude 4), and the proof of the theorem is

completed. O
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