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Abstract. In this paper we study fundamental directional properties of
sets under the assumption of condition (SSP) (introduced in [3]). We show
several transversality theorems in the singular case and an (SSP)-structure
preserving theorem. As a geometric illustration, our transversality results are
used to prove several facts concerning complex analytic varieties in 3.3. Also,
using our results on sets with condition (SSP), we give a classification of spirals
in the appendix 5.

The (SSP)-property is most suitable for understanding transversality in
the Lipschitz category. This property is shared by a large class of sets, in
particular by subanalytic sets or by definable sets in an o-minimal structure.

1. Introduction.

The notions of tangent cone and direction set have taken a very important role in
the study of several equisingularity type problems, in particular, after the pioneering
works of H. Whitney [8], [9], to the topological equisingularity problem. For instance, I.
Nakai discussed and used directional properties in [6] in order to show the appearance
of topological moduli in a family of polynomial map-germs : (R™,0) — (RP,0) for n > 3,
p > 2. On the other hand, the authors showed in [3] that the dimension of the common
direction set of two subanalytic subsets, called the directional dimension, is preserved by
a bi-Lipschitz homeomorphism provided that their images are also subanalytic. In order
to prove this result we introduced and employed in an essential way the notion of sequence
selection property ((SSP) for short). (SSP) is a notion based on the direction set. It takes
an important role in the study of Lipschitz equisingularity. Using the aforementioned
theorem in [3], we can see that the Oka family [7] is not Lipschitz trivial as a family
of zero-sets of real polynomial function germs. Our aim in this paper is to study the
geometry of sets satisfying (SSP), their behaviour under bi-Lipschitz transformations
and to point out applications to complex singularities and also other fields.

In order to do this, we introduce the notions of transversality and weak transversal-
ity, using the real cone (half-cone) of the direction set, essential tools for understanding
the sets satisfying condition (SSP). Our main concern is to decide under which conditions
the transversality of sets is preserved by (bi-Lipschitz) homeomorphisms. In particular
we show that the transversality for complex analytic sets is preserved by bi-Lipschitz
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homeomorphisms (Theorem 3.2), provided that their images are also complex analytic
sets, and that the weak transversality for general sets is preserved by bi-Lipschitz home-
omorphisms, provided that one of them and its image satisfy the sequence selection
property (Theorems 3.5 and 3.11). In fact the weak transversality is preserved for ar-
bitrary sets if the bi-Lipschitz homeomorphism satisfies the condition semiline-(SSP),
simply a corollary of Theorem 2.25.

In addition, we introduce and study the notion of (SSP) mappings. We show that
the (SSP) structure is preserved by (SSP) bi-Lipschitz homeomorphisms (Theorem 4.7).
In general the behaviour of a merely bi-Lipschitz homeomorphism can be very wild in
respect to the direction sets. We show that whenever a bi-Lipschitz homeomorphism
is also an (SSP) mapping, this is no longer the case. Indeed, we are able to control
this behaviour by either considering it in regard to sets satisfying condition (SSP) or by
considering bi-Lipschitz homeomorphisms endowed with extra properties. In particular,
we look for those homeomorphisms with a good directional behaviour and we single out
two large classes of examples.

2. Directional properties of sets.

Let us recall our notion of direction set. For simplicity in this paper we only consider
the direction sets at the origin.

DEFINITION 2.1.  Let A be a set-germ at 0 € R™ such that 0 € A. We define the
direction set D(A) of A at 0 € R™ by

D(A) := {aES" Y3z} c A\ {0}, 2; — 0 € R" s.t.

— a, i—>oo}.

’L
(||
Here S™~! denotes the unit sphere centred at 0 € R™.

For a subset A C S"~1, we denote by L(A) a half-cone of A with the origin 0 € R"
as the vertex:

L(A):={taeR" |a€ A, t>0}.

In the case A is a point (not the origin) we call L(A) a semiline. For a set-germ A at
0 € R™ such that 0 € A, we put LD(A) := L(D(A)), and call it the real tangent cone at
0eR™

Let U, V C R” such that 0 € U N V. The following are true:

(1) D(U) = D(U).

(2) DUUV)=DU)UD(V).

(3) U; D(U:) € DUY).

(4) If U; are half-cones then |J, D(U;) = D(UU;).
(6) D(UNV)CDWU)ND(V).
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2.1. Condition (SSP).

In [3] sea-tangle properties and directional properties of sets with the sequence
selection property played an essential role in the proof of the main theorem (cf. Theorem
2.2). For the reader’s convenience let us recall the main theorem in [3]. See H. Hironaka
[2] for the definition of subanalyticity.

THEOREM 2.2 (Main Theorem in [3]). Let A, B C R"™ be subanalytic set-germs
at 0 € R™ such that 0 € AN B, and let h : (R",0) — (R"™,0) be a bi-Lipschitz homeo-
morphism. Suppose that h(A), h(B) are also subanalytic. Then we have the equality of
dimensions,

dim(D(h(A)) N D(h(B))) = dim(D(A) N D(B)).

We denote by (SSP) the sequence selection property for short. Here we introduce a
generalised notion of (SSP) relatively to a subset of R™.

DEFINITION 2.3.  Let A, B be two set-germs at 0 € R” such that 0 € ANB, D(A) C
D(B). We say that A satisfies condition (SSP)-relative to B, if for any sequence of points
{am} of B tending to 0 € R™ such that lim,, oo am/||am| € D(A), there is a sequence
of points {b,,} C A such that

||am - bm” < Ham”, ||bm||

In the case B = R™ we will not mention B (it is the usual (SSP) condition).
Concerning this relative condition (SSP), we can easily show the following:

PROPOSITION 2.4.  The relative condition (SSP) is transitive, namely if A satis-
fies condition (SSP)-relative to B and B satisfies condition (SSP)-relative to C, then A
satisfies condition (SSP)-relative to C.

We give some remarks on the relative condition (SSP) ((2) and (3) follow from the
above proposition).
REMARK 2.5.
(1) A (resp. A) satisfies condition (SSP)-relative to A (resp. A).
(2) A satisfies condition (SSP) if and only if A satisfies condition (SSP)-relative to
LD(A).
(3) A satisfies condition (SSP) if and only if A satisfies condition (SSP).

(4) Let A C R™ be a set-germ at 0 € R™ such that 0 € A, and let d, C > 0. The
sea-tangle neighbourhood ST4(A; C) of A, of degree d and width C, is defined by:

ST4(A;0) := {x € R" | dist(z, A) < C|z|}.

Then, A satisfies condition (SSP)-relative to ST4(A4;C),d > 1.
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In this paper we consider also the notion of weak sequence selection property, denoted
by (WSSP) for short.

DEFINITION 2.6. Let A, B be two set-germs at 0 € R"™ such that 0 € AN B,
D(A) C D(B). We say that A satisfies condition (WSSP)-relative to B, if for any
sequence of points {a,,} of B tending to 0 € R™ such that lim,, oo am/|lam| € D(A),
there is a subsequence {m;} of {m} with {b,,,} C A such that

||amj - bmJH < ||aij7 HbmJH

We have the following characterisation of condition (SSP). The proof in the relative
case is similar to the non-relative case for which we gave a detailed proof in [4]. We
sketch a slightly rough proof here.

PROPOSITION 2.7. Let A, B be two set-germs at 0 € R"™ such that 0 € ANB. If A
satisfies condition (WSSP)-relative to B, then it satisfies condition (SSP)-relative to B.
Namely, the conditions relative (SSP) and relative (WSSP) are equivalent.

PrOOF. Assume that A does not satisfy condition (SSP). Then there is a se-
quence of points {a, € B} tending to 0 € R™ such that lim,, o0 am/||am| € D(A)
and lim,, o d(am, A)/||am|| = a > 0, where d(a,,, A) denotes the distance between a,,
and A. This implies that there does not exist a sequence of points {b,,} C A such that
lam — bm|| < ||am]||- Therefore A does not satisfy condition (WSSP). O

We make some remarks on (SSP):

REMARK 2.8.

(1) In fact one can easily see that A satisfies condition (SSP)-relative to B if and
only if for any sequence of points {a,} of B tending to 0 € R™ such that
limy, o0 @m/||am|| € D(A), then d(am, A)/|lam| tends to 0 € R. (Or there is a
subsequence which tends to zero.)

(2) Condition (SSP) is C! invariant, but not bi-Lipschitz invariant (cf. Section 5 in
[3]). Note that condition (SSP) is invariant under a bi-Lipschitz homeomorphism
h:(R,0) — (R,0). We leave the proof of this fact to the interested reader.

As stated in the above remark, the condition (SSP) is not bi-Lipschitz invariant.
However if a map h is bi-Lipschitz, we have the following:

LEMMA 2.9.  Let h: (R",0) — (R™,0) be a bi-Lipschitz homeomorphism, and let
A, B be two set-germs at 0 € R™ such that 0 € AN B. Then A satisfies condition
(SSP)-relative to B and D(B) = D(A) if and only if h(A) satisfies condition (SSP)-
relative to h(B) and D(h(B)) = D(h(A)). From this we can conclude that if A satisfies
condition (SSP), then D(h(A)) = D(h(LD(A))) and h(A) satisfies condition (SSP)-
relative to h(LD(A)) (B = LD(A)).

