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Abstract. We investigate how Viro’s integral calculus applies for the
study of the topology of stable maps. We also discuss several applications to
Morin maps and complex maps.

1. Introduction.

It is well known that there is a deep relation between the topology of a manifold and
the topology of the critical locus of maps. The best example of this fact is Morse Theory
which gives the homotopy type of a compact manifold in terms of the Morse indices of
the critical points of a Morse function. Let us mention other examples.

R. Thom [23] proved that the Euler characteristic x(M) of a compact manifold M
of dimension at least 2 has the same parity as the number of cusps of a generic map
f: M — R2% Later H. I. Levine [16] improved this result giving an equality relating
X(M) and the critical set of f. In [10], T. Fukuda generalized R. Thom’s result to Morin
maps f: M — RP when dim M > p. He proved that

P

X(M) + Y x(Ak(f)) = 0 mod 2, (1.1)

k=1

where Ay (f) is the set of points x in M such that f has a singularity of type Ay at = (see
Section 4 for the definition of Ay). Furthermore if f has only fold points (i.e., singularities
of type A1), then T. Fukuda gave an equality relating x(M) to the critical set of f. T.
Fukuda’s formulas were extended to the case of a Morin mapping f : M — N, where
dim M > dim N, by O. Saeki [21] and I. Nakai [18]. When dim M = dim N, similar
formulas were obtained by J. M. Eliashberg [7], J. R. Quine [20] and I. Nakai [18].
On the other hand, Y. Yomdin [27] showed the equality among Euler characteristics of
singular sets of holomorphic maps. As Y. Yomdin and I. Nakai showed in this context,
the integral calculus due to O. Viro [25] is useful to find relations like (1.1) for stable
maps. In this paper, we investigate how O. Viro’s integral calculus applies in sufficiently
wide setup. To do this we introduce the notion of local triviality at infinity and give some
examples to illustrate this notion in Section 3. T. Ohmoto showed that Yomdin-Nakai’s
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formula is generalized to a statement in terms of characteristic classes and discussed a
relation with Thom polynomial in his lecture of the conference on the occasion of 70th
birthday of T. Fukuda held on 20 July 2010.

We consider a stable map f : M — N between two smooth manifolds M and N.
We assume that dim M > dim N, that N is connected and that M and N have finite
homological type, i.e. that their homology groups are finitely generated. We also assume
that f is locally trivial at infinity (see Definition 3.1) and has finitely many singularity
types. Then the singular set 3(f) of f is decomposed into a finite union | |, v(f), where
v(f) is the set of singular points of f of type v. In Theorems 5.1, 5.6, 5.7 and 5.11,
we establish several formulas between the Euler characteristics with closed support of
M, N and the v(f)’s. We apply them to maps having singularities of type Ay or Dy in
Corollaries 5.4, 5.5, 5.9, 5.10, 5.12 and 5.13.

In Section 6 of this paper, we apply the results of Section 5 to Morin maps and we use
the link between the Euler characteristic with closed support and the topological Euler
characteristic to recover and improve several results of J. M. Eliashberg, T. Fukuda, T.
Fukuda and G. Ishikawa, I. Nakai, J. R. Quine, O. Saeki. We end the paper with some
remarks in the complex case in Section 7.

The authors thank the anonymous referee for very careful reading and pointing out
several errors in a previous version.

2. Viro’s integral calculus.

In this section, we recall the method of integration with respect to a finitely-additive
measure due to O. Viro [25].

Let X be a topological space and S(X) denote a collection of subsets of X which
satisfies the following properties:

o If A, Be S(X), then AUB € S(X), AN B € S(X).
o If Ac S(X), then X\ 4 € S(X).

Let R be a commutative ring. Let px : S(X) — R be a map which satisfies the
following properties:

e If A and B are homeomorphic then px(A4) = ux(B).
e For A,B € §(X), ux(AUB) = px(A) + ux(B) — px (AN B).

ExAMPLE 2.1.  When the elements of S(X) have finite homological type and are
locally compact, the Euler characteristic of Borel-Moore homology (the homology with
closed support, see [2]), denoted by x., satisfies these conditions for px with R = Z.
The mod 2 Euler characteristic of Borel-Moore homology also satisfies these conditions
for px with R = Z/27Z.

Let Cons(X,S(X), R) (or Cons(X), for short) denote the set of finite R-linear com-
binations of characteristic functions 14 of elements A of S(X). For B € S(X) and
¢ € Cons(X,S8(X), R), we define the integral of ¢ over B with respect to ux, denoted

by [ edux, by
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/go(x)d,ux(x):Z)\A,uX(AﬂB) where sz/\AlA.
B A A

We remark that px(B) = [ dux.

Now we are going to state a Fubini type theorem for this integration. We need to
introduce some notations.

We say that (S(X),S(Y)) fits to the map f : X — Y if the following conditions
hold:

o If A e S(X), then f(A) € S(Y).

o fTlly) eS(X) foryeY.

e For A € §(X), B € SY) with f(A) = B, if fla : A — B is a locally trivial
fibration with fiber F, F' € §(X), then

px(A) = px (F)py (B).

e For A € S(X), there is a filtration ) = B_; C By C By C --- C B; = Y with
B; € S(Y) such that

fli-1BaB na: fTH(Bi\Bi-1)NA— B\ Bi_1 (i=0,1,...,1)

is a locally trivial fibration with fiber F;, F; € S(X).

LEMMA 2.2 (Fubini’s theorem). For ¢ € Cons(X) and f : X — Y such that
(8(X),8(Y)) fits to f, we have that f.p(y) = ff*l(y) o(x)dpx s a constructible function,
and

[ e = [ 1o

PROOF. It is enough to show the case when ¢ = 14 for A € S(X). So let us show
that

jx(A) = /Y px (AN £ () dpy-

We take a filtration ) = B_y C By C B; C--- C B =Y (B; € S(Y)) so that

f|f‘1(Bi\Bif1)ﬁA : f_l(Bi \Bifl) NA— B,L \ Bi,1 (Z = 0, 1,2, .. ,l)

is a locally trivial fibration with a fiber F;, F; € S(X). Then we have
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Z px(f~1(B; \ Bi_1) N A) (additivity of px)
= Z wx (Fy)py (B; \ Bi—1) (local triviality of f|4 on B; \ B;—1)
= Z Iy (Fz)/ dpy (definition of [)

X B'\BI .

_Z/B\Bl ) Fy)dpy
_Z/B\B x(AN Y y))duy (Fy=AnfY(y) forye B;\ Bi_1)

= / px (AN =Y y))dpy (additivity of [). O
Y

COROLLARY 2.3. Set X; ={z € X |p(x) =i}, andY; ={y € Y | fio(y) = j}.
Then X; € S(X), Y; € S(Y) and we have

> ipx(X; Zjuy

i

Proor. This is clear, since:
[ e =3 [ ewane =3 [ dux =S inx(x,
/ fep(y)dpy = Z/ fep(y)dpy = Z/ Fdpy =5 py (V). D
Y i 7Y i Y i
COROLLARY 2.4. If f.p is a constant d on y € Y, we have
D iux(Xi) = duy (Y).

In the sequel, we will apply O. Viro’s integral calculus to investigate the topology
of stable maps (see [18] and [19] for a similar strategy).
3. Local triviality at infinity.

In this section, we define the notion of local triviality at infinity for a smooth map.
We assume that all the manifolds that appear have finite homological type.

DEFINITION 3.1.  Let f: M — N be a smooth map between two smooth manifolds.
We say f is locally trivial at infinity at y € N if there are a compact set K in M and an
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open neighborhood D of y such that f: (M \ K) N f~1(D) — D is a trivial fibration.
We say f is locally trivial at infinity if it is locally trivial at infinity at any y € N.

Note that this definition implies that 3(f) N ((M \ K) N f~1(D)) = 0, where X(f)
denotes the critical set of f. Let us give other consequences of this definition.

LEMMA 3.2. Assume that

e dim M —dim N is odd and dim M — dim N > 0,
o f: M — N is locally trivial at infinity at y € N.

Then x.(f~1(t)) and x(f~1(t)) are constant for any regular value t of f in a neighborhood
of y.

PROOF. Let us treat first the case N = R. Let tg and ¢; be two regular values of f
in a small neighborhood of y. Let us assume that ¢ty < ¢; so that y €]to,t1]. By Definition
3.1, S(f) N f~(Jto, t1]) is a compact subset of M. Making a small perturbation of f if
necessary, we can assume that f is a Morse function in f~1([to,#;]). Let us denote by
{p1,...,pi} the set of its critical points and by {A1,...,\;} the set of their respective
indices. By Morse theory and since f is locally trivial at infinity over [tg,#1], we have

l

xX(f Mo, ta]) = x(f (ko)) = Z(—l)ki,

and
X(f 7 o, ta]) = x(F 71 () = (=) M Z(—l)*’i = (-

Therefore (£~ (ts)) = x(f~*(11)).

Let us treat now the general case. Let ty and ¢; be two regular values of f in a small
neighborhood of y. Let v : [0,1] — N be a smooth embedded arc transverse to f (see
[5, Section 4.3] for details) such that y(0) = to, v(1) = ¢1 and ~([0,1]) is included in a
neighborhood of y. Then W = f~!(v(]0,1])) is a manifold with boundary of dimension
dim M— dim N + 1 with boundary f=!(¢o) U f~1(¢1). Applying the previous case to
v Lo f: W — [0,1], we get the result since y~! o f is clearly trivial at infinity. We
conclude with the fact that x.(Z) = —x(Z) for any odd-dimensional smooth manifold
Z. [l

Similarly, we can prove:

LEMMA 3.3.  Assume that

e dim M — dim N is odd and dim M — dim N > 0,
e N is connected,
o f: M — N is locally trivial at infinity.

Then x(f~1(t)) and x(f~1(t)) are constant for any regular value t of f.
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Using the same arguments, we can prove the following two results.

LEMMA 3.4. Assume that

e dim M — dim N is even and dim M — dim N > 0,
o f: M — N is locally trivial at infinity at y € N.

