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Abstract. Let D∞(M, N) be the group of C∞-diffeomorphisms of a
compact manifold M preserving a submanifold N . We give a condition for
D∞(M, N) to be uniformly perfect.

1. Introduction and statement of results.

This paper gives a correction of Theorem 1.4 in our previous paper [1] in
expanded form and also subsequent supplements.

Let M be a connected C∞-manifold without boundary and let D∞
c (M) de-

note the group of all C∞-diffeomorphisms of M which are isotopic to the identity
through C∞-diffeomorphisms with compact support. It is known that M. Her-
man [5] and W. Thurston [9] proved D∞

c (M) is perfect, which means that every
element of D∞

c (M) can be represented by a product of commutators.
Let (M, N) be a manifold pair and D∞

c (M, N) be the group of C∞-
diffeomorphisms of M preserving N which are isotopic to the identity through
compactly supported C∞-diffeomorphisms preserving N . In the previous paper
[1], we proved that the group D∞

c (M, N) is perfect if the dimension of N is pos-
itive. In this paper we consider the conditions for D∞

c (M, N) to be uniformly
perfect. A group G is said to be uniformly perfect if each element of G can be
represented as a product of a bounded number of commutators of elements in G.

Let π : D∞(M, N) → D∞(N) be the map given by the restriction. First we
shall prove the following.

Theorem 1.1. Let M be an m-dimensional compact manifold without
boundary and N an n-dimensional C∞-submanifold such that both groups D∞(N)
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and D∞
c (M −N) are uniformly perfect. If the connected components of kerπ are

finite, then D∞(M, N) is a uniformly perfect group for n ≥ 1.

Secondary we shall prove that the converse of Theorem 1.1 is valid when N

is the disjoint union of circles in M .

Theorem 1.2. Let M be an m-dimensional compact manifold without
boundary and N be the disjoint union of circles in M . If the connected components
of kerπ are infinite, then D∞(M, N) is not a uniformly perfect group.

2. The proof of Theorem 1.1.

In this section we prove Theorem 1.1 and give some examples for this result.
First we recall the uniform perfectness of D∞

c (Rm,Rn) (n ≥ 1).

Theorem 2.1 ([1, Theorem 4.2]). D∞
c (Rm,Rn) is uniformly perfect for

n ≥ 1. In fact, any f ∈ D∞
c (Rm,Rn) can be represented by two commutators of

elements in D∞
c (Rm,Rn).

By the result of R. Palais [7], π is epimorphic and in fact it is a locally trivial
fibration. Applying Theorem 2.1, we can prove Theorem 1.1 as follows.

Proof of Theorem 1.1. Take any element f ∈ D∞(M, N) and put f̄ =
π(f). Since D∞(N) is uniformly perfect by the assumption, there exists a bounded
number k such that f̄ can be written as

f̄ =
k∏

j=1

[ḡj , h̄j ] for ḡj , h̄j ∈ D∞(N).

Then there exist diffeomorphisms gj and hj of M preserving N such that π(gj) =
ḡj , π(hj) = h̄j . Let f̂ = (

∏k
j=1[gj , hj ])−1 ◦ f . Thus we have f̂ ∈ kerπ.

First we consider the case that f̂ is isotopic to the identity in kerπ. Let
f̂t (0 ≤ t ≤ 1) be an isotopy in kerπ satisfying f̂0 = id and f̂1 = f̂ . Take a
tubular neighborhood W of N which is identified with the normal bundle of N .
Let q : W → N be the bundle projection.

Let ` be the category number of N and U = {Ui}`+1
i=1 be an open covering

of N such that each connected component of Ui is diffeomorphic to an open ball
Bn in N . Then we may assume that Ui is diffeomorphic to Bn and q−1(Ui) is
diffeomorphic to the product of open balls Bn×Bm−n. Let {ϕi}`+1

i=1 be a partition
of unity subordinate to the covering U .

Let ϕ̂i be a C∞-function on W defined by ϕ̂i(p) = ϕi(q(p)). Let Φi (1 ≤ i ≤
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` + 1) be real valued functions on W given by Φi(p) = 1 − (ϕ̂1(p) + · · · + ϕ̂i(p)),
and let hi be a smooth map from W to M defined by hi(p) = f̂Φi(p)(p).

