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Abstract. This paper is concerned with the characterization of spaces of
square integrable holomorphic functions on a complex manifold, G, in terms
of the derivatives of the function at a fixed point o € G. The reproducing
kernel properties of square integrable holomorphic functions are reviewed and
a number of examples are given. These examples include square integrable
holomorphic functions relative to Gaussian measures on complex Euclidean
spaces along with their generalizations to heat kernel measures on complex
Lie groups. These results are intimately related to the It6’s chaos expansion
in stochastic analysis and to the Fock space description of free quantum fields
in physics.

1. Dedication.

I first met Professor It6 while still a graduate student during the Fall of 1985 while
attending the annual thematic program, “Stochastic Differential Equations and their Ap-
plications,” held at the Institute for Mathematics and its applications at the University
of Minnesota. It was somewhat intimidating being a graduate student among the numer-
ous well established and famous mathematicians at the program. However, I still have
very fond memories of meeting Professor Itd at this venue. Not only was professor It6
an excellent expositor, he was very kind and generous to everyone including us graduate
students. I feel extremely privileged to have met Professor It6 on this and other occasions
throughout my professional career. More importantly, I have been deeply influenced by
Professor 1t6’s mathematical insights and fundamental contributions to stochastic anal-
ysis and analysis in general. I am delighted to dedicate this paper to his memory.

2. Introduction.

NotaTION 2.1.  Let (G, 0) be a pointed connected complex manifold. For any open
subset, V C G, let H(V') denote the space of holomorphic functions on V.

DEFINITION 2.2. A measure, A\, on G (equipped with the Borel o — algebra) is
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smooth if for each chart z on G with domain D(z), there exists a smooth function p, :
D(z) — [0,00) such that d\ = p,dm, on D(z) where m, is the push-forward of Lebesgue
measure on R(z) := 2(D(z)) by 2~!. We further say that X is strictly positive if p, > 0
on D(z) for all charts z. [It suffices to check this condition on any collection of charts
covering G.]

As usual let, L?()\) denote space of complex valued (equivalence classes) of square
integrable functions on G with inner product defined by

(F.9) 10 = /G f-gd\Y f.g € H(G)

and associated Hilbert norm defined by || f|/z2(n) := (f, f)lL/ZQ(/\)

In this paper we are interested in the general question of characterizing the space,
HL*(G.A) = {f € H(G) : || fllr2n) < o0}, (2.1)

of holomorphic square integrable functions on G in terms of their derivatives at some
fixed base point 0 € G. To make this problem more tractable, for most of the paper we
will restrict our attention to the case where G is a complex Lie group and o = e is the
identity element of G.

Perhaps the most well known example of this situation is when G is a complex
vector space and )\ is a Gaussian measure on G. The holomorphic structure arises from a
unitary isomorphism from L? — functions of a Gaussian measure on a real vector space to
HL?(G,\) known as the Segal-Bargmann transform, see Segal [36], [37] and Bargmann
[1]. The Segal-Bargmann transform was later extended to the Lie group setting Brian
Hall [23], see Gross and Malliavin [22] for or more detailed background surrounding
these results. The Gaussian context arises rather naturally when studying the quantum-
mechanical Harmonic oscillator in both finite and infinite dimensional settings. The
infinite dimensional setting relates to “free” quantum-field theories where the derivative
space can be taken to be a certain completion of the symmetric tensor algebra over G
referred to as Fock space, see V. A. Fock [15] and Notation 5.4 below.

The structure of the paper is as follows;

1. Section 3 reviews some basic properties of HL?(G, \) in Equation (2.1). In particular
we will show HL?(G, \) is a reproducing kernel Hilbert space. The key observations
here is the Cauchy integral formula allows one to control the derivatives of a function
at a point in terms of its L? norm.

2. Section 4 is then mostly devoted to studying HL?*(G,)\) when G = C and d\(z) =
p(|z])dm(z) where p is a positive radial function on C and m is two dimensional
Lebesgue measure on C. In these examples, the space of allowed derivatives at 0 € C
is a Hilbert subspace of sequences with a weighted ¢2 — norm with weights determined
by the function p.

3. Section 5 then reviews the Gaussian setting in finite dimensions which leads to the
Fock space description of the possible derivatives of a square integrable holomorphic
function. The proofs and statements of the results in this section are formulated to
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allow for an easier transition to the results in Section 6.

4. In Section 6, we take G to be a complex Lie group, o = e € G, and A to be a “ heat
kernel measure” associated to a left-invariant second order (sub)elliptic operator on
C*(G). The results in this section have appeared in [6], [10], [11], [12]. We will
however give new proofs of some these results which are more stochastic in nature
than the original analytic proofs. These proofs make rather direct contact with Itd’s
work, especially see [29], [31].

3. Hilbert space properties of HL?(G, \).

In this section we will recall some of the basic properties of the square integrable
holomorphic functions as introduced in Definition 2.2. After this section we will restrict
our attention to the case that G is a Lie group. The next lemma is a slight extension of
[10, Lemma 3.4].

LEMMA 3.1.  To each o € G and any open neighborhood V' of o there exists a chart
z on M such that o € D(z) C V' and a family of smooth probability measures, {64} gep(2),
such that;

L. déy = 6;dm, with §; being smooth and compactly supported in D(z) and the map
D(z) x G > (g,7) — d;(x) € [0,00) being smooth.
2. Forall f € H(V) and g € D(z),

flg) = /G F(2)b,(dz) ¥ f € H(G).

PROOF. The statement of the lemma is local, so without loss of generality we may
assume that M = D; where for any R > 0,

Dr={z€C%: || <RVYi=12,...,d}. (3.1)

Let f be a holomorphic function on Dy and ¢ € (0,1/2) be given. By the mean value
theorem for holomorphic functions;

flo) =m) [

d
[0,27]4 F({gi + Tjeﬁej }jZI) H db;, (3.2)
, 4T j=1

for any choices of {r;}¢_; C [0,1/2). Choose a smooth function h : R — [0, 00) such that
h has support in (—e,¢), h is constant near 0, and

/0 1 h(r)rdr = 1.

Multiply (3.2) by 71 ---74h(r1) - - - h(rq) and integrate each r; over [0,¢) to find:
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f(9) = /D fg+2)p@m(dz) = [ (@), (@)m(dz),

D,

where p(z) = (2m)"?h(|z1]) - - h(|zal), 54(z) = p(z — g), and m is Lebesgue measure on
ce. O

THEOREM 3.2 (Pointwise Bounds). If A is a smooth strictly positive measure on
G, then the function C : G — [0,00] defined by

C(g):= sup 9l (3.3)

renngoy 1flle2 @)’

is locally uniformly bounded on G. To be more precise for all compact sets K C G,
C(K) :=supye i C(g) < 00. More generally if V := {Vi,...,V,} is any finite collection
of smooth vector fields on G, then

Cv(g) = sup ‘(Vl an)(g)‘ (34)

ren@nioy  Ifllrze)
1s locally uniformly bounded on G.

Proor. Let o € G, z be a chart on GG, and §, be the measures as described in
Lemma 3.1. Then for g € D(z),

f) = [ F@)by(e)dm. () = /D @ %94%) 13\(a). (3.5)

D(2)
From this identity and the Cauchy-Schwarz inequality,
LF(| < 1 lle2oz) 100/ Az L2 (D)5

from which it follows that C(g) < [[64/Az||2(p(z);n)- The latter expression is bounded
for g is a neighborhood of o and since o € G was arbitrary the proof is completed by a
simple covering argument.