Then xo(f~1(t)) mod 2 and x(f~1(t)) mod 2 are constant for any reqular value t of f
in a neighborhood of y.
LEMMA 3.5. Assume that

e dim M — dim N is even and dim M — dim N > 0,
e N is connected,
o f: M — N is locally trivial at infinity.

Then x.(f~1(t)) mod 2 and x(f~1(t)) mod 2 are constant for any reqular value t of f.
Here are some examples of functions not locally trivial at infinity.
EXAMPLE 3.6 (Broughton [3]). Consider f(z,y) = x(zy+1). The critical set X(f)
of f is empty. For t # 0,

F7H) = {y = (t—2)/2*}).

We have f~'(t) = R*, f71(0) = RUR" and x.(f~'(t)) = =2, x.(f~'(0)) = =3. So
this example is not locally trivial at infinity at ¢ = 0. The level curves of f with level
—1/2,0,1/2 are shown in the figure. The thick line shows the level 0.

A map f:R? — R with X(f) = 0 may not be surjective. M. Shiota remarked that
the map R? — R, (2,9) — (z(zy + 1) + 1)? + 22, has empty critical set, and is not
surjective.

EXAMPLE 3.7 (Tibar-Zaharia [24, Example 3.2]).  Consider f(x,y) = 22y?+2zy+

(y2 - 1)2 Then Z(f) = {(O’O)’ (17 _1)7 (_1?1)} and f(070) = 17 f(lv _1) = f(_17 1) =
—1. Since f~1(t) consists of two lines (resp. circles) if 0 <t < 1 (resp. —1 < t < 0), we
have

-2 (0<t<1),

—1 o
XelF (1) = {0 Cieic0
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So this example is not locally trivial at infinity at ¢ = 0. The level curves of f with level
—1,-1/2,0,1/2,1,3/2 are shown in the figure. The thick line shows the level 0.

@®

Let us examine now the case dim M = dim N. We assume first that M and N are
both oriented.

LEMMA 3.8. Assume that

e dim M =dim N,

e f is finite-to-one,

e N is connected,

e f: M — N is locally trivial at infinity.

Then

deg(f,t)= Y deg(f: (M,z)— (N, f(x))),

zef=1(t)

is constant for any regular value t of f.

PROOF. Let ty and t; be two regular values of f and let 7 : [0,1] — N be a smooth
embedded arc transverse to f such that v(0) = to and (1) = ;. We set T = ([0, 1]).
The set f~1(I) is a smooth curve with boundary. It is enough to prove that f~'([I)
is compact (see [17], for a similar argument). Let ¢ € I. Since f is locally trivial at
infinity, there exist a neighborhood I; of ¢ and a compact subset K; of M such that
#f71 )N (M\ K,) is constant for ¢’ € I,. Hence we can find another neighborhood I, of
t and another compact subset K; such that f~'(#')N (M \ K,) is empty for ¢ € I,. Since
I is compact, we see that there is a compact set K’ such that f~1(I)n (M \ K') = 0.
Therefore f~1(I) is compact. O

DEFINITION 3.9.  With the same assumptions, we define deg f by deg f = deg(f, t)
where t is any regular value of f.

In the non-oriented case, all these results are still valid replacing deg(f,t) by #f~1(t)
mod 2. Hence, in this situation, we can define the degree of f modulo 2.
4. Euler characteristics of local generic fibers.

In this section, we present a general method for the computation of the Euler char-
acteristic of the Milnor fibers of a stable map-germ. We start with a lemma.
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LEMMA 4.1.  LetY be a manifold and let X be a set defined by
X ={(z,y) eRP ><Y:x12+~~+xp2 =g(y)}

where g(y) is a smooth positive function. Then X is a smooth manifold and

Xe(X) = x(SP7xe(Y) = (1 = (=1)")xc(Y).-

ProOOF. It is easy to check that X is a manifold. To obtain the equality, consider
the map:

X =Y, (z,y) —y.

This is a locally trivial fibration whose fiber is SP~1. O

EXAMPLE 4.2. Let X be the set defined by
X={(z,y) ERP xRz + -+ 2,2 =y >+ +y,° +1}

where t is a positive constant. Since X — RY, (z,y) — v, is a locally trivial fibration
whose fiber is SP~1, we have

Xe(X) = Xe(SPTxe(RY) = (1= (=1)P)(~1)7 = (=1)7 — (=1)F*7.
ExAMPLE 4.3. Let X be the set defined by
X={(z,y) eERP xR :a® + - +z,> =y + - +y,°}.

Since X \ {0} — R?\ {0}, (x,y) — v, is a locally trivial fibration whose fiber is SP~!, we
have

Xe(X) = xe({0}) + xe(SP ) x(R?\ {0})
S (- (1))
= (174 (1) (e

Next we will apply this lemma and these examples to the computation of Euler
characteristics of local nearby fibers of some particular stable map-germs.

Remember that stable-germs are K-versal unfoldings, deleting constant terms, of a
map-germ x — ¢(x;0), called the genotype (see [1, Part I, 9]). Here we consider the
unfolding of a function germ with an isolated critical point. Let B be a small open ball
in R™ centered at 0 of radius R and let B’ be a small open ball in R*t? centered at 0 of
radius R’. We consider a map f defined by
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f:BxB xR" - RxR", (x,2,¢) — (g(z;¢) + Q(2),¢) (4.1)

where Q(2) = 212 + - + 2,2 — 2za11%2 — - — Za4p°. We assume that (z,c) — g(z;c) is a
KC-versal unfolding of a function-germ go : « — g(z;0) and that go has an isolated critical
point at the origin.

We want to compute the Euler characteristic of a local Milnor fiber around the point
(0,0), namely the intersection of the fiber f=1(g,c), for a regular value (g,c) of f near
0, with a small Euclidian open ball centered at (0,0) in R™ x R*®. Here we notice that
the regular value c is fixed.

Since g(z;c¢) is an unfolding of a function-germ, we can suppose that it is a polyno-
mial. Since g(0;0) = 0, we can write

d
c) = Zgi(xw),

where d is the degree of g and g; is its homogeneous component of degree ¢. Therefore
for (x,c) # (0,0) and for any €, we have

‘522 oGy o)~

Hence there exists C' > 0 such that

lg(z;¢) =] < Cl(z, )| + [e],

for (z,c) in a small neighborhood of (0,0) and for any . We conclude easily that there
exists D > 0 such that

l9(z;¢) — el < D(|a| + |(c, €))),

for (z,c¢,¢) in a small neighborhood of the origin.

For p € N, let us define hy,(z, 2) = Max(4D|z|'/?,|z|). Remark that h, 1 (0) = {0}
and that h, is continuous and semi-algebraic. Let us describe the “ball” of radius R’
defined with this distance function, i.e. the set of points (x,z) € R™ x R**? such that
hp(z,z) < R'. We have

/\ P
hy(z,2) < R & |2| < R and 4D[z|"? < R' < |2| < R and |z| < (fD)
= (.13,2’) S B(R//4D)p X B;%"

Hence there exist a small neighborhood U of the origin in R” x R and a constant D’ > 0
such that for any x € B(p//4p)» and any (c, e)eU,

lg(x;¢) —e| < D'(R)P.
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So if we choose p sufficiently big then g(z;¢) — € is very small compared with R’ as R’
tends to 0.

Let us explain why the Milnor fibre of f defined with the Euclidian distance w =
V|z|? + |z|? and the Milnor fiber of f defined with the “distance” function h, have the
same Euler characteristic. Using the results of A. H. Durfee [6, Section 3] , we have

Xe(£f5 H(0) N {w < €'}) = xe(f5 H(0) N {hy < R'}),
and
Xe(fo H(0) N {w = €'}) = xe(f5 1(0) N {hy, = R'}),

where ¢ and R’ are chosen sufficiently small so that {h, < R’} C {w < £'}. Here
fo: B x B" — R is the polynomial function fo(z,z) = go(x) + Q(2). Note that it has an
isolated critical point at (0,0). Therefore

Xe(£o H0) N {w < &'}) = xe(f5 1(0) N {hy < R'}),
and
Xe (fo10) N ({w <3\ {h, < R'})) = 0.

In order to prove these last equalities are still valid replacing f; ' (0) by {(z, 2) | g(z;¢) +
Q(2) = ¢} where ¢ and ¢ are small enough, it is enough to prove that f;'(0) intersects
the spheres S.: and h,'(R') transversally. It is well-known that fg 1(0) intersects the
sphere S/ transversally. The sphere h,, L(R') is a manifold with corners, which is clearly
Whitney stratified. It is straightforward to see that f;'(0) intersects the strata {|z| =
R, |x| < (R'/AD)P} and {|z| < R/,|z| = (R'/AD)P} transversally. It remains to prove
that f;'(0) intersects the stratum {|z| = R/, |z| = (R//4D)P} transversally. This is
achieved using the following lemma.

LEMMA 4.4. Ifp is big enough then f5 '(0) intersects the stratum {|z| = R, |z| =
(R'/AD)P} transversally.

PrOOF. This argument is due to Z. Szafraniec [22]. Let

Y ={(z,2,pp) ER" xR xRxR: fo(z,2) =0,
rank(D fo(z, 2), (2,0), (0, 2)) < 3, |z| = p' and |z| = p},
and let

T RPXRPPXxRxR—-RxR

(z,2,p,0") = (p,p),
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be the projection on the last two components. Since 7|y, is proper, I' = 7(3) is a closed
semi-algebraic set. Let I'y = R x {0} in R x R and let I’y be the closure of T\ T.
Since for R’ > 0 small, the semi-algebraic function |z|? restricted to the semi-algebraic
manifold f;'(0) N {|z| = R’} has a finite number of critical values, T's N {p = R'} is
a finite number of points and therefore I's is a curve and 0 is isolated in I'y N T's. By
Lojaziewicz’s inequality, there exists an integer p’ > 0 and a constant D" > 0 such that

l”" < D",

for (p,p’) € T'y in a neighborhood of (0,0). This means that if f;*(0) does not intersect
the strata {|z| = p/,|z| = p} transversally at (z,z) then

2P < D”|a],
i.e.

|27

|I| Z D! :

Hence if we choose p much bigger than p/, then f;'(0) will intersect {|z| =
(R'/AD)?,|z| = R'} transversally, when R’ is small enough. O

Hence for the computation of the Euler characteristic of the Milnor fibers, we can
replace the open Euclidian ball with the product B x B’, where the radius R of B is
much smaller than the radius R’ of B’. Let

F={(z,2) € Bx B":g(z;c) + Q(z) = ¢}.