PrROOF. Use (1) of Remark 2.8. O
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Below we give several examples of sets satisfying the condition (SSP).

REMARK 2.10. Let A, B C R" be set-germs at 0 € R™ such that 0 € An B.

(1) The cone LD(A) satisfies condition (SSP).

(2) If A is subanalytic or definable in an o-minimal structure, then it satisfies condition
(SSP).

(3) If A is a finite union of sets, all of which satisfy condition (SSP), then A satisfies
condition (SSP).

(4) If0 € A, a C! manifold, then it satisfies condition (SSP) and LD(A) = Ty(A). (This
is not necessarily true for C° manifolds or if 0 ¢ A.)

(5) If A C B, D(A) = D(B), A satisfies condition (SSP), then B satisfies condition
(SSP).

(6) If AU{0} is path connected with D(A) a point, then A satisfies condition (SSP). The
trajectories of the gradient flow of an analytic function satisfy this property; this is
the famous gradient conjecture of R. Thom, proven in [5]. They may not be always
subanalytic.

(7) It D(A) ={a1,...,ar} and there are subsets A; C A, D(4;) = {a;} and A; U {0},
i=1,...,k, are path connected, then A satisfies condition (SSP).

We give one more important example satisfying condition (SSP).

PROPOSITION 2.11 (Proposition 6.5 in [3]). Let h : (R™,0) — (R™,0) be a bi-
Lipschitz homeomorphism, and let A, h(A) C R™ be subanalytic set-germs at 0 € R™
such that 0 € A. Then the set h(LD(A)) satisfies condition (SSP).

Concerning the condition (SSP) it is important to remember that LD(A) satisfies
condition (SSP) for any subset A,0 € A. Accordingly we will try to replace A by its real
tangent cone LD(A) whenever possible and convenient. The remaining results of this
subsection are in this spirit. We recall the following lemma.

LEMMA 2.12 (Lemma 5.6 in [3]). Let h : (R",0) — (R™,0) be a bi-Lipschitz
homeomorphism, and let A C R™ be a set-germ at 0 € R™ such that 0 € A. Then
D(h(A)) C D(h(LD(A))). If A satisfies condition (SSP) or if h is a C*-diffeomorphism

the equality holds.

Using the above lemmas we can improve Proposition 2.11. In fact, we gave an
improvement in the non-relative case in [4]. Here we generalise it to the relative case.

THEOREM 2.13.  Let h: (R",0) — (R",0) be a bi-Lipschitz homeomorphism, and
let A CR"™ be a set-germ at 0 € R™ such that 0 € A, and B C R" a set-germ at 0 € R"
such that 0 € B. Assume that A satisfies condition (SSP). Then h(A) satisfies condition
(SSP)-relative to B if and only if h(LD(A)) satisfies condition (SSP)-relative to B.

PROOF. Let us assume that h(A) satisfies condition (SSP)-relative to B. By
assumption, A satisfies condition (SSP). Therefore it follows from Lemma 2.12 that
D(h(LD(A))) = D(h(A)). Let {ym} be an arbitrary sequence of points of B tending to
0 € R" such that
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lim 2™ ¢ D(h(LD(A))) = D(h(A)).

m=c0 ||y |

Let y,, = h(z,,) for each m. Since h(A) satisfies condition (SSP)-relative B, there is a
sequence of points {z,,} C A such that

[A(2m) = h(zm) || < [A(zm)]l; [1A(zm)]-

On the other hand, there is a subsequence {z,,} of {z,} such that
limy,,; o0 2m; /||2m; || € D(A). Since LD(A) satisfies condition (SSP), there is a sequence
of points {6, } C LD(A) such that

1Zm; = Om; | < N[2m, [l [10m,|]-
It follows from h being bi-Lipschitz that
11(zm;) = h(Om )| < A|PCzm) |5 ([P (Om; ) -
Then we have
1A (@) = hOm )| < [(@m;) = Blzm) |+ 1Az ) = hOm) ]| < (A2, )]
Therefore we have
1(m;) = h(Om) | < [B(2m )]s 1A (Om,)]I-

Thus h(LD(A)) satisfies condition (WSSP)-relative to B, and also condition (SSP)-
relative to B by Proposition 2.7. The other claim can be proved in a similar way. O

Note that even if both h(A) and h(LD(A)) satisfy condition (SSP), it does not imply
that A satisfies condition (SSP) (the spiral example, Figure 1 below).

PropoSITION 2.14. Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomor-
phism, and let A C R" be a set-germ at 0 € R™ such that 0 € A. Then
LD(h(A)) = LD(h(LD(A))) and h(LD(A)) satisfy condition (SSP) if and only if
LD(h=Y(LD(h(A)))) = LD(A) and h~1(LD(h(A))) satisfy condition (SSP).

PROOF.  As our conditions are symmetric in h (our bi-Lipschitz homeomorphism)
it suffices to prove only the “if” part implication. Since h=1(LD(h(A))) satisfies condition
(SSP) it follows that

LD(h(A)) = LD(h(h~(LD(h(A))))) = LD(h(LD(h~'(LD(h(A)))))),

and because we always have

LD(h(LD(A))) = LD(h(LD(h~'(h(4))))) € LD(h(LD(h~"(LD(h(A))))))
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it follows that LD(h(A)) = LD(h(LD(A))).
Assume that {h(y,,)} is an arbitrary sequence of points of R” tending to 0 € R”
such that

. h(ym) _
n}gnoo 7||h(ym)|| € D(h(LD(A))) = D(h(A)).

As cones satisfy condition (SSP) we can assume that h(y.,) € LD(h(LD(A))) =
LD(h(A)), so ym € h=Y(LD(h(A))). Passing to a subsequence, if necessary, we may
assume that in fact limy,—co Ym/||ym|| € D(h1(LD(h(A)))) = D(A). Again as cones
satisfy condition (SSP) we can claim the existence of a sequence x; € LD(A) such that

lyi = zall < il [lyill-
The fact that h is bi-Lipschitz implies that
1h(zi) = h(ya) | < [[R(zi)ll, [[R(ya)l]-

As h(x;) € h(LD(A)) we proved that h(LD(A)) satisfies condition (SSP). O

REMARK 2.15. In order to show h(LD(A)) satisfies condition (SSP), we cannot
drop the assumption LD(h~'(LD(h(A)))) = LD(A). Indeed if h is the spiral bi-Lipschitz
homeomorphism of Example 3.3 in [3], we put A = R x 0 so that h(LD(A)) = h(A) is a
spiral which does not satisfy condition (SSP) (Figure 1 below). Clearly h=*(LD(h(A))) =
R? so it satisfies condition (SSP), and LD(h~(LD(h(A)))) = R? # LD(A).

In the same spirit we have the following.

PROPOSITION 2.16.  Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism,
and let A C R™ be a set-germ at 0 € R™ such that 0 € A. The following are equivalent:

Y

e

-

Figure 1.
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(1) A, h(A) both satisfy condition (SSP).
(2) A,h=Y(LD(h(A))) both satisfy condition (SSP) and LD(h=1(LD(h(A)))) = LD(A).
(3) h(A), h(LD(A)) both satisfy condition (SSP) and LD(h(LD(A))) = LD(h(A)).

EXAMPLE 2.17. For instance, the situation in the above result happens in the
following two general cases.

(1) If both A, h(A) are subanalytic or definable in an o-minimal structure over R.
(2) If A satisfies condition (SSP) and h is a C*-diffeomorphism.

2.2. Condition semiline-(SSP).

Our general purpose is to provide a large class of examples of homeomorphisms which
preserve the condition (SSP). In this subsection we introduce the condition semiline-
(SSP), and we use it to give some characterisations of the condition (SSP). In particular,
in the bi-Lipschitz case, we prove that the condition semiline-(SSP) is equivalent to
preserving the condition (SSP) (Corollary 2.23). Furthermore we prove that a semiline-
(SSP) bi-Lipschitz homeomorphism h, induces a “positive homogeneous” bi-Lipschitz

homeomorphism which corresponds the real cones of arbitrary sets A and their images
h(A) (Theorem 2.25).

DEFINITION 2.18.  We say that a homeomorphism h : (R™,0) — (R™,0) satisfies
condition semiline-(SSP), if h(¢) has a unique direction for all semilines /.

REMARK 2.19. The bi-Lipschitz homeomorphisms satisfying condition semiline-
(SSP) are bi-Lipschitz homeomorphisms which are Gateaux right differentiable.

ProOPOSITION 2.20. Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism.
Suppose that h=Y(1) satisfies condition (SSP) for all semilines 7. Then LD(h({)) is a
semiline for all semilines ¢, that is h satisfies condition semiline-(SSP). (In particular
h(£) satisfies condition (SSP).)

