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Abstract. When the growth at infinity of a function w on RN is com-
pared with the growth of |z|® for some s € R, this comparison is invariably
made pointwise. This paper argues that the comparison can also be made in
a suitably defined LP sense for every 1 < p < oo and that, in this perspective,
inequalities of Hardy, Sobolev or Morrey type account for the fact that sub
|| =N/P growth of Vu in the L? sense implies sub |z|'=N/? growth of u in the
L4 sense for well chosen values of g.

By investigating how sub |z|* growth of Vv in the LP sense implies sub
|z|5t7 growth of VF~74 in the L9 sense for (almost) arbitrary s € R and for g in
a p-dependent range of values, a family of higher order Hardy/Sobolev/Morrey
type inequalities is obtained, under optimal integrability assumptions.

These optimal inequalities take the form of estimates for V¥~7 (u—my),1 <
j < k, where m, is a suitable polynomial of degree at most & — 1, which is
unique if and only if s < —k. More generally, it can be chosen independent of
(s,p) when s remains in the same connected component of R\{—k,...,—1}.

1. Introduction.

Unless specified otherwise, RY is the domain of all function spaces. If s > —1,u € D’
(distributions) and Vu € (L)Y grows slower than |z|* at infinity for some s > —1, then
u grows slower than |z|5*1 at infinity. In this statement, growth is understood pointwise,
outside a set of Lebesgue measure 0 and the precise result is that if (1 + |z]|)"*Vu €
(L>*)N, then (1 + |z|)~*~tu € L. This property breaks down if s < —1 but, if s < —1
and N > 1, it is still true that (1 + |z|) ™! (u — ¢,) € L™ for a unique constant c,,.

The pointwise criterion is only one of the ways to compare the growth of a function
against the growth of the powers of |z|, but it is not necessarily the most useful one. For
instance, it is notorious that pointwise growth has little relevance for functions of L7
with 1 < p < oo, and, from the context, it is intuitively clear that an LP evaluation of
growth could only be more adequate.

Such an LP measure of growth can be captured by various closely related but non-
equivalent definitions. The option chosen in this paper is to say that u € L}  grows
slower than |z|® in the L? sense if (1 + |x|) =~ /Py € LP. This is justified by the remarks
that the function u(x) := (1 4 |z|)! satisfies this condition if and only if ¢ < s and that
the pointwise concept is recovered when p = oo although, in this case, (14 |z|)~%u € L™

still holds if u grows as fast as |z|° at infinity. Strictly slower growth requires the stronger
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limp— 00 €8SSUP|, s g [#]*|ul = 0 or simply lim|;| o0 [2["*u(x) = 0 if u is continuous. In
particular, v € L? with p < oo (p = oo) if and only if u grows slower than |z|~"/? (no
faster than |x|° = 1) in the LP sense. Of course, the choice of a scale based on 1 + |z
rather than |z| is meant to avoid integrability issues near the origin, which have nothing
to do with behavior at infinity.

It is a natural question whether the feature of the p = co case highlighted in the first
paragraph is preserved when p < oo : If s # —1 and Vu grows slower than |z|® in the L?
sense, is there a constant ¢, such that u — ¢, grows slower than |z|*T! in the LP sense,
or in the L7 sense for some g # p? If s > —1, is it possible to choose ¢, = 07 Although
some widely explored issues, such as inequalities of Hardy, Sobolev or Morrey type, turn
out to be intimately related to these questions, they have apparently not been tackled up
front and the connection between familiar inequalities and growth transfer from gradient
to function, while intuitively obvious, has nonetheless remained rather vague.

This paper investigates the more general growth transfer property in the LP — L9
sense, when Vu is replaced with V¥u for some k € N and s € R\{-k,...,—1}. To
deal with the excluded values, the discussion should incorporate a logarithmic scale and
is omitted. Also, it will be necessary to assume N > 1 when s < —1, although this
restriction can be lifted when R is replaced with R..

The space

Li:={ucLl, :(1+z))~*NMuec L}, 1<q<oo, (1.1)

loc

that embodies sub |z|* growth in the L7 sense if ¢ < oo (and up to |z|® growth if ¢ = o)
is equipped with the Banach space norm

lullpg == 111+ J]) ==, (1.2)

where ||- ||, is the L norm. If ¢ < oo, then L¢ = LI(RYN; (1+|z|)~*?~Ndz), with identical
norms.

A little more notation must be introduced to give a concise summary of the results.
The number

N+k—1>7 3

v(k,N) = ( |

is the dimension of the space of real symmetric tensors of order k € N and, for d € Z, Py
denotes the space of polynomials of degree at most d, with the usual agreement that
Pg = {0} if d < 0. Lastly, if j € Nand 1 < p < oo, we set p*/ := Np/(N —jp) if p < N/j
and p*J := oo otherwise and

[p,p*] ifp#N/jorifp=N=j=1,
I, _{ (1.4)

[p,00) if p= N/j with N > 1.

In particular, I, = [p, oo] irrespective of j if N = 1.
The main result (Theorem 4.4) states that if k € N, 1 < p < oo and either s > —1 or
N >1land s ¢ {—k,...,—1} and if VFu € (L2)**N) there is a polynomial 7, € Py_1
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such that V¥~ (u — ) € (Lgﬂ)”(k*j’m for every 1 < j < k and every ¢ € I, and
there is a constant C' > 0 independent of u such that

V= (=)l s, , < Cll [V ul |

LE- (1.5)

In particular, V=7 (u — 7,) grows slower than |z|**/ in the L sense for every finite
q € I, and no faster than |z|**7 in the L> sense when p > N/j (so that co € I;,).
We also show that, in the latter case, VK= (u — m,) still grows slower than |z|*TJ, that
is, limy| o0 [2|~CH) (VETu(z) — VF I, (2)) = 0. When j = k and s = —N/p (i.e.,
VEu € (LP)**N)) this pointwise property was proved by Mizuta [14], by a different
method.

If s > —1, then Pj_; C LZﬂ‘ irrespective of ¢ and (1.5) implies V¥~7u € L‘SIH for ev-
ery q € I;,. Thus, 7, is irrelevant as regards the property V¥ =7 (u—m,) € (Lngk)”(k_j’N),
but it remains of course essential for the validity of (1.5).

The polynomial m, may be chosen independent of (s,p) when s remains in any
connected component of R\{—k,...,—1} and its nature is different depending upon k
and s and, to some extent, even p. When s > —1, there are many different ways to define
a (generally different) polynomial ,,, each one being more or less reminiscent of a Taylor
polynomial of u of order £ — 1. That 7, may be chosen as a genuine Taylor polynomial
is only true when p > N. Without this restriction (and, still, s > —1), the coefficients
of m, can be obtained by averaging the partial derivatives of u of order up to £k — 1 on
arbitrarily chosen balls independent of u. For details, see Theorem 2.3 when k£ = 1 and
the comments following Theorem 4.4 in general.

In contrast, m, is unique when s < —k and its coefficients depend only upon the
behavior at infinity of the partial derivatives of u of order up to k — 1. If s € (—k, —1),
the part of 7, of higher degree is unique and depends upon the behavior of the higher
order partial derivatives of w at infinity and its part of lower degree can be chosen as a
Taylor polynomial of sorts, much like in the case when s > —1. Naturally, the meaning
of higher and lower degree will be clarified.

All the spaces L? are dilation-invariant, which allows for scaling arguments. In many
cases, scaling produces inequalities (1.5) in which the weight 1+ |z| may be replaced with
|x]. When k£ = 1 and s = —N/p, different choices of ¢ produce the following sample of
at least partially known inequalities:

(@) Mzl (u = w(0)) [l, < C|[[Vulll, if p > N (with ¢ = p and 7, = u(0) in (1.5),
plus scaling). This is Hardy’s inequality.

(ii) |lu = cullpr < CJ|Vul|p for a unique constant ¢, if p < N (with ¢ = p* and
Ty = ¢, 10 (1.5)), a known generalization of Sobolev’s inequality ([13, Section 6.7.5]).

(iif) sup,cpn 2|7 TV/Plu(z) — u(0)| < C|||Vul ||, if p > N (with ¢ = co and 7, =
u(0) in (1.5), plus scaling). This is Morrey’s inequality.

(iv) [[(1+ |z]) " (u = cu) |l, < C/|Vul ||, for a unique constant ¢, if p < N (with
g =pand m, = ¢, in (1.5)), a variant (with |z| replaced with 1 + |z|) and generalization
of the Hardy—Leray inequality’ when u € C§° (so that ¢, = 0) ([10], [13, Section 2.8.1]).
By scaling, the Hardy-Leray inequality || |z|~1ul|, < C|||Vul||, follows under the more

IThat is, Hardy’s inequality when p < N.
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general assumption ¢, = 0.

Other values of ¢, s or k produce inequalities of the same type. We shall refer to
the texts by Maz’'ya [13] and Opic and Kufner [16] for various related inequalities on
RY when N > 1. The papers by Caffarelli, Kohn and Nirenberg [3], Catrina and Costa
[4], Gatto, Gutiérrez and Wheeden [7], Lin [11] and the author [18], are in a similar
spirit, but specifically devoted to inequalities involving pure power weights |z|*. We do
not mention work limited to Muckenhoupt weights since (1 4 |z|)® need not belong to
this class.

