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Abstract. We give an explicit dimension formula for the spaces of vec-
tor valued Siegel cusp forms of degree two with respect to a certain kind of
arithmetic subgroups of the non-split Q-forms of Sp(2, R).

1. Introduction.

The purpose of this paper is to give an explicit dimension formula for the
spaces of vector valued Siegel cusp forms of degree two with respect to a certain
kind of discrete subgroups of the non-split Q-forms of Sp(2, R).

In general, the dimensions of the spaces of Siegel modular forms can be cal-
culated, in principle, by Selberg trace formula or Riemann-Roch theorem if the
weights are sufficiently large, but there are many difficulties in actual calculations.
Our concern is explicit dimension formulae, i.e., elementary functions of weights
which give numerical values of dimensions. Such formulae are very useful for de-
termining explicit ring structures of Siegel modular forms. In addition, they can
be used also for studying a possible correspondence between Siegel modular forms
for different discrete subgroups by means of comparisons of dimension formulae.

Our main result is Theorem 3.1, which is shortly explained below. Let B be
an indefinite division quaternion algebra over @ with discriminant D. Let O be
the maximal order of B, which is unique up to conjugation. If we take a positive
divisor Dy of D and put Dy := D/Dy, then there is the unique maximal two-sided
ideal 2 of O such that A ®z Z, = O, if p| Dy or pt D, and A®z Z, = 10O, if
p | D2, where 7 is a prime element of ©,,. We consider the unitary group of the
quaternion hermitian space of rank two and denote by I'(Dy, Ds) the stabilizer of
the maximal lattice (2, O), namely we define
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(see Section 2.3.) This group can be regarded as a discrete subgroup of
Sp(2; R). Our main theorem (Theorem 3.1) is an explicit formula for dimen-
sion of Sk ;(I'(D1,D2)), the space of vector valued Siegel cusp forms of weight
det” ®Sym; with respect to I'(D, D,) for k > 5. For example, we have

k3 — 18k2 4 696k — 1737 + (—1)¥ - 225

4
dime Sk,0(I(1,6)) =

1440
0,-1,1;3 1,0,0,-1;4 411,0,0,-1,0;5
i ey e 4l }k’
9 4 )
where [ag,...,am—1;m]; is the function of k which takes the value a; if k =

¢ mod m.

Explicit dimension formula for the spaces of Siegel cusp forms of degree two
has been studied by many mathematicians. Among them, Arakawa [AraT75],
[Ara81], Hashimoto [Has84] and Wakatsuki [Wak, Theorem 6.1] treated the
non-split Q-forms. Hashimoto [Has84] obtained an explicit dimension formula
for scalar valued Siegel cusp forms for I'(D, 1) by using Selberg trace formula, and
Wakatsuki [Wak, Theorem 6.1] generalized it to the vector valued Siegel cusp
forms for I'(D, 1). Our main result of this paper (Theorem 3.1) is a generalization
of [Has84] and [Wak, Theorem 6.1] to any I'(Dy, D2). We obtain the result by
essentially the same method as [Has84], but our situation is much more compli-
cated.

We make some remarks on some known facts which are used to obtain our
result. We divide T' = T'(Dy, D) into disjoint union of four subsets T'(¢), T(®),
'@ and T as follows:

(i) T consists of torsion elements of T.

(i) T consists of non-semi-simple elements of I whose semi-simple factors are
].4 or —14.

(iii) T consists of non-semi-simple elements of T' whose semi-simple factors
belong to T'(¢) other than +1,.

(iv) T consists of the other elements of I' than the above three types.

We denote the contributions to dimension formula of each subset above by
I(T©)), 5, I(TW), 4, I(T@W), o and T(TW), 5. Tt is known that I(T'("));; = 0
and

dime Sy ;(T) = (@), ; + [(TW),, ; + I(D),, ;.