Let {xi
1, . . . , x

i
n, yi

1, . . . , y
i
m−n} be a coordinate on q−1(Ui) such that

{xi
1, . . . , x

i
n} is a coordinate on Ui. Since f̂t is an isotopy in kerπ, if p ∈ N

we have the following.

xi
j(f̂t(p)) = xi

j(hi(p)) = xi
j(p) (1 ≤ i ≤ ` + 1, 1 ≤ j ≤ n),

yi
k(f̂t(p)) = yi

k(hi(p)) = 0 (1 ≤ i ≤ ` + 1, n + 1 ≤ k ≤ m− n) and

∂ϕ̂i

∂yi
k

(p) = 0 (1 ≤ i ≤ ` + 1, n + 1 ≤ k ≤ m− n).

Then the Jacobian matrix of hi is non-singular on N . Thus hi is diffeomorphic
on a neighborhood of N . Since f̂t is an isotopy in kerπ, from Chapter 8 Theorem
1.3 in [6], we can find ĥi ∈ kerπ such that f̂ ◦ ĥ−1

i is supported in q−1(
⋃i

j=1 Uj),
which coincides with hi on a neighborhood of N .

Now we define f̃i ∈ kerπ (i = 1, 2, . . . , ` + 1) supported in q−1(Ui) such that
for p ∈ M ,

f̃1(p) =
(
f̂ ◦ ĥ−1

1

)
(p) and

f̃i(p) =
(
(f̃1 ◦ · · · ◦ f̃i−1)−1 ◦ f̂ ◦ ĥ−1

i

)
(p) (i = 2, . . . , ` + 1).

Then we have f̂ = f̃1 ◦ · · · ◦ f̃`+1 on a neighborhood of N . From Theorem 2.1,
each f̃i (i = 1, . . . , ` + 1) can be represented by two commutators of elements in
D∞

c (q−1(Ui), Ui). Put f̃`+2 = (f̃1 ◦ · · · ◦ f̃`+1)−1 ◦ f̂ . Then f̃`+2 is in D∞
c (M −N).

By the assumption of Theorem 1.1, there exist a bounded number s such that f̃`+2

can be represented by s commutators of elements in D∞
c (M − N). Hence f can

be represented by k + 2(` + 1) + s commutators of elements in D∞(M, N).
Next we consider the case that f̂ is not connected to the identity in kerπ.

Let a be the number of the connected components of kerπ. Take elements, say
g1, . . . , ga, from each connected component of kerπ and fix them. Then from
Theorem 1.1 of [1], each gi can be written by ti commutators of elements in
D∞(M, N). Put t = max{t1, . . . , ta}. For any element g ∈ kerπ, there exists gi

(i = 1, . . . , a) satisfying that g and gi are in the same connected component of
kerπ. Since g ◦ (gi)−1 is in the identity component of kerπ, g can be written by
2(` + 1) + s + t commutators. Hence for any element f ∈ D∞(M, N), above f̂ can
be written by 2(` + 1) + s + t commutators. Therefore any f ∈ D∞(M, N) can
be written by k + 2(` + 1) + s + t commutators of elements in D∞(M, N). Since
k, `, s and t are bounded numbers, this completes the proof of Theorem 1.1. ¤
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Remark 2.2. T. Tsuboi ([10], [11]) studied the uniform perfectness of
Diffr

c(M). He has proved that it is uniformly perfect if 1 ≤ r ≤ ∞ (r 6= dim M +1)
and M is one of the following cases

(1) an odd dimensional compact manifold without boundary,
(2) an even dimensional compact manifold without boundary of dimension ≥ 6,
(3) the interior of a compact manifold W which has a handle decomposition only

with handles of indices not greater than (dimW − 1)/2.

Remark 2.3.

(1) The proof of Theorem 1.1 is valid when M is a compact C∞-manifold with
boundary and N = ∂M .

(2) The condition that the connected components of kerπ are finite is necessary
for the proof of Theorem 1.1 in general. The statement of Theorem 1.4 in [1]
should be added this condition.

