(©2015 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 67, No. 2 (2015) pp. 433-452

doi: 10.2969/jmsj/06720433

Sobolev’s inequality for Riesz potentials
in Lorentz spaces of variable exponent
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Abstract. In the present paper we discuss the boundedness of the maxi-
mal operator in the Lorentz space of variable exponent defined by the symmet-
ric decreasing rearrangement in the sense of Almut [1]. As an application of
the boundedness of the maximal operator, we establish the Sobolev inequality
by using Hedberg’s trick in his paper [10].

1. Introduction.

In this paper we use B(x,r) to denote the open ball centered at x of radius r > 0.
The volume of a measurable set E C R™ is written as |E|.

Given a measurable function f on R™, recall the symmetric decreasing rearrange-
ment of f defined by

1) = /0 X, 0 (2)dt,

where E* = {z : |B(0, |z])| < |E|} and E¢(t) = {y : |f(y)| > t} (see Almut [1]). Note
here that

(B, |z))]) = f* (@),

where f* is the usual decreasing rearrangement of f. The fundamental fact of the
symmetric decreasing rearrangement of f is that

|E¢ ()] = |Ef(2)]
for all ¢ > 0. This readily gives the rearrangement preserving LP-norm property such as
[l e (rny = 1"l e (R

for 1 < p < co. For fundamental properties of the symmetric decreasing rearrangement,
we refer the reader to the Lecture Notes by Almut [1]; see also his papers [2], [3].
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For variable exponents p, ¢, the Lorentz space £P*7(R") is defined as the set of all
measurable functions f on R™ with

n

I fllzp.a(Rny = inf {/\ >0: / |5 () /A 1@ g |na@)/P@)=1) gy < 1} < 0.

If p and ¢ are radial, then we refer the reader to the paper by Ephremidze, Kokilashvili
and Samko [8].
In Lorentz spaces, we establish the Sobolev inequality for the Riesz potential

Inf@) = [ a3l " )y

of order «; for fundamental properties of Riesz potentials, see e.g. [12]. To do this,
we first prepare the boundedness of the maximal operator, and then apply Hedberg’s
method in [10]. For this purpose, our task is to discuss the Hardy type operator

Haf(z) = / 1y F(y)dy.
R\ B(0,|z|)

2. Symmetric decreasing rearrangement.

Let us recall the Hardy-Littlewood inequality for the symmetric decreasing rear-
rangement (see Almut [1, Lemma 1.6]).

LEMMA 2.1.  For all nonnegative measurable functions f and g on R™,

f@)g(x)de < [ f*(z)g"(x)de.
Rn Rn
The (centered) maximal function M f of a measurable function f on R™ is defined
by

1
M f(z) = sup ———— dy.
f(z) SUD B ) B(xvr)lf(y)l y

LEMMA 2.2.  For all measurable functions f on R,

1
07
IB(O, [zD)| /50,121
< CM f*(x),

(Mf)*(x) < [ (y)dy

where C' is a positive constant independent of f.

PROOF. Recall the definition of the symmetric decreasing rearrangement and thus
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(M )" () = sup{r > 0: [B(0, [z])| < [{z: M[f(z) > r}[}.

Set ro = (M f)*(x). Then, using the covering property (see [12, Theorem 1.10.1]) and
Lemma 2.1, we have for 0 < r < g

[tz Mf() 2 r}l < Cr_l/{ f(2)>r/2} F)dy

<crt | £ (w)dy.
{z:f*(2)>r/2}

If {z: f*(2) > r/2} C B(0,|z|), then

1
r<C— L / *(y)d
BOTD Jooey? WY

< OM(f")(x).

If {z: f*(z) > r/2} D B(0, |z|), then

2
C r/2} < - *(y)dy.
@[

Noting that

1 1
_ “(y)dy < “(y)d
‘B(O, t)| /;(OJ) f (y) Y = |B(Oa 8)| B(0,s) f (y) Y

when 0 < s < t, we obtain

r 1
~ < *(y)dy
27 [{z: f2(2) > /2 S oysey2y v
1
< o [ (y)dy
B0, [z))] JB(0,)x)) )
< CM f*(z),
as required. H

The following is known as Riesz’ inequality (see Almut [1, Section 1.3]).