Aside from technical differences due to the choice of weights, the inequalities (1.5)
depart from those in the above and other works in more basic aspects. In the literature,
the focus has overwhelmingly been on inequalities of the form (1.5) when m, = 0. Since
this is not typical, such inequalities can only be true under restrictive assumptions. In
fact, while (1.5) holds under the optimal integrability condition V*u € (L?)*(#N) the
others assume at least that u belongs to some weighted Sobolev space ([16], [18]) and,
more often, u € C5° or u € C5°(RN\{0}) ([3], [4], [7], [11], [13], [16]), especially when
E > 1 ([11], [13]). In that regard, it is instructive to observe that if u € C§°, then
m, = 0 when 7, is determined by behavior at infinity (i.e., s < —k) and also m, = 0 if
u € C°(RM\{0}) and 7, may be chosen as a Taylor polynomial at 0 (i.e., s > —1).

The proof of Theorem 4.4 is by induction on k. The case when k& = 1 (Theorem 4.3)
is more demanding and the proof has three steps. The first two consist in proving the
theorem when ¢ = p or when w is radially symmetric and ¢ € I ,, and either s > —1
(Theorem 2.3) or s < —1 (Theorem 3.2). The main ingredients include a property
of approximation by mollification in weighted spaces LP(RY;wdx) when 1 < p < oo
and logw is uniformly continuous (Lemma 2.1), two special cases of well-known one-
dimensional Hardy-type inequalities (Lemmas 2.2 and 3.1) and the Poincaré-Wirtinger
inequality on bounded open subsets of RY and on the sphere SN 1.

To prove Theorem 4.3 when ¢ > p, we take advantage of the fact that the radially
symmetric case has already been settled to reduce the problem when u has a vanishing
radial symmetrization. Under this additional assumption, an elaboration on an argument
first used by Caffarelli, Kohn and Nirenberg [3] (Lemma 4.2) completes the proof.

The existence of 7, depends only upon V*u being in (L?)***™) but further assump-
tions about v may have an impact on m,. In Section 5, we use this remark to sharpen
and generalize known embedding theorems of weighted Sobolev spaces. The transfer of
sub-exponential growth is briefly discussed in Section 6.

Throughout the paper, C' > 0 denotes a constant whose value may change from
place to place. The notation Bp refers to the open ball with center 0 and radius R > 0
in RN and Bp := RN\Bj. If 1 < p < oo, the Hélder conjugate of p is denoted by p’. We
shall also make use of the norms || - ||, | [[,sv-1 and || - [|1,p,0 of LP(Q2), LP(S¥~1) and

(the classical Sobolev space) W1P(Q), respectively.

2. Preliminary first order inequalities when s > —1.

We need a property of approximation by mollification in weighted Lebesgue spaces
Lr (RN ; wdz) when log w is uniformly continuous. Just to put things in perspective, recall
that logw € BMO if w is a Muckenhoupt weight ([15]).
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LEMMA 2.1.  Let w > 0 be a function such that logw is uniformly continuous on
RY. The following properties hold:
(i) For every e > 0, there is 0 > 0 such that w(x) < (1 + e)w(y) whenever |z — y| < 4.
(ii) For every e > 0, there is § > 0 such that jw(z) —w(y)| < ew(y) whenever |x —y| < 4.
(iii) If 0,, € C&° is a sequence of mollifiers and if u € LP(RY;wdz) for some 1 < p < o,
then 0, x u € LP(RN;wdzx) for n large enough and 0, * u — u in LP(RN;wdz).

PROOF. (i) Choose § > 0 such that |z —y| < § = |logw(x)—logw(y)| < log(l+e).

(ii) If |x — y| < 0 with 6 > 0 from (i), then w(x) —w(y) < ew(y) and w(y) — w(x) <
ew(x) < e(1 + e)w(y). Thus, |w(x) — w(y)| < (1 + e)w(y) and it suffices to replace
g(1+¢) with e.

(iii) With e and 0 from (i), let n be large enough that Supp 6, C Bj/o. For simplicity
of notation, set w), := w!/P so that uw, € LP. Then,

\«%*wwwunzj’ B0 ( — y)uly)wp(z)dy

B(2,6/2)
<@+ [ -yl
B(x,6/2)
= (142700 x (uluy)().

This shows that 6, xu € LP(RY; wdz). To prove that 6,,*u — u in LP(RY;wdz), i.e., that
(Onxu)wy, — uw, in LP, write (0, %u)w,—uw, = [(Onxuw)w,—0, % (uw),) ]|+, (uw, ) —uw,).
The latter bracket tends to 0 in L? and it suffices to prove that the same thing is true
for the former.

Since logw, = (1/p)logw is uniformly continuous on RY, part (ii) is applicable to
wy. Thus, given € > 0, if § > 0 is small enough and if n is large enough that Supp#6,, C
Bs 2,

[((0n * w)wp) () — (O * (uwp))(z)| < /B( o On (2 = y)uly)|wp(x) — wp(y)|dy

ge/’ 0 (2 — 1) |u(y) 1y () dy
B(z,5/2)
= £(6, * (Julwy)) ().

As aresult, |[(0,, *u)wy, — 0, % (wwy) |, < €ll0n * (|u|w,)]|p. Since the right-hand side tends
to eljuw,||, and e > 0 is arbitrary, lim||(6,, * u)w, — 0, * (vw,)||, = 0 and the proof is
complete. O

REMARK 2.1.  Obviously, Lemma 2.1 is valid when w(z) = (1+|z|)® or w(z) = /|
and a € R.

We shall also need a special case of a known one-dimensional weighted Hardy in-
equality. Lemma 2.2 below follows from Bradley [2, Theorem 1] or Maz’ya [13, p.40
ff]. Since the weights r* and (1 + )" are equivalent on [p, c0) with p > 0, it also follows
directly from Opic and Kufner [16, Example 6.9, p. 70] when ¢ < occ.
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LEMMA 2.2.  Suppose that s > —1 and that 1 < p < co and let p > 0 be given.
(i) If p < g < o0, there is a constant C' > 0 such that

1/q

([ an e — spar)

<c ( / “a+ r)‘SP‘NrN_1|f’(T)Ipd7“)l/p, (2.1)

for every locally absolutely continuous function f on [p,0).
(ii) There is a constant C > 0 such that

S 1/p
sup(1+7) s = sl < ¢ ([Taen e pera) T e
for every R > p and every locally absolutely continuous function f on [p,00).

In (2.2), the result when R > p follows from the case when R = p with f replaced
with fr = f(R) on [p, R) and fr = f on [R, o), so that fr(p) = f(R), fr =0on [p,R)
and fi, = f" on (R, 00). This does not affect C.

THEOREM 2.3.  Suppose that s > —1 and that 1 < p < oco. Ifu € D' and Vu €

Cy = |Bp|*1/ u,
B

P

where p > 0 is chosen once and for all and independent of u. Then:
(i) w e LY, and there is a constant C = C(s,p) > 0 independent of u such that

lu—cullpr,, < CllVul 2z (2.3)

s+1 —

(ii) If N =1 or if u is radially symmetric, w € L1, for every q € I, (see (1.4)) and
there is a constant C = C(s,p,q) > 0 independent of u such that

lw = cullzs,, < Cll[Vull

Lg- (24)
Furthermore, if p> N or p= N =1 (so that 0o € Iy ), lim|y| o lz| =G Du(z) = 0.

PROOF.  Suppose first that u € C> and let u = u(r,0) with r > 0 and 0 € SV~
If p < g < o0, it follows from (2.1) that

/ (1+ T)f(SJrl)q*NrN*l\u(r, o) —u(p,o)|%dr
p

fe%e] ‘I/P
<C (/ (1+ r)*Sp*Nerl\aru(r, 0)|pdr> ,
P

for every ¢ € SN~ where O,u is the radial derivative of u. Since |u(r,c)[?

IA
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211 [u(r, @) — u(p, 0)|7 + fu(p, 7)|7] and since [(1 + r)~+N N g < oo (recall
s> —1), we infer that

/ (1+ 7“)7(”1)""71\[7“]\771|u(r7 o)|%dr
o

00 a/p
<C|lup.r+ ([0 ey ]
P
0o q/p
< C |u(p,o)|? + (/ (1+ T)fSprTN71|Vu(r, a)|pdr) . (2.5)
P
(i) If ¢ = p above, integration on SV =1 yields
lullzs s,y < Clluto.lpam—s + 1Vl 5, (2.6)

when u € C*. Suppose now that u € D’ and that Vu € (L?)V. Let 6,, denote a mollifying
sequence and set u,, := 6,, xu. By Remark 2.1 and Lemma 2.1 (iii), Vu,, = 0, *Vu — Vu
in (L2)N. In particular, Vu, — Vu in (Lf’;(ﬁp))N. On the other hand, since Vu €
(L2YN < (L2, )N, then w € W,5P ([13, p.21]). Thus, u, — u in W,'” which, by the

continuity of the trace (even when p = 1; see [1, p.164]) implies wu,(p,-) — u(p,-) in
LP(SN=1). As a result,

n}rilgoo Hun(Pa )= um(p, ')Hp,SN*l + || |V(un — Up)| HL@’(EP) =0
and so, by (2.6), u, is a Cauchy sequence in L§+1(§p). Call v its limit, so that w, — v
in L} (B,). Since also u,, — u in WP < L} it follows that u = v € L’;H(Ep) and
(2.6) holds. The remark that L% (B,) = LP(B,) now yields u € LY ;.