Example 2.4. (1) It is known that for intDm and Sm−1 (m ≥ 2),
D∞

c (intDm) and D∞(Sm−1) are uniformly perfect groups (cf. Tsuboi [10]). Fur-
thermore the number of the connected component of D∞(Dm, rel Sm−1) is finite
for m 6= 4 (see Smale [8], Hatcher [4], and Cerf [2]), where D∞(Dm, rel Sm−1)
denotes the subgroup of D∞(Dm, Sm−1) consisting of C∞-diffeomorphisms of Dm

which are the identity on Sm−1. Therefore, from Theorem 1.1 D∞(Dm, Sm−1) is
a uniformly perfect group for m 6= 4.

(2) Since D∞(S2 × [0, 1], rel ∂(S2 × [0, 1])) has two connected components
(Hatcher [4]), D∞(S2 × [0, 1], ∂(S2 × [0, 1])) is a uniformly perfect group.

(3) Let N be the Hopf link in S3. Then the map π : D∞(S3, N) → D∞(N) in-
duces the surjective homomorphism π∗ : π1(D∞(S3, N), id) → π1(D∞(N), id)(∼=
Z × Z) since any element in π1(D∞(N), id) is come from an element of
π1(D∞(M, N), id) generated by a flow along a corresponding Seifert fibered
space with N as fiber via π∗. Thus D∞(S3, rel N) is connected. Furthermore
D∞

c (S3−N) is uniformly perfect since S3−N is diffeomorphic to T 2×R. There-
fore, from Theorem 1.1 D∞(S3, N) is a uniformly perfect group. This fact has
been pointed out by Y. Mitsumatsu.

3. The proof of Theorem 1.2.

In this section we prove Theorem 1.2 and give some examples.
Put G = D∞(M, N). We construct a quasimorphism of G to Z(⊂ R). Then

we can see that G is not uniformly perfect (cf. J. M. Gambaudo, É. Ghys [3]). Let
Ĝ denote the universal covering group of G. Then Ĝ is expressed as the quotient
group of PG by the normal subgroup of null-homotopic loops. Here PG is the
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path space of G starting from the identity with the product of paths given by the
pointwise multiplication. By the assumption, N is the disjoint union of circles
S1, . . . , Sk in M . Take a base point ei of Si for each i.

Let F = {Ft|0 ≤ t ≤ 1} be an element of Ĝ. Put ft = π(Ft) (0 ≤ t ≤ 1).
Then ft is written as

ft = (f1
t , . . . , fk

t ) ∈ D∞(S1)× · · · ×D∞(Sk).

Let pi(t) = f i
t (ei) ∈ Si (i = 1, . . . , k). Note that pi = {pi(t)|0 ≤ t ≤ 1} is a path

in Si starting from ei.
Since Si is a circle, we can identify the universal covering space Ŝi with the

real line R. Note that pi(0) = ei. Let p̂i = {p̂i(t)} be the lifting of pi with
p̂i(0) = 0. Put

ψi(F ) = p̂i(1).

Let ni be the integer satisfying ni ≤ p̂i(1) < ni + 1 (1 ≤ i ≤ k). Define a map
ϕi : Ĝ → Z to be ϕi(F ) = ni.

Now we prove that ϕi is a quasimorphism. Let H = {Ht|0 ≤ t ≤ 1} be
another element of Ĝ. Put ht = π(Ht) which is written as ht = (h1

t , . . . , h
k
t ). Let

qi(t) = hi
t(ei) and let q̂i = {q̂i(t)} be the lifting of qi with q̂i(0) = 0.

Let F]H be a path in G given by

(F]H)t =





F2t

(
0 ≤ t ≤ 1

2

)

H2t−1 · F1

(
1
2
≤ t ≤ 1

)
.

If α is a path from x to y and β is a path from y to z, let α ∨ β denote the path
composition. Then

H · F ' (H0 ∨H) · (F ∨ F1) = F ∨ (H · F1) = F ] H. (3.1)

Here α ' β means that the paths α and β in G with the same initial point and
the terminal point are homotopic relative to the set of the initial point and the
terminal point.

Since π is a group homomorphism, it follows from (3.1) that

hi · f i ' f i ] hi (i = 1, . . . , k). (3.2)
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Here we need the following lemma.