LEMMA 2.3.  For all nonnegative measurable functions f,g and h on R™,

f@)(gh)(@)de < [ f*(x)(g" = h*)(x)da,
R R»

where
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gxh(z) = / g9(z — y)h(y)dy.

LEMMA 2.4.  For all nonnegative measurable functions f on R™,

(1af)y @ < C [ ()= )y
< CLaf*)(x),
where C' is a positive constant independent of f.

PROOF. Set rg = (Iof)*(z). For 0 < r < rg, write
{2 uf(2) > 1} = [B(O,0).
We have

[B(0, )| = [{z: Laf(2) > r}]

<yl I, f(O)d
=7 /{z:]af(z)>r} f(C) C

<1 / I f*(¢)d¢ (by Riesz’ inequality)
{z:(Ia f)*(z)>r}

=7t Inf*(¢)d
r /B Tl O

_ / n ( /B s yl“d<) F*(y)dy

<ot / (t+ 1) F* (n)dy,
RTL
so that

r<cC . t+ly)* " f(y)dy.

Since t > |z,

r<C [ (il + ) W,

which gives the required inequality. O

REMARK 2.5. In case a =0, I, might be replaced by the singular intergal operator
(see [4] and [8, Theorem 3.14]).
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3. Lorentz spaces of variable exponents.

A function p on R™ is said to be log-Hoélder continuous if

(P1) p is locally log-Hélder continuous, namely

C 0 1

Ip(z) = p(y)| < oa(/le —3]) for [ —y| < -

with a constant Cy > 0, and

(P2) p is log-Holder continuous at infinity, namely

Coo

Ip(z) — p(oo)| < m

with constants Cx > 0 and p(cc). Let P(R™) be the class of all log-Hélder continuous
functions p on R™. If in addition p satisfies

(P3) 1 <p™ :=infocrn p(x) < sup,epn p(x) =i p* < o0,
then we write p € Py (R™).

DEFINITION 3.1.  For ¢ € P1(R"™) and t € P(R"), L"%(R"™) denotes the weighted
L10) space of all functions f with

I fllzt.a(rry = inf {/\ >0: / | f () /A 1@ )M de < 1} < 00.
Rn
We write L%9(R") = L) (R") and

[ flloa(rry = [ fll Lo (mr)-

DEFINITION 3.2.  For p,q € P1(R"), set t(x) = n(g(xz)/p(x) — 1). Denote by
LP9(R™) as the set of all measurable functions f such that

| fll zp.a(rny = inf {)\ >0: / |f* () /A| 2@ g |2 a@)/P@)=1) gy < 1} < 0.
R’Vl,
We do not know whether £%9(R"™) = L%9(R") or not, when ¢ is a variable exponent.

4. The boundedness of maximal operator in Lorentz spaces of variable
exponents.

Throughout this paper, let C' denote various constants independent of the variables
in question. For functions f, g, we write f ~ g if there is a constant C' > 1 such that

Clg< f<Cyg

We first show the boundedness of the maximal operator in the weighted L() space



438 Y. MizuTA and T. OHNO

along the same lines as in [13], which is an extension of Diening [7] and Cruz—Uribe,
Fiorenza and Neugebauer [6].

THEOREM 4.1.  Let ¢ € P1(R") and t € P(R™). Suppose
(T1) —n<t(0)<n(qg(0)—1) and —n < t(oco) < n(g(oo) —1).

Then the mazimal operator M : f — M f is bounded from L%4(R™) into itself, namely,
there is a constant C > 0 such that

IMfllpearny < CllfllLearn)
for all f € LY (R™).
With the aid of Lemma 2.2, we obtain the following result.

