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Abstract. We give criteria for the boundedness of positive Toeplitz
operators on weighted Bergman spaces of a minimal bounded homogeneous
domain in terms of the Berezin symbol or the averaging function of the sym-
bol. Moreover, we estimate the essential norm of positive Toeplitz operators
assuming that they are bounded. As an application of these estimates, we also
give necessary and sufficient conditions for the positive Toeplitz operators to
be compact.

1. Introduction.

In 1988, Zhu [14] obtained conditions in order that a positive Toeplitz opera-
tor is bounded or compact on weighted Bergman spaces of a bounded symmetric
domain in its Harish-Chandra realization. He characterized the conditions in terms
of Carleson type measures, the averaging function and the Berezin symbol. Af-
ter, we consider positive Toeplitz operators on the non-weighted Bergman space
of minimal bounded homogeneous domains [11]. In [12], we study Carleson type
measures, the averaging function and the Berezin symbol on weighted Bergman
spaces of a minimal bounded homogeneous domain. In this paper, we consider
positive Toeplitz operators on weighted Bergman spaces of minimal bounded ho-
mogeneous domains. Moreover, we estimate the essential norm of bounded positive
Toeplitz operators. The essential norm ||T||, of a bounded operator 7" is defined
by

|T||, := inf{||T — K| ; K is compact}.
It is easy to see that T' is compact if and only if ||T]|, = 0, so essential norm

estimates enable us to show compactness conditions of operators.
Let U ¢ C? be a minimal bounded homogeneous domain with center ¢ € U
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(for the definition of the minimal domain, see [7], [9]). For example, the unit ball,
bounded symmetric domain in its Harish-Chandra realization, and representative
domain of bounded homogeneous domains are minimal bounded homogeneous
domains with center 0. Let dV be the Lebesgue measure, O(U) the space of
all holomorphic functions on U, and L2(U,dV) the Bergman space LP(U,dV) N
O(U) of U. We denote by Ki; the Bergman kernel of U, that is, the reproducing
kernel of L2(U,dV). For a € R, let dV, denote the measure on U given by
dVy(z) := Ky(z,2)"*dV(z). Then there exists a constant epi, such that the
weighted Bergman space LE(U,dV,) := LP(U,dV,) N O(U) is non-trivial for all
0<p<ooifa>eyy. Let KZSD‘) be the reproducing kernel of L2(U,dV,). Tt is
known that

KZE,O‘)(z,w) = CaKu(z,w)H'a (1.1)

for some positive constant C,. Moreover, we show that the Bergman kernel of a
minimal bounded homogeneous domain satisfies a useful estimate (see [7, Theorem
A]). This estimate and (1.1) tell us that the boundedness of positive Toeplitz
operators on L2(U,dV,,) is also characterized by using Carleson type measures, the
averaging function and the Berezin symbol (the definitions of them, see Section
2).

Let p be a Borel measure on U. For f € L2(U,dV,), the Toeplitz operator
T, with symbol p is defined by

1,06 = [ K ) fw) dutw) (€U,

If dp(w) = u(w)dVa(w) holds for some u € L*°(U), we have T, f = Py(uf), where
Py is the orthogonal projection from L?(U,dV,) onto L2(U,dV,). A Toeplitz
operator is called positive if its symbol is positive. Throughout this paper, we
assume that p is a positive Borel measure on &/. We obtain the following theorem

from the boundedness of the positive Bergman operator and Zhu’s method (see
[14] or [15]).

THEOREM A. The following conditions are all equivalent.

(a) T}, is a bounded operator on LZ(U,dV,,).

(b) The Berezin symbol i of 1 is a bounded function on U.
(¢) Forallp >0, uis a Carleson measure for LP(U,dV,,).
(d) The averaging function [ of p is bounded on U.

Theorem A is the same as [14, Theorem A] if U is a Harish-Chandra realization
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of bounded symmetric domain and as [11, Theorem 1.2] if & = 0, that is, the case
of the non-weighted Bergman space.