Differentiating Equation (3.5) implies

|4 X
W)l = [ 1050

where 0Y () := Vi(g)Va...Valy — 6,(2)]. The assertion about CV now follows by the
same argument as above with J, replaced by (5;. O

The reader may also wish to consult [5] where very precise bounds similar to Theorem
3.2 may be found in the d = 1 case when M = C, and d\(z) = e ¢®dm(z) with
0<Ap <C <.
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COROLLARY 3.3.  The subspace, HL?(G, \), is a closed subspace of L*(\) and in
particular HL?(G, \) is a Hilbert space.

PrOOF.  Suppose that f € L*(\) and f, € HL*(G,\) is a sequence converging in
L?()\) to f. Given a compact subset, K, of G we conclude from Theorem 3.2 that there
exists C(K) < oo such that

sup [fn(9) = fim(9)] < CE)||fn = fmllL2(n) — 0 as m,n — oo.
g9

Thus {f,}22, is locally uniformly convergent and hence the pointwise limiting function,
F, is still holomorphic. By passing to a subsequence if necessary, we may conclude that
f=1lim, .o fn = F(X — a.e.) and hence the L?(\) - equivalence class is represented by
the unique holomorphic representative, F'. O

THEOREM 3.4 (Reproducing Kernel).  To each positive smooth measure, A, on G,
there exists a unique function (called the reproducing kernel),

k=ky:GxG—C
such that for all w € G, k(-,w) is the unique element in HL*(\) such that
flw) = (fk( w))rz ¥ f € HL2(N). (3.6)
1. k(w,z2) = (k(-, 2), k(-,w)) and hence k(w, z) = k(z,w).

2. k(z,w) is jointly C*° with w — k(z,w) being holomorphic for each z € G.
3. If {pn}Sy C HL*(N) is any orthonormal basis, then

k(zw) = 3 gul2)pnw), (3.7)

where the sum is absolutely convergent.
4. The function, C : G — [0,00) in Theorem 3.2 is given by

C(g) = Ik 920 = Vk(9,9), (3.8)
i.e. for all f € HL*(G) the following optimal pointwise bounds hold,

[F(@))* < I fII220k(g, ) for all g € G. (3.9)

5. We also have,

|k(z,w)] < VE(z, 2) - k(w,w) = /C(2)C(w) ¥ z,w € G. (3.10)

PRrOOF. By Theorem 3.2, the pointwise evaluations maps, evy(f) := f(g), defines
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a continuous linear functional on the Hilbert space HL?(G, ). Therefore the existence
and uniqueness of k satisfying Equation (3.6) is a consequence of the Riesz theorem for
continuous linear functionals on a Hilbert space. We now prove the remaining items of
the theorem in turn.

1. Apply Equation (3.6) with f(-) = k(-, 2).

2. Let w be a point in G and choose a complex chart, ¢ : U — ¥(U) C, C? such
that w € U and ¢(U) is closed under complex conjugation. Then for w € U let
w = ¢~ ((w)). [Note this notion of conjugation on U is chart dependent and is
not well defined in general.] As k(z,w) = k(w, z) is holomorphic for w € U we may
conclude that k(z,w) is also holomorphic for w € U. An application of (an easy
version of) Hartog’s Theorem, see [40] now shows that G x U > (z,w) — k(z,@)
is jointly holomorphic and in particular smooth. (We will give a another proof of

this statement as after the proof of item 5. which avoids the need for using Hartog’s
theorem.)

3. Equation (3.7) follows by the reproducing property of k, Item 1. and Parseval’s
identity;

o0

ngn <pn - Z(Q@n,k(,z))(@n,k(,w))

n=0

—Z n)(ns k(- 2))

- (k(7 w)a k(? Z)) - k(Z, w)'
4. From Equation (3.6) and the Cauchy-Schwarz inequality,

Lf(w)| = |(f kCow))ezon| < Iz - TG w2 (3.11)
where

k(s w)lFaiy = k(s w), k(- w) = k(w, w).

From this equation it follows that equality holds in Equation (3.11) when f = k(-,w)
and therefore the optimal constant C(z) as defined in Equation (3.3) is given by
Equation (3.8).

5. Equation (3.10) follows by taking f = k(-, z) in Equation (3.11) and then using Equa-
tion (3.8).

SECOND PROOF OF ITEM 2. If Py is orthogonal projection onto span{y, : 0 <
n < N}, then

kn(z,w) = (k(-,w), Pxk(- Z%

satisfies; 1) kn(z,w) — k(z,w) pointwise, 2)
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[kn (2, w)] < (kG w) Ik, 2)]] < Cw)C(2)

and so {kn(z,w)}3_, is locally uniformly bounded, 3) and hence ky — k in the L? -
norm over compact sets. Give w € G let U C G be an open neighborhood of w and w
be defined as in the proof of item 2 above. With this notation we see that

N
kn(z,w) = Z on(2)pn(w) for (z,w) € Gx U
n=0

is jointly holomorphic on G x U. From Corollary 3.3 applied to any precompact neigh-
borhood G C G x U, we may now conclude that ky — k locally uniformly and hence
G xU > (z,w) = k(z,w) = imy_,00 kn(2,w) is holomorphic on (z,w) € G x U. In
particular, k(z,w) is jointly smooth. O

3.1. Crude pointwise bounds for Lie groups.

For the remainder of this paper, we are now going to further assume that G is a
complex Lie group and our base point, o, is the identity element e € G. Let us further
suppose that dA(g) = p(g)dg where p is a positive continuous function on G and dg is a
fixed right invariant Haar measure on G. For A € g = Lie(G) := T.G let A denote the
left invariant vector field on G agreeing with A at e € G.

NotaTiON 3.5. If V is a precompact open neighborhood of e € G and p : G —
(0,00) is a given function, let

pv(g):= f p(z)= inf plyg).

THEOREM 3.6. If V is a precompact open neighborhood of e € G and p €
C(G, (0,00)), then there exists C(V) < oo such that for all f € H(G),

£@)] < CON NS le(vn) —mee ¥ g € G
pv(9)

ProOOF. Applying Lemma 3.1 with 0 = e € G, there exists a smooth probability
measure of the form d.(z)dz with 6. € C2°(V, [0, 00)) such that

f(e) = /V F(@)b.(z)dz Y f € H(G).

Then for any g we may use this equation with f replace by f o R, to find;

f(g) = foRy(e) = /V F(29)5. (¢)da

de(xg™1)

() d\(z).

= [ f@)e(xg )dx= | f(z)
Vg Vg
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Therefore by an application of the Cauchy—Schwarz inequality,

de(()g~")
)

F@! < Il (v - ] o

L2(Vg,\)

where

2 2 -1
1
] = / 289 ) (i < / 62(2g")da
L2(Vg,\) Vg p*(x) pv(g) Vg

from which the theorem holds with

V) = ,//V 52(2)de = 6. 12 (- O

4. Examples with G =C.

66((')9_1)
p(-)

Before continuing with the general theory in the complex Lie group case, let us pause
to give some examples in the special case where G = C and o = 0, In this case Haar
measure is Lebesgue measure, dm(z) = dxdy, where as usual z = = + iy. As above let
d\(z) = p(z)dm(z) where p € C(C,(0,00)) is a positive continuous function on C. We
will further use the standard first order differential operators on C,

9:=0. = %(ax —id,), and 8 :=0: = %(ax +i0,)

where 9, := 0/0x = 0+ 0, 9, := 0/dy = i(0 — J). With this notation the Laplacian, A,
on C = R? may be expressed as

A =02 —|—<9§ = 400.

NOTATION 4.1 (Taylor map). Given a function f on C which is holomorphic near
0, let

Tf={f™(0)}2 € C™.

NOTATION 4.2 (Derivative Space). Let

1/n
~of.

By the basic properties of holomorphic functions we have that T': H(C) — J° is a
linear isomorphism with inverse,

e
JO = {a ={an}tney C C: limsup ‘n
n— n!
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T a)(2) = Z %z” for all z e C.

n=0

Our primary aims are to; 1) develop some basic properties of HL?()\), 2) identify the
norm on J° which makes

Tpr2ny : HL*(N) — J°  isometric,

and 3) characterize the image, T(HL?*(\)) C J, of the Taylor map.