As for the contribution I(I'(®)); ;, we can evaluate it by means of the method
developed by Hashimoto and Ibukiyama. It is shown by Hashimoto and Ibukiyama
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[HI80], [Has83] that the formula for I(I'(®)) ; can be expressed adelically and can
be reduced to local computation (cf. Theorem 4.1). We do not need to calculate
the local data “cp(g, Rp, Ap)” since they have been obtained in [HI80] and [HI83).
(Although B is definite in the case of [HI80] and [HI83], there is no difference
if being localized.) So, our main task is to combine the local data and determine
G-conjugacy classes which appear in the first sum in Theorem 4.1. It is still
a complicated work, and the details will be explained in Section 4. (The way
of combining local data is different from that of [HI80] and [HI83] since B is
indefinite in our case.) On the other hand, as for the contributions I(I'("))y ;
and I(F(q“))k’j, we can not reduce them to local calculations. Wakatsuki [Wak]
gave an arithmetic formula for the contributions of them, but one still have to
carry out detailed calculation to obtain an explicit formula. More precisely, we
need to determine a complete system of representatives of I'-conjugacy classes
of “families” (cf. Proposition 5.7, 5.8, 5.9) and calculate some data for them.
Arakawa has calculated the contribution I(I'*)); ; in his master thesis [Ara75],
but we prove it again in Section 5 by means of Wakatsuki’s formula (e-2) since
[Ara75] was not published with enough generality. Hashimoto calculated the
contribution I(I'(@), ; in the case where D; = D and Dy = 1 in [Has84]. We
can calculate I (F(q“))kd- also in the general case by almost the same way.

We organize this paper as follows. In Section 2, we will review Siegel cusp
forms in Subsection 2.1, and give in Subsection 2.2 and 2.3 the precise definition
of the discrete subgroup I'(D1, D2). In Section 3, we will state our main theo-
rem (Theorem 3.1) which will be proved in Section 4 and 5. In Section 4, we
evaluate the contribution I (I‘(e))k’j. First, we quote the formula of Hashimoto
and Ibukiyama (Theorem 4.1), and then we evaluate Hy, ..., Hio of Theorem 3.1
in Subsection 4.1-4.12. In Section 5, we evaluate the contribution I(F(“));w- and
I(T(@w), .. We evaluate I, I> and I3 of Theorem 3.1 in Subsection 5.1, 5.2 and 5.3
respectively. In Section 6, we give some numerical examples for our main theorem.

Finally, we want to refer to a possible application of our result. In the case
where B is definite, Ibukiyama has been studying a generalization of Eichler-
Jacquet-Langlands correspondence to the case of Sp(2) (cf. [Ibu85], [HI85],
[Ibu07a]). He obtained some relations of dimension formulae and conjectured
a correspondence of discrete subgroups. Moreover, he calculated some numerical
examples of coincidence of Euler factors of L-functions in [Ibu84]. On the other
hand, in our case B is indefinite. The author constructed explicit generators of the
graded ring of scalar valued Siegel modular forms for T'(1,6) as an application of
our dimension formula, which will appear in a forthcoming paper and can be used
for calculating Hecke operators concretely. Our dimension formula and numerical
calculations of Hecke eigenvalues will be eventually used for comparisons similar
to the above.
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2. Preliminaries.

2.1. Siegel cusp forms.
Let Sp(2; R) be the real symplectic group of degree two, i.e.

0, 1 0> 1
Sp(% R) = {g € GL(4, R) ‘9 <—122 oi) 9= (—iz 02) }

Let $5 be the Siegel upper half space of degree two, i.e.
92 ={Z € M(2;C)|'Z = Z, Im(Z) is positive definite}.
The group Sp(2; R) acts on s by
Y(Z) = (AZ + B)(CZ+ D)™

for any v = (4 8) € Sp(2; R) and Z € 9.

Let T be a discrete subgroup of Sp(2; R) such that vol(T'\$)2) < oo. Let
pr,j : GL(2;C) — GL(j + 1;C) be the irreducible rational representation of the
signature (j + k, k) for k,j € Z>o, i.e. pg; = det” ®Sym;, where Sym; is the
symmetric j-tensor representation of GL(2; C)). We denote by Si ;(I') the space
of Siegel cusp forms of weight pj, ; with respect to I, i.e. the space which consists
of holomorphic function f : s — C’/*! satisfying the following two conditions:

(1) f(12) = p;(CZ + D) f(Z), forVy=(4F) €T, VZ e,
(ii) |pk;(Im(Z2)Y/2)f(Z)] oy41 is bounded on $a,

where we define |u|gi+1 = (‘um)'/? for u € CIT1. Tt is known that Sy ;(T) is a
finite dimensional C-vector space.