It remains to prove (2.3). Upon replacing u with u—c,, it is not restrictive to assume
pr u = 0, so that ¢, = 0. By the continuity of the trace, |[u(p, )|/, sv-1 < Cllullip,B,
and, by the Poincaré-Wirtinger inequality, the seminorm || [Vul||, 5, is equivalent to
the norm [|ul[1 5, on the subspace of functions of W'?(B,) with zero mean. Thus,
u(p,)llpsv-1 < C||Vul|lp,B, and |lully.5, < C|||Vul||p,5,- Since (1 + |z[)! is bounded
above and below on B, for every t, it follows that

lullz, 2, < IVl Iz and full o5, < Cll Valllzz,
where (2.6) was used to obtain the second inequality. This proves (2.3) when | g, u="0
and, hence, in general.

(ii) Suppose ¢ € I, and either N =1 or u is radially symmetric. We only discuss
the latter case since it will be clear that the former can be handled similarly. Since Vu €
(LP)N implies that u € Wllo’f is a function, there is no need to introduce a distribution
definition of radial symmetry.

If ¢ < 00, the proof of (2.4) proceeds as in (i), with only minor modifications. When
u € C*, (2.5) is still valid but, since now w is radially symmetric, both u and 9,u depend
only upon r and the inequality becomes
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t/ (14 r) DN N o (r) | 2dr
P

<C

lu(p)]? + (/poo(l + r)_Sp_NrN_1|8ru(r)|pdr> q/P] .

Up to a factor independent of u, the integrals fpoo(l + )~ (DG N N=119, (1) |9 and

fpoo(l + 1) 7PN N=119 u(r)|Pdr are l[ullf, ) and [|0,ul| respectively. Hence,

p
+1(BP LE(BP)7

lll o (5, < CUu@] + Ve 25,

Up to another factor independent of u, the number |u(p)| is the LP(S¥~1) norm of the
constant function u(p). Therefore, since W'*(B,) — L4(B,) for q € I, and since the
radial symmetry is preserved in approximations u, = 0, * u by simply choosing radially
symmetric mollifiers, the proof can be completed exactly as before.

If p> Norp=N =1, then oo € I; , and the proof when ¢ = oo is similar: Just
use (2.2) with R = p instead of (2.1) to get ||u||L:11(§p) < C(lulp)] + || |Vul ||L§(1§,,)>'
(The approximation by mollification is only used in L? with p < cc.)

To see that, in addition, lim|g_ lz| =T Du(x) = 0, observe first that, by radial
symmetry, u(x) = f,(|x|) with f, locally absolutely continuous on (0,00) and f!(|z|) =
Oru(x) (for more details, see the proof of Lemma 4.1 later), so that, by (2.2),

sup(1+7) V£, (r) — fu(R)|
r>R

o0 1/10
<c ( [Tax r>-sp-NrN-1|f;<r>pdr) < ClVull 5,
R

where C' > 0 is also independent of R. Thus, if r > R,
(L4 1)~ £ ()] < (L4 1) DL (R) 4+ OV 5,0

Given ¢ > 0, choose R large enough that C|[|Vul[|;»5,) < €. Since s > —1, it fol-

lows that limsup, (1 4+ )T f.(r)] < e and so lim, o0 (1 + )~ EHD f,(r) = 0.
Equivalently, lim,_,o 7=+ £, (r) = 0, whence lim,| o 2|~ TDu(z) = 0. O

The choice ¢, = |B,|™" [, u in (2.3) and (2.4) is not the only possible one. By
translation, we may choose ¢, = |B,|™* fB(xmp) u where 7o € RY is arbitrary but inde-
pendent of u. The constant C' depends upon p and xg, but it does not necessarily blow
up as p — 0:

REMARK 2.2. If p> N orif N =1 (and in no other case), the obvious variants of
the inequalities (2.1) and (2.2) continue to hold on [0, c0) ([16, Theorem 5.9, p.63]) and
minor modifications of the proof of Theorem 2.3 yield ||u — u(O)||L§+1 < C|[|Vul || pr for
every u € D' such that Vu € (LP)V as well as |lu — u(O)||LZ+1 < O||Vul|[gr if N =1
or if w is radially symmetric and ¢ € I ,, = [p, 0o]. Naturally, «(0) may also be replaced
with u(xg) where xg is independent of w.
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3. Preliminary first order inequalities when s < —1.

We begin with a different version of Lemma 2.2, a special case of [16, Theorem 6.2,
p.65] that can also be found in [2, Theorem 2| or [13, p.40 ff]. However, the proof is
sketched to show how the restriction ¢ € I; , (not needed in Lemma 2.2) arises.

LEMMA 3.1.  Suppose that s < —1 and that 1 < p < co.
(1) For every finite ¢ € I, (see (1.4)), there is a constant C > 0 such that

1/q

([T ny e )

<c ( / Tt r>-sp—NrN-1|f'<r>|pdr)w, (3.1)

for every locally absolutely continuous function f on (0,00) such that lim,_, f(r) = 0.
(ii) If p > N (so that oo € I ,), there is a constant C' > 0 such that

0o 1/p
sup(1+r)(5“)|f(r)|§0</ (1+T)SerNllf’(r)l”dr) L 32

r>R R

for every R > 0 and every locally absolutely continuous function f on (0,00) such that
lim, o f(r) = 0.

PrOOF. From [16, Theorem 6.2, p. 65], (3.1) and (3.2) with R = 0 hold when ¢ > p
if and only if supgo A(§)B(£) < oo, where A(§) = [|(1 + r)’(”l)*N/qr(N*l)/q||q7(0)5)
and B(€) := [|(1+7)s+N/Pr(=N/p|| , ¢ ). Thus, everything boils down to showing that
A(€)B(&) is bounded when £ — 0 and when £ — co. Note that B(§) < oo since s < —1.

If ¢ > 0 is small, a routine verification shows that A(¢) = O(¢V/9) and that B(¢) =
O(1) if p > N, B(£) = O(|log | N=1/NYif p = N and B(¢) = O(£'~N/P) if p < N. Thus,
A(€)B(€) is bounded near 0if p > Norp=N =1, orif p=N > 1 and ¢ < oo, or if
p < Nand N/¢g+1— N/p >0, i.e, g < p*. In other words, A(£)B(§) is bounded near
the origin if and only if ¢ € I ,. For large &, A(¢) = O(¢~¢FY) and B(£) = O(£°11), so
that A(£)B() is always bounded.

In (3.2), the result when R > 0 follows from the case when R = 0 with f replaced
with fr = f(R) on [0,R) and fr = f on [R,00), so that f, = 0 on [0,R) and f = f’
on (R, 00). O

THEOREM 3.2.  Suppose N > 1,5 < —1 and1 < p < oo. Ifu € D' and Vu € (LP)V,
then:
(i) There is a unique constant ¢, € R such that u — ¢, € L¥ | and there is a constant
C = C(s,p) > 0 independent of u such that

lu—cullrr,, < CllVullzz. (3.3)

(ii) If also u is radially symmetric, then for every q € Ir p, ¢, in (i) is the unique constant
such that u—c, € Lg+1 and there is a constant C = C(s,p, q) > 0 independent of u such
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that

[ = cullzs,, < CllIVul [l (3.4)

s+1
Furthermore, if p > N (so that 0o € I ), lim ;|00 |2|7CHD (u(z) — ¢,) = 0.

PROOF.  The uniqueness of ¢, is obvious since L, ; contains no nonzero constant
when s < —1 and 1 < ¢ < oo. We focus on the existence part. Some preliminary
properties must be established to prove parts (i) and (ii) of the theorem.

It is well-known that if u € Wllo’cl, then u is locally absolutely continuous on almost
every line parallel to the coordinate axes x; and that, on such lines, the classical and
weak derivatives 0;u coincide. Together with the local equivalence of the measures dr and
rN=ldr away from the origin, this implies that, when passing to spherical coordinates,
u(+,0) is locally absolutely continuous on (0,00) (but not necessarily on [0, 00)) for a.e.
o € SN7L with classical radial derivative d,u(r,o) = Vu(r,o) - o. In particular, this
holds if Vu € (L2)N.

From now on, we assume s < —1 and Vu € (L2)N so that (14 |z|)~*~N/P0,u € LP.
By Fubini’s theorem in spherical coordinates, (14 7)== N/Pr(N=1/Pg (. o) € LP(0, 00)
for a.e. o € SN~L. Since (14 7)stN/Pr(1=N)/p ¢ [7'(¢, 00) for every e > 0 when s < —1,
it follows that 9,u(-,0) € L'(e, o). Consequently,

v(r,o) ::/ Oru(t,o)dt,

is a.e. defined and measurable on (0,00) x S¥~1. For a.e. o € SV~ the function v(-, o)
is locally absolutely continuous and a.e. differentiable on (0, 00) with d,v(-,0) = dpu(-, o)
and lim, o, v(r,0) = 0. In particular,

cu(0) =u(-,0) —v(-,0), (3.5)

is a function independent of r > 0 (difference of two locally absolutely continuous func-
tions with the same a.e. derivative).