Next, we consider the compactness of T),. Zhu proved that the necessary
and sufficient conditions for the positive Toeplitz operator on weighted Bergman
spaces of a bounded symmetric domain in its Harish-Chandra realization to be
compact are described in terms of the boundary value of the Berezin symbol or
the averaging function. By using this technique, we also obtain the conditions for
T,, to be compact on L2(U,dV,,). However, we show them in terms of the essential
norm estimates because essential norm estimates give us a further information.
The essential norm of a bounded operator is the distance from the operator to the
space of the compact operators. Essential norm estimates for Toeplitz operators
with symbol in L> are considered in [13], [2]. In 2007, Cuckovi¢ and Zhao [3] gave
estimates for the essential norms of weighted composition operators by using the
Berezin symbol. We apply their methods for the case of essential norm estimates
for positive Toeplitz operators.

THEOREM B.  Assume that T,, is a bounded operator on L2(U,dV,). Then,
one has

T, ~ T sup fi(z) ~ limsup (=),
z—oU z—oU

where the notation ~ means that the ratios of the two terms are bounded below
and above by constants and z — OU means that the Fuclidean distance of z and
OU tends to 0.

Since T}, is compact if and only ||T),||, = 0, Theorem B yields the following
theorem.

THEOREM C. Let p be a finite positive Borel measure on U. Then the
following conditions are all equivalent.

(a) T, is a compact operator on LZ(U,dV,).

(b) & tends to 0 as z — OU.

(¢) For allp >0, u is a vanishing Carleson measure for LE(U,dV,,).
(d) @ tends to 0 as z — OU.

Let us explain the organization of this paper. Section 2 is preliminaries. In
2.1, we review properties of the weighted Bergman spaces of a minimal bounded
homogeneous domain. Proposition 2.2 plays an important role in the lower esti-
mate for ||T,|[,. In 2.2 and 2.3, we recall the definitions of the Berezin symbol,
the averaging function, Carleson measures and vanishing Carleson measures. The
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equivalent conditions of these notions for L?(U, dV,,) are considered in [12]. In 2.4,
we prove the boundedness of the positive Bergman operator PJ on L?(U,dV,) by
using the boundedness of Pg , where D is a Siegel domain biholomorphic to U.
The boundedness of P; is given by Békollé and Kagou [1]. In Section 3, we show
necessary and sufficient conditions for positive Toeplitz operators on the weighted
Bergman space of U to be bounded (Theorem A). By using the boundedness of
P, we prove that T, f is in L2(U,dV,) for any f € L2(U,dV,,) if p is a Carleson
measure (Proposition 3.1). Moreover, we also obtain in the same proposition that
the inner product of T}, f and g in L2 (U, dV,,) is equal to the inner product of f and
g in L2(U,du). In Section 4, we give upper and lower estimates for the essential
norm of 7),. The weak convergence of the sequence {kg“)}ﬁau yields the lower
estimate for ||7,[|,. On the other hand, ||7}[|, is less than or equal to the operator
norm of T;, — K by the definition of the essential norm, where K is an arbitrarily
compact operator. We take K = T,Q,, where @, is an operator defined from an
orthonormal basis of LZ(U,dV,), so that we have the upper estimate for |7}, in
4.2.

Throughout the paper, C' denotes a positive constant whose value may change
from one occurrence to the next one.

2. Preliminaries.

2.1. Weighted Bergman spaces of a minimal bounded homoge-
neous domain.
It is known that a bounded domain &/ C C¢ is a minimal domain with center
t € Y if and only if

1
Vol (U)

Ku(z, If) =
for all z € U (see [9, Theorem 3.1]). For z € Y and r > 0, let
B(z,r) :={w el | dy(z,w) <r}
be the Bergman metric disk with center z and radius r, where dy(+,-) denotes the

Bergman distance on U.
For f € L2(U,dV,), we write

1= ([ 15 dva<z>)1/2
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and write (-, -),, for the inner product of L2(U,dV,). For any Borel set E in U, we
define

Vol (E) = / AV (w).