COROLLARY 4.2. Let p,q € P1(R"™). Then the mazimal operator M : f — M f
is bounded from LP1(R™) into itself, namely, there is a constant C' > 0 such that

M fllcra(rry < Ol fllcrarr)
for all f € LPI(R™).

Our Theorem 4.1 is a special case of Theorem 1.1 in H&st6 and Diening [9] (see also
Cruz—Uribe, Diening and Hésto [5]). For the reader’s convenience, we give a proof of
Theorem 4.1. To do so, we prepare several lemmas in the same way as in [11] and [13].

5. Proof of Theorem 4.1.

Let us begin the well-known fact for the boundedness of maximal operator; see
Diening [7] and Cruz—Uribe, Fiorenza and Neugebauer [6].

LEMMA 5.1.  Let g € P1(R"™). Then

| sy i <o
Rn

for all f with || f| pec)(mny < 1.

To show this, we apply Diening’s trick with the aid of the following result (see e.g.
[11]).

LEMMA 5.2. Let g € P1(R"™). For a measurable function f on R™, set

1
I=—=r—s [f(y)ldy
|B<.’I}, T)| B(z,r)

and
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. 1/4()
J = ( / 9(y dy) ,
B Jopn 'Y

where g(y) = |f(y)|9W). Then there exists a constant C' > 0 such that
I<CIJ+C(+|z|)™"

for allx € R™ and f such that || f||pac)(rny < 1.
We next consider the weighted case.

LEMMA 5.3. Let g € Pi(R™), t € P(R") and 0 < ro < 1. Suppose there exists a
constant qo with 1 < go < q(0) such that

—n < t(0) < n(g —1).

For a measurable function f on R™, set

1
[= —— d
uﬂmmméwﬂ“@”y

and

1 1/q0
Jo = < g (y)dy> :
’ ‘B(l‘, T)| B(z,r) 0
where go(y) = {|f(y)||y|!®/9@) a0 Then
1< C|x|—t($)/Q($)JO + CH(:E)

for all x € B(0,79) and f such that f =0 outside B(0,2rq) and | f||pt.a(rny < 1, where

wa:/ F@)lyl " dy.
R"\B(0,|z|)

PrOOF. Let f be a nonnegative measurable function on R™ such that f = 0
outside B(0,2r) and || f| zt.a(rr) < 1. By Holder’s inequality we have

1 , 1/‘16
I1<Jy 7/ |y|7t(y)qo/q(y)dy )
‘B(J?,T” B(xz,r)

If r <|z|/2 < 7o/2, then |y| ~ |z|, and moreover

|y|p(y)—p(w) < C|y|—Co/log(1/|x—y\) < C|x|—Co/log(1/|w|) < C,
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so that

|y‘p(y) ~ |y|p(w) ~ mp(w)

for € B(0,ry), y € B(z,r) and p € P(R") by (P1). Hence, in this case,

1 — / ]' —t(x)q) x
|B(Wﬁ”/B( )|y‘ t(y>qo/q<y>dygcm i )|x| #@)a/a(x) gy,

< Cla| @90 /a()
which gives
1< C|x‘—t($)/q(w)JO_

If |z|/2 < r < 2|z| < 270, then, since |y|P®) ~ |y[P®) for y € B(0,3ry) and p €
P(R™) by (P1), we find

1

’ ]_ ’
|t/ gy < 0L / | H©a5/4(0) g
|B(z,7)| /B |B(0, 3[z()] JB(0,3]2))

< Clar|~H090/a(0)

< Cla| )90 /()

since t(0) < n(go — 1) and 1 < go < ¢(0).
Finally, if r > 2|z| and |z| < ro, then

1
S d
|B($L’,’I">| /B(z,r) |f(y)‘ Y

1 / 1
< £+ [ 1 )ldy
|B(z,7)| JB(2,r)nB(@.212)) |B(z,7)| J B2\ Ba,2]2])

< Olz| /@) gy 4 C |f()llyl " dy.
R"\B(0,|z|)

Now the present lemma is obtained. O

COROLLARY 5.4. Letge Pi(R"),te€ P(R"),0<ry<1andl < gy < q(0) be as
i Lemma 5.3. Then there exists a constant C' > 0 such that

M f(z) < Clz|~*®/9@ Mgy (z)/Po + CH ()

for all x € B(0,79) and f such that f = 0 outside B(0,2ro) and || f||rt.a(rr) < 1.