Next, v(r,-) € LP(SN~1) for every r > 0 and lim, , [[v(r, ), sv—1 = 0. To see this,
use the estimate

1/p

wtro) <30 ([T t)spNtN1|a7-u<t,a>|P) |

where A(r) := [|(1 4 t)s+N/PtA=N)/P[|, ) — 0 when r — oco. By taking p'™ powers
and integrating on SV 1 sv—1 < A(r)|| |[Vul[[» = 0 when r — oo, as
claimed. Thus, by (3.5),

» we get [[o(r;-)|lp,

TILHJO lu(r, ) — cullpsv-1 = 0. (3.6)

The next step is to show that ¢, is actually constant. (When 1 < p < N and
Vu € (LP)N, ie., s = —N/p, this goes back to Uspenskii [20]; see also Fefferman [5].)
We shall use the Poincaré-Wirtinger inequality on the sphere SN =1 : If N > 1,
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w =By gv—1 < Cl[Vev-11w]|pgv-1, (3.7)

for every w € WHP(SN—1), where Vgn-1 is the gradient of w for the natural Riemannian
structure of the unit sphere, C' > 0 is a constant independent of w and w is the average
of w on SV, In the literature, the Poincaré-Wirtinger inequality on compact manifolds
is mostly quoted when p = 2 (Osserman [17]), but an elementary proof for arbitrary p
follows, by contradiction, from the connectedness of S¥~! and the compactness of the
embedding WP(SN=1) < LP(SN—1).

Assume u € C* (in addition to Vu € (L2)). When 7 > 0 is fixed, Vgnv-1u(r, o) is
the orthogonal projection of Vu(r,s) on the tangent space {o}+ of S¥~1 at o, whence
|Ven-1u(r,o)| < |Vu(r,o)|. Thus, by (3.7), [lu(r,-) = a(r)|,sv—1 < Cl[[Vu(r, )| ||,sv-1
where %(r) is the average of u(r, ) on SV~1 and so

oo
/ (L+7) VN u(r, ) = G| g dr
; ,
< C/ (L) =P NN V(e ) D gvoadr = CJ [Vl |7,
0

Since the left-hand side is finite, there is a sequence 7, — oo such that lim(1 +
) PN N w(ry, ) — (rp)|lpsv-1 = 0, which in turn implies lim [ju(r,,-) —
u(ry)|lpsv—1 = 0 because lim(1 4 r,,) "7~ Ny~ = oo when s < —1. Together with
lim [[u(ry, -) — cullpsv—1 = 0 from (3.6), this yields lim ||@(r,) — cul[psv-1 = 0 and, since
u(ry,) is independent of o, it follows that ¢, is constant (under the additional assumption
u € C* at this point).

We are now in a position to prove (i) and (ii) of the theorem.

(i) Recall that lim, o, v(r,0) = 0 for a.e. o € S¥~L. Since v(r,0) = u(r, o) — ¢, (o),
the choice f(r) = u(r,0) — ¢y(0) and ¢ = p in (3.1) yields

/ (14 )~ CFOP=NEN=1 (1 ) — ¢ (0)[Pdr
0 [ee]
< C/ (1 +7)= P~ NeN=19 u(r, o)|Pdr,
0
whence, by integration on SV 1,

<OVl

lu—calle,,

L (3.8)

Set u,, := 0, * u where 0,, is a mollifying sequence. By Lemma 2.1 for Vu and Remark
2.1, it follows from (3.8) that u, — ¢, is a Cauchy sequence in L ;. Call @ its limit.
Then, u,, — ¢y, — uin L}, and, since u,, — u in L}, ., we infer that ¢,, — u—uin L}, .
From the above, ¢, is constant because u,, € C*. Therefore, v —u is a constant ¢ and

u—c=ue L¥ ;. Thus, by (3.8), c,—c€ L§+1 and, since neither ¢, nor ¢ depends upon

n

r and fooo(l +7)~(FDP=NpN=1gp — o6 when s < —1, this can only happen if ¢, = ¢ a.e.
on SV~1. This shows that ¢, is constant and so (3.8) is the inequality (3.3).

(ii) If w is radially symmetric and g € I ,, is finite, it follows from (3.1) with f(r) =
u(r) — ¢, that
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1/q

( / (14 7)~CADI NNy () d>
0
1/p

=¢ ( / (1+ T)_S”_NTN‘lla,au(T)|pdr> ’
0

which, up to a constant factor independent of w, is just the inequality (3.4).

If p > N, the same inequality when ¢ = oo follows from (3.2) with R = 0 in-

stead of (3.1). In addition, by (3.2) with R > 0, we also get [[u — cul|; (Br) <
s+1

s 1(§R) =
limp_ o || [Vul HL?Z(ER) = 0. By the continuity of u (recall p > N), this amounts to
Iy o0 |2 ~CF (u(@) = ¢u) = 0. O

CllIVulll ez, with C > 0 independent of R and so limp_oo [[u — cull
s T

By (3.6) and since LP(SN~1) — L1(SV~1), it follows that

¢, = lim (NwN)*l/ u(r,o)do, (3.9)
r—00 gN-1

where u(r,-) is the trace of u on 0B, and wy is the measure of the unit ball of RY. In

particular, ¢, is independent of s < —1 and 1 < p < oo such that Vu € (L2)V.

REMARK 3.1.  Although Theorem 3.2 is false when N = 1 (and indeed (3.7) breaks
down), it is readily checked that it remains true on Ry. Its failure on R is only due to
the fact that the restrictions of © to R_ and R need not involve the same constant c,.

4. The general inequalities.

In this section, Theorems 2.3 and 3.2 are complemented and subsumed in a single
statement (Theorem 4.3). Next, the result is generalized when VFu € (LP)*(N:%) for
some integer k£ € N (Theorem 4.4).

Recall that wy is the measure of the unit ball of RY and suppose u € LP with

loc
1 < p < oo. By Fubini’s theorem in spherical coordinates,

fult) == (NwN)%/ u(to)do,

SN-1

is defined for a.e. ¢ > 0 and f, € L} ([0,00),t¥~1dt) C LV (0,00). The radial sym-

loc
metrization ug of u is the radially symmetric function

us(a) = fullel) = Vo)™ [ u(elo)aer
LEMMA 4.1. Ifu € D' and Vu € (LP)N with s € R and 1 < p < oo, then
Vus € (L)Y and || [Vus|[lzz < [ [Vul |z
ProOF. First, u € W27 since Vu € (L2, )N. We claim that us € W,2P, which
is obvious if N = 1. If N > 1, then WYP(Bg) = WY?(Bg\{0}) (see for instance [8,
p.52]) and it suffices to show that ug € W1P(Bg\{0}) for every R > 0. That ug €
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LP(BR\{0}) = L?(Bg) is clear from u € WP, Since d,u = Vu - || "'z € LP , the

loc * loc?
formal calculation

Vug(z) = (Nwy) ™! (/SN_l Bru(|x|o)do> ||, (4.1)

yields Vug € (LP(Br\{0}))N = (LP(Bg))" and so, as claimed, ug € WP(Bg\{0}).
This formula is justified below when Vug is understood as a distribution on R¥\{0},

but since WHP(Br\{0}) = WLP(Bg), it also gives Vug as a distribution on R¥.
If ¢ € C5°(0,00), set ¥(x) := ¢(|z]), so that ¢ € C°(RV\{0}) and that d,¢(z) =
#(lal). Then, (fl0) = —(Neww) ! (u, e Y0,0) = (Neow) ! ('Y 0,u, ) (use
= |z|7'2 -V and V - (Jz|7Vz) = 0). Since d,u € L} . this shows that (f/,¢) =

loc’
(fo,us ), that is, fI = fs,. € L} .(0,00) and so f, € Wlo’f(O o0). In particular, f, is
locally absolutely continuous on (0,00). As a result, by Marcus and Mizel [12, Theorem
4.3], Vug(z) = |z| 71 £ (|z|)x = |2| 7 fo,u(|z|)z as a distribution on RV\{0} and (4.1) is
proved.

To see that Vug € (L2)V, use (4.1) and Hélder’s inequality to get |Vug(z)| <
(Now)™ fonos [Vu(lzlo)ldos < (Nwm-l/p (o IVu(lzlo)Pdo) /7. Hence,
(L + 2= M Vus(@)P < (Non) ™" Jona (1 + [2) ==Y |Vu(fzlo)[do and so,
O

If u € D' and Vu € (L2)V, Lemma 4.1 yields Vug € (L?)Y and it then follows from
Theorem 2.3 (Theorem 3.2) that ug € LI, | for every g € I, if s > —1 (ug —cys € LY,
for every ¢ € I, and a unique constant ¢, if s < —1). Thus, to show that v € LY,
or that u — ¢, € L‘;_H when ¢ > p, it suffices to prove the same result for u — ug. The
difference between u and u — ug is that (u — ug)s = 0 and that, for functions with
vanishing radial symmetrization, a result originating in the work of Caffarelli, Kohn and
Nirenberg [3] and generalized in [18] is applicable. We only spell out the special case
relevant to the issue of interest here and give a proof of it when ¢ = co, not considered
elsewhere.