DEFINITION 4.3.  Let HP(C) denote the space of holomorphic polynomials. Further
let,

k
HP ={p € HP(C) : deg(p) < k} = {p(z) - Zanzn Ca, € (C}.

NoTATION 4.4. For every € > 0, let
pe(2) := min{p(w) : w € D(z,¢)}.

COROLLARY 4.5 (Louiville’s Theorem). Suppose there exists ¢ < oo and n € Ny
such that

c

Then HL*(p) = HPy. for some k < n where HPy := {0} if k < 0.

PrROOF. First off from Equation (4.1) we conclude that

|22 +1  (r+e)*+1
sup = :

su <
|z|=r ps(z) |z|<r+e c C

(4.2)

Hence if m > n and f € HL?*(\), by the Cauchy estimates and the pointwise bounds in
Theorem 3.6 along with Equation (4.2), we find,

)] < ™ sup 11|

|z|=r

<™ L !
- su _—
—orm ﬁ&‘ L2 |z|:pr ps(z)
! ]_ 2n 1
e e R

Hence it follows by Taylor’s theorem that f € HP,, by Taylor’s theorem. Since
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| |2n
/\z |2dA\(z2) /1+|22ndm(z)oo,

it follows that in fact, HL?(\) C HP,_1. Lastly if f(z) = Z?:o ajzd € HL*(\) with
ay # 0, then there exists M < oo such that |f(2)| > (1/2)|ax||z|* for || > M. Therefore
we conclude that

2 |ag|? )

from which is easily follows that HPy C HL?*(\). O

EXAMPLE 4.6 (A Non-Uniform Decay Example). If p(2) := (1/7) exp(—|z|?), then
HP C HL?(pdm) and in particular dim HL?(pdm) = co. On the other hand if ¢ is any
nowhere vanishing holomorphic function (i.e. ¢(z) = e9*) for some g € H) then the
map,

HL*(pdm) > f — of € HL2< |2dm)

is unitary and so again dimHL?((p/|p|*)dm) = oo. However, even though
HL?((p/]p|?)dm) is infinite dimensional, it is possible that HL?((p/|¢|?)dm) does not
contain any non-zero polynomials. For example, let o(z) := exp(—(c¢/2)z%). Then

HL2((p/|¢]?)dm) N HP ={0} when ¢ > 1 as is easy to verify since

_ %exp(—((l —0)a? + (1 + )

is now growing in the y — direction for fixed .

4.1. Radially symmetric densities.
For the rest of this section let us now enforce the standing assumption that p(z) =
p(]z]) is a continuous positive radial function on C such that HP C HL?(\), i.e.

/ 2|¥p(2)dm(z) < oo for all k € N.
C

In this case we will use the following notation.
NOTATION 4.7. For o € CNo_ let
oo 2
Jall2 =3 (%) where a2 = [ 12Pranc)
n=0

We further let J(p) be the Hilbert subspace of CNo defined by
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J(p) = {a = (ag,01,...) €CY : |2 < o0}

equipped with the inner product,

00 2
= Zanﬁn (a,'l) for all a, 8 € J(p).
n!
n=0

PROPOSITION 4.8.  If p(2) = p(|z]) and HP C HL?(\), then for all n € Ny,

i
("m0 = [ £ olll)dm() = 0, (4.9
ProoOF. Using polar coordinates we find,
(f,z") = / ( f(reie)r”ei"GdG)p(r)rdr, (4.4)
0 -7
where, using Taylor’s theorem, we have
Q4 ) . (k) ” ) . (n)
f(reza)rnefznede _ Z f k'(O) / Tkezkernefzneda _ 2’]1’7’2n f n'(o) )
-7 k=0 -7
Thus it follows that
(n) o (
(f,z") = ! '(0)27r/ 2 p(ryrdr = ! 2P d\(z)
n! o
which proves Equation (4.3). O
THEOREM 4.9.  If p(2) = p(|z|) and HP C HL?()\), then;
1. {2"/an}S2 forms an orthonormal basis for HL*(X).
2. For any f € HL?*(\),
o f0)
=3 L0, (45)
n=0
converges pointwise and L2(\).
3. The Taylor map in T in Notation 4.1 is a unitary map from HL?*(\) — J(\).
4. The reproducing kernel (see Theorem 3.4) for X is given by
- 1
k(z,w) = kx(z,w) Z —2 (4.6)
n—0 an

5. Every f € H(C) satisfies the (optimal) pointwise bounds,



1460 B. K. DRIVER

o0

FOP < 1l (X 2. (@)

n=0 "

6. If f € H(C), then

/If )2 p(z)dm (= ZW) ()2

PROOF. We prove each item in turn.

1. Taking f(2) = 2™ in Equation (4.3) shows (2™,2") = a2, , and therefore,
{2"/a,}2 is orthonormal subset of HL?*(\). If f € HL?(\) is orthogonal to
{2"/an}52, then according to Equation (4.3),

= f,Z— :anf ©) for all n € Np.
ap n!

As f is entire, we may conclude that f is identically zero and hence {z"/a,}52, is an
orthonormal basis for HL?(\).

2. The pointwise convergence of the sum in Equation (4.5) to f(z) is a consequence of
Taylor’s theorem for holomorphic functions and the L?(\) — convergence follows from
item 1. and the observation that

0 (1) 2
n! (479 L2(p) Gnp,

. The fact that T': HL*(\) — J()) is unitary follows directly from item 1.

. Ttem 4. is a direct consequence of item 3. of Theorem 3.4 and item 1. of this theorem.

. The bounds in Equation (4.7) follows from item 4. of Theorem 3.4 and Equation (4.6).

. To see the isometry property is valid for all f € H(C), use T : HL?*(\) — J(\) is
unitary, Taylor’s theorem, and Fatou’s lemma, to show;

L r@Paim() = [ tmins

S U W

(n) 0 n
170,

n!

(n)

COROLLARY 4.10 (Density of Polynomials). If p(z) = p(|z]) > 0 is such that
HP C HL?*(\), then HP is dense in HL?(\).

PrROOF. This is an immediate consequence of item 1. of Theorem 4.9. O
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QUESTION. under what conditions on p is HP is dense in HL?*()\)? It is certainly
not necessary for p to be radially symmetric. For example, by a change of variables
arguments one easily shows that HP is dense in HL?()\) if p(z) = p(|az + b|) for some
a # 0 and p decays sufficiently fast at infinity. Moreover, it is shown in [13, Theorem
3.6] (or see Theorem 5.1 below) that HP is dense in HL?(\) whenever

p(z) = Cexp(—(az? + 2bry + cy?))

for some a,c > 0 and b € R such that b?> — ac < 0.

4.2. Exponential examples.
THEOREM 4.11.  If >0, T'(2) := [ t*e~(dt/t) is the gamma function, and

p(z) = pal2) = 5 exp(~21").

then

a2 = Z| PRESDE,
nz:of 2n+2 /H)( o)
and for all f € H(C),

oo

P 2n
FOR < 1122 am) (2 r(<2n|+2>/>) "

/|f *eXp( |2|")dm(z Z|f (0 W

PRrROOF. These results all follow directly from Theorem 4.9 upon noting (after
making a change of variables) that

ai:/i/ r2”+lermdrF(2n+2). O
0 K

EXAMPLE 4.12 (k =1). If k=1, then

1 ., sinh(vzw
k(z,w) = Z 7(271 n 1)!(zw) = 7(,2711 )

and for all f € H(C),
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/If ? exp(—|2])dm(z) = Z\f(")(o)\QLJrzl)!’

n=0 (Tl')
and

inh(]z[) !
2 < 2 smutjzl) < 2 .
F )17 < NFIZ2 e ||fHL2(/\)2|Z|€

|2

EXAMPLE 4.13 (k =2). If kK =2, then

0o 1 .
W=Dt
and for all f € H(C),
1 =1 .0
¢ LR espzPyim) = 32 GO, and

If(2)* < ||f||%2(>\)elzlz. (Bargmann’s Pointwise Bounds)
We will revisit this last example in the next section.