E

For z € U, we denote by k{*) the normalized reproducing kernel of L2(U,dVy),
that is,

K(a)(w z) Ky(w,z) \'
k(@) —_—u ) C,, (’) )
= g~ Vo R

To show the weak convergence of {kga)}, we first prove the following lemma.
Although the proof is the same as the one for the case of other domains (see [3],
[5]), we write it here for the sake of completeness.

LEMMA 2.1. A sequence of functions {f.} in L2(U,dVs) converges to 0
weakly in L2(U,dVy) if and only if {f.} is bounded in L2(U,dV,,) and converges

to 0 uniformly on each compact set of U.

PROOF. Suppose {f,} converges to 0 weakly in L2(U,dV,). It is known
that {f,} is norm bounded in L2(U,dV,) and converges to 0 pointwise. Take any
subsequence of {f,}. Then, there exists a subsubsequence of {f,} that converges
to 0 uniformly on each compact set of & by Montel’s theorem. Therefore, {f,}
itself converges to 0 uniformly on each compact set of U.

On the other hand, suppose {f,} is norm bounded and converges to 0 uni-
formly on each compact set of U. Take any ¢ > 0. For any g € L2(U,dV,,), there
exists a compact set K C U such that

/ 9(2)[2 dVi(2) < e. (2.1)
U\NK

Hence, we have

fn(2)g(2) dVa(2)
UK

(fug) | < ‘ /K (7@ dVal2)| +

< llglly sup [fu(2)] + ||fn||a/ l9(2)* dVa(2). (2.2)
zEK U\K

Since {f,} converges to 0 uniformly on K, there exists an N € N such that the
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first term of (2.2) is less than or equal to ||g||, € for any n > N. On the other
hand, since {f,} is norm bounded, there exists an M > 0 such that || f,|lo < M.
This together with (2.1) tells us that the second term of (2.2) is less than or equal
to Me. Hence, we obtain (f,,, g)o — 0 as n — oco. This means that {f,} converges
to 0 weakly in L2(U,dV,,). O

ProOPOSITION 2.2.

(i) For all compact set K C U, there exists a constant C' > 0 such that C~1 <
|K£{a)(z,w)| <C foranyzel andw € K.

(ii) A sequence {k§“>} converges to 0 uniformly on each compact set of U as
z— OU.

(iii) A sequence {k;ﬁ,"‘)} converges to 0 weakly in L2(U,dV,) as z — OU.

Proor. Take a compact set K C U. Then, we can find a positive constant
p satisfying K C B(t,p). By [7, Proposition 6.1], there exists a positive constant
M, such that M, < |Ky(z,w)| < M, for any z € U and w € B(t,p). This
together with (1.1) implies (i). Moreover, there exists a constant C' > 0 such that

K (w,2)
KZE{O‘)(Z, z)1/2

1K) )] = ‘

=~ ‘K—M(z7 Z)(1+oc)/2

holds for all w € K and z € U by (i). Since Ky (z,2z) — oo as z — OU (see [8,
Proposition 5.2]), we obtain (ii). Lemma 2.1 tells us the equivalence of (ii) and
(ii). O
2.2. The Berezin symbol and the averaging function.
We define a function p on U by

i) = [ R0 ) dutw) (= €0)

The function 1 is called the Berezin symbol of the measure p. Since |Ky(z,w)] is
a bounded function on B(t, p) X U, 11 is a continuous function if u is finite. Fixing
p > 0 once and for all, we set

~ . k(B(z,p))
()= o ey FEW

We call i the averaging function of the measure u. The dependence of fi on p will
not be considered in this paper.
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2.3. Carleson measures and vanishing Carleson measures.
We say that p is a Carleson measure for L? (U, dV,,) if there exists a constant
M > 0 such that

[ < o [ 5P avae)
u %

for all f € LE(U,dV,,). It is easy to see that p is a Carleson measure for L2 (U, dV,,)
if and only if LP(U,dV,) C LP(U,dp) and the inclusion map

iy ¢ LEU. dVi) — LE(U. dp)

is bounded.
Suppose p is a Carleson measure for L2 (U, dV,,). We say that 4 is a vanishing
Carleson measure for L2 (U, dV,,) if

dm [ )l dutw) =0

whenever {fi} is a bounded sequence in LE(U, dV,,) that converges to 0 uniformly
on each compact subset of U.