LeEMMA 4.2.  Suppose that N > 1. If u € Li,. and us = 0 and if |z|*/Pu € LP and
|lz|*te/PVu € (LP)N for some a € R and 1 < p < oo, there is a constant C = C(a,p,q) >
0 independent of u such that

[ [ «TNVP=Nay), < C|| |2 +/P [V ||, (4.2)
for every q € I, (see (1.4)). Furthermore, if p > N, then lim|;_, o || @+ NPy (2) = 0.

Proor. 1If ¢ < oo, the result follows by letting b = a + p and by substituting
q = p,r = ¢ in part (ii) of [18, Corollary 6.1]. The proof when ¢ = co (hence p > N) is
given below.

For 7 > 0, let Q, := {x € RN : 7 < |z| < 27}. Since power weights are bounded
above and below on €, it follows that u € WYP(Q1) — L>(Q;). Thus, ||[ullec.n, <
Cllulj1,p,0, with a constant C' > 0 independent of wu.

The assumption ug = 0 entails fQT u = 0 for every 7 > 0 and so, since ; is



140 P. J. RABIER

connected when N > 1, ||luljeo,0, < C|||Vul||lp,0, by the Poincaré-Wirtinger inequality.
Once again by the boundedness of power weights on Qy, this yields || [z|(@TN)/Py|| o, o, <
C|| |z|*+*/?|Vu| || .0, - More generally, by scaling,

Hal N Pu)| e 0, < Cll a2Vl p.q. (4.3)

with the same C' > 0 independent of 7. The right-hand side is majorized by
C|| |z|*+%/?|Vul |, and then (4.2) when ¢ = oo follows from || |z]|@tN)/Py|, =
sup,~g | [#|©@TN)/Pu|| o .. The proof of this equality is a simple exercise.

More generally, [[v]|, 5, = sup,>g| v[e,0,. Thus, when v = || (@+N)/Py, with
u as above, || |z|(@TN)/Py| < Ol |z|*e/?|Val | by (4.3). Since p < o0,

0,BR p,Br
Hmp_yoo || 2] @FN)/Py|| B = lMp_e || || e/P |V I, 5, = 0. By the continuity of
u away from 0 (recall p > N) this means lim,| o || (@+N) /Py (2) = 0. O

THEOREM 4.3.  Suppose that s # —1 and that 1 < p < co and let uw € D' be such
that Vu € (LP)N.
(i) If s > —1, then uw € LY, for every q € Iy, (see (1.4)) and there are a constant c,
independent of s and p (the same as in Theorem 2.3) and a constant C = C(s,p,q) > 0
independent of u such that

lu=cullzs,, < Cll[Vul [l (4.4)
Furthermore, if p > N or p= N =1, then lim|;| 2|~ Du(z) = 0.

(ii) If s < —1 and N > 1, there is a unique constant ¢, € R independent of s and p
(the same as in Theorem 3.2) such that w — ¢, € LI, for every q € I, and there is
a constant C = C(s,p,q) > 0 independent of u such that (4.4) holds. Furthermore, if

p > N, then lim|, o |2~ (u(z) — ¢,) = 0.

PROOF. It is obvious that the constant ¢, = |B,|™* pr u of Theorem 2.3 is in-
dependent of s > —1 and p. For the constant ¢, of Theorem 3.2, this independence of
s < —1 and p was noticed in the comments following that theorem. Also, in (ii), the
uniqueness of ¢, follows from LI |1 containing no nonzero constant irrespective of ¢ when
s < —1.

If ¢ = p, or if w is radially symmetric, or if N = 1 in (i), everything was proved
in Theorems 2.3 and 3.2. Accordingly, we henceforth assume N > 1 and ¢ € I; ;. The
formula ¢, = |B,| ™! pr u if s > —1 (Theorem 2.3) shows that ¢, = ¢,4 and, by (3.9),
the same thing is true if s < —1. Thus, |Ju — C“HLZH < ||lu — ug|

v+ llus —cusllpe,
and, since the theorem is true in the radially symmetric case, it follows from Lemma
4.1 that |lug — cugllzs, | < C| | |Vul || r. Consequently, the proof of (4.4) is reduced to
showing that |u — ug] L, < C|||Vul||z. Since [[|V(u — ug)| ||z < 2| |Vul|[Lr by
Lemma 4.1, it suffices to show that ||u— u5||LZ+1 < O |V(u—ug)| | r. From the remark

L4

that (v — ug)s = 0, this will follow from

< C[[|Vul|

+1 —

[[ull o Lt (4.5)
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when Vu € (LP)N and ug = 0.

Likewise, since lim, o |2|~C+Y (us(z) — cuy) = 0 when p > N is known
(by radial symmetry and Theorems 2.3 and 3.2) and since ¢, = ¢, the proof
that lim,| e [2|7CFDu(z) = 0 or that limy, |2~ (u(z) — c,) = 0 when

p > N is reduced to showing that lim, . 2|~ (u(x) — ug(x)) = 0, i.e. that
lmy ;| o0 |2~V u(z) = 0 when Vu € (L2)Y and ug = 0.

From now on Vu € (L2)Y and ug = 0. We shall make repeated use, without further
mention, of the elementary properties that for every ¢t € R, the weights (1 + |x|)? are
bounded above and below on every bounded subset of RY and that they are equivalent
to |z|* when |z| is bounded away from 0.

By Theorem 2.3, uw € L¥ | if s > —1 and, by Theorem 3.2, u € L? | if s < —1
because ¢, = ¢y, and ug = 0 show that ¢, = 0. Thus, u € L’s’+1 when s # —1.

Let ¢ € C*° be radially symmetric, with ¢ = 0 on a neighborhood of 0 and ¢ = 1
outside Bi. Since Vu € (LE)N and u € L? ,, it is readily checked that ¢u € LY | and
V(pu) € (LP)YN and that (pu)s = 0. By Lemma 4.2 with a = —(s + 1)p — N, we infer
that |z|~(+D=N/apy € L9 for every q € I, and that

|~ CHD=Magu)ly < Ol 2]~ N?1V (0u)] |-

From the equivalence of weights away from 0 and since ¢ = 1 outside Bj, this implies
limy, o0 |2 TV u(z) = 0 if p > N (by Lemma 4.2) and, irrespective of p,

lull e, 5,y < CllIV(ew)]llzz < Cllullp.o + Cll[Vul |z, (4.6)

where () is an annulus centered at the origin (not a ball, so that ||~ is bounded
above on 2) containing Supp V.

Note that wg = 0 implies [,u = 0. Thus, since Q is connected, [ul, o <
CllIVul||p.o < C| |Vu| ||z by the Poincaré-Wirtinger inequality and so, by (4.6),

lull s g,y < CIlIVul iz (4.7)

On the other hand, [|ul| s, (5,) < Cllullg,B, and [[ullg,B, < Cllul1p,5, since g € I,

and u € VVlt)f In addition, fBl u =0 and so Hu||Lf§+1(Bl) < C\Vul ||lp,5, < C||Vul| e
by the Poincaré-Wirtinger inequality on B;. Together with (4.7), this proves (4.5). O

REMARK 4.1. If s > —1 and p > N, one may also choose ¢,, = u(0) in (4.4). See
Remark 2.2 and notice that since u is continuous, ug(0) = u(0) if ug is extended by
continuity at 0. Thus, the property ¢, = ¢, is preserved (in particular, ¢, = 0 if ug = 0)
and the above proof can be repeated verbatim. Once again, by translation, one may also
choose ¢, = u(zy) with 2o € RY independent of u.

When s > —1 and p > N, (4.4) with ¢ € I , = [p, ] and ¢, = u(0) (Remark 4.1)
reads ||(1 + |z|) =N (y — u(0))||, < C|| (1 + |z[) =5~ N/?|Vul ||,. This inequality for
ur(x) = u(Aa), A > 0, yields [| Az )+ Na (), < CllO+z]) = /7 [Vu [,
(same O) and so || |z|~CTV=N/4(y —u(0))||, < C||(Jz|~*~N/P |Vu|||, by Fatou’s lemma
and monotone convergence (s > —N/p) or dominated convergence (s < —N/p). If
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s < —N/p, then |z|=*~N/P |Vu| € LP does not imply Vu € (L2)N unless Vu € (L}
which must then be assumed. Hardy’s (Morrey’s) inequality is recovered when s = —N/p
(> —1) and g = p (¢ = 00).

When s > —1 and p < N (hence s > —N/p) and if 0 is in the Lebesgue set of u, the
constant ¢,, = |B,|™* pr uy = |By,|™? fBAp u tends to some finite value %(0) indepen-
dent of p as A — 0. Then, by scaling, || [#|~¢+D=N/4(y—u(0))||, < C||(|Jz| =N |Vul ||,
follows as before. This extends the previous inequality when p > N and @(0) = u(0),
but s = —N/p (the classical case) and ¢ = oo ¢ I, are now ruled out.