5. The “classical” Gaussian example.

In this section we will take G = C? and 0 = 0 € C4. If u € C? we let 0, f(2) =
d/dt|of(z + tu) so that

0 0
aixl:ael anda—ylzaiel fOrlSlSd,

where {e;}{_; is the standard basis for C?. As in the d = 1, we will also use the standard
complex differential operators,

g2 _1(0 0N 5 0 _1(0 .0
l_azl_Q oxy Byl ’ l_851_2 Oxy 8yl '

THEOREM 5.1 (Density). Let ¢ : C* — R be a positive quadratic form on C¢
when considering C% as a real vector space. Define the Gaussian measure on C? by
d\(z) = p(z)dm(z), where m is Lebesgue measure on C%, p(z) = (1/2)e=%3), and Z is
the normalization constant which makes X a probability measure. Then the holomorphic
polynomials are dense in HL?(C?,\).

This theorem was proved in [13, Theorem 3.6] where the authors made use of the
finite dimensional version of the Ito-chaos expansion in order to reduce the problem to
the density of all polynomials in the L? -space of a Gaussian measure. We will give an
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alternate proof technique here which may prove to be useful for other measures on C?.
Let us first recall the standard integration by parts lemma.

LEMMA 5.2 (Integration by Parts).  Suppose that f,g € C*(R?) and v € R? such
that |fg| + | fOug| + |90y, f| is integrable relative to Lebesgue measure m on RY. Then

/R Fougdm = /R g0 dm. (5.1)

PrROOF. The proof is standard and is based on introducing a cutoff function,
Uy (z) = U(z/M), where ¥ € C(R?) such that ¥ > 0 and ¥(x) = 1 if |z| < 2.
One then uses the dominated convergence theorem to justify passing to the limit as
M — oo in the following identity;

0= /]Rd Oy (Uprfg)dm

= [ 51005 )@@ dmte) + [ wnons-gam+ [ wusogan. ©

PrROOF OF THEOREM 5.1. In order to demonstrate the method of proof of Theo-
rem 5.1 let us first consider the special case where d = 1 and ¢(z) = |2|?> = 2Z so that
p(2) = (1/7)e~*2. We wish to show: if f € HL?(C,\) is orthogonal to all the holomor-
phic polynomials then f = 0. Let p(z) = ZkN:o aiz* be a holomorphic polynomial and
p(9) = Zﬁ:o ar0®. Notice that p(0)p(z) = p(—2)p(z). By repeated applications of the
integration by parts Lemma 5.2 we find

/me(Z)p(—Z)P(Z)dm(Z) Z/fmf(Z)p(g)p(Z)dm(Z)
C

C

- /C p(=B)(z™ f(2))pl)dm(2)
- /C (p(~8)z™) F(2)pl(2)dm(z) = 0

wherein the last equality we have used that fact that 0f = 0 (f is holomorphic) and
the assumption that f is orthogonal to the holomorphic polynomials. Therefore we have
shown [i. f(2)2"2™p(z)dm(z) = 0 for all integers k and m. In particular, this shows that
f is orthogonal to all polynomials and hence is zero.

The general proof will follow this same strategy with some minor complications
which arise when Q # I. Let ¢ : C* — R be a positive quadratic form where C? is
viewed as the real vector space R2¢. We may write ¢(z) = z- Az + 2Bz -z + z - CZ where
A, B, and C are d x d complex matrices and v - w = 2?21 vjw; is the complex bilinear
dot product on C?. Notice that q(iz) + q(z) = 4Bz - % for all z € C%. Therefore, B = B*
and B is positive definite. In particular B is invertible. It can also be shown that A = C,
but this will not be needed in the proof of Theorem 5.1.
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Let us now proceed to the proof of the density Theorem 5.1 in the general case. Let
p(z,Z) be a polynomial in z and z. We will call the highest power of z’s appearing in
p(z, 2) the z-degree of p. By assumption, we are given that f : C¢ — C is holomorphic
and

» f(2)p(z,2)d\(z) =0 (5.2)

for all polynomials p which have zero z—degree. We wish to show that Equation (5.2)
holds for all polynomials p(z, z). This will be proved by induction on the the z—degree
of p.

So suppose k > 0 and that Equation (5.2) holds for all polynomials of z—degree less
than or equal to k. Let p(z,Z) be any polynomial of z—degree k. Integration by parts
along with 0;f = 0 and the fact that @-p(z, Z) has z—degree less than or equal to k leads
to

F(2)pz, 2)Bip(2)dim(z) = — / F@) @z 2)p(2)dm(z) =0, (5.3)
cd Cd

Since

dip(z) = =2(B'z + C2)ip(2)

and p(z, 2)(CZ); is a polynomial of z—degree k, it follows from Equation (5.3) and the
induction hypothesis that

0= » f(2)p(z, 2)(B'z 4+ C2);p(2)dm(z) = » f(2)p(z, 2)(B'2)ip(2)dm(z).

Since B is invertible and ¢ is arbitrary, we may take linear combinations of the above
identity in order to conclude

0= » f(2)p(z, 2)z1p(2)dm(z)

for all [ and polynomials p of z—degree equal to k. Hence Equation (5.2) holds for all
polynomials p of z—degree less than or equal to k+ 1. This completes the induction argu-
ment and establishes Equation (5.2) for all polynomials. This then proves the theorem
since space of all polynomials is well known to be dense in L?(C%,\). O

For the rest of this section we will now restrict our attention to the case where \;
(for t > 0) is the Gaussian measure defined by

dh(2) == <7:t>de(1/t)q(z)dm(z) (5.4)

with
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d
q(2) :z-Z=Z|zi|2. (5.5)

NOTATION 5.3. Let JO denote the elements o = (a,)3%, where for each n, a, :
(CH™ — C are complex multi-linear symmetric forms on C?. Given a holomorphic
function, f, on C? (or on a open neighborhood of 0 € C%), let f(O) = a € J° be defined
by ag = f(0) and for n > 1,

(U, ..y ty) = (D, - .. 0y, £)(0) for all u; € C2
It should be observe that f(0) is indeed in JO. This is because; 1) f being holomor-

phic guarantees that «, is complex multi-linear (an not just real multi-linear) and 2) «,
is symmetric in its arguments since mixed partial directional derivatives commute.

NOTATION 5.4 (Symmetric Fock Space). Fort >0 and a € J°, let

oo
tn
o7 == ;Hanﬂz where
n=0 "

|, (w1, ... ) |2

F
o
Il
(]

and S is a complex orthonormal basis for C?. We then let J? := {a € J° : ||af; <
oo} which is a Hilbert space when equipped with the inner product associated to the
Hilbertian norm, | -||;. [The Hilbert space, J¢, is an example of a symmetric (or Bosonic)
Fock space.]

With this notation we have the following multi-dimensional version of Example 4.13.

THEOREM 5.5. Let t > 0 be fived and T : H(C?) — J° be the Taylor map, f —
Tf = f(0). If f € H(C?), then

£z = || FO)], = 1T £l (5.6)

and T : HL*(\¢) — JP is unitary. Moreover we also have the following results.