Note that dim FF=n+a+b— 1.

LEMMA 4.5. We have

Xe(Bo) a even, b even,

(=)™ + xc(By) = Xe(B-) a even, b odd,
Xl = (=)™ — xe(B+) + xe(B-) a odd, b even,

—2(=1)" = xe(Bo) a odd, b odd,

where
By ={x € B:g(z;c) > e},
By ={z € B:g(x;c) =¢},
B_={z e B:g(x;c) <e}.
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Remark that By, B_ and By depend on ¢, ¢ and it would be better to denote them
by B4 (e, c¢), B_(g,c) and By(e, ¢) respectively. But we keep the notation in the lemma
for shortness.

PrOOF. Counsider the map: ¢ : F' — B, (x, z) — x. Since @ is homogeneous of de-
gree 2 and g(x; ¢)—¢ is very small compared with R, we see that ¢ ~!(z) is homeomorphic
to one of the sets of Examples 4.2 and 4.3. Namely, we have the following:

(~1)0 = (1) z€ By,
Xe(p™H(2) = § (-1)" = (=1)*+ x€ B,
(-1)% + (=1)® — (=1)*** 2z € By.

In other words, x.(¢~1(x)) is given by the following table:

reBy |xeB_ | xe by
a even, b even 0 0 1
a even, b odd 2 0 1
a odd, b even 0 2 1
a odd, b odd —2 -2 -3

Now, since g(z;c¢) is an unfolding of a function-germ, we can suppose that it is a poly-
nomial. Then the map ¢ : F' — B is semi-algebraic and thanks to Hardt’s theorem, we
can apply Lemma 2.2 to get

Xe(Bo) a even, b even,
(F) 2Xe(By) + Xe(Bo) = (=1)" 4 Xe(B+) — Xc(B-) a even, b odd,
X =
‘ 2xe(B-) + xe(Bo) = (=1)" = xo(B+) + xe(B-) a odd, b even,
=2Xc(B1) — 2xe(B-) — 3xc(Bo) = =2(—1)" — xc(Bo) a odd, b odd.
Here we use the fact that x.(B+) + Xxc(B=) + xc(Bo) = xo(B) = (-1)™ O

We conclude that

(1) + (=1)**"xc(Bo) a+ b even,

_1\n+ta+b —
1+ (=1)"Totoy (F) {(_1)a+n+1[XC(B+)—XC(B_)] a + b odd.

Remember that F', By, B+ and B_ depend on € and c¢. When n+ a+ b is even, we have

1+X0(F):

(=1)°(1 + x(Bo)) if n is even and a + b is even,
(—=1)%(xe(B-) — xe(By)) if nis odd and a + b is odd.

Note that if n is even, then
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1 = = 1 -
X(Bo) = 5x(BoN0B) = 5x(go~(0) N IB),

because gg is polynomial, hence conical, with isolated singularity. Therefore, we have

Xe(Bo) = X(Bo) ~ x(Bo 1 9B) = ~ L x(gg ' (0) N 9B),

and we see that y.(Bg) does not depend on ¢ nor on . If n is odd, then B_ and B, are
odd-dimensional compact manifolds with corners and

x(B-) = %X({w € 9B : g(w;c) <e}) + %x({x € B:g(x;c) = €}),
X(B7) = gx({x € 9B : glase) > ) + sx({a € B glaic) = <}).
Hence, we have

Xe(B-) = xe(By) = —x(B-) + x(By)

= —%X({x €0B :g(z;c) <e}) + %X({x € 9B : g(x;c) > ¢})
= —2x({90 <0} NB) + Lx({oo > 0} N0B).

We see that x.(B-) — x.(B4+) does not depend on ¢ nor on €.
When n + a + b is odd, we have

(—=1)°[1 — xe(Bo)] if n is odd and a + b is even,

1— yo(F) =
xe(F) {(—1)b[XC(B+) —xe(B-)] ifniseven and a+ b is odd.

In this case, 1 — x.(F) may depend on ¢ and on ¢, but its parity does not. Indeed we
have x.(Bo) = X.(Bp) mod 2 and, since By is stably parallelizable, x.(Bo) = v¥(Bo N
OB) mod 2 for n odd, where 1) denotes the semi-characteristic, i.e., half the sum of the
mod 2 Betti numbers (see [28]). Therefore x.(By) = v(g; *(0) NdB) mod 2. This proves
that 1 — x.(F) mod 2 does not depend on ¢ nor on ¢ if n is odd and a + b is even. If n
is even and a + b is odd, it is enough to use the congruence

Xe(B+) = Xe(B-) = Xxe(B) + Xxc(Bo) mod 2.

DEFINITION 4.6. Let o denote the singularity type of the map go :  — g(z;0).
When n + a + b is even, define s, by

1+ xc(Bo) if n is even,
Sy =
Xe(B_) — xe(By) if n is odd.
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When n + a + b is odd, define s, by

1—xc(Bo) mod 2 if n is odd,
S5 =
Xe(Bt) — xe(B-) mod 2 if nis even,

and define s'?*, s by

®
I

o min{l — x.(Bo)} if n is odd,
7 min{x.(B+) — xc(B-)} if n is even,
if n is odd,

s
—xe(B-)} if n is even,

min max{1 — x.(Bo)}
y maX{Xc(B-‘r)
where we take the maximal (or minimal) over all the regular values (e, ¢) near 0.

Now let us apply this machinery to Ay and Dy singularities.

4.1. Ay singularities.
We set n =1, and

ge(z) = glz;¢) = " 4 ezt oo b 02 + py

Then we have x.(Bo) = #{x € B : g¢(x) = ¢} and

0 k even,

Xe(By) = xe(B-) = {_1 L odd

Then we obtain

(—=1)°[1 —#{x € B: g.(x) =¢}] a+b even,
1 - (_1)a+ch(F) =

o

a+ b odd, k even,
(—1)° a+ b odd, k odd.

4.2. Unfoldings of functions (x1,2,2) — g(x;0) + Q(z).
We set n = 2. We consider the map defined by

(R2+a+b+h, O) _ (R1+h’ 0)’
(21,22, 215y Zatb;s Cly - - -5 Ch)

= (g($1,$2;01, .. '7Ch) + 212 +- Za2 - Za+12 - Za+b27617 <. 7Ch)' (42)

Let r denote the number of branches of the curve defined by g(x;0) = 0. Since x.(Bo) =
—r, we obtain that
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(-1)b(1—7) a + b even,

1 -1 a+b . F) =
+ (=1 xc(F) {(l)b[xc(BJr)Xc(B—)] a -+ b odd.

0. Viro [26] described the list of possible smoothings of Dy, (k > 4), Eg, E7, Es, J1o and
non-degenerate r-fold points. In next subsection, we use this list to compute y.(By) —
Xc(B-) for Dy, singularities. We leave to the reader the computation in the other cases.

4.3. Dy singularities.
We denote by D,f the singularity which is defined by (4.2) with

g(z;c) = .731($1k72 +22%) fozr + -+ Ch2T1" 72 + 1 To.

We denote by Dy, the singularities defined by this formula.

First case: k is even and {z € R? : g(z;0) = 0} has 3 branches.
The zero set of g(z;0) looks like the following:

(k > 4 even)

First consider the smoothing described by the following picture:

N/
X

For such a smoothing, it is easy to see that x.(B1) — x.(B-) = 0.
Next we consider the smoothings described by the following pictures:

J L

“ < > » ><a> o) <
0<a+p

k— k=1
0<a<iz @ST

Here (o) represents a group of « ovals without nests. For such smoothings, we see that
Xe(B+) — xe(B-) =2(1+ «), —2(1 + «), —2(« — ) respectively. Then we obtain:

4
< kB

XC(B+) - XC(B*) = _ka —k+2,... ) k— 27k-

Second case: k is even and {x € R? : g(z;0) = 0} has 1 branch.
The smoothings are described by the figure on the right-hand side.
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D; (k even) 0<a+pg<i2

For such smoothings, we see that x.(By) — xe(B-) = 2(a — 3). Thus we have
Xe(Bs) = xe(B_) =2 —kyd— K, ... k— 4,k —2.

Third case: k is odd.

Dy (k odd) Eaé% 0<a+p<hs

For such smoothings, we see that x.(B+) — x.(B-) = —1—2a, 1 —2(a— (), respectively.
Thus we have

Xe(By) —xe(BL) = —k,2—k, ..., k—4,k—2.

REMARK 4.7.  We remark that the signs in the notations B; and B_ have ad
hoc meaning, since we are talking about map-germs not unfoldings of functions. The
map-germ obtained by changing the sign of the first component in (4.2) has the same
A-type as the map-germ defined by (4.2). In the case of a Dy singularity with k odd,
after this change of sign, the quantity x.(B4) — x.(B-) takes the following values: 2 —
k,4—k,...,k — 2,k. But, since the values of a and b are exchanged, we see that this
change does not affect the possible values of the Euler characteristic x.(F') of the local
Milnor fibers of the singularity.

5. Study of stable maps f: M — N with dim M > dim N.

Let f : M — N be a stable map between two smooth manifolds M and N. We
assume that dim M > dim N, that N is connected and that M and N have finite homo-
logical type. Let o denote the singularity type given by the genotype: x +— g(z;0) in the
notation of (4.1). We set

o(f) = {x € M : the genotype of f, is o},

where f, : (M,z) — (N, f(z)) is the germ of f at x.

If dim M — dim N is odd and s, # 0 then the genotype o gives rise to two kinds of
singularity types of f: we say that f is of type o (resp. o_) if, with the notations of
Section 4, 1 4+ x.(F) = s (resp. 1+ xc(F) = —$4).