PrROOF. Indeed, take a semiline ¢ and sequences of points {b;}, {¢;} C ¢ tending
to 0 € R™ such that LD(h({b;})) = ¢1 and LD(h({c;})) = £2, where {1, {2 are semilines.

Since ¢; (resp. ¢2) satisfies condition (SSP), there is a sequence of points {b;} with
{h(b})} C 1 (resp. {c;} with {h(c})} C £2) such that

12 (b)) — R || < IRl RO (resp. [|h(ci) — h(c)Il < [1R(co)lls [A()I])-
It follows that
10: — gl < [|ball, OGN (resp. [lei — cill < Mleall, [l€i]])- (2.1)

On the other hand, we have

b; C;
lim — ={ lim — =D
{mlbin} {monm} ©
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and {c}} C h™1(¢2). By (2.1), we have

/ .
{ lim HZH} = { lim ”I;} = D(f) C D(h™1(£y)).

Since h~1(¢3) satisfies condition (SSP), there is a sequence of points {c/} with h({c/}) C
{5 such that

165 = i/ I < 1oz, NIl
This implies that

oy ={ iy = { o g ~ 2

that is 61 = fg. O

We have the following corollaries.

COROLLARY 2.21. In the case of a bi-Lipschitz homeomorphism, the condition
semiline-(SSP) is equivalent with asking that h(€) satisfies condition (SSP) for all semi-
lines £. Moreover in the bi-Lipschitz case it follows that h satisfies condition semiline-
(SSP) is equivalent to h™1 satisfies condition semiline-(SSP).

PROOF. Indeed assume that h(¢) satisfies condition (SSP) for all semilines ¢. From
the result above it follows that h~! satisfies condition semiline-(SSP), and therefore it
satisfies condition (SSP) as well. This in turn shows that h satisfies condition semiline-

(SSP). 0

COROLLARY 2.22.  Let h: (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism, and
let A C R™ be a set-germ at 0 € R™ such that 0 € A. Suppose that A satisfies condition
(SSP), and h satisfies condition semiline-(SSP). Then h(A) satisfies condition (SSP).

PROOF. Let £ be an arbitrary semiline contained in LD(h(A)). Then there is a
sequence of points {a;} C A tending to 0 € R™ such that LD({h(a;)}) = ¢. Since ¢
satisfies condition (SSP), there is a sequence of points {¢;} with {h(c;)} C £ such that

[[h(ai) = k(e < [[R(ai)ll; [Ih(ei)]-
It follows that
llai = cill < flagll; fle:ll-
Therefore we have LD({a;}) = LD({c;}) € LD(h™'(f)). We can use the previous
proposition to claim that LD({a;}) = LD({c¢;}) = LD(h~1(¢)) is a semiline £; C LD(A).

Let {b;} be an arbitrary sequence of points tending to 0 € R™ such that
LD({h(b;)}) = £ C LD(h(A)). Since ¢ satisfies condition (SSP), there is a sequence
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of points {b}} with {h(b})} C ¢ such that

[1A(bi) = RO < (0], (1A B)]I-
It follows that

i = Bl < 1Bl (1071l (2.2)

Note that {b}} C h=1(¢). Therefore we have
LD({b}}) = LD(h™'(¢)) = £, C LD(A).

Since A satisfies condition (SSP), there is a sequence of points {b)} C A such that

105 = B Il << [1B51, 1101 (2:3)
By (2.2) and (2.3), we have

11Bs = b3'[1 << [1bill, 11851l
It follows that

1A(bi) = RO < [R(B) I, 12(67)]I-

Since {h(b)} C h(A), h(A) satisfies condition (SSP). O
Using the above corollary, we can see the following:

COROLLARY 2.23.  Let h : (R",0) — (R"™,0) be a bi-Lipschitz homeomorphism.
Then the following are equivalent:

(1) h has the property that for any set-germ at 0 € R™, A C R™ such that 0 € A, we have
that A satisfies condition (SSP) if and only if h(A) satisfies condition (SSP).
(2) h (so h™1) satisfies condition semiline-(SSP).

REMARK 2.24. Take a germ of a semiarc 7 : ([0,¢€),0) — (R™,0) with a unique
direction, say ¢ = LD(v). (It is not difficult to see that ~ satisfies condition (SSP).)
It follows from Proposition 2.20 that for a bi-Lipschitz homeomorphism A : (R™,0) —
(R™,0) where h~! satisfies condition semiline-(SSP), we do have that h(y) has also a
unique direction. Indeed, we can easily see that LD(h(vy)) = LD(h(LD(v))) = LD(h(¥))
is also a semiline. Let

L L ={v:([0,¢),0) — (R",0) | LD(7) is a semiline}.

The above argument implies that if h~! satisfies condition semiline-(SSP), then the map
h: % — %% induces a map h : S"~! — S"~! defined by h(D(y)) = D(h(v)) for
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v € %L, 1f both h,h~! satisfy condition semiline-(SSP), then h : S"~1 — S"~1 is a
one-to-one correspondence, in other words, h : S"~! — S~ is bijective.

Note that in the case where v : ([0,€),0) — (C™,0), v € ..%, we have that the
complex tangent cone, LD*(7), is a complex line, and all complex lines can be obtained
in this way (see 2.39 for a definition of the complex tangent cone).

THEOREM 2.25. Let h: (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism such
that h (so h™1) satisfies condition semiline-(SSP). Then the induced map h : S*~! —
S"=1 given in Remark 2.24 extends to a bi-Lipschitz homeomorphism h : R™ — R", and
for any set-germ at 0 € R™, A C R™ such that 0 € A, we have h(D(A)) = D(h(LD(A))) =
D(h(A)). In particular we have dim D(A) = dim D(h(A)).

ProoF. First we prove the result for A which satisfies condition (SSP). Indeed
D(A) = D(LD(A)) and the latest satisfies condition (SSP).

Let us put 4, := {ta | t > 0} for a € S"~1. Then we have LD(A) = Uaen(a) la- Let
us assume that A satisfies condition (SSP), then we have the following:

h(D(A)):( U LD(h(ea))) nsnt

a€D(A)

C LD( U h(ea)> nsnt

a€D(A)

= LD(h( U ea>> nstt
acD(A)

= LD(h(LD(A))) N S"! = D(h(A)).

By Corollary 2.22, h(A) also satisfies condition (SSP). Using the same argument as
above, we have

It follows that
D(h(A)) C h(D(A)) C D(h(A)).
Therefore we have h(D(A)) = D(h(A)).
Since h : (R™,0) — (R™,0) is a bi-Lipschitz homeomorphism, there are positive
numbers K7, Ko € R with 0 < K7 < Ks, called Lipschitz constants, such that

Killzy — 22| < [|h(21) — h(22)]] < Kal|z1 — 22|

in a small neighbourhood of 0 € R”. Let h: §"~! — §7~1 §n~1  R™ be the mapping
defined by
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h(ta)

he) = iy o

Let a,b € S 1. Then for sufficiently small, arbitrary ¢ > 0, we have

H H Ita) - b
6] ~ T < e T
|h(ta) ~h()] . Kolta—tb] K

- < < —=|la—=19].
mn (RG], R = mm(Ka tal], K@) = %1

Taking the limit as t — 0, we have ||h(a) — h(b)|| < (K2/K1)|la — b||. Therefore it
follows that h is a bi-Lipschitz homeomorphism. It is not difficult to extend h to a global
bi-Lipschitz homeomorphism, we put h(tz) = th(x), z € S*~! (its radial extension).

Our proof shows that in fact D(h(A)) C D(h(LDA)) = h(D(A)) for any A. Because
7" = k1, the equality D(h(A)) = D(A(LDA)) = h(D(A)) holds in general, O

REMARK 2.26. In particular the above property holds for any definable bi-Lipschitz
homeomorphism, and for any subanalytic bi-Lipschitz homeomorphism (for the subana-
lytic case see [1]).

REMARK 2.27. The assumption on h cannot be much relaxed. Indeed, consider
a bi-Lipschitz zig-zag homeomorphism h : R — R (in particular it preserves the (SSP)
property) whose graph is like in Example 4.11, Figure 3 below. Then H := 1xh : RxR —
R x R is a bi-Lipschitz homeomorphism and for the semiline A = {(¢,¢) | ¢t > 0}, H(A)
is exactly that part of the graph of h which is a zigzag. Therefore dim D(H(A4)) = 1
(even A satisfies condition (SSP)), but D(A) is only a point. Clearly H does not satisfy
semiline-(SSP).

COROLLARY 2.28.  Let h: (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism such
that h (h™=1) satisfies condition semiline-(SSP), and let A C R™ be a set-germ at 0 € R™
such that 0 € A. Then LD(A) and LD(h(A)) are bi-Lipschitz homeomorphic.

ProOF. Indeed by the previous result we have that D(A) and D(h(A)) are bi-
Lipschitz homeomorphic, and the radial extension of h gives the result. O

2.3. Directional properties of intersection sets.
In this subsection we treat some directional properties of intersections. Even if A,
B satisfy condition (SSP), AN B does not always satisfy condition (SSP).