1. If f € HL2(N) and o = Tf = f(0), then

%) n times

[EEDETH Cetere) (57)

n=0

converges pointwise and L*(\;).
2. {ps(z) = 2P /B2 . g € N¢Y forms an orthonormal basis for HL?(\;) where

Bl=TIL, B! and |B] = 61 + - + Ba.
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3. The reproducing kernel (see Theorem 3.4) for A\; is given by
k(z,w) = ky, (z,w) = /D=

4. Every f € H(C) satisfies the (optimal) pointwise bounds,

If(2)]? < ||f\|%2(,\t)el/tlz‘2 for all z € C%.

(5.9)

ProOOF. Although this theorem could be proved by similar methods used to prove
Theorem 4.9, it will be more instructive to give a different proof here which is more easily
generalizes to the setting of complex Lie groups in Section 6 below. The key observation
is to make use of the fact that A; is the convolution kernel associated to the heat flow,

et2/4 where

8- i[(fm)z <ail>2}:4a'5::4ia@'

=1 =1

In particular, for a large class of functions we have

(etA/4f) (0) = » f(z)d\(2).

Assuming that f € HL?()\) and working formally for the moment we have,

L RN ) = @/ 17)0) = 3 5 (@- 0717 0)

n=0

As f is holomorphic, f =0 = 0f and Of = 0f, we conclude that

@-0)| /17 = Zalf af = Zlazfl2

and similarly by induction that

d
@ O"fP= > o0 "
Upeodn=1
Evaluating this expression at z = 0 shows
d —
loml* = >~ [0 - 01, f17(0) = ((2-9)"|f*)(0)
Lyeonsln=1

which combined with Equation (5.10) formally proves Equation (5.6).

(5.10)
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Although the above computation was formal it is easy to justify when f € HP(C?)
in which case all sums are finite sums. Thus Equation (5.6) holds for all f € HP(C?)
and then by a simple limiting argument along with the density result in Theorem 5.1 we
may conclude that Equation (5.6) is valid for f € HL?()\;). [The key points to carrying
out this limiting arguments are: 1) if HP(CY) > fi. — f € HL?()\;) in the L%(\;) —
norm, then {Tf;}72, is Cauchy in J and 2) the Cauchy estimates show fi and all of
its derivatives converge to the analogous derivatives of f as k — o00.] Since T[HP(C?)]
is the dense subspace of finite rank tensors on J (i.e. those a € J? with oy, = 0 for
all sufficiently large n), we may easily conclude that 7' maps HL?()\;) onto J7, i.e. T is
unitary.

If f € H(C) with || f]|z2(n,) = o0, then let o = T'f and set

be the k** — order Taylor approximation to f. Then by Taylor’s theorem for entire
functions on C? we know that fx(z) — f(2) as k — oo and therefore by Fatou’s lemma
along with the Equation (5.6) for holomorphic polynomials we find,

k
. . "
00 = 1B ary < Hminf i3,y = liminf 3 2 a2 = flaf
n=0 "

Thus we have shown that Equation (5.6) holds for all f € H(C). We now prove the
remaining results in items 1-4 in turn.

1. The pointwise convergence in Equation (5.7) is guaranteed by Taylor’s theorem for
holomorphic functions. The L?()\;) — convergence follows from the isometry property
already proved which allows us to conclude that {z — (1/nDa,(z,2,...,2)}52, is a
collection of orthogonal functions in L?()\;) with

0o
n=0

2. Let 8 € Nd and n = |3|. A little thought shows

2

oo
=3 lawlZp = llaly < oo.

1
z— —‘an(z,z,...,z)
" L* () n=0

Bl o, ..o, =08

n

8[1 ...alnzﬁ|zzo = {

0 otherwise

where 97 = 8{’ ! ...85”’. From this observation and the isometry property already
proved, it follows that {2° : 3 € Nd} is an orthogonal subset of HL?()\;). Moreover,
since

n' 3
ﬁ:#{(ll,...,ln)e{l,...,d}”:@ll...aln =0 },
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we may conclude that

" nl
Iz = 27l1Z2 0, = (B - 5= tB = 11,

These computations along with the fact that holomorphic polynomials are dense in
HL?()\;) completes the proof of item 2.
3. & 4. The proof of items 3. and 4. now follow as in the proof of Theorem 4.9. [

For infinite dimensional versions of this theory see Shigekawa [38], Sugita [39],
and Gross and Malliavin [22] where the reader will numerous relevant references. The
interested reader may consult [13] and [24] for a number of related results involving
more general Gaussian measure in both finite and infinite dimensional settings and their
relations to the Ito-chaos expansion and Brian Hall’s isometry theorem first introduced
in [23].

6. Heat kernel complex Lie group theory.

The goal of this section is to describe the results in [10], [11], [12] which generalize
the results of the previous section to the context of complex Lie groups. In this setting
we will be replacing the Gaussian measure \; in Equation (5.4) by more general “ heat
kernel” measures (see Theorem 6.16) associated to both elliptic and hypo-elliptic second
order left invariant differential operators on a complex Lie group. Along the way, I will
also indicate alternative proofs to some of the results in [10], [11], [12] which are likely
to be more palatable to stochastic analysts. These new proofs also show more clearly the
connection of the results in [10], [11], [12] to Itd’s chaos expansions, see [29].

6.1. Algebraic setup.

For the rest of this paper we are going to assume that G is a complex simply
connected Lie group. Let g := Lie(G) = T.G be the complex Lie algebra of G and g* be
the (complex) dual space of g. For example, as above we might take G = C¢ or some
other complex simply connected nilpotent Lie group, see [12]. Another example to have
in mind is G = SL(n,C) (with n > 2) in which case g = Lie(SL(n,C)) = sl(n,C) — the
space of n x n trace free matrices.

DEFINITION 6.1. for A € g and g € G let A(g) = Ly A so that A is the unique
left invariant vector field on G which agrees with A at the identity.

NOTATION 6.2. Given a complex Lie algebra g, let;

1. T(g) = @ZOZO g™ be the complex algebraic tensor algebra over g,

2. T(g) = [Ir—y(%%)* denote the algebraic dual to T'(g).

3. J C T(g) be the two sided ideal in T(g) generated by {{ @n—n®&—[&,n] : ,n € g}
Let D denote the complex linear differential operators on H(G) which preserve H(G).

By the universal property of the tensor algebra, T'(g), there exists an algebra homomor-
phism, T(g) > 3 — [ € D, determined uniquely by setting 1 = id and A to be as
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in Definition 6.1 for all 4 € g. [Notice that; if z € C, A € g, and f € H(G), then
(zA)~f = z - Af by the Cauchy-Riemann equations.] It will also be useful to let, for
r € G, and k € Ny, (D*f)(x) € (®F)* be uniquely determined by

(D*f)(x), Ay @ ® A) = (Ay ... Apf)(2). (6.1)

DEFINITION 6.3 (Taylor map). For f € H = H(G) and z € G, let f(x) € T(g)’ be
defined by

(f(@), ) = f()(B8) = (BS)(x) ¥ 5 € T(g).

We call f(m) € J9 the Taylor coefficients of f at x and refer to the linear map,
H(G) > f - Tf = f(e) € J°, (6.2)

as the Taylor map. We also will denote f(e) by aj.

To be more explicit f(z) is determined by (f(z),1) = f(z) and
(f(2), A1 @@ Ay) = (D" f)(2), A1 @ @ An) = (A1 ...

forany n € Nand A; e gfor 1 <i <n.
LEMMA 6.4. If f € H(G), then as(8) =0 for all § € J.

PROOF. As is well known, if 1,72 € T(g) and &,n € g, then

e

1 ®E@n—n®&—[&n]) @)™ =31 (&7 — i — [£,7])72 =0

since by the definition of the Lie bracket, m = [5 ,7]. In other words, B =0 for all
B € J and in particular (3f)(e) for all g € J. O

DEFINITION 6.5. Let J* = {a € T(g)’ : a|; = 0} be the (raw) derivative space.
[The derivative space may be identified with the dual of the universal enveloping algebra,

Ulg) =T(g)/J ]

We now suppose that ¢ is a non-negative Hermitian form on g*. The proof of the
following simple linear algebra lemma may be found in [11, Lemma 2.2)

LEMMA 6.6. If q is a non-negative Hermitian form on g*, then there exists m <
dimc(g) end a linearly independent subset, {X;}7*, C g, such that

aﬂ:Za Xl for all o, 3 € g*.