Lemma 3.1. Let E : R → S1 denote the exponential map. Let h = {ht| 0 ≤
t ≤ 1} be a path in D∞(S1) such that h0 = 1. For a real number a, put ā = E(a).
Set q(t) = ht(1) and s(t) = ht(ā) (0 ≤ t ≤ 1). Let q̂ and ŝ be the liftings of q and
s such that q̂(0) = 0 and ŝ(0) = a, respectively. Then |ŝ(t)− q̂(t)− a| < 1.

Proof. Assume that ŝ(t1)− q̂(t1) ≥ a+1 for some t1. Since ŝ(0)− q̂(0) = a,
there exists a real number t0 ∈ (0, t1] with ŝ(t0)− q̂(t0) ∈ Z. Then

E(ŝ(t0)− q̂(t0)) = s(t0) · q(t0)−1 = 1.

Thus we have ht0(ā) = ht0(1). Therefore ā = 1 and s(t) = q(t). Since ŝ(0)− q̂(0) =
a, we have that ŝ(t1)− q̂(t1) = a. This is a contradiction. We can argue similarly
when a− 1 < ŝ(t1)− q̂(t1). Then Lemma 3.1 follows. ¤

Proof of Theorem 1.2 continued. Set si(t) = hi
t(p

i(1)) and let ŝi be
the lifting of si such that ŝi(0) = p̂i(1). By Lemma 3.1 we have

∣∣ŝi(t)− q̂i(t)− p̂i(1)
∣∣ < 1. (3.3)

It follows from the definition that

(f i]hi)t(ei) =





pi(2t)
(

0 ≤ t ≤ 1
2

)

si(2t− 1)
(

1
2
≤ t ≤ 1

)
.

Combining (3.2) we have

ψi(H · F ) = ψi(F ] H) = ψi(F ) + ψi(H · F1) = p̂i(1) + ŝi(1).

By (3.3) we obtain

|ψi(H · F )− ψi(H)− ψi(F )| < 1.

Thus we have that

|ϕi(H · F )− ϕi(F )− ϕi(H)| < 3.



Commutators of diffeomorphisms preserving a submanifold 1335

Therefore ϕi is a quasimorphism.
Let ΩG denote the loop group of G. Then ΩG is a normal subgroup of PG

and PG/ΩG ∼= Ĝ/π0(ΩG) ∼= G. Put ϕ = (ϕ1, · · · , ϕk). Note that the map ϕ

restricted to π0(ΩG) coincides with the homomorphism

π0(ΩG) ∼= π1(G) π∗−→ π1(D∞(N)) ∼= Zk.

Consider the following homotopy exact sequence:

π1(G) π∗−→ π1(D∞(N)) → π0(ker π) → 1.

Then the cokernel of the homomorphism π∗ is isomorphic to Zk/ϕ(ΩG). Since
the connected components of kerπ are infinite, Zk/ϕ(ΩG) has infinite cyclic group
Z` of rank ` as a direct summand for a positive number `. Since π is a locally
trivial fibration, π induces the epimorphism of the universal coverings. Then the
induced map ϕ∗ : G → Z` is a non-trivial map and each component of ϕ∗ is a
quasimorphism. Hence we have a quasimorphism of G to Z. This completes the
proof of Theorem 1.2. ¤

Example 3.2. (1) We see that the group D∞(S1 × [0, 1], ∂(S1 × [0, 1]))
satisfies the conditions of Theorem 1.2. Therefore D∞(S1 × [0, 1], ∂(S1 × [0, 1]))
is not a uniformly perfect group. This fact has been pointed out by F. L. Roux
privately.

(2) Let Mn = S1 × Ln−1 be the product manifold of the circle S1 and an
orientable closed manifold Ln−1 (n ≥ 3). Take a base point (x, y) ∈ S1 × L. Let
N = S1 ∪ S2 be the union of two circles in Mn as follows. S1 = S1 × {y}, and S2

is a circle in {x}×L not passing through (x, y). Let h be a diffeomorphism of Mn

obtained by rotating one time along S1 supporting in a small neighborhood of S1.
Then we can prove that h generates elements of infinite order in
π0(D∞(Mn rel N)). Therefore D∞(M, N) is not uniformly perfect from Theo-
rem 1.2.
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