PROPOSITION 2.29. Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism,
and let U, V. C R™ be closed cones with 0 € R™ as the vertex. Suppose that h(U) satisfies
condition (SSP). Then D(h(U NV)) = D(h(U)) N D(h(V)).

PrOOF. Since the inclusion C is obvious, we show D here. Let o be an arbitrary
element of D(h(U)) N D(h(V)). Then there is a sequence of points {a,,} C V tending to
0 € R™ such that lim,, o h(am)/||h(am)| = a. Since h(U) has condition (SSP), there
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is a sequence of points {b,,} C U tending to 0 € R™ such that
[7(am) = h(bm) || < [[(am)ll, [1A(om)]-
It follows that
lam = bl < llamll, [|bm]l- (2.4)

On the other hand, there is a subsequence {a,, } of {a,,} such that

Aoy
lim —2_ =g D(V).

m; =00 [am, |

By (2.4) we have

Oy =B € D).

m; =20 [[bi, |
Since U, V are closed cones, 3 € D(U)ND(V) C UNV. Let 3 denote the real half line

through 0 and 8. Then 8 C UNV. Note that 3 satisfies condition (SSP). Therefore
there is a sequence of points {c,,;} C § tending to 0 € R™ such that

||amj - ij” < Ha’mj”? ”ij”'
This implies

[[Pam;) = Plem, )| < [1ACam)ll [[P(cm, )l

Thus
o Pem) L h(a,)
im —2— = lim ——X— = q.
mi—00 [[h(cmy)||  mi—oo [|h(am, )|l
It follows that o € D(h(U NV)). Thus D(h(U)) N D(h(V)) C D(h(U NV)). O

Using a similar argument to the above proposition, we can generalise it as follows:

THEOREM 2.30. Let h: (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism, and
let U, V. CR"™ be set-germs at 0 € R™ such that 0 € U NV. Suppose that D(UNV) =
DU)NDV), and UNV and h(U) satisfy condition (SSP). Then D(h(U N'V)) =
D(h(U)) 0 D(h(V)).

REMARK 2.31.  We cannot drop any assumption from the above theorem.

(1) DUNV)=DWU)ND(V): Let h : (R,0) — (R,0) be the identity map, and let
V={1/m|meN}and U =R\V. Then D(UNV) # DU)ND(V),and UNV =)
and h(U) = U satisty condition (SSP). But D(h(U)Nh(V)) # D(h(U)) N D(h((V)).
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(2) (SSP) of UNV: Let h : (R?,0) — (R?,0) be the inverse of the slow spiral bi-
Lipschitz homeomorphism given in Example 3.3 of [3] (see Figure 1 and Remark
2.15), and let A, B be spirals on the source space mapped by h to two lines /1,
lo through the origin on the target space, respectively. We set U = AU (B \ m)
and V = AU (BN m), where m is a half line with 0 € R? as an end point. Then
DWUNV)=DU)ND(V) =8, h(U) = 1 U(lz\C), where C is a sequence of points
on ly convergent to 0 € R?, satisfies condition (SSP) and U NV = A does not satisfy
condition (SSP). On the other hand, we can see that D(h(U) N h(V)) = ¢, N S* and
D(hWU))ND(h(V)) = (£1 Uls) N St

(3) (SSP) of h(U): Let h: (R?,0) — (R%,0) be the zigzag bi-Lipschitz homeomorphism
given in Example 3.4 of [3], and let U = {y = 0} and V = {y = az} for a sufficiently
small positive number @ > 0. Then D(UNV) = DU)NDV)=0,UNnV = {0}
satisfies condition (SSP) and h(U) does not satisfy condition (SSP) (see Remark 5.4 in
[3]). On the other hand, we can see that D(A(UNV)) = () but D(h(U))ND(h(V)) # 0.

REMARK 2.32 (Example 5.2 (2) in [3]). Let T be an angle with vertex at O € R%.
We choose sequences of points {P,,} and {Q,,} on the edges of T such that OP,, = 1/m?
and 0Q,,, = (1/2)(1/m? +1/(m + 1)2), and let Cy be the zigzag curve connecting P,,’s
and @p,’s. Then C5 satisfies condition (SSP).

Q’VFL

m

Figure 2.

Suppose that there are a subanalytic curve U and a bi-Lipschitz homeomorphism
h : (R?,0) — (R2,0) such that h(U) = Cy satisfies condition (SSP). Let V be a half
line arbitrarily close to LD(U), therefore close to U as well, such that U NV = {0} and
DUNV)=DU)ND({V)=0. On the other hand, D(h(UNV)) = @ and D(h(U)) N
D(h(V)) # 0, as the image h(V) has to be arbitrarily close to the zigzag Cy. By Theorem
2.30, we see that Cs cannot be the image of any subanalytic curve by any bi-Lipschitz
homeomorphism.

2.4. Directional properties of product sets.
We give some elementary set-theoretical properties concerning the condition (SSP).

PROPOSITION 2.33 (Product). Let A C R™ be a set-germ at 0 € R™ such that
0 € A and let B C R™ be a set-germ at 0 € R™ such that 0 € B. Then A, B satisfy
condition (SSP) at 0 € R™, 0 € R™ respectively if and only if A X B satisfies condition
(SSP) at (0,0) € R™ x R™.
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PROOF. We first show the “only if” part. Let {(ax,br)} be an arbitrary sequence
of points of R™ x R™ tending to (0,0) € R™ x R™ such that

lim 7(6%’ bk)

Jim R = (a,b) € D(A X B).

In the case where |la|l, [|b]] # O, limp—ooar/llak|l = a/|a|| € D(A) and
limg_,00 bi/||bk]| = b/||b]] € D(B). Therefore it is easy to see that there exists a se-
quence of points {(cg,dr)} of A x B tending to (0,0) € R™ x R™ such that

[k, br) — (ks dic) || < [ (ak, be) [l (e, dic) |l

Let us assume that ||a|| = 0 and ||b]] = 1. Then ||ax|| < ||bk]| and limg_, o0 by /||bk|| €
D(B). Since B satisfies condition (SSP) at 0 € R™, there is a sequence of points {dy} of
B tending to 0 € R" such that

16k = dill < [[bxl; [ldl-

Let {c;} be a sequence of points of A tending to 0 € R™ such that lim;_, ¢;/|c;| €
D(A). Take a subsequence {c;, } of {¢;} so that ||c;, || < (1/k)||dk||. Then {(c;,,dr)} is
a sequence of points of A x B tending to (0,0) € R™ x R™ such that

[ (ar, br) — (i, di) | < N0kl [1dk]|-
It follows that
[ (ak, br) = (cjp, di) || < [[(ar, o)l [[(cjis di)|l-

The case where ||a|]| = 1 and [|b]] = 0 follows similarly to the above. Thus A x B
satisfies condition (SSP) at (0,0) € R™ x R™.

We next show the “if” part. Since the proof of the other part is the same, it suffices
to show that A satisfies condition (SSP) at 0 € R™. Let {ax} be an arbitrary sequence
of points of R™ tending to 0 € R™ such that

lim -2 =g e D(A).

koo [|ax||

We take a sequence of points {bx} of R™ tending to 0 € R™ such that

by,
lim — =b¢€ D(B).
koo |[br|

Taking a subsequence if necessary, we may assume that ||bg|| < |lax|| for any k& € N, and

lim (anbr) = (pa, /1 —p?b) € D(A x B)

k—oo ||(ak, br)||
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where 0 < p < 1. Since A x B satisfies condition (SSP) at (0,0) € R™ x R™, there is a
sequence of points {(c,dx)} of A x B tending to (0,0) € R™ x R™ such that

[(ak, br) — (cr, dic) || < [[(a, bi)lls [l (crs di)|-
It follows that
lar — cxll < llakll, llexl]-

Thus A satisfies condition (SSP) at 0 € R™. O

PrOPOSITION 2.34. Let A C R™, B C R"™ be set-germs at 0 € R™ and 0 € R™
respectively, such that 0 € A,0 € B. Then

D(A x B) C {(ta,v/1—1tb) | a € D(A), b€ D(B), t € [0,1]}.

Moreover if both A and B satisfy condition (SSP), then the equality holds.

ProoF. Let {(ar,br)} € A x B be an arbitrary sequence of points tending to
(0,0) € R™ x R™ such that

_ (ag, br)
klggo Tar b0~ (a,b) € D(A x B).

We must have at least one of |la] # 0 or [[b]] # 0, hence we get that
limy—oo ar/llak|| = a/llall € D(A) or limg_.o0 bi/||bx|| = b/||b]] € D(B). In any case
we take ¢ = ||la|| = /1 — ||b]|?>. In the case a = 0 then ¢t = 0 and b € D(B) so we can
write (0,b) as required.