The properties of being a Carleson measure and a vanishing Carleson measure
for L2(U,dV,) are independent of p (see [12, Theorems 3.2 and 3.3]).

2.4. Boundedness of the positive Bergman operator.
In order to prove Theorem A, we use the boundedness of the positive Bergman
operator P on L%(U,dV,) defined by

Plg(z) = /u |50 (2 w)|g(w) dVa(w) (g € LU, V). (2.3)

It is known that every bounded homogeneous domain is holomorphically
equivalent to a homogeneous Siegel domain (see [10]). Let ® be a biholomorphic
map from U to a Siegel domain D. We define a unitary map Ug from L2(U,dV,,)
to L2 (Da KD(C7 C)_adV(C)) by

Us f(C) == F(@1(Q) [det J(@ 1,0 (f € L2 U, dVa)).
Then, we have

Ug o P = P o Us.
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This means that the boundedness of PJ on L?(U,dV,) is equivalent to the bound-
edness of P;; on L*(D, Kp(¢,¢)~*dV(¢)). On the other hand, Békollé and Kagou
proved the boundedness of P ([1, Theorem I1.7]). Therefore, we have the follow-
ing lemma.

LEMMA 2.3.  The operator P} is bounded on L*(U,dVy).

3. Boundedness of the Toeplitz operator.

In this section, we prove Theorem A. First, we show the following proposition.

PROPOSITION 3.1.  Assume that u is a Carleson measure. Then T, f is in
L2(U,dV,,) for all f € L2(U,dV,,) and one has

(Tuf:9), /f (w) (3.1)

for f.g € LZ (U, dVy).
Proor. For f e L2(U,dV,), we have

2

1T, f1I2 = /u \ /M K (2 w) f(w) dp(w)| dVa(2)
< /u ( /u | K (2 w)] ()] du<w>)2dva<z>. (3:2)

Since Kz(f)(-,z)f is in LL(U,dV,) and p is a Carleson measure, there exists a
positive constant M such that

| 1K Gl £ dutw) < [ KD Gowl fw)] dValw). (33)
u u

Note that M is independent of z by the definition of the Carleson measure. There-
fore, (3.2) and (3.3) yield

2
T f12 < M2 /u ( /M »Ké,“><z,w>|f<w>|dva<w>> AVo(2).  (34)

Moreover, the right hand side of (3.4) is equal to M? HPJFf'*‘ , where f* :=|f]|.

Hence, the boundedness of PJr tells us that
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T fll, < M |57, < CM £, - (3.5)

Clearly, this shows T),f € L*(U,dV,). Next, we prove T,f € OU). For g €
L?(U,dV,,), we have

@otiah, = [ { [ 5 G dut fa@ ava o)

/M{/MKZE{Q) (w, 2)g(2) dVa(z)}f(w) dp(w)

- /u Pug(w) f(w) dp(w). (3.6)

Note that since

| [ 16w ) ) dntavito) < M RF| 17 Nl <o 67

the second equality of (3.6) follows from Fubini’s theorem. Therefore, the last
term of (3.6) is equal to 0 for any g € L2(U,dV,)" = ker Py. This means that
T,f isin L2(U,dVy).

In view of (3.6) for the case that g is in L2(U,dV,), we obtain (3.1). O

THEOREM 3.2 (Theorem A). Let p be a positive Borel measure on U. Then
the following conditions are all equivalent.