REMARK 5.5. Let ¢ € P1(R") and t € P(R"™). Suppose
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—n < t(0) < n(q(0) —1).

Then it is worth to see that
[y c
B(0,1)

for all f with || f||zt.e(rn) < 1.
Next we treat the Hardy type operator H along the same manner as in [13].

LEMMA 5.6. Let g € P1(R") and t € P(R"™). For a measurable function f on R"
and B >0, set

Hpy = Hp i (z) = / £ @) llylP"dy
B(0,1)\B(0,|z|)

and

1/q(x)
K = Kp(z) = <|a:|€ / g(y)ywdy) ,
B(0,1)\B(0,|z|)

where g(y) = [f()|D|y|'@). If 0 < § < e < (n+ t(0))/q(0) — B, then there exists a
constant C' > 0 such that

Hy1 < Claf~@/0@ s | 4 )P~ —5+m)/a(@)

for all x € B(0,1) and f with || f| pt.arry < 1.

PROOF. Let f be a nonnegative measurable function on R™ with || f||pt.a(gn) < 1.
Set

E={y: f(y) > |y|”t@+m/aw)}

Noting that |y[P®) ~ |y|P(®) when |y| < 1 and p € P(R™) by (P1), we have

Hgqi1 = / F)lylP"dy
EN(B(0,1)\B(0,]a]))

- fy)
F)lyl ( dy
/Eﬂ(B(O,l)\B(O,|m|)) |y|~ @) +n)/a(y)

= / f(y)Q(y)|y‘t(y)—6|y‘5+8—(t(y)+n)/q(y)dy
B(0,1)\B(0,|z])

<

< [P~ WO /a0) ¢ / o)y ~dy
B(0,1)\B(0,|z|)

< Ol @@ g
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since € < (n+t(0))/q(0) — 8 and Kg1 < 1.
Noting that |y[P(®) ~ |y[P®) ~ |y[P(©) for y € B(0,1)\ B(0,|z|) and p € P(R™) by

(P1), we next obtain

Hpg 12 E/ F)lylP"dy
(B(0,1)\B(0,|z)\E

, 1/d' (@)
< ( / 1y (B ()=o) /a()=na (m)dy)
(BONBO.e))\E

1/q(x)
x (/ f(y)qmlylt(y)sdy)
(BO,)\B(0,|z))\E

1/q()
< O]~ -e+n)/ata) ( / 1@ |y|t<y>edy> .
(BO\B(O.[a))\E

Moreover, by taking 0 < § < €, we see that

1/q(x)
</ fy)1® ylt(”sdy>
(BO,)\B(0,|z))\E

1/q(x)
( / <f<y>y|<t<f>+”>/q<f>>q<z>|y|”dy)
(B(0,1)\B(0,|z])\E

1/q(x)
< c( / |y|5|y”dy)
(B(0,1)\B(0,|z|)\E
1/q(x)
n c( / f<y>q<y>|y|t<y>+"|y|f"dy)
(B(O,)\B(0,|z|)\E

/(@)
< Cla|G-9/a@) 4 0(/ f(y)q(y>|yt<y>sdy) ,
(BOINBO.e))\E

so that
Hp 1o < C|x|ﬁ*(t(m)*5+n)/Q(I) + C|x|ﬁ*(t(m)+")/q(m)Kg71,

which completes the proof. 0
Let g € P1(R") andt € P(R™). If 0 <6 < e < (n+t(0))/q(0),