Similarly, if dim M — dim N is even and s™® 4 s™in =£ (), we say that f is of
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type oy (resp. o_) if 1 — max{x.(F)} = s2® and 1 — min{x.(F)} = s™* (resp.
1 — max{x.(F)} = —s™" and 1 — min{x.(F)} = —s7%). We set

o+ (f) ={x € M : f, has singularity of type o4 }.

Let X(f) denote the critical set of f.
Since f is stable, 3(f) N f~1(y) is a finite set for each y € N. Then f defines a
multi-germ:

fy MB(H) 0 fHy) — (N y).

5.1. Case dim M — dim N is odd.

If dim M —dim N is odd, then x.(f~*(y’) N B:(z)) does not depend on the choice of
the regular value y’ near f(x), where B.(x) denotes the open ball of small radius e
centered at x in M. Indeed, f~1(y")N B.(z) is a compact odd-dimensional manifold with
boundary and so

But the last Euler characteristic is equal to x(f~'(f(z))NdB.(x)). If x is of type v then
we denote by ¢, the Euler characteristic x.(f~(y") N B:(z)).

If we assume that f is locally trivial at infinity, then we know by Lemma 3.3 that
Xe(f71(y)) does not depend on the choice of the regular value y of f. We denote this
Euler characteristic by x .

THEOREM 5.1.  Assume that dim M — dim N is odd. Assume that a stable map
f: M — N is locally trivial at infinity and has finitely many singularity types (this is
the case when (dim M, dim N) is a pair of nice dimensions in Mather’s sense). Then we
have

Z CVXC(V(f)) = XfXC(N)’ (51)

provided that the x.(v(f))’s and x5 are finite, where the v’s denote the possible singularity
types of f. Moreover, if all singularities of f are unfoldings of function-germs as in (4.1)
then we have

Xe(M) = xpxe(N) = D so[xe04(£) = xelo-(1))], (5.2)

0:857#0
where o denotes the singularity type of the genotype.

PROOF. We consider the stratification of f defined by the types of singularities
(see Nakai’s paper [19, Section 1]) and we define S(M), S(N) as the subset algebras
generated by the strata and fibers of f. Then (S(M),S(N)) fits to the map f. Set
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MM = Xy BN = Xc and

o(x) = xe(f'(¥') N Be()),

where y' is a regular value near f(x). Applying Corollary 2.3 for ¢ and Lemma 5.2 below,
we obtain that

ZCVXC(V(f)) :Xch(N)' (53)

v

By the additivity of the Euler characteristic with closed support, we get

Xe(M) = xpxe(N) =D (1= e)xe(v(f))-

v

If all the singularities are unfoldings of function-germs then each genotype gives two
kinds of singularity types o (f) and o_(f) whenever s, # 0. We complete the proof by
Definition 4.6, Remark 5.3 below and the computations made in Section 4. O

LEMMA 5.2.  Let f: M — N be a stable map such that

e dim M —dim N is odd,
o f is locally trivial at infinity.

Then for each y € N, we have

feow) = [ el =7 0))

where y' 1s a reqular value of [ close to y.

PROOF. Set {z1,...,2s} = f~1(y) N B(f). Take a regular value y’ of f near y.
Then,

W =xe (N UBE ) + Eowels ) N Bl

. (fl(y) \ UBE(azi)) + Y el ) 1 Bae)

= xe(f W) \ a1, @) + Z (i)

/ @it [ e
fﬁl(y)\{wlt“'vms} {ajl"":zs}

= / o(z)dxe. O
=y
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REMARK 5.3.  Set ¢(x) = x.(f~1(y') N Be(x)) where 3 is a regular value near
f(x). Then

o(x) = ¢p(x) + xe(f (') N Se (),

where S, (z) is the sphere of radius € centered at z. If f~1(y') N B.(z) is an odd dimen-
sional manifold with boundary f~*(y’) N S.(x), then we obtain ¢(z) = —p(x), since

20(2) = xe(f 1 (y) N Se()) = —20(x).
Similarly if f~1(y') N B-(x) is an even dimensional manifold with boundary f~*(y’) N
Se(x), we obtain that ¢(z) = ¢(x).

COROLLARY 5.4.  Assume that the map f satisfies the assumptions of Theorem 5.1
and has at worst A,, singularities. Then, we have

Xe(M) = x5 Xe(N) = D [xel(AR)+(f) = xe((Ar)- ()]

k:odd

Proor. Using the computations in Section 4, we see that s4, = 0 if k is even and
54, = 1if k is odd. O

COROLLARY 5.5.  Assume that the map f satisfies the assumptions of Theorem
5.1 and has only stable singularities locally defined by (4.2). We denote by o, the union
of singularities types such that the number of branches of g(x1,x2;0) = 0 near 0 is r.
Forr #1, o, splits into two subsets o, 4 and o, _. Then, we have

XC(M) - Xf XC(N) = Z (1 - T) [XC(UT,+(f)> - Xc(ar,f(f))} .
rir#l

ProOOF. Using the computations in Section 4, we see that s, =1 —r. O

5.2. Case dim M — dim N is even and dim M — dim N > 0.
If dim M — dim N is even and non-zero then x.(f~!(y’) N B:(z)) depends on the
choice of the regular value ¢’ near f(x) in general. But its parity does not depend on 3.

Indeed, f~1(y’) N Be(x) is a compact even-dimensional manifold with boundary and so

Xe(f 7 Y) N Be(2)) = x(f7(y') N Be(2)) mod 2.

Using local coordinates at z and f(x), we can assume that f is a map from RImM

to RU™ N Hence f~!(y') N B.(z) is stably parallelizable, because its normal bundle is
clearly trivial. This implies that
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If a point x in M is of singularity type v then we denote by ¢, the mod 2 Euler
characteristic x.(f~'(y') N B:(z)). We will denote by x the mod 2 Euler characteristic
Xe(f71(y)) where y is a regular value of f (see Lemma 3.5). The following theorem is

proved in the same way as Theorem 5.1.

THEOREM 5.6. Assume that dim M — dim N is even and positive. Assume that a
stable map f: M — N is locally trivial at infinity and has finitely many singularity types
(this is the case when (dim M,dim N) is a pair of nice dimensions in Mather’s sense).
Then we have

ZCI/XC<I/(f)) = Xch(N) mod 2, (5.4)

provided that the x.(v(f))’s and x5 are finite, where the v’s denote the possible singularity
types of f. Moreover, if all singularities of f are unfoldings of function-germs as in (4.1)
then we have

Xe(M) = Xpxe(N) =) soxe(o(f)) mod 2, (5.5)

where o denotes the singularity type of the genotype.

This theorem gives a mod 2 congruence. Nevertheless, it is still possible to find
integral relations between the topology of the source, the target and the singular set.

Let v denote a singularity type of a map-germ. Let c¢®8 (resp. ") denote the
maximal (resp. minimum) of all possible Euler characteristics of local regular fibers near

the singular fiber. Set also

NP ={y e N :j=max{x.(f"'(y)) : ¥/ is a regular value near y}},

N;“i“ ={y € N:j=min{x.(f'(¥)): ¥ is a regular value near y}}.
THEOREM 5.7.  Assume that dim M — dim N is even and positive. Assume that a
stable map f: M — N is locally trivial at infinity and has finitely many singularity types

(this is the case when (dim M,dim N) is a pair of nice dimensions in Mather’s sense).
Then we have

D e xe(v(f)) = ijc(N;I‘aX>,
> xe(w(f) = ijcw;“in),

provided the x.(v(f))’s, the xc(N™>)’s and the x.(NJ™)’s are finite, where the v’s
denote the possible singularity types of f. Moreover, if all singularities are unfoldings of
function-germs as in (4.1) then
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Xe(M) = jxe(N™™)
J

= D S+ Y B0 () = s xelo- ()],

U:S?aersg‘i“:O U:S?ax+sgﬁn¢0
XC(M) - Zch(ijin)
J

= D> sxleD Y e () = s xelo— ()],

U:ngax_;’_sg;in:o a:sglaX+sgli*1;é0
and

Xe(M) = %<Xc(N}““) +Xe(N7™)
- Y B () — xelo- (D))

.gmax | gmin
o:smax L gmin£(Q

DN = xe(N)] = D [5 = s5™]xe(o (),

7 o

where o denotes the singularity type of the genotype and s™** and s™" are defined in
Definition 4.6.

PrROOF. To get the first equalities, we apply the same method as we did in the
proof of Theorem 5.1 with the following two constructible functions ¢ax and @min:

Ymax () = max{x.(f~* (') N B:(x)) : ¢/ is a regular value near f(z)},
Omin(z) = min{x.(f~*(y') N B.(z)) : ¢ is a regular value near f(z)}.

We also use Lemma 5.8 below.
By the additivity of the Euler characteristic with closed support, we get

v

Xe(M) — ijc(Nfla") =3 (1= ™)xe(v(f)),
Xe(M) — ijc(Nj“i“) => (1= ™)xe(v(f))-

v

If all the singularities are unfoldings of function-germs as in (4.1), then each genotype
o with s 4 st £ () gives two kinds of singularity types o, and o_. Using the
computations done in Section 4, we see that

(1 ) = (1 — i) =~ and (1 — i) = —(1 - %) = —s,

and we complete the proof. O
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LEMMA 5.8. Let f: M — N be a stable map such that

e dim M — dim N is even and positive,
o f is locally trivial at infinity.

Then we have

1

Fepmax(y) = max{x.(f (/) : ' is a regular value near y},

fePmin(y) = min{x(f 1)) : ¢/ is a regular value near y}.

PROOF. Set {z1,...,zs}
Then

f~Yy) N(f). Take a regular value 3’ of f near y.