(a) T}, is a bounded operator on LZ(U,dV,).

(b) & is a bounded function on U.

(¢) Forallp >0, p is a Carleson measure for LE(U,dV,).
(d) z is a bounded function on U.

PROOF. The equivalence of (b), (c¢) and (d) follows from [12, Theorem 3.2].
Moreover, (3.5) yields (¢) = (a). We prove (a) = (b). Since Tltkga) is in
L2(U,dVy) by (a), we have

T,k (2) 1 ~
(T ke, ey = T - K (2, )k () du(w) = 7i(2)
\/Kl(f)(z, z) \/KZE{Q)(Z, 2) /“

by the reproducing property. Hence, we obtain

[i(2)] = Tkl kD) | < NTl B2 = || T, < oo O
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4. Essential norm estimates for the Toeplitz operator.

In this section, we prove Theorem B. By [12, (3.4)], there exists a constant
C > 0 such that [i(z) < Cp(z) holds for all z € U. Therefore, it is enough to prove

limsupji(z) < |[7,, < Clmsupii().
z—oU : z—oU

4.1. A lower estimate for the essential norm.
THEOREM 4.1.  If T, is bounded, one has

limsgpﬁ(Z) < Tl -

zZ—

PROOF. Take a compact operator K on L2(U,dV,,) arbitrarily. Since {ki”‘)}
converges to 0 weakly in L2(U,dV,) as z — OU by Proposition 2.2, we have
HKkga)Ha — 0 as z — OU. Hence, we obtain

T, — K| > limsup ||(T), — K)k{™|| > limsup || T,k . (4.1)
z—0U z—oU
Since (4.1) holds for every compact operator K, it follows that
| Tl > limsup || T,k - (4.2)
z—oU
On the other hand, since 7T}, is bounded, we have
fi(z) = (T k)| < || Tk - (4.3)

From (4.2) and (4.3), we complete the proof. O

4.2. An upper estimate for the essential norm.
Suppose {e,} is a complete orthonormal system of L2(U,dV,). For n € N,
we define Q,, by

n

an = Z <f7 ej>aej (f € Li(u7dva))

j=1

The operator Q,, is compact on L2(U,dV,). Let R, := I — Q,,. It is easy to see
that R = R, and R? = R,,. Moreover, we have
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lim ||R,f|la =0
n—oo

for each f € LZ(U,dV,,).
For r > 0, let U, := U\B(t,r) and du,(z) := xu.(z)du(z), where xy, is the
characteristic function on U,.. Then, we have the following lemma.

LEMMA 4.2.  Assume that T), is bounded on L2(U,dV,). For any r >0, one
has

Jim Sup 1T R fll 2y < Csupur( ) (4.4)
Jim Hfb”up R fll 2y < Cbupuf( )- (4.5)

PROOF. Since the proofs of (4.4) and (4.5) are almost the same, we only
prove (4.4). First, we show

lim  sup / LT, F)I dp(z) = 0. (4.6)

TSl =1
Since T, R, f € L2(U,dV,), we obtain
|T R f | - ‘<T R f K(a > | |<f’ RnT;K§Q)>a’ < ||f||a ’|RnT:K£a)||a’

where the first equality follows from the reproducing property. Hence, we have

* a)ll2
o [ LR ) < [ RTEE | duo)
Ifll,=1 B(t,r) B(t,r)

Therefore, it is enough to prove

lim R, T K2 du(z) = 0.

n—oo B(t,"")

This follows from Lebesgue’s dominated convergence theorem because
« 2 2 2 2 e
1Ba T K2 < Il |7 = 1Tl K (. 2)

and K" (z,2) € L=(B(t,r)).
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Next, we prove

sup / TR f(2)]” dp(z) < Csup fir(2). (4.7)
I fllo=1 U, zeU

This follows from
/ﬁTRf 9= [ TR dir(2)

< [ ) BRI vl
< Csupfiy(2) |TuRuf )2
zeU

< O\ Tull* 1112 sup i (2),
zeU
where the second inequality follows from [12, Lemma 3.1].
We obtain (4.4) from (4.6) and (4.7). O

Referring to the case of a strongly pseudoconvex domain (see [3, Lemma 3.2]),
we show a relation between 1, and Ji.