2.2. The non-split Q-forms of Sp(2; R).

Let B be an indefinite quaternion algebra over Q. We fix an isomorphism
B ®qg R ~ M(2; R) and we identify B with a subalgebra of M (2; R). Let D be a
product of all prime numbers p for which B ®¢g Q,, is a division algebra. We call
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D the discriminant of B. Let W be a left free B-module of rank 2. Let f be a
map on W x W to B defined by

fl@y) =z + 2201, @ = (21,22),y = (y1,92) EW,
where " is the canonical involution of B. Any non-degenerate quaternion hermitian
form on W is equivalent to f. (cf. [Shi63]). Let U(2; B) be the unitary group

with respect to this hermitian space (W, f), that is,

U(2;B) ={g € GL(2;B) | f(zg,y9) = f(x,y) for Vo,y € W}

= {QGGL(Q%B)'Q(? (1)) g = <(1) (1)> }

where fg = (£<) for g = (24). It is known that U(2; B) ®q R is isomorphic to
Sp(2; R) by
¢:U(2;B) g R — Sp(2; R)
a1 a9 b2 —b1
as a4 b4 —b3 A B
R Il R e R

—c1 —cy —dy dy

where A = (0132), B= ((112), C=(4&), D= (17) € BeqR. Itis
known that each Q-form of Sp(2; R) can be obtained as U(2; B) for some indefinite
quaternion algebra B (cf. [PR94]). If B = M(2;Q), then U(2; B) is isomorphic
to Sp(2; Q) by ¢. In this paper, we treat the case where B is a division algebra.

2.3.

Let O be the maximal order of B, which is unique up to inner automorphisms.
We fix a quaternion hermitian space (W, f). Let L be a left O-lattice in W, that
is, L is a finitely generated Z-module satisfying L ®z Q = W and aL C L for any
a € 9. We put

U(2B) = {g € U2 B) | Lg = L}.

Then it is a discrete subgroup of Sp(2, R) such that vol(U(2; B)r\$2) < oo by
identifying it with its image by ¢ in Sp(2; R).

The two-sided D-ideal generated by the elements f(x,y) for x,y € L is called
the norm of L. We call L a maximal lattice if L is maximal among the left O-
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lattices having the same norm. For any maximal lattice L and any prime number
p, it is known by [Shi63] that

(Dpagp)gp iprfD

L Rz Zp = { .

(Dp,Op)gp or (19, 90p)gp, ifp| D
for some g, € U(2;B) ®qg Qp, where O, := O ® Z, and 7 is a prime element
of O,. Hence there are exactly 2° genera of maximal lattices in W if D is a
product of s prime numbers. We put D = Dy Dy, where Dy, Dy € IN such that
L®z Z,=(0p,9p)gp if p| D1, and L ®z Z, = (79,,90p)gp if p | D2, for some
gp € U(2; B)®q Q- It is known that if two maximal lattices L; and Lo correspond
to the same pair (D7, Ds), then L; and Ly belong to the same class (i.e. L1 = Lag
for some g € U(2; B)) since B is indefinite, and therefore U(2; B)r, = U(2; B)L,.
For simplicity, we put

F(l)l7 DQ) = (](27 B)L
for the maximal lattice L corresponding to the pair (D1, D3).

3. Main result.

Our main result is Theorem 3.1 below. It is an explicit dimension formula of
the spaces of Siegel cusp forms of weight pj ; with respect to I'(Dq, D3) defined
above. This formula is a generalization of [Has84] and [Wak, Theorem 6.1]. We
prove Theorem 3.1 in Sections 4 and 5. We suppose that j is even. If j is odd, we
have S ;(I'(D1, D2)) = {0} for any k since I'(D1, D2) contains —14. For natural
number m and n, we denote by [ag, ..., am_1;m], the function on n which takes
the value a; if n = ¢ mod m. We define the set T'(m;n) :={p | T ; p=m mod n}
for T = D, D1 or DQ.