) = xe (N UB ) + Eonels /) 0 Bl

. (fl(y) U Be(xi)) + 3 el ) N L)

< XC(fil(y) \A{z1,. -y 2s}) + Z‘PmaX(Ii)

:/ Samax(x)ch+/ Somax(x)ch
fr )\, x5}

{Ila“':ws}

:A " )‘pmax(m)ch :f*@max(y)'
Yy

But, since f is stable, we see that the equality is attained by some 3’ using the fact
(i)<=(iii) of [29, Lemma 1.5].
Similarly we obtain

0 = xe (N UBE ) + Enels ) N Bl

(0 \UB@) ) + Elr ) n B

> Xc(f_l(y) \{z1,.. 0 2s)) + Z Pmin (T;)

:/ @min(x)ch"'/ @min(x)ch
7\ {1,z }

{1, zs}

- / Pmin (x)ch = f*@r‘mn(y)
f=1w)

But, since f is stable, we see that the equality is attained by some 3’ using the fact
(i)«<=(iii) of [29, Lemma 1.5]. O
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Now let us apply this theorem to the case of a map having at worst D,, singularities.
Using the computations in Section 4, we see that

if o = Ay, k odd,

—k if o = Ag,
7 F if o = Ay, k even,

—k if o =Dy, k even,
2—k ifU:D,':, k even,
—k if o = Dy, k odd,

max __
o

min : _ —
e if o =D, k even,
if o = D,Jcr, k even,

P
—2 ifo = Dy, k odd.

|
|
> ™ ™ O =

COROLLARY 5.9. If the map [ satisfies the assumptions of Theorem 5.7 and has
at worst D,, singularities then

Xe(M) = D xe(N™) = =xe(Ar () = 3 kxe((Ar)+ (D) = D0 xel(Ar)- ()

k>1 k>1:0dd

=S kD) +2 3 XD ) 2D xel(DR)- (1)),
k

k:even k:odd

XC(M)_Zch(Ngmin):Xc(Al(f))+ZkXc((Ak)—(f))+ D xel(AR)+ ()

k>1 k>1:0dd

+ 3 ke Du() =2 3 XD () -2 3 xel(D)1 ().
k

k:even k:odd

ProOF. Combine the previous theorem with the above expressions of s¥'** and

min
so, ]

COROLLARY 5.10.  Assume that a map f satisfies the assumptions of Theorem 5.7

and has at worst A,, singularities.
When dim N = 1, we have

Z]Xc(NymaX) = XC(M) + Xc(Al(f))7 Zch(Ngmin) = XC(M) - Xc(Al(f))a
and thus

S LN + (V)] = xe (M),

S 2 IelVP™) = xeVP] = (A () = xe(E)):

J

When dim N = 2, we have
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Zy’xcw;m) = Xe(M) + xc(AL(f)) + 24 ((A2)+(f)),

ijc(N}”i“) = Xe(M) = xc(Ar(f)) = 2#((A2) - (f)),

and thus

> Z[XC(N;““) + XN = Xe(M) + #((A2)+ (f)) — #((A2)- (),

— 2
J

S L e (N9) — x (NP)] = o (Ay () + #(Aa () = xe(S()).

— 2
J

When dim N = 3, we have

S e (NP =
J

S jxe(V) =
J

and thus

Xe(M) + xe(A1(f) + 2xe((A2)+ () + #(As(f)) + 27 ((A3) + (1)),

Xe(M) = xe(A1(f)) = 2xe((A2) - (f)) = #(A3(f)) — 2#((43) - (f)),

3 SN + ()

— 2
J

= Xe(M) + xe((A2)+(f)) = xe((A2) - () + #((A3)+ () — #((43)-(/));

j mx
;§XCN *

XC(N]minﬂ

Xe(A1(f)) + xe(A2(f)) + 2#(A3(f)) = x(2(f)) + #(As())-

5.3. Case dimM —dim N =0.

Here we assume

that M and N are oriented and have the same dimension. If a

point z in M is of type v, we denote by d, the local topological degree of the map-
germ f : (M,x) — (N, f(x)). We notice that the singularity type of z depends on the
orientations of the source and the target, unlike the case with dim M > dim N. We
assume that f is finite-to-one and that f is locally trivial at infinity. In this situation,

we know that it is possible to define the mapping degree of f as follows:

deg f= Y deg(f:(Mx)— (N, f(x)),

zef~(y)

where y is a regular value of f (see Definition 3.9).

THEOREM 5.11.  Assume that dim M — dim N = 0. Assume that a stable map
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f: M — N is finite-to-one, locally trivial at infinity and has finitely many singularity
types. We also assume that M and N are oriented and that N is connected. Then

S duxe(w(£)) = (deg f)xe(N),

provided that the x.(v(f))’s are finite.

PROOF. We consider the stratification of f defined by the types of singularities
(see Nakai’s paper [19, Section 1]) and we define S(M), S(N) as the subset algebras
generated by the strata and fibers of f. Then (S(M),S(N)) fits to the map f. Set

KM = Xey BN = Xc and
p(x) = deg(f : (M, z) — (N, f(2))).

Applying Corollary 2.3 for ¢ and remarking that f.(y) = deg f, we obtain the result.
O

If x is a point of type Ax with k even, we say that z belongs to A} (f) (resp. A, (f))
if deg{f : (M, 2) — (N, ()} = 1 (resp. —1).

COROLLARY 5.12.  Assume that f satisfies the assumptions of Theorem 5.11 and
has at worst A,, singularities. Then we have

D [elA5 () = xe(A; ()] = (deg f)xe(N).

k:even

PROOF. Apply the previous theorem and the fact that deg{f : (M, z) —
(N, f(x)}=0if 2 € Ap(f), k odd. O

The map f: (R*,0) — (R*,0) is an I;Q singularity if f is defined by

We assume that the source and the target are oriented. Then we see that the mapping
degree of I2+, o singularity is zero. We also see that the mapping degree is not zero for I,
singularity. We say it is (I )" (vesp. (I5,)7), if its mapping degree is positive (resp.
negative) at 0. These are the only singularities of stable-germs which are not Morin
singularities from R* to R*. We can state

COROLLARY 5.13.  Assume that f satisfies the assumptions of Theorem 5.11 and
that dim M = dim N = 4. Then we have

D DA () = xelAg (M) +2#((132)7 () = 2#((I32) ™ (f)) = (deg f)xe(IV).

k:even
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PrOOF. Remark that the mapping degree of f, is £2 (resp. 0) when z is an Iy,
(resp. 1;2) point. O

A similar discussion shows the following:

THEOREM 5.14.  Assume that dim M — dim N = 0. Assume that a stable map
f: M — N 1is finite-to-one, locally trivial at infinity and has finitely many singularity
types. We assume that M or N may not be orientable and that N is connected. Then
ds and deg f are well-defined modulo 2, and we have

> doxe(o(f)) = (deg f)x(N) mod 2.

6. Applications to Morin maps.

In this section, we apply the results of the previous section to Morin maps. We
recall that a Morin map is a map which admits only Ay singularities (see Subsection
4.1). We will consider three different settings: Morin maps from a compact manifold M
to a connected manifold N such that dim M —dim NNV is odd, Morin maps from a compact
manifold M to a connected manifold N with dim M = dim N, and Morin perturbations
of smooth map-germs.

6.1. Morin maps from M™ to N™, m —n odd and m — n > 0.

Let f: M™ — N™ be a Morin map from a compact m-dimensional manifold M to
a connected n-dimensional manifold V.

Let us recall that a point p in M is of type Ay if the genotype of f, is 2P+ This
means that there exist a local coordinate system (x1,...,2,,) centered at p and a local
coordinate system (yi,...,yn) centered at f(p) such that f has the following normal
form:

yiof=uz; fori <n-—-1,

k—1
2

_ k+1 k—i 2 2 2
ynof_mn +§ TiZyp Tyt T X T Tg T T Ty
i=1

If k is odd then we remark that x € (Ay)+(f) (vesp. (Ag)_(f)) if and only if x.(f~(y/)N
B.(z)) = x(f~*(y')NB.(z)) = 0 (resp. 2) where ¢/ is a regular value of f close to f(x) or
equivalently, that z € (Ag)1(f) (resp. (Ax)—(f)) if and only if m—n—A+1 is even (resp.
odd) (see the computations in Section 4). It is well known that for k£ > 1, the Ag(f)’s
and the Ay(f)’s are smooth manifolds of dimension n — k and that Ay (f) = U, 4i(f)-
We will describe more precisely the structure of the (Ax)+(f)’s. -

PROPOSITION 6.1.  Ifk is odd then (Ag)+(f) and (Ar)—(f) are compact manifolds
with boundary of dimension n — k. Furthermore O(Ag)+(f) = 0(Ak)—(f) = Ar+1(f).

PROOF. Let p be a point in Ag(f), k odd. There exist local coordinates around p
and f(p) such that f has the form
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yiof=x; fori <n-—1,

k-1
ynof =it + szzfﬂ F Ay F e T A Ty~ Ty

i=1
Let us write 7 = y, o f. Around p, Ax(f) is defined by 9v/dz, = --- = 9¥y/0zk =0
and z,4+1 = --- = x,, = 0. It is easy to see that this is equivalent tozy =--- =21 =0
and x,, = -+ = x,, = 0. This proves that Ag(f) is a manifold of dimension n — k.
Let ¢ = (q1,-.-,9m) € Ar(f) be a point close to p. We have g1 = ... = ¢x—1 = 0 and
Gn=-..=qm =0. Fori € {k,...,n— 1}, let us put z; = x; — ¢; and w; = y; — q;. For

i ¢ {k,...,n—1}, let us put z; = x; and w; = y;. Then (z1,...,2m) and (wy,...,wy)
are local coordinate systems centered at ¢ and f(q). In these systems, f has the form

w;o f=z fori<n-—1,
k—1
k+1 k—1 2 2 2 2
wnof:Zn+ +§ :Zizn z+zn+1+”'+zn+)\71_Zn+>\_"'_zm'

i=1

We conclude that ¢ belongs to (Ax)+(f) (resp. (Ax)—(f)) if and only if p belongs to
(Ag)+(f) (resp. (Ag)—(f)). This proves that the sets (Ax)+(f) and (Ax)—(f) are open
subsets of Ay (f), hence manifolds of dimension n — k.

We know that Ay(f) = U;>, Ai(f). Let [ > k and let p € Aj(f). There are local
coordinates systems around p and f(p) such that f has the form:

yiof =x; fori <n—1,

-1
2

_ l+1 l—1i 2 2 2
y”of_xn +§ Lilp, +xn+1+'”+xn+)\—l_xn—i-k_"'_xm'
=1

Let us denote by - the function ¥, o f. We have

oy 0k o +1ny
Ak(f):{axnzza.’tﬁzo’ xn—i-l:"-:xm:(), rszrl 750 s
and
Ak+1(f):{£::éwz:07 l’n+1=---:xm=0}.