COROLLARY 5.7.
then there exists a constant C' > 0 such that

/ Ho 1 (2)?|z!@dz < C
B(0,1)

for all f with ||f||Le.arry < 1.
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In fact, letting 0 < 0 < & < (n+t(0))/¢(0), we find from Lemma 5.6

/ Ho’l(x)Q(w)|x\t(w)dx§C/ |x\_"K0,1(gc)q(”’)dx+C/ |x|‘5—"dm
B(0,1) R" B(0,1)

cof ([ el )t s+
B(0,1) B(0,|y])

C/ g(y)dy +C
B(0,1)

<C

IN

for all f with || f[|zt.ern) < 1.

Collecting Corollaries 5.4, 5.7 and Lemma 5.1, we obtain the following result.
LEMMA 5.8. Let g € P1(R") andt € P(R"). If —n < t(0) < n(q(0) — 1), then
there exist constants rog > 0 and C > 0 such that

/ (M ()} 2@ dz < ©
B((),T(})

for all f with || f||zt.a(rry < 1 such that f =0 outside B(0,2rq).

To show this, take ro > 0 such that 1 < g < infyecp(,ry) ¢(z) and —n < #(0) <
n(go — 1), and apply Corollaries 5.4, 5.7 and Lemma 5.1.

Next we treat the behavior of maximal functions near the infinity. In the same
manner as Lemma 5.3, we can prove the following result.

LEMMA 59. Let g € Pi(R"),t € P(R") and Ry > 1. Suppose there ezists a
constant 1 < qo < q(00) such that

—n < t(c0) < n(g —1).
Then there exists a constant C > 0 such that
I < Cla|7t@/a@) o 4 CH(x)

for allz € R"\ B(0,2Ry) and f such that f =0 on B(0, Ro) and || f| pt.a(rr) < 1, where
I and Jy are given in Lemma 5.3.

LEMMA 5.10. Let ¢ € Pi(R") and t € P(R™). For a measurable function f on
R™ and > 0, set

Hoa=Hazle)= [ |l "dy
R™\B(0,|z])

and
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1/q(x)
Koo = Kyalr) = (xr / g(y)yrEdy) ,
R"\B(0,|z|)

where g(y) = |f()|"D|y|'®). If 0 < e < {(n+t(c00))/q(o0) — B}/q(c0), then there ewists
a constant C' > 0 such that

Hgo < C|x|B*(t(w)+n)/q(w)Kﬁ’2 + C|z|P—e~H@)H+n)/a@)

for allx € R"\ B(0,1) and f with || f||pt.a(rry < 1.

PROOF. Let f be a nonnegative measurable function on R™ with || f| zt.a(rry < 1.
Then note that

aff / o)yl ~=dy < 1.
R"\B(0,|z|)

If |z|7¢ < Kg2 < 1, then

Kg,(;)_p(y) < Kﬁ_,g/ log(e+|z|) < |1,|€C/ log(e+|z|) <C

and |y[P®) ~ |y|P(>) when 1 < |z| < |y| and p € P(R™) by (P2), so that

Hgo < / Kgo
R™\B(0,|z])

q(y)—1
+ /R”\B(O,Lr) f(y)|y| <K6,2|y|_(t(9)+n)/4(y)> dy

< CKp o)~ (teortm/ale) 4 oy 1@ / g(y)|y|P~ WM/ gy
R™M\B(0 |a))

y|~EWHn/a) |y 1B=n gy,

< CK572|x|ﬁ*(t(w)+N)/q(m)
+ OO lalp- e/ g )yl =y
' B(0,1)\B(0,|z])

< CK572|x|ﬁ*(t(w)+n)/q(w)

since € < (n 4 t(00))/q(cx) — B.
Next consider the case Ko < |z|7°. Then

Hgo < / |y|—6—(t(y)+n)/q(y)|y|ﬁ—ndy
R™\B(0,|z|)

q(y)—1
B—n f(y)
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< C|x|ﬁ—e—(t(oo)+n)/Q(oo) +C g(y)|y|5+a(q(y)—1)—(t(y)+n)/q(y)dy
R"\B(0,|z])