When s < —1 and N > 1, (4.4) is |[(1 + [2|)~ DNy —¢,)||, < CJ|(1 +
|z[) =5~ N/P |Vl ||, with ¢, now given by (3.9). If 1 < p < N,q = p* and s = —N/p
(< —1), this is Sobolev’s inequality ||u — ¢y |p+ < C|||Vul||,. In fact, since ¢,, = ¢, by
(3.9), scaling yields || |z|~TV=Na(y — ¢,)||, < O |z|=*~N/?|Vul ||, for ¢ € I ,, a gen-
eral Hardy-Sobolev inequality. Once again, Vu € (L} )N must be assumed if s < —N/p.
When v € C5° (hence ¢, = 0 and Vu € (L} )™) and 1 < p < N, another proof is given
by Maz’ya (case m = N,n = 0 in [13, Corollary 2, p. 139]). If g=p < N and s = —N/p
(< —1), the Hardy-Leray inequality || |z|~'u||, < C|||Vul||, is recovered when ¢, = 0.

The next theorem generalizes Theorem 4.3. Before stating it, a cautionary remark
is in order. If, in Theorem 4.3, Vu € (LE")N N (L22)N and s; < —1 < sg, both parts
(i) and (ii) of the theorem are applicable. This yields two constants ¢, ; independent of
si,t = 1,2, with ¢, ; unique, such that (4.4) holds with s = s; and ¢ € I ,,. Although
there are many ways to define ¢, 2 as a function of wu, there is no reason why ¢, 2 = c,1
would be an admissible choice whenever both constants exist. Indeed, in Theorem 4.3,
the constant ¢, is only independent of s in each connected component of R\{—1} and
its definition must be changed when s crosses —1.

)N

b

A similar issue arises if sy,s9 > —1 and p; < N < ps. If so, it is possible to choose
Cut = Cu2 = |B,|™! fB u with p > 0. However, by Remark 2.2, ¢, 2 = u(0) is another
P
possible choice, but since p; < N, this does not mean that ¢, 1 = u(0) is admissible.

THEOREM 4.4.  Suppose that k € N, that s ¢ {—Fk,...,—1} and that N > 1 if
s < —1. Letu € D' be such that VFu € (L2)**N) with 1 < p < co. Then, there is a poly-
nomial m, € Pr_1, independent of p and independent of s in each connected component
of R\{—Fk, ..., —1}, unique if s < —k, such that V¥~ (u—m,) € (Lgﬂ)”(k*j’m for every
1 <j<kandevery q € I;, (see (1.4)) and there is a constant C = C(s,j,p,q) > 0
independent of u such that

Y 7 (w = ma)l N, < CIVFul |12 (4.8)

Furthermore, 1im|| o0 2|~ (VFIu(z) — VFim,(2) =0 ifp=N =j =1 or if
1<j<kandp>N/j. (In particular, lim;|_ ||~ CHDVEIu(x) = 0 if also s > —1.)

PROOF.  The uniqueness of 7, when s < —Fk follows from the remark that L? ik
contains no nonzero polynomial for any q.

By Theorem 4.3, m, = ¢, exists when k = 1. Suppose £ > 1 and that m, exists
when £ is replaced with k — 1. The hypothesis VFu € (L2)**N) implies V(0%u) € (L2)N
for every multi-index o with |o| = k — 1. Since s # —1, it follows from Theorem 4.3
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that there is a constant ¢, := cgay, independent of s in each connected component
of R\{—1} (and independent of p, but we will return to this point later), such that
0%u — ¢y € Lgil for every p; € I, and there is a constant C, > 0 independent of u
such that ||[0%u — CO‘HLP}H < Col[ IV(0%u)| || ». Upon replacing C with max, Cq, this
yields

107U — callry, < V]|

e (4.9)
with C independent of v and «. For future use, note also that, still by Theorem 4.3,

lim |z|~CH(0%(z) —co) =0if p> Norp=N=1. (4.10)

|z|— 00

Set

T k—1(T) 1= Z (@) teqa® (4.11)

la|=k—1

and let v := u— m, k—1. Then, 0% = 0%u— ¢, for every a with |a| = k—1 and, by (4.9),
VE-ly e (Lg_ﬁ_l)”(k_l’N) for every p1 € I p, with

k— k
11950l [, < Ol V"] |

Lr. (4.12)

Since s ¢ {—k,...,—1} implies s +1 ¢ {—k + 1,...,—1}, it follows from the hy-
pothesis of induction with s replaced with s+ 1 that, as long as p; above is finite, there
is a polynomial 7, € Pj_o independent of p; and independent of s+ 1 in each connected
component of R\{—k + 1,...,—1}, such that V*¥~1=J(v — ) € (LZ+1+j)V(k’1’N) for
every 1 < j < k—2 and every q € I;,, and that, for every such j and g, there is a
constant C' = C(j, s,p1,q) > 0 independent of v such that || |[V*~1=7 (v — 7,)]| les,,,, <
CIIV* ol [l e -

s+1

Upon changing j into j — 1, this may be rewritten as
V= (0 = 7o) e, < CIIVE ol [l o (4.13)

for 2 < j < k and ¢ € Up16111p7p1<oo Ij_1,p,. A routine verification shows that
Upen, pi<oo Li—1p1 = Ijp- Thus, (4.13) holds for 2 < j <k and ¢ € I; ;. By (4.12) and
since v — T, = u — m, with 7, 1= m, + 7, 11, it follows that

V7 (= ma)l llza, , < CIIVFul |z,

for 2 < j <k and g € I;,. Since (4.9) is the same inequality when j = 1 (with ¢ called
p1 € I p), the proof of (4.8) is complete.

Asnoted, 7, ;1 is independent of s in each connected components of R\{—1} and =,
is independent of s+ 1 in each connected components of R\{—k+1,..., —1}, that is, of s
in each connected components of R\{—k, ..., —2}. Thus, 7, := m,+my 1 is independent
of s in each connected component of R\{—k,...,—1}. That =, is also independent of p
will be obvious when we discuss how 7, can be calculated, after Remark 4.3.
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We now prove the “furthermore” part. By (4.10), Lm0 2|~ G+ (VFu(z) —
VFir,(z)) = 0if p > N/jor p= N =1 holds if j = 1. In general, the proof goes
by induction on j € {1,...,k}. Suppose j > 1 (hence k¥ > 1) and p > N/j. Then,
p* > N/(j— 1) (recall p* = 0o if p > N and p* = Np/(N —p) if p < N) and so the
interval Iy , contains some p; € (N/(j — 1),00). Therefore, with v as above, it follows
from the hypothesis of induction with s replaced with s + 1 and j replaced with j — 1
(and since (s + 1) 4+ (j — 1) = s + j) that lim|, e [2[~F) (v(z) — my(2)) = 0. Since
v—m, = u—m, by definition of m,, this is lim, |, |2| =+ (VA u(z) -V Im,(2)) = 0.

If s > —1, then —(s + j) < 1 — j. Hence, lim o |2|~F)VFI7, () = 0 and so
Wm0 |2 =TI VAT u(2) = 0. a

REMARK 4.2. By Remark 3.1, Theorem 4.3 and Theorem 4.4 remain true on Ry,
even if s < —1.

REMARK 4.3. A generalization of Theorem 4.4, with the same proof, is as follows: If
te{l,....k}and s ¢ {—/,...,—1} and if N > 1 when s < —1, a polynomial 7,, € Pj_1
still exists, which is unique modulo? P,_,_; if s < —¢, such that V¥7(u — 7,) €
(Lg+j)”(k_j’N) and (4.8) holds for every 1 < j < ¢ and every ¢ € I;,. Furthermore,
im0 2| T (VETu(z) — VFIm,(z)) =0if p=N=j=1orif 1 < j < (and
p > N/j. The part of 7, of degree at least k — ¢ is obtained as in the proof of Theorem
4.4 and its part of degree at most k — ¢ —1 is irrelevant since it vanishes under the action
of VF~7 when j < £. Theorem 4.4 is recovered when ¢ = k.

Further comments about the polynomial 7, of Theorem 4.4 are in order. If s < —k,
then s < —1 and the coefficients (a!) ¢, of 7y x—1 in (4.11) are given by the formula
(3.9) with u replaced with (a!)~'0%u and |a| = k — 1. If k > 1, finding m, = Ty k-1 + Ty
amounts to finding 7, where v = u—m, 1. Since 7, € Pj_2 and VF~1o € (LE )V (1N
and since s+1 < —(k—1) < —1, the coefficients of the homogeneous part 7, ;_2 of degree
k—2 of m, are given by (3.9) with u replaced with (a!)~19%v for |a| = k—2. The (unique)
polynomial 7, is fully determined after k steps. Its definition is obviously independent
of 1 < p < oo such that VFu € (L2)*(*N),

If s > —1, then P C L3+k for every ¢. In particular, if ¢ € I ,, it follows
from v — m, € Lg+k that u € Lz+k. There are now many different ways to define a
suitable polynomial 7,. By Theorem 2.3, a possible choice for the coefficients (a!)~!c,
of Ty k-1 in (4.11) is (a!)"teq = |B,| 7t pr(a!)_lﬁo‘u where |a| = k—1 and p > 0 is
independent of u, but there are other options. Indeed, one could as well define (a!)~tc, =
|B,. |7t fB(zmpa)(a!)_laau, where x,, and p, > 0 are independent of « but depend upon
a; see the comments after Theorem 2.3.