Let ¢ = (q1,--+,4n,0,...,0) be apoint in A, (f) close to p. Let us find when q € (A)4+(f)
or q € (Ax)_(f). For this we have to compute ¢(q) = x(f~1(y') N B(q)) where 3/ is a
regular value of f close to f(g). Since it does not depend on the choice of the regular value
because m —n is odd, let us compute x(f~*(7)NB.(q)) where § = (q1,- .-, ¢n_1,7(q) +£)
and £ is a small real number. So we have to look for the solutions lying close to g of the

following system:
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{ymf(x)zqi fori<mn—1,
v(@) =(q) +&.

This system is equivalent to

x;=q; fori<n-—1,
V(qla---aanlaQn+m;ﬁwn+17"'7mm) :W(Q) +£

But we have

V(QD--WQTL—laQn+I:L,In+1,...,zm)
:’Y(qlﬂ"'7qn—17qn+x;L707"-7O)+zi+1+"'+l‘i+>\_1—[Ifi+)\—~~'—l‘$n
1(5)1'7 . ) ) , ,
:’Y((I)+ Z Eﬁ(q)x%1+xn+l+...+xn+)\il—anr)\_..._xm
ikl Ot

=(q) + 7' (0, Tug1s - Tm),

where v/ (27, Tng1, - Tm) = Dispyr (1/iN(0/0x)) (@) + iy + -+ ah ) —
a2, —---— %, Hence by Khimshiashvili’s formula [15], we have: ¢(q) = 1 —deg, V+/,
where deg, Vv’ is the topological degree of the map V+'/||VY/|| : S*~™ — S™~". Two

cases are possible. If A is even then

ak+17 ak+17

q € (Ap)+(f) & W(Q) >0and g € (Ag)-(f) & W(Q) <0.

If )\ is odd then

ak+1,y

k+1
1€ (A0+() & ST (@) <O and g € (A -() & 5]

Finally we see that the sets (Ag)+(f) and (Ag)—(f) are in correspondence with the sets
Ar(f) N {(0F* 1) /(0xkET1) > 0} and Ag(f) N {(0%F1y)/(0xE+1) < 0}, which enables us
to conclude. O

We can state our main theorem which is a slight improvement of a result of T.
Fukuda [10] for N = R"™ and O. Saeki [21] for a general N.

THEOREM 6.2. Let f: M™ — N™ be a Morin map. Assume that M is compact,
N is connected and m —n is odd. Then we have

X(M) = Y (Ao () = x((Ar)- ()]

k:odd
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Proor. Applying Corollary 5.4, we get

Xe(M) = x5 xe(N) = > [Xe((AR)+ () = xe((Ar)=(£))],

k:odd

where xy is the Euler characteristic of a regular fiber of f. In this situation, x; = 0
because the regular fiber of f is a compact odd-dimensional manifold. Then we remark
that x.(M) = x(M) because M is compact. Moreover by the additivity of the Euler-
Poincaré characteristic with closed support, we have

X(AR)+(F) = xe((A0)+ () = xe((Ar)+(f)) + xe(0((A)+(F)))
= Xe((A0)+(f)) + xe(Ar+1(f)),
X((Ak)=(F) = xe((Ar)=(F) = xe((Ar) = () + xe(@((Ax)- ()
= Xe((Ar)= (f)) + xe(Arr1(f))-
This implies that x((Ax)+(f)) = x((Ar)-(f)) = Xe((Ar)+(f) = Xe((Ar)-(f))- U

We end this subsection with two remarks:

(1) If m is odd then n is even and x(M) = 0. If k is odd, the dimensions of (Ag)4(f)
and (Ag)—(f) are odd. Furthermore, we have

XA+ (7)) = (@0 (D) = 5x(Aa () = 5x(@A) (7)) = x((@0)- ()

and x((Ag)+ (1)) — x((Ax)—(f)) = 0. In this case, our theorem is trivial.

(2) If m is even and n = 1, then we can apply our theorem. In this situation, there is
only a finite number of singular points, which are the elements of (A41)4(f) and of
(A1)—(f). Theorem 6.2 gives that x(M) = #(A1)+(f) — #(A1)_(f). We recover
the well-known Morse equality.

6.2. Morin maps from M™ to N™.

Let f : M™ — N™ be a Morin map from a compact oriented manifold M of dimension
n to a connected oriented manifold N of the same dimension. For any p € M, let ¢(p) be
the local topological degree of the map-germ f : (M,p) — (N, f(p)). Recall that p(p) =0
if pe Ag(f) and k odd and that |p(p)] =1 if p € Ax(f) and k even. Hence, if k is even,
Ak (f) splits into two subsets A, (f) and A, (f) where A (f) (resp. A, (f)) consists of
the points p such that ¢(p) = 1 (resp. ¢(p) = —1). It is well known that the Ag(f)’s
and the Ag(f)’s are smooth manifolds of dimension n — k and that Ax(f) = U~ 4i(f)-
Remark that Ag(f) is the set of regular points of f. Let us describe more precisely the
structure of the sets AF(f).

PROPOSITION 6.3. Ik is even, then A} (f) and A, (f) are manifolds with boundary
of dimension n — k and OAL (f) = 0A;, (f) = Ak (f).
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PROOF. Let p be a point in Ag(f), k even. In local coordinates, f is given by

yiof=ux; fori <n-—1,

k—1

yno f=ap™ + ) mahh
=1

Depending on the orientations of the source and the target in the above expression, f
has four possible forms:

{yiof—xi fori <n-—1, {yiof—xi fori <n-—1,
k—1 — k—1 — —
Yno f = xfﬁ_l + Zizl xzxfb Y Ynof= _fo—H + Zi:l (_l)k inl‘ﬁ Y
yiof=x; fori<mn-—1, yiof=x; fori<n-—1,
k+1 k-1 k—i or k+1 k-1 k—i . k—i
Yo f=—aftl S0 pak ypo f=aitt =S (1) ek
where (x1,...,2,) and (y1,...,yn) are coordinates in positive basis. In the first and

fourth cases, ¢(p) = 1 and in the second and third cases ¢(p) = —1.

We can prove the fact that A, (f) and A, (f) are manifolds of dimension n — k with
the same method as in Proposition 6.1. Now let [ > k and let p € A;(f). Locally f is
given by

yof=z; fort <n-—1,
-1
g o f = a4

i=1

Let us denote by ~ the function y, o f. We have

0y 0k~ OFtly
A’“(f):{m:"':agﬂfzo’ pyE #0r,
and
SE— Oy OFtly
Ak+1(f):{8x :...:(WZO}

Let ¢ = (q1,---,qn) be a point in Ay(f) close to p. Let us find when ¢ € A; (f) or
q € A, (f). For this we have to compute ¢(g). Let  be a small real number and let us
look for the solutions lying close to g of the following system:

{yiof(l”):qi fori <n—1,
v(x) = v(q) +¢&.
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This system is equivalent to

x;=gq; fori<n-—1,

Yq1s- - Gn—1, g0 + 23,) = 7(q) + &
But

Oty

71

7((]17 c s Qn—1,qn T 1?;1) = 7((1) + Z
i>k+1

Then we see that ¢(q) = sign((0¥T1y)/(0z5+1))(g). We conclude as in Proposition 6.1.
U

THEOREM 6.4. Let f: M™ — N™ be a Morin map. Assume that M is compact
and oriented and that N is connected and oriented. We have

> XA () = x(A; ()] = (deg £)x(N).

k:even

This was proved by J. M. Eliashberg [7] and J. R. Quine [20] when n = 2. It
appeared in a preprint of I. Nakai [18] for any n.

Proor. By Corollary 5.12, we know that

D [elA5 () = xe(A5 ()] = (deg f)xe(N).

k:even

If N is compact then x.(N) = x(N) and if N is not compact then deg f = 0. In both
cases the equality (deg f)x.(N) = (deg f)x(N) is true. With the same arguments as in

Theorem 6.2, it is easy to prove that x (A} (f)) — x(4; (f)) = xc(A45 () — xe(AL (f))-
U

REMARK 6.5.  When n is odd, A} (f) and A; (f) are odd-dimensional manifolds
with the same boundary and so the left hand-side of the equality vanishes. But the
right-hand side is also zero because x(IN) = 0 if N is compact and deg f = 0 if N is not
compact. Hence our theorem is trivial in this case.

6.3. Local versions.

We give local versions of the global formulas of the previous subsections.

We work first with map-germs f : (R™,0) — (R?,0), n > p, which are generic in the
sense of Theorem 1’ in [9]. There are two cases:

Case I) If the origin 0 is not isolated in f~1(0), i.e., 0 € f=1(0)\ {0}, then there
exist a positive number ¢y and a strictly increasing function ¢ : [0,&¢] — [0, +00) with

§(0) = 0 such that for every ¢ and ¢ with 0 < & < gg and 0 < § < d(¢) the following
properties hold:
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(1) f71(0) N S7~1 is an (n — p — 1)-dimensional manifold and it is diffeomorphic to
f7H0)ynSet

(2) B2 n ffl(ngl) is a smooth manifold with boundary and it is diffeomorphic to
Bz N fH(SE)-

(3) d(Br N f~1(BY)) is homeomorphic to S»~1.

(4) The restricted mapping f : B™ N f’l(ngl) — Sg’*l is topologically stable (C*°
stable if (n,p) is a nice pair) and its topological type is independent of € and 4.

Here B denotes the open ball of radius € centered at 0 and S”~! the sphere of radius e
centered at 0 in R™.

Case II) If the origin 0 is isolated in f~1(0), i.e., 0 & f~1(0) \ {0}, then there exists
a positive number gy such that for every € with 0 < ¢ < g¢ the following properties hold:

(1) f=1(SP~1) is diffeomorphic to S?~1.