< C|x|ﬁ—s—(t(1)+n)/q(1)

+C|x|ﬂ+e(q<oo)—1>—<t<oo)+n)/q<oo>|x|e/ 9@)ly|<dy
R"\B(0,|x|)
< C|x|ﬁ—8—(t(w)+n)/qw)
since & < {(n + t(00))/q(00) — B}/q(c0).
Thus the proof is completed. O

COROLLARY 5.11.  Let g € P1(R") andt € P(R"™). If 0 < e < (n+ t(00))/q(0)?,
then there exists a constant C > 0 such that

/ Hoo(2)1@|z['®dz < C
R"\B(0,1)

for all f with ||fl|Le.arry < 1.

In fact, letting 0 < € < (n +t(00))/q(c0)?, we find from Lemma 5.10

/ 15(0’2(33)(1(96)‘x|t(w)dng
R"\B(0,1)

<C 2| " Ko 2(2)? @ dz + C || =4 = gy
R"\B(0,1) R"\B(0,1)

<c ( / |xf"dx)g<y>y|fdy e
R"\B(0,1) B(0,|y|)

<C g(y)dy + C
Rn\B(0,1)
<C

for all f with || f[|zt.ern) < 1.

REMARK 5.12. Let g € P1(R") and t € P(R"). Suppose
—n < t(o00) < n(g(co0) —1).
Then, as in Remark 5.5, it is worth to see that

/ @y dy < C
R\ B(0,1)

for all f with || f[|zt.e(rn) < 1.
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By Lemma 5.1, Lemma 5.9 and Corollary 5.11, we have the following result.
LEMMA 5.13.  Let g € Py(R") andt € P(R"™). If —n < t(o0) < n(g(c0) — 1), then
there exist constants Rg > 0 and C > 0 such that

/’ (M ()} @ dz < C
R"\B(0,2Ro)

for all f with ||f||Le.a(rry < 1 such that f =0 on B(0, Ry).

PrOOF OF THEOREM 4.1. We now show the boundedness of the maximal opera-
tor.

To do so, take a nonnegative measurable function f on R" with || f| ptegn) < 1.
Let rg and Ry be as in Lemma 5.8 and Lemma 5.13.

By Lemma 5.8 we have

/ {M[fxB(0.200)) ()} 2| dz < C.
B(0,r0)

By Lemmas 5.6 and 5.10 we see that

Aﬂmmw@%mms/ " f(y)dy < C
R™\B(0,2r0)

for x € B(0,r9), so that

/ {M f(2)}1D|2["®dz < C.
B(O,To)

Lemma 5.1 gives

/ (MU XB0aR B0 2] (@)} @ de < C,
B(O,2Ro)\B(O,’I"0)

so that

/‘ (M XB01R BOr2)]) (@)} @] @ de < C.
B(0,2R0)\B(0,70)

Further, noting from Remarks 5.5 and 5.12 that

Mifxporal@ <Clal™ [ fay<c
B(0,r0/2)

and
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Mifxrn s )@ < [ " Ty < ©
R\ B(0,4Ro)
for x € B(0,2Ry) \ B(0,7¢), we have

/ {Mf(2)} 1@ |2" @ de < C.
B(0,2R0)\B(0,r0)

In view of Lemma 5.13, we find
/ (M1 50 (2)) e P < €.
R\ B(0,2Ro)

Noting that M[fxp(,ry)(z) < Clz|™" for € R™\ B(0,2Ry) by Lemmas 5.6 and 5.10,
we establish

/ (M X501} @ e @ dz < © | P+ g
R"\B(0,2Ry) R"\B(0,2Ry)

<C |x|—n(I(OO)+t(OO)d$ <C
R\ B(0,2Ry)

since t(o00) < n(g(oo) — 1). Now the proof is completed. O

6. Sobolev’s inequality in Lorentz spaces.

As an application of Theorem 4.1, we establish the Sobolev type inequality for Riesz
potentials by use of Hedberg’s method in [10].
For ¢ € P1(R"), set