=1
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DEFINITION 6.7 (Horizontal subspace). The horizontal subspace associated to ¢ is
H = H(q) :=spang(X; : 1 <1 < m) with the inner product: (X;, X3)g := . [Let me
emphasize that m may be strictly less than dimc g.]

EXAMPLE 6.8. If g = si(n,C) we might take ¢ to be the dual norm to the Hilbert—
Schmidt inner product on g defined by (A4, B)yg := tr(B*A).

Next we extend ¢ to (g®%)* by defining

m

q®k(aaﬂ): Z O‘(Xll®®Xlk)ﬁ(Xl1®®Xlk)
Iy, 0lk=1

for all o, 8 € (g®%)*.

DEFINITION 6.9. For each t > 0, and « € T(g)’ let

qt(a) == Z Eq‘g’k(a,a) (6.3)
k=0
and then set
T ={aeJ: ¢(a) < 0o} (6.4)
For o, 3 € J? we also let
Qt(a, ﬁ) = Z Eq® (Ck, ﬁ) (65)
k=0

which is the polarization of Equation (6.3).

DEFINITION 6.10 (Hérmander’s condition). We say ¢ satisfies Hormander’s condi-
tion if Lie(H (q)) = g where Lie(H (q)) is the smallest Lie-subalgebra of g which contains
the horizontal subspace, H(q).

The next theorem gives simple necessary and sufficient condition on ¢ in order that
q¢ is an inner product on J? for one and hence for all ¢ > 0.

THEOREM 6.11 ([11, Theorem 2.7]).  The following are equivalent:

1. Hoérmander’s condition holds, i.e. Lie(H) = g,
2. T(g)=T(H)+ J,
3. for anyt >0, Qt|Jt° is an inner product on JJ.

6.2. The reconstruction series.

If z is a point in C™ and 2®¥ is its k'" tensor power in (C™)®* then the conventional
power series representation of a holomorphic function f in a neighborhood of 0 € C"
may be written f(z) = (o, ®(z)), where ®(2) := > ;o (k!)"12®* is an element of the
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(suitably completed) tensor algebra over C™ and « is in the dual space. In order to
recover a holomorphic function f on a complex Lie group G from a knowledge of its
Taylor coefficient o = f (e), we will need to represent f globally on G by an analogous
kind of power series. Of course we do not, in general, have a global coordinate system as
on C™. Proposition 6.13 below is a special case of [11, Proposition 5.13] which in turn
relies on the machinery in [6] and [10]. To state the proposition we need the following
notation.

NOTATION 6.12. If g : [0,1] — G is a piecewise C'! path such that g(0) = e then
for each n € N we let

i (g) ;:/A o V(s)®-- @b (s,) ds eg®"

where

An(t) ::{(817"'asn):0§51352§"'§3n§t};

ds = dsi...dsy, b(s) == [ 6(¢'(r))dr and 6 is the Maurer-Cartan form defined by
0(g' (1)) := Ly(ry-1.9'(r) € g. Here L, : G — G denotes the holomorphic function given
by left multiplication by = € G. We further let ¥9(g) = 1 and

Ui(g) =Y Wp(g) e [] o™
n=0

n=0

PROPOSITION 6.13 ([11, Proposition 5.13]). If f € H(G), a = Tf = f(e), and
g:10,1] — G is a piecewise C* path, such that g(0) = e, then

f9(1) = (., Wa(g)) == Y _(f(e), ¥i(9)) (6.6)
k=0
where the sum in Equation (6.6) is absolutely convergent.

Proor. I will give a sketch of the proof here and refer the interested reader to [6,
Proposition 5.1] for the details. There are three basic steps to the proof.

1. For each z = x + iy € C, let
Va(t,g) = Ly [2'(t)] = Lgs (x'(t) + yib/ (¢)).

One then shows that the unique solution, ¢.(t) € G, to the ordinary differential
equation:
G:(t) = Vi(t,9:(t)) = Lgi[2V (t)] with ¢,(0) = e (6.7)

is holomorphic in z. Consequently z — f(g.(1)) is a holomorphic function of z and
hence has an expansion of the form,
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flg.(1)) = i a,2" for all z e C (6.8)

n=0

which is absolutely convergent.
2. By repeated use of the fundamental theorem of calculus one shows (see [6, Lemma
5.2]),

flg.(1) = z"/ <D"f(e),b/(sl) ®.-.®b'(sn)>ds+zNRN(z) (6.9)
n=0 An(1)
N-1
_ z"/ (g, U7 (g))ds + 2 Ry (2) (6.10)
n=0 A"(l)
where
Ry = [, D)) V) @ ¥ (sn))ds (6.11)

3. By comparing the series in Equations (6.8) and (6.10) we may conclude that in fact
= Ja,y{os, ¥i(g))ds and therefore,

Zz / (e, UT(g))ds for all z € C.
n (1)

The result now follows by taking z = 1 in the previous equation. O

REMARK 6.14. The absolute convergence of the sum in Equation (6.6) is solely a
consequence of the fact that f is holomorphic on G.

6.3. Heat Kernel Measures.
DEFINITION 6.15. Given a non-negative Hermitian form, ¢, on g* we associate a
second order differential operator on C*°(G) defined by

— A=Y (XK + V]
=1

where {X;}]", form a basis for H(q) as described in Lemma 6.6 and Y; := iX; = v/—1X;
for 1 <1 < m. We refer to A, as the Laplacian associated to g.

The following theorem is by now standard and the reader is referred to [11, Section
3] for references to the literature where the proofs and more details may be found.

THEOREM 6.16.  Assuming Lie(H) = g, there exists a convolution (heat kernel)
semi-group, {pt}i>0 C C*(G, (0,00)) such that
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(/1 f) () = /G F(9)dNel9)

where dA¢(g) = pt(g)dg and dg denotes a right Haar measure on G. [The fact that p; is
smooth is a consequence Hormander’s theorem [25].]

The following Theorem 6.17 is the main theorem in [11]. The remaining goal of this
paper is to explain some aspects of the proof of this theorem. Along the way, we will
give some alternate It6 calculus explanations of the some the steps in the proof which
were previously done by more pure analytic techniques.

THEOREM 6.17 (Taylor Isomorphism Theorem, [11, Theorem 6.1]). Let G be a
connected, simply connected complex Lie group. Suppose that q is a mon-negative Her-
mitian form on the dual space g* and assume that Hormander’s condition holds, (cf.
Definition 6.10). Let p; denote the heat kernel as in Theorem 6.16. Then the Taylor
map,

HL2(G M) 3 f = Tf = fle) = ay € J?

is a unitary map from HL?(G,\;) onto J}.

PRrROOF. Before getting started let us first note that the same type of formal ar-
gument used in the proof of Theorem 5.5 carry over to this setting to formally show for
f € HL?*(\;) that

1£17200) = €24 FP(e) =D

(6.12)

Il
g
2|
g
=
B
=~
IIK\j
=

where

Zi= (X~ i¥i) and Z, = o (K + %)),

However, it is much more difficult to make this argument rigorous in this case as there
are, in general, no known dense subspaces in HL?(\;) and J? respectively on which these
computations are easily justified. For example it is shown in [21] that for general g there
are typically no finite rank tensors in J°. On the other hand, if g is “stratified,” then
the finite rank tensors in J° are dense in J? and the above proof goes through, see [12,
Lemma 3.5].

The rigorous proof for general g involves three steps. The proofs given here of the
first two steps will be different than those given in [11].