(2) The restricted mapping f : f~1(SP~1) — SP~! is topologically stable (C stable if
(n,p) is a nice pair) and its topological type is independent of e.
We will focus first on Case I). Note that in this case, BT N f~1(B?) is a manifold

with corners whose topological boundary is the manifold with corners (B2 N f~*(S% “Hu
(S2=tn f1(BE)). We will use the following notations:

BE,5 = F?m f_l(Fg)7
OB.s = (Brnf Sy ) u(setnfY(BY)),
C.s=Brnf (s

and I ; is the topological interior of B, s.

Let us denote by df the restricted mapping fc, ; : Ces — Sf;*l and let us assume
that it is a Morin mapping.

Let us consider a perturbation f of f such that JE\IE,g : I. 5 — BY is a stable Morin
map and f = f in a neighborhood of C.s. Here we assume the existence of such a
perturbation. It always exists only when p = 1,2 or 3.

Our aim is to generalize Theorem 2 of [9] which deals with map-germs from R™ to
R?, i.e., to relate the topology of Lk(f) = f~1(0) N S?~! to the topology of the singular
set of f and to the topology of the singular set of f. As in the previous sections, we
will denote by Ak(f) (resp. Ar(0f)), the set of singular points of f (resp. Of) of type
Ap. The first result is a local version of Sacki’s formula (Theorem 2.3 in [21]).

THEOREM 6.6. We have

P

LK) =1+ Y x(Ak(f) N Ie5) mod 2,

k=1

where 1 denotes the semi-characteristic.  Furthermore if for k € {1,...,p — 1},

Ak (f) N 1.5 is stably parallelizable then we have
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BEK()) = 1+ S 6@ @) + #A(F) mod 2.

k=1

PROOF. Note that for § a sufficiently small regular value of f (|5 < ), we have

Xe(fTHO) N Les) = X(F10) N Les) = x(F7(6) N Bes)

G(FH(E) N ST = h(Lk(f)) mod 2.

The last equality comes from the fact that f has an isolated singularity, that f’l(g)
intersects S”~! transversally and that f is close to f.

On the one hand, applying Theorem 5.1, Theorem 5.6 and their corollaries to the
restriction of f to I, s, we obtain:

D7 XelAr(f) NI s) = Y(Lk(f)) mod 2.

k:even

On the other hand, by additivity, we have

1=xcles) = ZXc(Ie,é N Ag(f)) mod 2.
k

For each k£ > 1, we have

Ap(f) N Ies = (AR(f) N Ies) U (Arra(f) N Ies) U (Ar(f) N Cep),

because if € and § are small enough the singular set of f does not intersect f~! (Big)ﬂsgfl.
Before carrying on with our computations, let us observe that for k € {1,...,p — 1},

A(f)NCes = Ar(9f). Tt is not difficult to see this with the characterization of the Ay
sets by the ranks of the iterated jacobians. Hence

X(Ar(f) N 1.5) = X(AR(f) N I.5)
= Xe(Ap(H) N Ls) + Xe(Ar1 (f) N Ls) + xe(Ar(f) N Ces)
= Xe(A(f) N 1) + xe(Aps1(f) N 1.5) mod 2,

because Ag( f) N C; s is a compact boundary. Furthermore, we have

X(AkJrl(f) N 15,5) = Xc(Ak+1(f) n IE,(S) + Xc(Ak+1< ~) N Ce,zi)

= Xe(Ak1(f) NI 5) mod 2.

Finally, for each k, x.(Ax(f) N I..5) = x(Ax(f) N I.5) + x(Ars1(f) N I.5) mod 2, and
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p

Y(Lk(f) =1+ ZX(W) mod 2.

k=1

If for k € {1,...,p— 1}, Ax(f) N I. s is stably parallelizable then we have

BLK() = 1+ 3 G(A(@T)) + #A, () mod 2. n

k=1

Let us examine some special cases. When p = 1, we find

YLk(f) =14+ #A:1(f) =1+ degy, Vf mod 2,

where deg, V f is the topological degree of the map Vf/||[Vf] : S2~! — S~ This is
due to the fact that f is a Morse function and the points in A, (f) are exactly its critical
points.

When p = 2, we find

P(Lk(f) =1+ x(A(f) N I 5) + #A2(f) mod 2.

If f is close to f then x(A1(f) N I.5) is equal to (1/2)b(C(f)) where C(f) denotes the
critical locus of f and b(C(f)) the number of branches of C(f). Hence

Y(LK(T) = 1+ (1)) + #Aa(f) mod 2.

Since b(C(f)) is a topological invariant of f, we deduce that #As(f) mod 2 is a topolog-
ical invariant of f. This last result was also obtained in [14].
Similarly if p = 3, this gives

YOLK()) = 14+ (A1 (F) N o) + S #AOF) + #A45(F) mod 2.

In the sequel, we will improve Theorem 6.6 in some situations. Let us assume that n —p
is odd.

THEOREM 6.7. Ifn —p is odd, then we have

X(Lk() =2=2 > [x(Ar)+ () NI 5) = x(Ar) - () N I 5)].

k:odd

Furthermore, when n is odd and p is even, we have

X(LK(f) =2- > [x((An)+ (1)) — x((Ar)-(01))]-

k:odd
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Proor. With the same notations as in Theorem 6.6, we can write

Xc(f_l(‘s) N Bes) = Xc(f_l(g) Nles)+ XC(f_l(S) N9B.s),

thus

SXK(T) = xelF7(0) 0 L) + (LK),

Therefore, we get

XelF 1 (0) N 1) = — S x(LK().

Applying Corollary 5.4, we obtain

Xe(le,s) + %X(Lk(f))Xc(Bg) = > [xel(AR) (/) N L) = xe((Ar) (/) N I 5)].-

k:odd

Note that x.(Ic,s) = (—1)" since I, 5 is homeomorphic to an open unit ball of dimension
n. Thus if n is odd and p is even, we have

X)) =1+ 3 [el(A0)+ () 0 1) = xe(An) () 1 )],

k:odd

which means

XLE() =242 D [xel(Ar)+ (F) N Ies) = xe((Ar) - (F) N 6]

k:odd

It remains to relate x.((Ax)+(f) NIz s) to x((Ar)+(f) NIz s). The argument is the same

as the one used in Remark 5.3 except that (Ag)+(f) N I s are manifolds with corners.
But since every manifold with corners is homeomorphic to a manifold with boundary
with a homeomorphism mapping the interior to the interior and the boundary to the
boundary, we see that:

Xe((Ar)+(f) N les) = =x((Ar)+(f) N Ic5)

- %X(Mm Ce5) = %x(m%
Xel(AR)=(f) N 1) = =x((Ar)- () N I5)
_ _%X(MH C.s) — %x(m)

Finally, we obtain
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( *272 Z mIeé) ((Ak)—(f)mls,é)]v

k:odd

and so

X(LK(f) =2 = > [X((Ar)+(F) N Ces) = X((Ar)-(f) N Ce6)].

k:odd

But using the characterization of the (Ag)+ and (Ag)_ sets by the Euler characteristic
of the nearby fiber, we can say that (A). (f)NCes = (A1) (0f) and (Ag)_(f)NC. 5 =
(Ar)_(9f) for k odd.

If n is even and p is odd, then x.(I;s) = 1 and

T 3 XA ()N Ls) + 3 Xel(AR) () 1 L) = Sx(TK(F)),
k:odd k:odd
and then

W) =2 -2 3 l(As (1 L) = Y el (DN Ls)).

k:odd k:odd

Here dim(Ag) 4 (f) = dim(Ag)_(f) = p — k is even when k is odd. We see that

Xe(Aps1(f) N 1o 5) + xe((A k)+(f)ﬁCs,5)=0,

since (Agy1(f)NIe.s)U((Ag)+ (f)NCe.s) is homeomorphic to an odd dimensional compact
manifold. Consequently, we have

X((AR)+(F) NI 5) = xe((Ar)+(f) N I5),

because

X(AR)+(F) N 1e5) = Xel(Ar)+ () N e 6) + Xe(Ari1(F) N Lo ) + Xe((Ar)+(F) N Ce ).

Similarly, we have

X((AR)=(F) N Les) = xe((Ar) - (F) N Ie.5). =

The same results hold in Case II) replacing B® N f~1(SP~1) with f=(SP~1), which
is diffeomorphic to S, B, 5 with f—l(@), I, 5 with the topological interior of f‘l(B7§))
and y(Lk(f)) with 0.

Now we work with map-germs from (R",0) to (R™,0). Let f : (R™,0) — (R",0) be
a map-germ such that 0 is isolated in f~1(0). We assume that f is generic in the sense
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of Theorem 3 in [8]: there exists a positive number £y such that for any number ¢ with
0 < e < gg, we have

(1) S»—1 = f=1(8"~1) is a homotopy (n — 1)-sphere which, if n # 4, 5, is diffeomorphic
to the standard (n — 1)-sphere S™~1,

(2) the restricted mapping f|§g—1 : S?_l — 8§71 is topologically stable (C* stable if
(n,p) is a nice pair),

(3) letting B = f~'(B2), the restricted mapping f|z. : B*\ {0} — B2\ {0} is proper,
topologically stable (C'*° stable if (n,p) is nice) and topologically equivalent (C'*°
equivalent if (n,p) is nice) to the product mapping:

(f

§2L71) X Id(oﬁ] : Sg_l X (0,&‘] s Sg_l X (O,E],

defined by (z,1) — (f(x),1),
(4) consequently, f

Br BQ — B! is topologically equivalent to the cone:
C(flgp-1) + 8271 % [0,]/8271 < {0} — SI71 x [0,€]/S27" % {0},
of the stable mapping f|gn-1 : ST~ — SP~! defined by

C(flgz—)(z,t) = (f(2),1).

Note that in this case B. = f~1(BP) is a smooth manifold with boundary f~1(S?~1).
This last manifold has the homotopy type of S™~1.

We will keep the notations of the previous sections. We denote by B. the set
f~Y(Bn), by I. its topological interior and by dB. its boundary. We denote by f the
restricted mapping f|a]§£ 0B, — Sn=1 and we assume that it is a Morin mapping.

Let us consider a perturbation f of f such that f\fi I — B! is a Morin mapping
and f = f in a neighborhood of dB.. As above, such a perturbation does not always
exist.

The main result is a local version of Corollary 5.12.