Once 7, ;—1 has been chosen, v = v — m, ;1 is known and the problem is reduced
to finding m,. This is the same problem with s replaced with s + 1 and k replaced with
k — 1. Since s > —1 implies s + 1 > —1, the coefficients of the homogeneous part 7, _2
of T, can be defined by (a!)"'c, = |B, |7} fB(mmpa)(a!)’laav where |a| = k — 2 and
zq and p, > 0 are once again arbitrarily chosen. A polynomial 7, is obtained in k
steps. Clearly, different choices of x, and p, produce different polynomials m,, but no

2This simply means that its part of degree at least k — £ is unique.
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matter how these choices are made, they are always independent of 1 < p < oo such that
Vku € (LR)r(RN),

Still when s > —1, but only when p > N, the Taylor polynomial of u at any point z is

another possible choice for m,. This is most easily seen when ¢ = 0. First, by Remark 4.1,
(a!)719%u(0) is a possible choice for the coefficients (a!)~'c, of 7, -1 when |a| = k—1.
Next, (a!)719%v(0) is a possible choice for the coefficients of 7, —> when |a| = k — 2,
but since v = u—my k—1 and 0%my x—1(0) = 0 when |o| = k—2, these coefficients are just
(a!)~19%u(0). By repeating this argument, Zlalék_l(a!)’lao‘u(())xa is a possible choice
for m,, and, by changing u(x) into u(x + xy), it follows that Z|Q|Sk71(a!)_18au(3€0)(m -
x0)® is an equally possible choice.
When s € (—k,—1), the procedure to find a suitable polynomial 7, combines the
approaches of the previous two cases. Because s < —1, the homogeneous part m, ;1 of
degree k — 1 of m, is still unique, but the homogeneous part m, _2 of degree k — 2 of
m, is unique only if s + 1 < —1. Otherwise, it must be determined as indicated above
when s > —1 after replacing s with s + 1. More generally, if ks := E(s + k + 1) where
FE denotes integer part, so that 1 < ks < k — 1, the part of 7, of degree greater than or
equal to kg is unique and the part of degree less than or equal to ks — 1 is determined
as indicated above when s > —1 after replacing s with s + k — ks > —1. Once again, the
calculation of 7, does not depend on 1 < p < oo such that VFy € (L2)¥(k:N),

The next corollary singles out the more familiar case when s = —N/p, i.e., when
Vku € (Lp)"(k*N). Since s and p are now related, s lies in some connected component
of R\{—k,...,—1} if and only if p lies in the corresponding connected component of
R\{N/k,N/(k—1),...,N}.

COROLLARY 4.5.  Suppose that k € N and that 1 < p < oo with p # N/j for j =
1,....k Ifu € D' and V*u € (LP)**N)  there is a polynomial T, € Py_1 independent of
p in each connected component of R\{N/k,N/(k —1),..., N}, unique if p < N/k, such
that VE=I(u — m,) € (L?_N/p)”(k_j’N) for every 1 < j <k and every q € I;, and there
is a constant C' = C(s, j,p,q) > 0 independent of u such that

194 = m)llles_,,, < CHV ul . (4.14)

N/
Furthermore, im | o0 2|~ ITN/P(VF=Iu(2) = VF I, (2) = 0 if 1 < j < k and p > N/j.
(In particular, lim| ;o || ~I+N/PTEIy(2) = 0 for every 1 < j <k if p> N.)

When j = k, the “furthermore” part of Corollary 4.5 was proved by Mizuta [14].
If p < N/k, (4.14) for ¢ = p*J = Np/(N — jp) and j € {1,...,k} becomes || |V*~7(u —
)| s < C||[V*ul, for 1 < j < k, a Sobolev inequality of order j easily proved
directly by induction. It can be found in [6], in the more general form given in Remark
4.3 (i.e., when p < N/{ for some ¢ < k and 1 < j < /).

The scaling trick used when k& = 1 yields numerous inequalities (4.8) with 1 + |z|

replaced with |x|. We only give a small sample when s = —N/p (so that (4.8) is (4.14))
and j = k. The earlier discussion about the calculation of m, is crucial. If & < N
and p < N/k, then s = —N/p < —k and, with cge,, given by (3.9) for 0%u, it follows
that 7, = 0 if cga, = 0 for |a| < k — 1 (in particular, if u has compact support). By
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scaling (4.14) with j = k, we get || || FTN/P=N/ay||, < C|||VF*u|||, for ¢ € I;,, a
Hardy-Sobolev inequality of order k.

If (p > 1and) N/{ <p < N/({—1) for some 1 < ¢ < k and with cge, given by
(3.9), then degm, < k — L if cpay, =0 for k — 0+ 1 < |a] < k —1 (vacuous if £ = 1
and trivially true if £ > 2 and V*~“*1y has compact support) and 7, may be chosen as
the Taylor polynomial of u of order k — ¢ at 0. Then, scaling in (4.14) with j = k yields
|| || ~RFN/P=N/a(y — 1,)||, < C|||[VFul ||, for ¢ € I, = [p,00]. If £ =1 (i.e., p > N), 7,
is the Taylor polynomial of u of order k£ — 1 at 0 and the inequality is a Hardy (Morrey)
inequality of order k if ¢ = p (¢ = 00). If £ > 1, the required conditions are non-standard
in inequalities of this sort.

5. An application to embeddings of weighted Sobolev spaces.

ForkeN;seRand 1 <p < oo,1 < ¢ < oo, consider the space

Wha? .= {ue Ll : VFue (L7)V =N},

equipped with the Banach space norm [u|zs  + || |VFul||z». When k = 1,5 < —1 and
q € I, is finite, it follows from [16, Example 21.10 (i), p.309] that W1PP — Wlar
and that the norm of W}P* is equivalent to the norm || |Vu/| || p». In Theorem 5.2 below,
we show that if s # —1 -not just s < —1- and ¢ € I, (possibly co), then in fact
WhpP = WP with equivalent norms® and that the reverse embedding W14 — Wle»
holds for every 1 < g < co. We also show that the spaces W¥ P k € N, have similar
(and other) properties if s ¢ {—k,...,—1}.

LEMMA 5.1.  Suppose k € N and s € R, s ¢ {—k,...,—1}. For a polynomial
T € Pr_1, the following conditions are equivalent:
(i) m e LZ+I¢ for every 1 < q < co.
(i) m € LT, + L¥, for some 1 < q1,qo < oo.

Proor. (i) = (ii) is obvious.

(ii) = (i). With no loss of generality, assume 7 # 0 and let d := degm < k—1. Since
T e LZH@ for every 1 < ¢ < oo if d < s + k, it suffices to prove that, indeed, d < s + k.

We shall use the remark that |7 (z)| grows (pointwise) as fast as |z|? on some sector
(open cone with vertex at the origin) . Specifically, there are 6 > 0 and R > 0 such
that |7(x)] > 6(1 + |z|)? for x € £p := {z € ¥ : |2| > R}.

Write m = f4g with f € LT, , and g € L%, . Since |7| < |f[+]g], it follows that if z €
Y, then either |f(x)] > (6/2)(1 + |z[)? or |g(z)| > (6/2)(1 + |z])?. Set E; := {z € RV :
[f(@)] 2 (6/2)(A+])*} g1 < o0, then [ (14|a])~CHE=D0Nde < (2/8)2|f |7 <

00, i.e., E} has finite w; (x)dz measure, where wi (z) := (1 + |z|)~(Hh-dDa—N Likewise,
if £, :={z € RY :|g(z)| > (6/2)(1 + |2])?} and g2 < oo, then E, has finite wo(x)dx
measure where wy () 1= (14|z|) (k=9 =N Thus, both E; and E, have finite wy(z)dz
measure, where wy(x) := (14 |z|)~H*=Dw0-N and ¢y = ¢, or gy = ¢z, depending upon
which of the two exponents —(s + k — d)g; — N,i = 1,2, is smaller.

3However, the norms are equivalent to || |Vu| |,z only when s < —1.
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As aresult, ¥z C Ey U E, has finite wo(z)dx measure fz (1 + |z|)~CHh—dao—N gy
and a calculation in spherical coordinates shows at once that thls happens if and only if
d<s+k.

Suppose now that q; = oo, so that (14 |z[)4(1 + |z|)~+*) is bounded on Ef. This
can only happen if E¢ is bounded or if d < s + k. In the latter case, d < s + k since
0<d<k—1ands¢ {—k,...,—1}. Assume then that Ey is bounded. If g < 0o, the
result that F; has finite wo(x)da measure continues to hold and then the same thing is
true of Ef (bounded). Hence, ¥y has finite wo(2)dx measure and the same argument as
before yields d < s + k. By symmetry, this remains true if ¢o = oo and ¢; < co.