1. First we wish to show ||f(e)||2jo < ||fH%2(pt) for all f € HL?*(G, \;) and hence for all
f € H(G). This is the content of Corollary 6.23 below.
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2. Secondly we show ||f||%2(pt) < Hf(e)”io for all f € H(G), see Corollary 6.28 below.
These two steps together shows the isometry property in Equation (6.12) holds for all
feH(G).

3. The last step is to show the Taylor map, HL*(G,\¢) > f — f(e) € J? is surjective.
This is where the fact that G is simply connected comes into play. The construction
of f € H(G) from a € J? is rather subtle and I have nothing new to add here over
the proof given in [11, Section 6]. O

The remainder of this section is devoted to the proofs of Corollaries 6.23 and 6.28
below. The proofs we give here will make heavy use of Brownian motion, It6 calculus,
and multiple It6 integrals in particular. This is in contrast to the more analytic proofs
given in [11].

REMARK 6.18. The Taylor Isomorphism Theorem 6.17 was proved for non-
degenerate ¢ in [6] for complexifications of compact type Lie groups and then for general
complex Lie groups in [10]. The most general form given here is found in [11] as already
mentioned. There are by now numerous infinite dimensional version of this theorem,
see Gordina [17], [18], [19], Cecil [4], Driver and Gordina [7], [8], [9], and Gordina and
Melcher [20]. Moreover, the methods describe above for the informal proof of Equation
(6.12) have proved useful for understanding the large-N limit of the Segal-Bargmann-Hall
transform in the context of SL(N,C), see [14].

6.4. It6 expansion results.

Let (Q,{Bs}s>0, P) be a filtered probability space satisfying the usual assumptions.
We further assume that {b(s) € H(¢)}s>0 is a “horizontal” Brownian motion by which
we mean

s) = 5 2wy (5)X; + 3, (9V)) € Ha) (6.13)

where {(1(s),...,2Zm(s))}s>0 and {(y1(s),...,ym(s))}s>0 are two independent R™ —
valued Brownian motions. Let g(s) € G denote the solution to the stochastic differential
equation;

0g = Lg.0b with ¢(0) = e, (6.14)

or equivalently g solves
d ~ ~
59 = {X;(9)6x; + Y;(g)dy; } with g(0) = e. (6.15)
j=1

Here and in the rest of the paper we use 6b to denote the Stratonovich differential while
db denotes the It6 differential.

The interpretation of such equations again goes back to It6 [27], [28], [30], [32]. By
definition of (6.15), if u € C*°(G), then
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{(Xju)(9)dz; + (Y;u)(9)dy; }

I
KM@*

du(g) =

J

d
{(Xju)(9)dz; + (Yju)(g)dy; } + % Z {(X3u)(9) + (f’fU)(g)}%dS

|
KM@"

Jj=1

— (Dulg), db) + i(Au)(g)dS, (6.16)

where Du(g) is viewed as an element of g} and gr denotes g thought of as a real vector
space. Thus g(s) is a Brownian motion on G with generator A and hence

Law(g(t)) = A for all £ > 0. (6.17)

If w=f € H(G) then Af = 0 (by the Cauchy-Riemann equations) so that (6.16)
simplifies to

df (g) = (Df(g), db). (6.18)

We will need a few auxiliary results in order to exploit this stochastic description
of \¢. Our first goal is to get control of size of D" f for f € HL?(G, \;) so that we can
conclude that the local martingale, f(gs), is in fact a square integrable martingale for
0<s<t.

THEOREM 6.19. If f € HL?(G, \;), then for alln € N and 0 < s < t, there eists
Cs = C(n,s) < co such that

D™ flleen,y < Csllfll2(ag) for all 0 <1 <'s.

ProOOF. To this end we start with Lemma 3.1 in order to see that there exists a
smooth function § : G x G — C supported near (e,e) € G x G such that

f(x) = /G F()d(x,y)dy

which then implies,

pr(y)dy, (6.19)

where

(A1...And) (e y) = Ay Ay — 62, y)]|eme-
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If we replace f by f o L, in Equation (6.19), it follows that

(A1 Apf) (@) = (A1 Anf) o Lau(e) = (Ar... A,[f o L) (e)
/fwy Ay ... Au0) (e, y)dy

/ffﬂy = ((;)(e y)pf(y)dy-

Now let 0 < £ =t — s and then defining C. < oo by

e

2

s A zl,yeG,5<T<t}.
Then for 0 < 7 < s <t we have ¢ <t — 7 <t and therefore,
Ay And)(ey) |

[(Ar 4 / (@)l T(y)

<AL AL 2C. /G (o) Por (y)dy.

pr(y)dy

Now multiply this equation by p;—,(z) and then integrating the result while making us
of the fact that {p;},>0 is a convolution semi-group we learn that

J 1 D@ e < (A4, [ 5o e )

— A AL PC. /G F@) o)y

from which the result easily follows. O

COROLLARY 6.20. If f € HL?*(G,\), then e¥(A/Y f = f a.e. for 0 < s < t, where
by definition,

(e5A/D f) (x /f y)ps(xy)m(x)dy

and m is the modular function defined by [, f(xy)dy = m(z) [ f(

PrROOF. Let M := f(gs). Then by Itd’s formula along with the fact that Af =0
allows us to conclude that

M = My JF/O (Df(gr),dbr)
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is a local martingale. Moreover, by Theorem 6.19 we may conclude that for any s < ¢
that

s s
[ EIDsonPar < G [ 171 < o0
0 0

and hence {M;}o<s<: is a square integrable martingale. This fact and the Markov
property for {g; }->0 shows for any 0 < r < s < ¢ that

flgr) = My = E[M;|B,] = E[f(95)|B,] = (/D2 ) (gy) as.

From this we conclude (and the positivity of the p,) that e((s=")/YAf — f ae. which
suffices to conclude the proof. O

COROLLARY 6.21. If f € HL?*(G,)\;), then My = f(g(s)) is a square integrable
martingale for s € [0, 1].

Proor. From Corollary 6.20 and the Markov property, we conclude that

£(gs) = (e"=9A/ £)(g,) = E[f (9:)|Bs)-

This completes the proof since f(g;) is a square integrable random variable and therefore
M, :=E[f(g:)|Bs] is a square integrable martingale for 0 < s < ¢. O

COROLLARY 6.22. If f € HL*(G, \t), then

£ llz2(00) TN FL2(pr) a8 5 T 1. (6.20)

PrOOF. From Corollary 6.21 and the convergence theorem for L? — martingales,
||f||%2(ps) = E|M,|? increases to E|M;|? = ||f||%2(pt). O

COROLLARY 6.23. If f € HL*(G, \t), then HfA(e)”%to <NFlZ2(0,)-

PROOF. By the stochastic analogue of the iteration scheme used to prove Equation
(6.9), we find

—_— - k e PR ',’L
f(gs)—kZ_O<D . [, e ®dbtk>+Rs< ) (6.21)

where

RS(”) = <Dn+1f(gto)? A dbto ® dbtl @ ® dbtn>'

nt1(s)

Because of Theorem 6.19, we know that
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/ B[ D™ f(go,)|2dto . . . db, < 00
n+1(8)

for all 0 < s < t. Therefore it follows by the basic properties of iterated It6 integrals
that

2
E[f(gs)] ZIE<D’“ / dbt1®~~®dbtk> + E|R(n)|?
Ak(s)
—Z DA p@IR + s[RI ) Pt
Anti(s)

> Z ||Dk )12 (6.22)
We may now let n T oo to learn,
2 2
1750 <Elf(g)l* = 1122,

We may now pass to the limit as s T ¢ to conclude that ||f(e)||2Jo < ||f||2L2(pt) wherein we
t

have used Equation (6.20) for the right side and the monotone convergence theorem to

conclude,

@5 =1 lim | f()],- O

REMARK 6.24. Tt is tempting to try to prove Equation (6.22) without the aid of
Theorem 6.19 using the following simpler (false) ¢ argument.” The false argument (which
appears in various places in the literature) states; by the basic properties of multiple Itd
integrals, all terms in Equation (6.21) are orthogonal so of course,

n

Blf(an) = S B(DH), [ by wdn, ) +BIR )P

k=0 k(s)

n 2
E{ D* db .- ®db ) )
z Z <D f(6)7 /Ak(s) ty ® ® tk> (6 23)

k=0

To see this type of argument is in general false consider the following example that the
author learned from Remi Leandre many years ago.