THEOREM 6.8. We have

degy f = Y [X(AF(F)N L) = x(A, (F)n L],

k:even
where degg f is the local topological degree of f at 0.

Proor. Using Corollary 5.12, we obtain

(dego /)(—=1)" = > [xe(Af () N L) = xe(A; (/) N ).

k:even

It remains to relate the Euler characteristics with closed support to the topological Euler
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characteristics. But, as in Theorem 6.7, we have

XA (DN L) = xe(AL () n L) = ()" F (AL ()N L) = x(4; (/)N L)). O

COROLLARY 6.9. Ifn is odd, we have

2deg, f = Z [X(AL (1)) = x(Ag (9))]-

k:even
COROLLARY 6.10. We have

n—1

degy f =1+ X(Ax(f) NI) + #A,(f) mod 2.

k=1

Furthermore if for k € {1,...,n — 1}, Ak(f) N I, is stably parallelizable, then we have

n—1

degy f =1+ Y ¥(Ax(Df)) + #An(f) mod 2.

k=1

ProOOF. We have

1= x(B:) = x(AF (/)N L) + x(4; (f) N I.) = x(AL(f) N IL),

hence

X(Ag_(f) N fa) - X(Aa(f) N js) =1+ X(Al(f) N js) mod 2.

Similarly, if k£ is even and dim Ay > 0, then

VAL (D) N ) = x(Ag (F) N 1) = X(Au(F) N 1) + x(Aiga (7) N1 12) mod 2.

Thus we obtain that

X(A(f) N L) + x(Ara (f) N L) if dim Ag(f) > 1,

XAF(H) N L) =x(A; (F) N L) = S\ (Ap(F) N L) + # A (F) if dim A (f) = 1,
#Ak(f) if dim Ag(f) =0,

modulo 2.
The second congruence is proved as in Theorem 6.6. O

If n = 2, this gives
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1 .
degy f=1+ ib(C(f)) + #As(f) mod 2,

and we recover Theorem 2.1 of T. Fukuda and G. Ishikawa [11].
If n = 3, this gives

dogo £ = 1+ X(A1(F) NV E2) + 3 #42(0) + #45(f) mod 2.

7. Complex maps.

We end with some remarks in the complex case. Let f: M — N be a holomorphic
map between complex manifolds M and N with dim M > dim N. We assume that N is
connected. We assume that f is locally infinitesimally stable in J. Mather’s sense.

Let ¢, denote the Euler characteristic of the local generic fiber of the map-germ of
singularity type o. Let xs denote the Euler characteristic of the generic fibers of f.

THEOREM 7.1.  If a locally infinitesimally stable map f : M — N is locally trivial
at infinity, then

Y coxe(0(f)) = xs xe(N).

PROOF. Apply Corollary 2.4, setting ¢(z) the Euler characteristic of closed sup-
ported homology of the local Milnor fiber of f near x. U

COROLLARY 7.2. If a Morin map f: M — N is locally trivial at infinity, then

Xe(M) + (=)™ > xe(Ar(f)) = X5 Xe(N)
k=1

where m denotes the complex dimension of M and n denotes the complex dimension of
N.

We should remark that this formula was firstly formulated by Y. Yomdin (see [27]).
Note also that when m = n, then x is also the topological degree of f.

Let f = (f1,f2) : (C?,0) — (C2,0) be a holomorphic map-germ with c(f) < oo
where

. Af1 dfs oJ Af1 Ofa

o(f) = dime O /the ideal generated <3m1 1, Oz 7 o1 Orr
- SHcezo : afy ofs 9J |’ lon ofa]|-

by 2 x 2 minors of 87; 83:2 2L &C; mz

CoROLLARY 7.3 ([13, (1.8)]). Let f,g : (C%0) — (C2,0) be holomorphic map-
germs with c(f) < oo, ¢(g) < oco. Let fi and g denote stable perturbations of f and g,
respectively. If [ and g are topologically right-left equivalent, then #As(fi) = #A2(g:).
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PROOF.  Since the critical set can be characterized topologically, (C2, X(f),0) and
,2(9),0) are topologically equivalent, and they have the same Milnor number. us
ctx 0 logicall ival d they h h Mil ber. Th

their smoothings have the same Euler characteristic and x(A41(f)) = x(Ai1(g:)). By
Corollary 7.2, we have

1+ xe(A1(fi)) + #A2(fi) = degy f,
1+ xc(A1(g:)) + #A2(g:) = degg g,

and, since deg, f = deg, g, we conclude the result. O

REMARK 7.4. Consider the map germ f : (C",0) — (C2,0), n > 2. Take a stable
perturbation f; of f. We have

Xe(Ar(fe)) + #A2(fi) = (=1)"(xs — 1) (7.1)

Consider the map F : (C",0) x (C,0) — (C2,0) x (C,0) defined by F(z,t) = (fi(),t).
Since A; (F) is determinantal, it is Cohen-Macaulay. So the map A, (F) — (C,0), (z,t) —

t, is flat. So A;(f:) is a smoothing of A;(f) and its Euler characteristic is described by
the Milnor number p(A1(f)) of A1(f): xc(A1(ft)) = 1—p(A1(f)), and we conclude that

w(A1(f)) and xy determine #(A2(f)). Now we assume that f is A-finite. Then, we
have

L= u(AL(f)) = xe(A1(fr)) = xe(fe(AL(f2))) +d(fe)
=1—p(f(A1(f))) + 2#(A2(fr)) + 2d(f2),

where d(f;) denotes the number of double fold (A; 1) points of f; near 0. Combining this
with (7.1), we obtain

3# A (i) + 2d(fe) = n(f(Ar(f))) — 1+ (=1)"(xs — 1)

We conclude that 3# As(f) +2d(ft) (and thus #As(f;) mod 2) is a topological invariant
of f.

REMARK 7.5.  Consider a map germ f : (C?,0) — (C3,0). Take a stable perturba-
tion f; of f. Then we obtain

1+ xe(A1(fo)) + xe(A2(fr) + #As(fi) = deg, f.

Consider the map F : (C3,0) x (C,0) — (C3,0) x (C,0) defined by F(z,t) = (fi(z),t).
Since A5 (F) is defined by the rank condition of the iterated jacobian, it is determinantal,
and thus Cohen-Macaulay. We obtain that the map As(F) — (C,0), (x,t) — ¢, is flat.
So As(f) is a smoothing of As(f) and its Euler characteristic x.(Asz(f)) is described by
the Milnor number of As(f) when As(f) has an isolated singularity at 0. Since Aq(F)
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is determinantal and thus Cohen-Macaulay, the map A;(F) — (C,0), (x,t) — ¢, is flat.
So A1(ft) is a smoothing of A;(f) and its Euler characteristic x.(A1(f:)) is determined
by the Milnor number of A;(f) when A;(f) has an isolated singularity at 0. So when
A;1(f) and Ay(f) have isolated singularities at 0, #(A3(f:)) is determined by p(A41(f)),

w(As(f)) and deg, f, that is:

#(As(fe)) = degy f — p(Ar(f)) + n(A2(f)) = 3.

REMARK 7.6. Consider a map germ f : (C",0) — (C3,0), n > 3. Take a stable
perturbation f; of f. Then we obtain

Xe(A1(f1)) + xe(A2(fe) + #As(fe) = (=1)"(1 = xy)-

Consider the map F : (C",0) x (C,0) — (C3,0) x (C,0) defined by F(z,t) = (fi(x),t).
Since A;(F') is determinantal, it is Cohen-Macaulay. We obtain that the map A;(F) —
(C,0), (z,t) — t, is flat, and A;(f;) is a smoothing. So the topology of A;i(f;) is
determined by A;(f) when A;(f) has an isolated singularity at 0. By Theorem 2.8
n [12], A3(F) is Cohen-Macaulay if and only if n = 4,5. We thus obtain that the
map As(F) — (C,0), (z,t) — ¢, is flat, if n = 4,5. Assume that n = 4,5. Then
As(f:) is a smoothing of As(f) and its Euler characteristic x.(Az(f:)) is described by
the Milnor number of As(f): xc(A2(ft)) = 1 — p(A2(f)). This means #(As(f)) is

determined by u(A1(f)), p(A2(f)) and xy. When n > 6, we do not know whether

Xe(A2(ft)) =1 — u(A2(f)) holds or not.

Remember that the deformation theory of varieties concerns the defining ideals, and
it is important to know when these ideals define reduced spaces or not in the geometric
setup. The following example shows that the reduced structure of singularities locus may
not fit the context of deformation of maps.

EXAMPLE 7.7. Let us consider the image of the map g : C — C? defined by
s (83, 5%, 5%), whose Milnor number 1 is 4 (cf. [4, p.244]). The defining ideal is

Iy = (zz —y°, yz —2®, 2%y — 2°).

Since it defines a reduced curve, it defines a Cohen-Macaulay space. Consider the map
G : (C?%0) — (C*,0) defined by (s,t) — (x,y,2,t) = (st + 5>, 5%, 5%, 1).
Remark that go(s) = g(s) where G(s,t) = (g¢(s), ). The image of g, ¢t # 0, is nonsingu-
lar, and its Euler characteristic is 1, which is not 1 — . Let us see what happens in this

example. Eliminating s from the ideal generated by

x—st—sS, y—s4, z—s5,
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we obtain the ideal

I = <22 — arQy —|—ty2 +izz, acyQ —z%z +tyz —|—t2xy — tgz, y3 — XYz —|—tx2y - t2y2 + tga:z,

zyz + t22 — ot + 2ty + 2t%xz + thy, yP2 — x2? 4 tatz — 2%y — 3y + t4z>

of C{z,y, z,t}. Computing a free resolution of C{x,y, z,t}/I as C{z,y, z,t}-module, we
see that the variety X defined by the ideal I is not Cohen-Macaulay. We also remark
that this defines a reduced space, but the fiber 771(0), where m : X — C is the projection
m(x,y, z,t) = t, is not reduced, since

Sending ¢ to zero in the free resolution of C{z,y, z,t}/I, we obtain a free resolution of this
module as C{x, y, z}-module. This implies that C{x,y, z,t}/I has no t-torsion elements
and thus that 7 is a flat morphism.
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