1/¢* =1/q — a/n.
THEOREM 6.1.  Let g € P1(R") and t € P(R"). Suppose ¢~ < n/a and
(T2) «aq(0) —n < t(0) < n(g(0) —1) and ag(co) —n < t(oo) < n(g(co) — 1).
Then there exists a constant C' > 0 such that
Mo fll et raat gy < CllfllLea(rn)
for all f € L"(R™).
With the aid of Lemma 2.4, we find the following result.

COROLLARY 6.2.  For p,q € P1(R"™), set t(z) = n(q(z)/p(z) —1). If p* < n/a
and gt < n/a, then there exists a constant C > 0 such that
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||Iaf‘|gpﬁ,qﬂ (Rn) < CHf”LM(R”)
for all f € LPI(R™).
To prove Theorem 6.1, we need several lemmas.
LEMMA 6.3. Let ¢ € Pi(R") and t € P(R™). If —n < t(0) < n(q(0) — 1) and

—n < t(oco) < n(g(oo) — 1), then there exists a constant C' > 0 such that

1 —t(x T),.—"Nn T —t(z x -n
|B(xr)|/B( )f(y)dy < Cla|~t@)/2(@) p=n/a(@) | C|g| @) /2@ (1 4 [])

for allz € R", 0 <r <2|z| and f >0 with || f| pt.arr) < 1.

PROOF. Let f be a nonnegative measurable function on R" such that || f||zt.a(rn)
< 1. Write

[ = fXB(O,ro/2) + fXB(O,2Ro)\B(O,r0/2) + fXRn\B(o,zRo)
=fi+ fat+ fs,

where 7y and Ry, 0 < rg < 1 < Ry < oo, will be given soon.
For fi, take ro > 0 such that 1 < go < inf,ep(0,ry) ¢(z) wWith —n < £(0) < n(go —1).
As in the proof of Lemma 5.3, we have

1
|B(£L’,T‘)| B(z,r)

( 1 |~ W)6/9(0) Yer ( v
< (- y|~tWao/aly dy) (/ 91,0 y)dy)
|B(IE,T’)| B(z,r)NB(0,r9/2) |B(I,7’)| B(z,r)

H(a)/a(x) 1 Vo
SCx_”q“< 91,0ydy)
= B Jpwn 0

f1(y)dy

for 0 < r < 2[x| < 2rg, where g1,0(y) = {f1(y)|y|"¥/?@)}%. By using [11, Lemmas 2.2
and 2.3], we obtain

1

S d
B@)] oy WY

1/q(z)
1
< Clg|~t® /@) [ __— d Oz~ t@/a@) (1 —-n
< Clz| Bl B(w)g(y) y + Cla| (1+[z)

< C|x|7t(m)/q(w)fn/q(w) + C‘xrt(w)/q(m)(l + |z))™

for 0 < r < 2|z| < 2r¢. If || > 1o, then we see from Remark 5.5 that
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1

—_— fily)dy < C(1+|z|)~"
Ba.r)] S, W < CUFlal)

< C‘g;l_t(l')/qw)r—n/q(x)

when 0 < r < 2|z|.
For f3, take 1 < qo < infgepr\B(0,Ry) ¢(z) With —n < t(c0) < n(g(0) — 1). We have
by the above arguments and the proof of Lemma 5.9

1

B . )y < Clal A ) Ol (1 o]
) B(z,r)

for 0 < r < 2|z|. Finally, for f5, taking 1 < go < ¢~, we have by the above arguments

1
_ d
B, /BW) fay)dy

1 , 1/46
< (B y|t(y)qo/q(y)dy>
|B(,7)] B(z,r)N(B(0,2R)\B(0,70/2))

1 1/‘10
X | = gz,o(y)dy>
(|B(£E77“) B(z,r)
~t(2)/a() 1 Vet —t(z)/q(x) —n
< Clz| B . )g(y)dy + Clz| (14 ]z])

for 0 < r < 2|x| < 8Ry, where goo(y) = {f2(y)|y['¥)/aW)}o0  If |2| > 4Ry, then we see
from Remark 5.5 that

1 / _
TR fa(y)dy < C(1+ |z|)~"
|B(.13,T)| B(xz,r) ?
< C‘xrt(w)/q(x)r*n/q(w)

when 0 < r < 2|z|.