EXAMPLE 6.25. Let {B;};>0 be a Brownian motion in R? and let f(y) = 1/|z — y|
for some fixed point = € R?\ {0}. Then it is well known that Af(y) = 0 for y # = and
Af = —4nd, in the sense of Schwarz-distributions. As {z} is a polar set for B, we may
apply It6’s lemma to conclude,
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F(B) = £(0) + /0 V/(B.)-dB..

Hence, if the argument prior to Equation (6.23) were true in this setting we would
conclude that fg V f(Bs) - dBs is orthogonal to the constant functions, i.e.

1

T (6.24)

o=z VB dB.| = EIf(B) - £(0)] = B (B)

0

To see this is false, let

1 1
pe(y) = W exp (‘ 2t|y|2) for y € R®.

Then

d

GEB) =5 [ st =3 [ 1) snmdy
1

= 547 [ 8y = ~2m(a) <0

and therefore using the easily verified fact that [0,00) > ¢t — Ef(B;) is continuous in ¢,
we learn

1
Ef(B:) <Ef(By) = 7l forallt >0

which violates Equation (6.24).
The next theorem is a close relative of the Veretennikov-Krylov formula in [41].

THEOREM 6.26.  Suppose that f € H(G) and o := T'f = f(e) € J°. Then for all
t € ]0,00),

o0

fla®)=>" <ak, /A o db(s1) @+ ® db(sk)> (6.25)

k=0
where the sum is almost surely absolutely convergent.

Proor. This theorem is the stochastic analogue of Proposition 6.13. We will
sketch two proofs of this result.

1. The first method is to repeat the proof in of Proposition 6.13 in the stochastic context
making use of basic facts about multiple It6 integrals and stochastic flows. Results
on stochastic flows may be found (for example) in Kunita [34], see Theorem 4.8.4. In
truth it may be difficult to find the exact results which are needed here.

2. The second method is to make use of Terry Lyons’ rough path analysis to give a proof
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of Proposition 6.13 which is valid in the context of Brownian motion. Recall that we
may choose a version of

By := /t[b(T) —b(s)] ®r db(7) for 0 < s <t < 0

such that (b, = b(t) — b(s),Bs ) is a geometric rough path. [The subscript R on the
tensor symbol indicates we are, for the moment, taking tensor products of g over R
rather than C.] In fact, we may choose piecewise linear approximations, " (t) to b(t)
so that

(b5, BS,) = <b”(t) —b"(s), /:[b"(T) —b"(s)] ®r db”(T))

converges to (bs¢, Bs ) in (p,p/2) -variation norm for any 2 < p < 3, see for example
[35, Theorem 4.1.1] or [16, Proposition 3.6]. The exceptional null set, E, is now fixed
once and for all. Moreover for any 1/3 < a < 1/2, there exists a finite non-negative
random variable C(a, T) such that off of E' (expanded a bit if necessary) the following
Hoélder-estimates hold;

bsillg < Clo, Tt — s and |[Bs illgeeg < Clon T)|t — s|** ¥ 5,1 € [0, T],

where || - || and || - ||gg.g are any two fixed norms on g and g ®r g respectively.

3. From Theorem 4.20 of [3], we may now construct a solution g,(t) to the rough path
analogue of Equation (6.7). This rough path solution is uniquely determined in this
setting by requiring g, (t) satisfies; for all smooth functions, u : G — C, there exists a
constant C' = C(u, z) < oo such that

u(g: () — u(g=(s)) — (Du)(g:(5)){ L. (5)«[2bat])

< Clt— s> (6.26)
- (DDQQU) (92(5))<[ng(s)*Mz R ng(s)*MZ]Bst>

forall 0 < s <t <T. Here M A := zA for all z € C and A € g and (D2u)(g) is the
real linear functional on g ®g g determined by,

(Diu)(9)(A®g B) := (ABu) (9)VgeG& A, Beg.
It is worth observing that if u = f € H(G), then

(DEf)(9){A®r B) = (D*f)(9){A® B).

4. Now let g7(t) denote the solution to Equation (6.7) with b(¢) replaced by b™(t) as in
step 2. Then by Terry Lyons’ universal limit theorem, we know that ¢7(t) — g.(t)
locally uniformly in (z,t) and so by Morera’s theorem, z — g, (t) is still holomorphic
in z. Moreover, the universal limit theorem [35, Theorem 4.1.1] (or see [16, Theorem
8.5 and Chapter 9]) also implies
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/ A" (1) ® - @ db" (s,,)
Ap(t)

converges to a version of the Stratonovich iterated integral,

/ 0b(s1) ® -+ ® 6b(sp).
An(t)

So following the same arguments as in the proof of Proposition 6.13, we may conclude
off the exceptional set, F, that

oo

fla) =3 (fen [, e (1) ).

k=0

. Explicit formulas relating multiple Stratonovich integrals to multiple Ito integrals are
well known, see for example [26], [2, Proposition 1], [33], and [13, Definition 4.10].
From these formula one shows

/ 6b(31)®---®6b(sk):/ db(s1) @--- @ db(se) as.  (6.27)
Ag(t) Ak (t)

and so, at the expense of increasing the size of exceptional null set E, we also have
Ha0) =3 (o) [ sne e w ants))
k=0 A (t)

A direct proof of Equation (6.27) may also be given as follows.
The key point is that differential of the complex quadratic variation tensor (denoted
by db ® db) is zero because,

DO =
NE

db(t) ® db(t) = X; ® X; +Y; @ Y;]dt

J

l
—

[X; ® X, + (iX;) ® (iX;)]dt

<
Il
_

I Il
DO = N | =
NERNINSE

(X; ® X; — X; ® X,]dt =0,

J

Il
—

wherein we have used Y := ¢X; as in the definition of b(t) in Equation (6.13). There-
fore if we let

Sk(t) = /A o (51)(81) K- & 5b(sk),
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then
Sk+1(t) /Sz€ ) ® 0b(T /Sk ) ® db(T) + /dSk( ) ® db(T)

f/o Su(r) ® db(r) + 2/ Ser(7) @ db(r) © db(7)

-/ " Su(r) ® db(r)

and the result now follows by induction on k. O

REMARK 6.27. The expansion in Equation (6.25) converges not because of some
size restriction imposed on a = f(e) but because f is assumed to be holomorphic on G.
For example when G = C, Equation (6.25) reduces to

o0 (o] a
)= a- / db(s1) . k—’f (6.28)
k=0 Ak(t) =0
and the only information we can infer about the coefficients, oy, = f(*)(0), is that

limsupy_, ., [lax/k!|** = 0, i.e. the radius of convergence of the power series in Equation

(6.28) is infinite.

COROLLARY 6.28. If f € H(G), then | f|lL2(n,) < ||f(e)||th and in particular, if
feJo, then f e L%(\).

PrOOF. Let o= f(e). By Fatou’s lemma along with Theorem 6.26,

N 2
Wl =B =2 |3 [ asss
N 2
<1}@ng{ ];)/Ak(t)<ak7db®’“> ]
N e > ik
1;&1;10%[;) k!naknﬂz E ol = flalZ. =
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