For the other inclusion, let (ta,v1 —2b), a € D(A), b € D(B), for some t € [0,1].
If t # 0,1, then take s = /1 — t2/t and consider a sequence of points (t;a, st;b), t; — 0,
such that (t;a, st;b)/||(t;a, st;b)|| — (ta,stb). Using the fact that A and B satisfy the
condition (SSP) we can find a; € A,b; € B such that ||a; — t;a|| < t;, ||b; — st;b|| < st;
and this implies that (a;, b;)/||(a:, b;)|| — (ta, /1 — t2b). The case when ¢t = 0, 1 is trivial.
(We can always reduce the (SSP) property to the case when the points are on a line.) O

2.5. Complex sequence selection property.

We next consider the complex tangent cone and introduce a complex analogue for
the condition (SSP). Let A C C™ be a set-germ at 0 € C™ such that 0 € A. The complex
tangent cone of A is defined as follows:

LD*(A) := {v ecr

He} cC, Hvi} cAN{0} —0€ (C”}

s.t. lim; oo cv; = v
Note that if A is a real (resp. complex) vector space, then LD(A) = A, LD*(A) = A+iA

(resp. LD*(A) = A).
Let CD(A) ={cv € C" | ce C,v € D(A)}. Then we have following:
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LEMMA 2.35. LD*(A)=CD(A).

PRrROOF. Since the inclusion LD*(A) D CD(A) is obvious, we show the converse
inclusion. Note that 0 € LD*(A) N CD(A). Take an element v € LD*(A) \ {0}. By
definition, there exist {¢;} C C and {v;} C A\ {0} — 0 € C" such that lim;_, ¢;v; = v.
Then there are subsequences {c;; } of {¢;} and {v;; } of {v;} such that lim; .. c;, /||c;; || =
c € C\ {0} and lim; o v, /|lvi;|| = w € D(A). Then we have v = c|lv|[lw € CD(A). It
follows that LD*(A) C CD(A). O

We define the complex projective direction set D*(A) C PC"~! of A as the quotient
set of LD*(A) \ {0} by C\ {0}. Then we have

LEMMA 2.36 (Lemma 8.1 in H. Whitney [9]). Let A C C™ be an analytic variety
such that0 € A. Then LD*(A) is also an analytic variety in C™ and D*(A) is a projective
variety. In addition, we have

dimc A = dim¢ LD*(A) = dimc D*(A) + 1.

The next lemma follows also from Remark 8.2 and Theorem 11.8 in [9]:
LEMMA 2.37.  For an analytic variety 0 € A C C*, LD*(A) = LD(A).

REMARK 2.38. Let S' = {e? | § € R}. For A C C" such that 0 € A, LD*(A) =
LD(A) if and only if SD(A) = D(A). Note that D*(A) is the quotient of D(A) by S1.

One can also consider the sequence selection property over the complex numbers,
which we denote by (CSSP).

DEFINITION 2.39. Let A C C" be a set-germ at 0 € C" such that 0 € A. We say
that A satisfies condition (CSSP), if for any sequence of points {a,,} of C™ tending to
0 € C™ such that lim,, o0 am/||am| € LD*(A), there is a sequence of points {b,,} C A
such that

lam = bl < [lamll; [|bml]-

REMARK 2.40. If A satisfies condition (CSSP), then LD*(A) = LD(A), and it
is clear that it also satisfies condition (SSP). In particular, Lemma 2.12 implies that
D(h(A)) = D(h(LD(A))) = D(h(LD*(A))) and LD*(h(A)) = LD*(h(LD*(A))). In
general it is not true that D(h(A)) = D(h(LD*(A))) implies A satisfies condition (SSP).
Amongst the examples of sets satisfying condition (CSSP) we mention the complex tan-
gent cones LD*(A) and the complex analytic varieties.

PROPOSITION 2.41. Let A C C" be a set-germ at 0 € C" such that 0 € A. Then A
satisfies condition (CSSP) if and only if A satisfies condition (SSP) and S1D(A) = D(A).
Consequently if A satisfies condition (SSP), then both S'A and CA satisfy condition
(CSSP).

PrROOF. The direct implication is clear from the comments above. For the other
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implication let us consider a sequence {a,} of C" tending to 0 € C", such that

limyy—oo @m/|lam|| € LD*(A) = CD(A). It follows that lim,, oo am/||am| = ca €

S1D(A) = D(A) by assumption. Because A satisfies condition (SSP) it follows that

there are b,, € A such that ||am — bn| < ||am||, ||bm]], that is A satisfies condition

(CSSP). O
3. Transversality.

3.1. Transversality for singular sets.
Let us define the notion of transversality for complex analytic varieties, using the
complex tangent cones.

DEeFINITION 3.1. Let 0 € A, B C C" be analytic varieties. Then we say that A
and B are transverse at 0 € C™ if the following equality holds:

dime LD*(A) 4 dimg LD*(B) — n = dime(LD*(A) N LD*(B)).

Concerning this transversality, we have

THEOREM 3.2. Let h : (C",0) — (C™,0) be a bi-Lipschitz homeomorphism, and
let 0 € A, B, h(A), h(B) C C" be analytic varieties. Then A and B are transverse at
0 € C" if and only if h(A) and h(B) are transverse at 0 € C".

PrROOF. We show only the “only if” part. The “if” part follows similarly.
By assumption,

dim¢ LD*(A) + dimge LD*(B) — n = dimc(LD*(A) N LD*(B)).
By Lemma 2.36, we see that
dim¢ LD*(A) = dim¢ LD*(h(A)), dimc LD*(B) = dim¢ LD*(h(B)).

Then, using Lemma 2.37 and Theorem 2.2, we can compute dime(LD*(A) N LD*(B))
as follows:

2 dime(LD*(A) N LD*(B)) = dimg (LD*(A) N LD*(B))
— dimg (LD(A) n LD(B))
= dimg(LD(h(A)) N LD(h(B)))

= dimp (LD"(h(A)) N LD*(h(B)))

= 2dimc(LD*(h(A)) N LD*(h(B))).
Therefore we have

dime LD*(h(A)) + dime LD*(h(B)) — n = dime(LD*(h(A)) N LD*(h(B))).
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Thus h(A) and h(B) are transverse at 0 € C™. O

3.2. 'Weak transversality.

When dealing with singular sets in the real set up, we find more convenient to use
a weaker form of transversality, in terms of real tangent cones. This is analogous to the
use of semi-arcs in Real Algebraic Geometry.

DEFINITION 3.3. Let A, B C R" be set-germs at 0 € R” such that 0 € AN B. We
say that A and B are weakly transverse at 0 € R™ if D(A) N D(B) = § (if and only if
LD(A) and B are weakly transverse at 0 € R™).

Concerning this weak transversality, we have the following:

LEMMA 3.4. Let A, B be two set-germs at 0 € R"™ such that 0 € AN B, and let
h: (R™0) — (R™0) be a bi-Lipschitz homeomorphism. Suppose that h(A) (or h(B))
satisfies condition (SSP). If D(A) N D(B) =0, then D(h(A)) N D(h(B)) = 0.

As a corollary of this we have the following.

THEOREM 3.5. Let A, B be two set-germs at 0 € R™ such that 0 € AN B, and let
h: (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism. Suppose that A or B satisfies
condition (SSP), and h(A) or h(B) satisfies condition (SSP). Then A and B are weakly
transverse at 0 € R™ if and only if h(A) and h(B) are weakly transverse at 0 € R™.

PROOF OF LEMMA. By hypothesis, LD(A) N LD(B) = {0}.

Assume that h(A) and h(B) are not weakly transverse at 0 € R™. Namely, there are a
half line ¢ € LD(h(A))NLD(h(B)) and a sequence of points {b,,} C B tending to 0 € R"
such that lim,,—co (b )/||R(bw)]| = D(¢). Here LD(¢) = £ C LD(h(A)) N LD(h(B)).

Since h(A) satisfies condition (SSP), there is a sequence of points {a,,} C A such
that

A(am) = h(bm) || < [|R(am)l; [[A(bm)]]-
It follows that

lam = bm |l < llamll; [1bm]]- (3.1)

Taking a subsequence of {b,, } if necessary, we may assume that lim, e by /||bm | = b €
D(B). By (3.1), b = limy, .00 @ /|lam|| € D(A). Thus it follows that D(A) N D(B) #
(), which contradicts the hypothesis. Thus it follows that h(A) and h(B) are weakly
transverse at 0 € R™. g

REMARK 3.6. We cannot drop the assumption of (SSP) from the above theorem.
For instance, consider Figure 1, the “slow spiral” bi-Lipschitz homeomorphism pictured
before.

As a corollary of Theorem 3.5, we have the following;:
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COROLLARY 3.7. Let A, B be two set-germs at 0 € R™ such that 0 € ANB, and let
h: (R™0) — (R™,0) be a bi-Lipschitz homeomorphism. Suppose that h(LD(A)) satisfies
condition (SSP). Then A and B are weakly transverse at 0 € R™ if and only if h(LD(A))
and h(B) are weakly transverse at 0 € R™.

The following is a simple corollary of Theorem 2.25.

COROLLARY 3.8. Let h: (R",0) — (R",0) be a bi-Lipschitz homeomorphism such
that h satisfies condition semiline-(SSP) and A, B C R™ two arbitrary set-germs at 0 €
R" such that 0 € AN B. Then A and B are weakly transverse at 0 € R™ if and only if
h(A) and h(B) are weakly transverse at 0 € R™.