Now the lemma is obtained. g

LEMMA 6.4. Let ¢ € P1(R") and t € P(R") satisfy —n < t(0) < n(q(0) — 1),
—n < t(o0) < n(g(co) — 1) and gt < n/a. Then

/ [ — 9" F(y)dy
B(z,2|z|)\B(x,0)
< Cla| @/ a@) gamn/a@) 4 o|g|o—t@)/al@) (] 4 |z))™

forallz € R", 6 >0 and f > 0 with || f||pt.arm) < 1.

PROOF. Let f be a nonnegative measurable function on R™ such that || f||1t.q(rn)
< 1. We have by Lemma 6.3
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/ |z — " f(y)dy
B(z,2|z|)\B(z,0)

2|z|
a—n—1
<cf ( / (m)f(y)dy)r dar

2lz|

< Cla|~t@)/a(@) / pe=n/a(E) =L gy 4 Olg[e—t@)/a@) (1 1 |g))=n
é

< Cla|~H@)/a@) ga=n/a@) 4 O|g|o—t@)/a(@) (] 4 |g)~"

for all 6 > 0, as required. O

We are next concerned with the fractional Hardy type operator as in [13], which are
treated in the same manner as Corollaries 5.7 and 5.11.

LEMMA 6.5. Let g€ P1(R"™) and t € P(R™) be as in Theorem 6.1. Then
/ {Hml(x)|$‘t(r)/q(x)}q“(r)dx <C
B(0,1)

for all f with ||f||Le.arry < 1.

In fact, since K1 <1,

1/¢%(z)
Koy < <|x|€ / g(y)ywdy) ,
B(0,1)\B(0,|z|)

so that we have the required result as in the proof of Corollary 5.7.

LEMMA 6.6. Let g€ P1(R"™) andt € P(R™) be as in Theorem 6.1. Then
/ {Ha72(x)|x|t(r)/q(r)}q”(r)dx <C
R"\B(0,1)

for all f with ||f||Le.arry < 1.
We are now ready to prove Theorem 6.1.

PROOF OF THEOREM 6.1. Let f be a nonnegative measurable function on R"
with || f||t.a(rny < 1. Then Lemma 6.4 yields

lz[t@/a@ T, f(2)

= [a]/®)/0@) / & — 4 f(y)dy + |22 / & — 41" f(y)dy
B(x,6) R )

"\ B(z,8

< C|x|t(z)/’1(”3)6o‘Mf(x) + cson/ale) o C|x\t(1)/q(I)Ha(x) +C(1 + |z))* ™,
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Ho(z) = / 1y £ ().
R"\B(0,|z|)

Letting 0 = { M f(x)|z['(®)/9(@)}=7/a(=) we find

|z|t(r)/q(r)]af(x) < C{|x|t(fr)/q(x)Mf(z)}q(r)/q”(fr) + O|x|t(””)/‘1(9”)Ha(:1:) + O+ |z)* ™.

Now we obtain from Theorem 4.1 and Lemmas 6.5, 6.6,

Voot gy < N F @) V9 s

< C||Mf(x)|x|t(ac)/q(z) ”Lq(')(Rn) + C||Ha(x)|x|t(z)/q(z) ”Lqu(-)(Rn)

+ (1 + |x|)a_nHLqﬁ(«>(Rn)
<C

Since [p 1) ||t /40 gz < C by ag(0) —n < ¢(0). Hence, we obtain the required
result. O
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