LEMMA 4.3.  Assume that T}, is bounded on L2(U,dVy). For anyr > p, one
has

sup i (2) < C sup fi(2),
z€U 2€Ur—p

where C' is a positive constant that is independent of r.

PROOF. The definition of the averaging function and [12, Lemma 2.3] yield

o .
Volo (B(z,p)) JB(z,p)ut,

sc/ 1 () [ dpa(w). (4.8)
B(z,p)NU,.

By [12, Lemma 2.5], we have

In(z) = dp(w)

C
5@ () |2 < / )
K0S B o™ )

AV (u)
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for any w € B(z, p). Therefore, the last term of (4.8) is less than or equal to

X B(w,p) (W) [EEY () 2
B(z,p)NU, JU VO]Ot( ( ))

_ XB(u.p)\W) p(w) (o) (
< C'sup { / }/ k AV (
u€eU B(z,p)NU, Vol, (B( P ’ ‘

1
= C'sup { / R
ueU B(z,p)NB(u,p)U, Vol,, (B(wa p))

c

dVa (u)dpu(w)

() . (49)

Now we remark that B(z, p) N B(u, p) NU, = O for any u € B(t,r — p). Indeed, if
w € B(z,p) N B(u, p) NU,, we have dy(w,u) < p and dyy (¢, w) > r, so that

dy(t,u) > dy(t, w) — dy(u,w) > r —p,
which implies u ¢ B(t,r — p). Therefore, the last term of (4.9) is equal to

1

C  sup {/ d,u(w)}
wgB(t,r—p) UJB(zp)nBup)nu, Vola (B(w,p))

1
<C sup {/ dp(w }
u€EUr— Vol, (B(uap)) B(z,p)NB(u,p) U ( )

<C sup ji(uw).
uel/h‘—p

Hence, we complete the proof. O

THEOREM 4.4. IfT), is bounded, one has

|T.|l, < Climsup fi(z).
z—oU

Proor. Take any n € N. Since @, is compact, T,,Q, is also compact.
Therefore, we have ||T),||, < |7, — T,Qn| = |7, Rxl|. Proposition 3.1 yields

2
1T B f 12 < R f gy 1T Bl o -
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Therefore, we have

2 2
ITulle < 1T Rall” < HfSHup—l ||Rnf||L2(d#) IIfSIFP—I ||TuRanL2(du) :

Take n — co. Then Lemmas 4.2 and 4.3 give us

2 2
IITHIESO(SEB@(ZO gc( sup ﬂ(z)) .

z€EU-_,
Letting » — oo, we get

1T, < Climsup fi(z). O
z—0oU

Theorem B follows from Theorems 4.1 and 4.4. Applying Theorem B, we
obtain necessary and sufficient conditions for 7}, to be compact.

COROLLARY 4.5 (Theorem C). Let p be a finite positive Borel measure on
U. Then the following conditions are all equivalent.

a) T), is a compact operator on L2(U,dV,,).
b) (z) — 0 as z — JU.
c) For allp > 0, p is a vanishing Carleson measure for LE(U,dVy).
d) 7i(z) - 0 as z — OU.

PrOOF. For the implication (b) <= (c) <= (d), see [12, Theorem 3.3].
Let us prove (a) <= (b). Assume that T, is compact, so that ||T}||, = 0. Since
T,, is bounded, we can apply Theorem B to obtain limsup,_, 5, fi(z) = 0, which is
equivalent to (b). On the contrary, if we assume (b), then i is bounded because
i is continuous for the finite measure g (Section 2.2). Thus T}, is bounded by
Theorem A. Therefore, Theorem B tells us the compactness of T),. O
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