3.3. Applications to complex analytic varieties.

Having developed our transversality theory specifically to deal with the singular
situations, let us apply (illustratively) the above results to arbitrary complex analytic
varieties. We first give an important proposition.

PROPOSITION 3.9. Let A, B C C" be set-germs at 0 € C" such that 0 € ANB. If
LD(A)N LD*(B) = {0}, then LD*(A) N LD*(B) = {0}.

PROOF. Assume that there exists v € LD*(A) N LD*(B) such that v # 0 € C".
Then, by Lemma 2.35, there is a non-zero ¢ € C such that cv € LD(A) N LD*(B). This
contradicts the hypothesis. Thus the statement follows. O

As a corollary of Proposition 3.9 and Lemma 2.37, we have

COROLLARY 3.10. Let 0 € V C C" be an analytic variety, and let A C C™ such
that 0 € A. Then LD*(A) N LD*(V) = {0} if and only if LD(A) N LD(V) = {0}.

Let 0 € V, W C C™ be analytic varieties, and let A be a subset of C" such that
0 € A. Suppose that there exists a bi-Lipschitz homeomorphism A : (C",0) — (C",0)
such that h(V) = W. Then, by Lemma 3.4, Lemma 2.37 and Proposition 3.9, we can
see the following:

THEOREM 3.11.  LD*(A)N LD*(V) = {0} if and only if LD*(h(A)) N LD*(W) =
{0}

We consider also the application to the singular points sets of complex analytic
varieties. Let V, W, A and h be the same as above. Let us denote by 3(V) (resp.
X(W)) the singular points set of V' (resp. W). Note that h(X(V)) = Z(W).

By Lemma 3.4, we can easily see the following:

PROPOSITION 3.12. A and X(V) are weakly transverse at 0 € C™ if and only if
h(A) and (W) are weakly transverse at 0 € C™.

Let us apply our Proposition 2.29 to complex analytic hypersurfaces. Let 0 € V,
W C C" be analytic hypersurfaces, and let the ideals I(V) and I(W) of V and W be
generated by complex analytic functions f and g, respectively. Let f; and gp be the
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initial homogeneous forms of f and g, respectively.

We note that for a hypersurface V. = {f = 0}, as above, we have LD(V) =
LD*(V) = {fa = 0}. Suppose that there exists a bi-Lipschitz homeomorphism h :
(C™,0) — (C™,0) such that h(V) = W. Then, by Lemma 2.12, we have

OBSERVATION 1. LD(h(LD(V))) = LD(h(V)).

In addition, by Proposition 2.11, we have
OBSERVATION 2.  h(LD(V)) satisfies condition (SSP).
Using these facts, we can show the following:

COROLLARY 3.13.  Let A C C" be a set-germ at 0 € C™ such that 0 € A. Then we
have

LD(h(LD(A) N LD(V))) = LD(R(LD(A))) N LD(W).

PRrROOF. By Observation 2, h(LD(V)) satisfies condition (SSP). Then it follows
from Proposition 2.29 and Observation 1 that

LD(h(LD(A) N LD(V))) = LD(h(LD(A))) N LD(h(LD(V')))
= LD(h(LD(A))) N LD(W). O

We end this section with an application to analytic curves.

Let W1, W5 be the set-germs of two analytic curves at 0 € C™.

Then LD(W1) = Uj_, mj, m; Nm; = {0}, i # j, LD(W2) = Uiy lj, linl; = {0},
i # 7, s,t € N, where m;,[; are complex lines through 0 € C".

PRrROPOSITION 3.14.  Suppose that there is a bi-Lipschitz homeomorphism h :
(C™,0) — (C™,0) such that h(Wy) = Ws. Then s =t.

PROOF. We are going to use the known fact that the tangent cone of an irreducible
complex curve is just a complex line. We know that

Iy = LD*(Wy) = LD(W3) = LD((LD(W,))) = | LD" (h(m)).

j=1

J

This shows that for any j,1 < j < s, LD*(h(m;)) consists of some lines l,. We will show
that we cannot have more than one l;. Indeed assume that l1,ly are in LD*(h(m,)),
for convenience. This would imply that there are sequences a;,b; € W realising the
direction m; so that their images h(a;), h(b;) realise I; and Iy respectively. As ly,ly are
distinct directions, following the cited result it follows that the sequences h(a;) and h(b;)
are in different irreducible components of W5, say in V; and in V5 respectively. As h is
a homeomorphism it follows that a; € h™'(V}) and b; € h=(Vk) are also on different
irreducible components of Wj. This contradicts our Theorem 3.11. It follows that each
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LD*(h(m;)) consists exactly of one line and therefore s > ¢t. By symmetry we conclude
our proof. O

REMARK 3.15. It is not difficult to see that the above result does not hold for h
merely a homeomorphism.

4. (SSP) mappings.
In this section we introduce and investigate the notion of (SSP) mappings.

DEFINITION 4.1.  Let A C R™ be a set-germ at 0 € R™ such that 0 € A and B C R"
a set-germ at 0 € R™ such that 0 € B. Let h: (A4,0) — (B,0) be an arbitrary map (or a
homeomorphism) germ. We say that h is an (SSP) map ((SSP) homeomorphism) if the
graph of h satisfies condition (SSP) at (0,0) € R™ x R"™.

Subanalytic maps and definable maps in an o-minimal structure are examples of
(SSP) maps. Also the Cartesian product of two (SSP) maps is an (SSP) map. By
Theorem 4.19 weak diffeomorphisms are also (SSP) homeomorphisms. A function h :
(R,0) — (R.0) whose graph is a zigzag given in Example 2.32 is also an (SSP) map. (Of
course, the zigzag should be expanded to the negative part.)

We next consider the image of a set satisfying condition (SSP) by an (SSP) map.
Let 7 : (R",0) — (R"1,0) be the projection on the first (n — 1) coordinates, and let A
be a set-germ at 0 € R™ such that 0 € A. Then the following result holds:

PRrROPOSITION 4.2.  Suppose that kerm and A are weakly transverse at 0 € R"™.
Then we have

(1) #(LD(A)) = LD(w(A)).
(2) If A satisfies condition (SSP), then so does w(A).

PrROOF. (1) For the first inclusion C, it suffices to show 7w(D(A)) C LD(w(A)).
Take a € D(A). Then there is a sequence of points {a,,} C A\ {0} tending to 0 € R"™
such that lim,, 00 @ /||am| = a. By the weak transversality, a ¢ ker 7. Since m(a,,) # 0
for sufficiently large m, we may assume that 7(a,,) # 0 for any m. Then we have

m(a) 7(am)

(@) = mi% fn(an)] < 27D
Hence 7(a) € LD(mw(A)).

For the second inclusion it suffices to show D(w(A)) C 7(LD(A)). Take b € D(n(A)).
Then there is a sequence of points {a,,} C A\ {0} tending to 0 € R™ such that
lim,;,— oo T(am)/||7(am)|| = b. Because of the same reason as above, we may assume
that m(an,) # 0 for any m. Then, by the weak transversality, there is a subsequence
{am,} of {am} such that

lim ™ =g D(A) and w(a) #0.

m; =00 [[am, |
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Then we have

~ (A, ) m(a) - a -
b= i1 = (egay) 00

myoo [[1(am, )| [(a (a)]

(2) Let {b,,} be an arbitrary sequence of points of R"~! tending to 0 € R"~! such
that

lim U™ — b e D(r(4)).

m=00 [by |
Let £ ={tb|t >0} C LD(w(A)). Then by (1), there is a half line L C LD(A) such that
w(L) = {. Let us express L as {t(b,c) | t > 0} for some ¢ € R. Let vy, = (b, ||bm||c) for
each m. Then we have
(b [|bm ) (/1o ], ) (b;¢)

«
lim —" = lim — O iy = € D(A).
m=c0 |lam||  m=oc [[(bm, [lbm|[c)|  m=oc [[(brm/llbm I, )l [I(b, )

Since A satisfies condition (SSP), there is a sequence of points {5,,} C A, where 3, =
(@m,dm) € R x R, tending to 0 € R™ such that

18m = am|l < [Bmll; llm-
It follows that
17(Bm) — 7 (am)l| = 7 (Bm = am) | < [1Bm — com|| < || Bm
Then, by the weak transversality,
17 (Bm) — m(am)|| < [7(Bm)|| (and also |7 (am)l]).
This means
lam = bl < llamll; [|bm]-

Since a,, = 7(Bm) € w(A), w(A) satisfies condition (SSP). O

REMARK 4.3.  We cannot drop the assumption of the weak transversality in the
above theorem.

Let 7 : R? — R? be the projection defined by 7(z,y,2) = (z,y), and let A = {2* =
22 + 942} N7 1(S), where S is a slow spiral on (z,y)-plane. Then we can see that A
satisfies condition (SSP), but m(A) = S does not satisfy condition (SSP). In addition,
7(LD(A)) = {0} but LD(n(A)) = R2.