Lastly, suppose that g; = g2 = 0o. Since Y p C E¢ U E, is unbounded, one at least
among F; and F, is unbounded and so, as was seen above, d < s + k. O

REMARK 5.1. Lemma 5.1 is also true, with the same proof, on R_..

THEOREM b5.2.  Suppose that k € N, that 1 < p < oo and that s € R,s ¢
{=k,...,—1} (it is not assumed that N > 1 if s < —1). Define ks :=k if s > =1, ks :=
E(s+k+1) (integer part) if s € (—k,—1) and ks :=0 if s < —k. Then,

(i) Wkar s WEPP for every 1 < q < .
(ii) If u € Wk’p’p then VF=Iu € (LY, )”(k N for every 1 < j < k and every q € Ly
(see (1.4)) and there is a constant C > 0 independent of u such that

o SOVl i 1< G < k—ky (5.1)
and that

YV Tl |z, < Cllullze,, + 11V

pr) if 1<5 <k (5.2)

(iil) Whkar = WEPP for every q € Iy, with equivalent norms as q is varied. Further-
more, if s < —k, the norm of WEPP is equivalent to || [VFul | 1z.

ProOF. (i) In a first step, we also assume that N > 1 if s < —1. If u € Wka?
with 1 < ¢ < oo, then v € L? spr and VFu € (LP)**N) By Theorem 4.4, there is a
it follows that
This

polynomial 7, € Py_; such that v — =, € L? spr and, since u € Ls+k,
my € LY+ LI, . Thus, m, € LY, by (ii) = (i) in Lemma 5.1, so that u € L?
shows that Wkar c Wkpp,

If s < =1 and N = 1, the above still shows, by Remarks 4.2 and 5.1, that
Wkapr(Ry) ¢ WEPP(RL) for every 1 < g < oo. Thus, if u € WF2P(R) with 1 < g < oo,
then u € Wl]f)’cp(R) and u € WEPP(R_)NWEPP(R,), whence u € WFPP(R). This shows
that Wf"“’ C WS’W*’ for every 1 < ¢ < oo still holds when N = 1.

That the above embeddings are continuous follows from the closed graph theorem,
for if u, — w in W¥%P and u,, — v in WFPP  then u, tends to both u and v in D', so
that u = v.

(ii) If s < —k, so that ks = 0, the polynomial 7, of Theorem 4.4 (when N > 1) is
unique, whence 7, = 0 if u € WFPP C LY, and then (5.1) follows from (4.8). If N =1,
use the same arguments on Ry (Remark 4.2). Evidently, (5.2) follows from (5.1).

Suppose now that s € (—k, —1), so that s is not an integer and ks = E(s+k+1) <

s+k*
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s+k+1. Assume N > 1. From the discussion after Theorem 4.4, the part of 7, of degree
greater than or equal to ky is unique. If u € WFPP? C L§+k., this part is 0, for then
m, € LY, by (4.8), so that m, € Py, 1 and (5.1) follows from (4.8) since Vi, =0
when 1 < j <k — k.

To prove (5.2) (obvious from (5.1) when 1 < j < k—k,), we first show that V¥ =7y €
(Lgﬂ-)”(’“’jW) for 1 < j < k. By Theorem 4.4, V¥~Jy — VF=ir, € (Lg+j)”(’“’j>N) and,
since 7, € Py, _1, it follows that V¥=im, € (Pks_l_kﬂ)”(k’j’m. But Pr_1-k4; C Lg-&-j
since s +j > ks — 1 —k +j (vecall ks < s+ k+ 1) and so VF~Ju e (L1, )**=7N) as
claimed.

This shows that WFkr» C Ws’tf P4 By the closed graph theorem, the embedding is
continuous and (5.2) follows. As before, if N = 1, repeat the same arguments on R..

Suppose now that s > —1, so that ks = k and (5.1) is trivial. The proof of (5.2)
proceeds as above, based on the remark that V*~ir, € (Pj_l)”(k’j’N) and that P;_; C
L%, since s+j>j— 1.

(iii) By (i), WkaP — WkEPP and, by (ii) with j = k, WkPP ¢ Wkar if g € I, .
The continuity of the embedding (hence the equivalence of norms) follows from (5.2)
with j = k. If also s < —k, then ks = 0 and, by (5.1) with j = k and ¢ = p € I}, the

norm of WFPP is equivalent with || [VFul||ze. O
6. Exponential growth.
If se Rand 1 <p < oo, define
Lips = {uell : e sl7ly € LP},

= Jle=sl*ly||,. If p < oo, LE =

equipped with the Banach space norm |lul| e P p.s

exp,s

LP(RN;emPleldr) and LY, o= LP = L' ) .

exp,
It is readily checked that u(z) = e**! is in LE,, s for every t < s and that u(z) = (1+
|z])" is in LE,, , for every t € R if s > 0. Thus, when p < oo, it is appropriate to say that

the functions of L, . grow slower than esl*l at infinity in the LP sense. The functions of

LSy, s do not grow faster than efl7l and grow slower if limp_, o, ess SUP|4|> R e~slellu| =0,
or simply lim|,|_ o e~*1%ly(z) = 0 if u is continuous.

By Remark 2.1, Lemma 2.1 (approximation by mollification) holds in all the spaces
L, s with p < co. Also, the one-dimensional Hardy inequalities of Lemmas 2.2 and 3.1

have the following counterpart ([16, Theorems 5.9 and 6.2]):

LEMMA 6.1.  Suppose that 1 < p < oo and that s # 0.
(i) If s > 0 and p > 0, there is a constant C' > 0 such that

S 1/p o 1/p
([Tt = sorar) <o ([Tem ) L o)
p p

for every locally absolutely continuous function f on [p,0).
(i) If s < 0, there is a constant C' > 0 such that
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oo 1/p oo 1/p
([T emepora) <o [T ipopa) L 62
0 0

for every absolutely continuous function f on (0,00) such that lim,_, f(r) = 0.

Both (6.1) and (6.2) remain true, but will not be needed, when p is replaced with
q € [p,00] in the left-hand side, with the usual modification when ¢ = oo.

THEOREM 6.2.  Suppose that k € N, that s # 0 and that N > 1 if s < 0. Let u € D’
be such that VFu € (Lfe’xp’s)”(k’N) with 1 < p < co. Then, there is a polynomial m, € Py_1
independent of s and p, unique if s < 0, such that V¥~ (u —7,) € (Lgxw)”(’f—ij) for
every 1 < j < k and every q € I;, and there is a constant C = C(s,j,p,q) > 0
independent of u such that

V5 = m) gy, < CHT ..
Furthermore, 1im ;o0 el (VF—Tu(z) — VFin,(z)) = 0ifp =N =4 =1 or if
1 <j<kandp> N/j. (In particular, lim;| eIk =Ty (z) = 0 if also s > 0.)

PROOF. Suppose first that £ = 1, so that m, is a constant ¢,. The case ¢ = p can
be handled along the lines of the proof of Theorem 2.3 (when s > 0) or Theorem 3.2
(when s < 0), upon merely using Lemma 6.1 instead of Lemma 2.2 or Lemma 3.1. We
skip the details.

It follows from Vu € (L8, )N and u — ¢, € L, | that el (u —¢,) € WP (use

exp,s
Ve szl = —se=sl#l|z|=1x). Thus, by the Sobolev embedding theorem, e~*!*l(u — ¢,) €
Ll ie., u—cy € LL,, , for every g € I . If p > N, it is well-known that the functions

of WP tend to 0 at infinity, so that lim| ;o0 el (u(z) —¢,) = 0. If s > 0, then
lim 500 e~*l*le, = 0 and so lim o0 e~*I*ly(z) = 0. This proves the theorem when
k = 1. The general case follows by induction; see the proof of Theorem 4.4. O

When s = 0, Theorem 4.4 with s = —N/p (that is, Corollary 4.5) must be substituted
for Theorem 6.2, at least when p # N/j,j=1,... k.

If s < 0 and k = 1, the polynomial 7, is a constant ¢, given by (3.9). If s > 0
and k = 1, a formula for ¢, is |B,|™! fB(IO’p) u where 2o € RY and p > 0 are chosen
independent of u. When k € N, these formulas can be used to find the coefficients of 7y;
see the comments after Theorem 4.4.

There is also an analog of Theorem 5.2, with an entirely similar proof. Define

Whav .= {y e LL_  :VFue (L2, ,)"*NY,

exp,s exp,s exp,s

IV ul |l 2

exp,s

with Banach space norm ||ul|

exp,s

THEOREM 6.3.  Suppose that k € N, that 1 < p < oo and that s € R,s # 0 (it is
not assumed that N > 1 if s < 0). Then,
(i) Wkar s WEPP for every 1 < q < .

exp,s exp,s

(i) If u € WEEP, then VF=Iu € (L, ,)"*=7N) for every 1 < j < k and every q € I,

exp,s?
and there is a constant C' > 0 independent of u such that
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k—j k
1V*ul e, . < CIHVTul e, .,
when s < 0 and that
NV ulll e, < Cllullrz,., + 1 V5l |1z, .)-

(il)) Whar = WEPL for every q € Iy p, with equivalent norms as q is varied. Further-

more, if s < 0, the norm of WEPP is equivalent to || |V¥ul || »

exp,s exp,s
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