Concerning the weak transversality assumption of Proposition 4.2, we have the fol-
lowing lemma.
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LEMMA 4.4. Let f : (R",0) — (RP,0) be a map such that there is ¢ > 0 with
|/ (z)] < c|z| in a neighbourhood of the origin. Let w : R™ x RP — R™ be the projection on
the first n-coordinates. Then kerm and the graph of f are weakly transverse at (0,0) €
R™ x RP.

Using Proposition 4.2 and Lemma 4.4, we can show the following theorem on the
(SSP) structure:

THEOREM 4.5.  Let h: (R",0) — (R™,0) be a Lipschitz homeomorphism such that
alz| < |h(z)|, for some ¢; > 0, in a neighbourhood of 0 € R™, and let A C R™ be a
set-germ at 0 € R™ such that 0 € A. Suppose that A satisfies condition (SSP) and h is
an (SSP) map. Then h(A) also satisfies condition (SSP).

PrOOF. Let mo : R” x R” — R" be the projection on the second n-coordinates,
and let

Ga:={(a,h(a)) e R" xR" | a € A}

Suppose that G4 satisfies condition (SSP) as a set-germ at (0,0) € R™ x R™. Since
h=1: (R™,0) — (R",0) satisfies |h=1(x)| < (1/c1)|x| in a neighbourhood of 0 € R",
it follows from Proposition 4.2 and Lemma 4.4 that h(A) = m2(G 4) satisfies condition
(SSP). Therefore it suffices to show that G 4 satisfies condition (SSP).

Let m : R™ x R™ — R"™ be the projection on the first n-coordinates, and let G be
the graph of h. Since kerm; and G are weakly transverse at (0,0) € R™ x R™, so are
ker 71 and G 4.

Let us show that G4 satisfies condition (SSP). Let {«,,} be an arbitrary sequence
of points of R™ x R™ tending to (0,0) € R™ x R™ such that

lim ™ —q € D(G4) C D(G),

where oy, = (b, ) € R x R™ for m € N. Let L = {ta |t > 0} C LD(G4). Since G
satisfies condition (SSP), there is a sequence of points of {3,,} C G such that

llevm = Bl < lemll; [18mll; (4.1)
where 3, = (dm, h(dn)) € R” x R™ for m € N. By the weak transversality of ker 71 and
Ga, m(L) = € C LD(A). Note that £ = {tb | t > 0} for b= limy_cc by /||bm|| € D(A).
Therefore it follows from the weak transversality that

1bm = din || < [[bml; [|dm - (4.2)

On the other hand, since A satisfies condition (SSP), there is a sequence of points
{am} C A tending to 0 € R™ such that

llam — bl < [lamll, [[bml]- (4.3)
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It follows from (4.2) and (4.3) that
lam = dm|| < llam|l; [ldml]- (4.4)
Because h is Lipschitz, (4.4) implies that,
[7am) = h(dm)|| < llamll, lIdmll (4.5)
Consequently our assumption on h implies that
[1Aam) = h(dm)|| < h(am)l, [17(dm)]]- (4.6)
Let v = (am, h(am)) € Ga for m € N. It follows from (4.4) and (4.6) that
lm = Bl < Ayl (1B (4.7)
By (4.1) and (4.7) we have
lom =yl < flewmll, [[vmll-

Therefore G 4 satisfies condition (SSP). This completes the proof of Theorem 4.5. 0

DEFINITION 4.6. We call a homeomorphism : (R™,0) — (R™,0) an (SSP) bi-
Lipschitz homeomorphism if it is bi-Lipschitz and an (SSP) map.

Obviously a C! diffeomorphism A : (R™,0) — (R™,0) is an (SSP) bi-Lipschitz home-
omorphism.

As a special case of the above theorem we have the following preserving (SSP)
structure Theorem.

THEOREM 4.7.  Let h : (R™,0) — (R™,0) be an (SSP) bi-Lipschitz homeomorphism,
and let A C R™ be a set-germ at 0 € R™ such that 0 € A. Then A satisfies condition
(SSP) if and only if h(A) satisfies condition (SSP).

We have a corollary of the proof of Theorem 4.5.

COROLLARY 4.8.  Let h: (R",0) — (R™,0) be a Lipschitz homeomorphism as in
Theorem 4.5, and let A C R™ be a set-germ at 0 € R™ such that 0 € A. Suppose that h
is an (SSP) map and A satisfies condition (SSP). Then the restriction h|a is an (SSP)
map.

We can give a characterisation of an (SSP) map as follows:.

PROPOSITION 4.9.  Let h : (R™,0) — (R™,0) be a Lipschitz homeomorphism as in
Theorem 4.5. Then h is an (SSP) map if and only if its restrictions to any semiline ¢
are (SSP) maps.
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PrROOF. The corollary above gives the necessity. Let G be the graph of h. To
prove the sufficiency, let us consider a sequence of points {(a,, by, )} of R™ x R™ tending
to (0,0) € R™ x R™ such that

(@, bm)

lim = (a,b) € D(Q).

m=00 [ (@m; bm) |
We put | := {(ta,tb) | ¢ > 0} and l; := {ta | ¢ > 0}. Then there is a sequence
of points {(¢;, h(c;))} of G such that lim; .o (¢, h(¢;))/l|(ci, h(ei))|| = (a,b). Since !
satisfies condition (SSP), there are positive numbers s, € R so that

[[si(a, b) = (i, h{e) | < les], si-

This shows that the direction [ is also attained by the sequence {(s;a, h(s;a))}, namely
it appears as a direction of the graph of the restriction of h to l;, and we can apply the
hypothesis to end the proof. O

REMARK 4.10.  Unfortunately a homeomorphism which is merely an (SSP) home-
omorphism, does not always preserve the condition (SSP). We can construct an (SSP)
homeomorphism A : R — R, which also satisfies semiline-(SSP), such that there is a set
A satisfying condition (SSP) but h(A) does not.

Concerning Theorem 4.7, it may be natural to ask the following question:

QUESTION 1. Let h: (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism. Suppose
that if A satisfies condition (SSP), so does h(A) for any set-germ A at 0 € R™ such that
0 € A. Then is h an (SSP) map?

We have a negative example to the above question.

EXAMPLE 4.11.  Let & : (R,0) — (R, 0) be a zig-zag function whose graph is drawn
below (Figure 3). (Note that the zigzag in Figure 2 is not the graph of a function!)

Then h is a bi-Lipschitz homeomorphism. As stated in Remark 2.8 (2), h satisfies
the (SSP) assumption in Question 1. But the graph of h does not satisfy condition (SSP).
Therefore h is not an (SSP) map, moreover h also satisfies condition semiline-(SSP).

REMARK 4.12.  We can consider a similar question to Question 1 in the semialge-
braic category or in the subanalytic one. Namely, we consider the question, replacing
condition (SSP) with semialgebraic or subanalytic. Indeed, let A : (R™,0) — (R™,0) be a
bi-Lipschitz homeomorphism. Suppose that if A is semialgebraic (or subanalytic), then
so does h(A) (for any set-germ A at 0 € R™ such that 0 € A). Does this property imply
that h is a semialgebraic map (subanalytic respectively)? The above example provides a
negative answer.

This kind of phenomenon is not particular to the one-dimensional case. For instance,
let T := {(x,y) € R?; 2 > 0 and exp(—1/2?) < y < 2exp(—1/2?)}. Then we can define a
homeomorphism germ h : (R%,0) — (R?,0) by identity outside 7', and, on T', we can take
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Figure 3.

any extension so that h is a non-semialgebraic homeomorphism. However this kind of h
takes semialgebraic set-germs to semialgebraic set-germs. Indeed, for any 1-dimensional
semialgebraic set A such that 0 € A, ANT is empty as a set-germ at 0 € R2, and obviously
its image h(A) = A is semialgebraic. If B is an arbitrary 2-dimensional semialgebraic set
such that 0 € B, then the boundary of B does not intersect T as set-germs at 0 € R2.
Therefore we can see that h(B) is also a semialgebraic set-germ.

The subanalytic case is similar.
Concerning the above phenomenon we mention the following results.

PROPOSITION 4.13.

Both h; : (R™,0) — (R™,0), i« = 1,2, are (SSP) bi-Lipschitz homeomorphisms if
and only if hy X hg : (R™ x R™2,0x0) — (R™ x R"2,0x0) is an (SSP) bi-Lipschitz
homeomorphism.

Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism. Then I, x h : (R™ x
R™,0 x 0) — (R™ xR™,0 x 0) (or I,, x h=1) satisfies condition semiline-(SSP) if and
only if In x b : (R™" x R™,0 x 0) — (R™ x R",0 x 0) is an (SSP) map.

Let h : (R™,0) — (R™,0) be a bi-Lipschitz homeomorphism. Then h is an (SSP) map
if and only if I, x h : (R® x R™,0 x 0) — (R™ x R™,0 x 0) (or I, x h™') satisfies
condition semiline-(SSP).

(Here I, : (R™,0) — (R™,0) represents the identity map.)

PrROOF. Note that the graph of hy X ho is the Cartesian product of the graphs of

hi and hg. Then (1) follows from Proposition 2.33.

In (2) we already know the sufficiency by Theorem 4.5. For necessity, in our set up,

it follows that I, x h takes (SSP) sets to (SSP) sets, see Corollary 2.23. In particular
the diagonal in R™ x R™ is taken to the graph of h, so h is an (SSP) map and by (1) so
is I,, X h.

Now (3) clearly follows from (1) and (2). O
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REMARK 4.14. Note that if & : (R™,0) — (R™,0) is an (SSP) bi-Lipschitz home-
omorphism, then for any semiline ¢ the cone LD(Gy) is also a semiline. This fact also
explains Example 4.11. (Here Gy is the graph of the restriction of h to £.)

REMARK 4.15.

(1) There are bi-Lipschitz homeomorphisms h : (R™,0) — (R™,0), n > 2, which are not
(SSP) bi-Lipschitz homeomorphisms.
For instance, let h : (R2,0) — (R2%,0) be a zigzag bi-Lipschitz homeomorphism
in Example 3.4 of [3] or a slow spiral bi-Lipschitz homeomorphism, and let A be
the positive z-axis. Clearly A satisfies condition (SSP) and h(A) does not satisfy
condition (SSP). Then, by Theorem 4.7, h is not an (SSP) map.

(2) The homeomorphism h associated to a bi-Lipschitz homeomorphism which satisfies
condition semiline-(SSP) is an (SSP) map.

In order to give another large class of examples of (SSP) homeomorphisms, let us
consider a category of homeomorphisms h : (R",0) — (R™,0) called weak diffeomor-
phisms, namely those h and h~! which admit derivative (= linear approximation) at
0 e R"™

We will point out some directional and (SSP) properties for the class of weak diffeo-
morphisms, namely we will show that the weak diffeomorphisms are also (SSP) homeo-
morphisms.

REMARK 4.16. Note that a weak diffeomorphism is not necessarily Lipschitz. For
instance we may have h(z,vy,2) = (2,5, 2 + (2° + y°)1/3).

Let h: (R™,0) — (R™,0) denote a weak diffeomorphism. Then A can be expressed
in a neighbourhood of 0 € R" as follows:

h(.’L‘) = Mh((E) + Oh(l‘),

where M}, is a regular linear map from R™ to R™, and lim,_.o ||Op(2z)||/||z]] = 0. Note
that Mh—l @) Mh = Id.

LEMMA 4.17. Let A C R" be a set-germ at 0 € R™ such that 0 € A, and let G and
G 4 be the graphs of the weak diffeomorphism h and h| respectively. Then we have

(1) LD(Mp(A)) = Mp(LD(A)) = LD(h(A)).
(2) LD(G4) = LD(graph(Mp|a)). In particular LD(G) = graph(My) is an n-
dimensional linear subspace of R™ x R™.

PROOF. (1) Since we can easily see the first equality, we show only the second one.
Moreover, interchanging h and h~!, it suffices to show My (LD(A)) C LD(h(A)).

Let a be an arbitrary element of D(A). Then there is a sequence of points {a,,} C A
tending to 0 € R™ such that lim,,_.o Gy /||am|| = a. Therefore
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M: lim My (anm/l|aml|)

[Mp(a)l| m=oe [|Mp(am/|lam])]]

— lim (1/||am||)(Mh(a'm)+Oh(am))
m—=oc (1/l|am|[)[Mn(am) + On(am)|l

_ M (am) + On(am)
m=00 || Mp(am) + On(am)|

. h(am)
= lim ————— € D(h(4)).
% Tigan] © P
It follows that My (LD(A)) C LD(h(A)).
(2) The proof is similar to the above and it is omitted. O

REMARK 4.18. It is also worth mentioning that there are (SSP) homeomorphisms
which do not satisfy condition semiline-(SSP). For example one may consider the function
f which has a zig-zag graph and the associated homeomorphism & : (R?,0) — (R2,0),
h(z,y) = (z,y + f(x)). This shows that outside the bi-Lipschitz category there is no
direct implication between the (SSP) homeomorphisms and those satisfying condition
semiline-(SSP) (see also 4.11).

The following theorem shows that the weak diffeomorphisms are also suitable for
the (SSP) category.

THEOREM 4.19. A weak diffeomorphism is an (SSP) homeomorphism and satisfies
condition semiline-(SSP) as well.

PROOF. Let h be a weak diffecomorphism. In fact it is an easy consequence of
Lemma 4.17 that for any A C R” satisfying condition (SSP), G 4 satisfies condition
(SSP), where G 4 is the graph of the restriction of h to A. Therefore G satisfies condition
(SSP) at 0 € R?". O

As a corollary of the proof above and Lemma 4.4 we have the following corollary.

COROLLARY 4.20. Let h : (R™,0) — (R™,0) be a weak diffeomorphism and let
A C R"™ be a set-germ at 0 € R™ such that 0 € A. Then A satisfies condition (SSP) if
and only if h(A) satisfies condition (SSP).

5. Appendix — Geometric applications to spirals.

We consider polar coordinates (r,6),0 < r, § < co. Let R : (0,00) — (0,00) be
a continuous function. We say that Sy : r = R(f) is a spiral at 0 € R? if R is strictly
monotone and
lim R(#) =0 or lim R(f) = co.
6—o00 6—o00

In the first case we write R(co0) = 0 and note that the extension R : (0,00] — [0,00) is
continuous and injective. In the second case we write R(0) = 0 and note that also the
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extension R : [0,00) — [0, 00) is continuous and injective.
Let us introduce the homeomorphism germ induced by a spiral, defined in polar
coordinates by:

hs, : (R?,0) — (R%)0), hs,(r,a) = (r, R (r) + @), 0 < a < 27.

For 0 < a < 27 we put L, := {(r,a)|0 < r < 0o} and S, := hg,(La). Note that Sy is
just the spiral r = R(f) together with 0 € R2.

If 0 < a < 27 we denote by R,, the rotation of R? centred at the origin and of angle
«. Then the following is obvious:

REMARK 5.1. S, = Ra(So) and D(hg,(Ly)) = Ra(D(S0)).
For applications to spirals we need Proposition 2.29 modified to the following:

PROPOSITION 5.2.  Let h : (R",0) — (R™,0) be a homeomorphism, and let U,
V C R" be set-germs 0 € R™ such that 0 € U NV. Suppose that

(1) DUNV)=DU)NnD(V),

(2) UNYV satisfies condition (SSP),
(3) h(U) satisfies condition (SSP), and
(4) h is bi-Lipschitz.

Then D(R(U NV)) = D(h(U)) N D(h(V)).

We will use the above proposition to give a classification of spirals. (We note that
in general is quite tedious to test the property of being bi-Lipschitz.) Firstly note that
for a # 3, a, B € [0,27) we have D(L, N Lg) = D(Ly) N D(Lg) =0 and L, N Lg = {0}
satisfies condition (SSP). That is, L, and Lg satisfy the first two conditions in Proposition
5.2.

We first consider the case when #(D(Sp)) > 1, which is equivalent with the following
condition: There are a # 3, a, B € [0, 27) such that D(hg,(La)) N D(hs,(Lg)) # 0.

On the other hand, as D(hg, (L, N Lg)) = 0, the conclusion of Proposition 5.2 does
not hold; this may happen only if one or both of conditions (3) and (4) fail. We can
therefore divide the case #(D(Sp)) > 1 in three classes as follows:

(A) Sy satisfies condition (SSP) at 0 € R2. In this case the induced homeomorphism hg,
is not bi-Lipschitz. For example, this is the case for the hyperbolic spiral, r = a/6,
a > 0. Note that the length of the spiral is infinite (even for ¢ < 0 < 0o,¢ > 0). On
the other hand the spiral r = a/6? also satisfies (SSP) so, although its length is finite
for ¢ < 0 < o0, ¢ > 0, the induced homeomorphism is, yet again, not bi-Lipschitz.

(B) The induced homeomorphism hg, is bi-Lipschitz, and therefore Sy does not satisty
(SSP). This is the case for the logarithmic spiral r = ae™%, a,b > 0.

(C) In this case Sy does not satisfy (SSP) and hg, is not bi-Lipschitz.

Finally we have the remaining case when #D(Sp) = 1. This condition is equivalent
to the condition Yo # 3, o, 8 € [0,27) we have D(hg,(La)) N D(hs,(Lg)) = 0. This is
the case for the Archimedean spiral r = af,a > 0.
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Let us recall some examples on (SSP) analysed in [3].

EXAMPLE 5.3. (1) Let 0 < r < 1, and let A = {a,,|m € N} be a sequence of points

of R, defined by a,, := ™. Then A does not satisfy (SSP) at 0 € R.

(2) Let B = {b,,|m € N} and C = {¢,,|m € N} be sequences of points of R defined

by by, :=1/m and ¢, := (1/m)?, respectively. Then B and C satisfy (SSP) at 0 € R.

The first example above can be used to construct spirals belonging to the class (C),

whilst the second one can be used to explain the examples given in the class (A).
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