THEOREM 3.1. Ifk > 5 and j is an even non-negative integer, then we have
12 3
dime Sk ;(I'(Dy, D2)) = Z H; + Z I;,
i=1 i=1

where H; and I; are given as follows:

G+DE=-2)G+k—-1)(j+2k-3)
27.33.5

Hy = Jle-0e*+1)- [0 -1

p|D1 p|D2
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T if24Dy,Dy=1
(—1)"“(J'+k—1)(k—2),H(p_l)2X 13 if2| Dy, Dy =1

Hy = 97 . 32 1 3 if Dy =2
4 0 otherwise
[(=1)772(k=2), =+ k= 1), (=1)72T (k= 2),j + k — 1;4]x
H; =
25.3
. 1 ifDy=1
xH(p—1)(1—(>>x 3 if Dy=2
p|D1 p 0 otherwise
H4: [‘7+k7177(]+k71)3073]k+[k7230a7(k72)73b+k

23 . 33
1 ifDy=1

X H(p—l)(l— (‘;’)) x {8 if Dy=3

p|D1 0 otherwise

Hs :273'372' ([_(J+k_1)7_(.]+k_ 1)307]+k_17]+k_17076}k
+ [k - 2707_(k_ 2)7_(k - 2)707k - 2;6}j+k)

Ie-0(1-(51) {0 herae

p|D1
mee sl I (-(5)) 1 (5 0-(5)))

For each n, A and B are defined as follows;
27737 (= 1)k HI/2(5 + 1)
if n has odd numbers of prime divisors
277371 (=1)7/2(j + 2k — 3)

if n has even numbers of prime divisors

If D5 has a prime divisor p such that p | n and (—1/p) = —1, then B =0,

otherwise,
5 if2|D;and2|n
11 if2| Dy and 2tn
B 7 if2|Dyand2|n
9 if2|Dyand2tn
3 if2¢Dand2|n
5 if2¢Dand2{n
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-3 p+1 -3
m= S allo- I (1-(3)) (55 (-(5))) 2
n|3D  pln ptn ptn
p| Dy p | Da
p#3 p#3
For each n, A and B are defined as follows;
273373(j 4+ 1)[0,1, —1; 3] 12k
A if n has odd numbers of prime divisors
) 273373(j + 2k — 3)[1,—1,0; 3],
if n has even numbers of prime divisors
If Dy has a prime divisor p such that p | n and (—3/p) = —1, then B =0,
otherwise,
1 if3|Dyand3|n
16 if3| Dy and 3tn
B_ 4 if3|Dyand3|n
)10 if3| Dy and 3fn
1 if3fDand3|n
4 if3tDand3fn
Ch -1 -3 1 ifDy=1
Hs = 22.3° H (1 a (p)) (1 B (p)) x {O otherwise ’
p|D
where we put
[1,0,0,—1,-1,—1,-1,0,0,1,1,1;12]); if j =0 mod 12
[-1,1,0,1,1,0,1,—1,0,—1,—1,0;12); if j =2 mod 12
Cr— [1,-1,0,0,-1,1,—1,1,0,0,1,—1;12]; if j =4 mod 12
"7 )[-1,0,0,-1,1,-1,1,0,0,1,—1,1;12], if j =6 mod 12
1,1,0,1,-1,0,—-1,-1,0,—1,1,0;12];; if j = 8 mod 12
[-1,-1,0,0,1,1,1,1,0,0,—1,—1;12] if j = 10 mod 12
) 2 if2)[D1andD2:1
02 -3 5 1f2|D1 andDgzl
fo=573 % 11 (1_ <p>) “\3 if2/D;and Dy =2
p|D1,p#2 .
0 otherwise
where we put
[1,0,0,—1,0,0;6] if j=0mod 6
Cy=<¢1[-1,1,0,1,—-1,0;6]x if j=2mod 6 .

[0,—1,0,0,1,0;6];  if j =4 mod 6
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0 if [ JDi(i5)u | Dalizs) #0

ie{1,—1}

3
o= 2 [T 2% ifi:U1D1(i;5)u U Dais5) =0

: ie{l,—-1 )
25 p|D pED(4;5) et 4 and 5| D
3
2 if |JDi(5)U | Dalis5) =0
=t ie{l-1 and 51D

where we put

[1,0,0,—1,0;5]; if j =0 mod 10
[-1,1,0,0,0;5], if j =2 mod 10
0 if j =4 mod 10 .
[0,0,0,1,—1;5]x if j =6 mod 10
0,-1,0,0,1;5]x if j = 8 mod 10

Cy 0 1fD(1,8)|_|D2(7,8)7é®
H11:2—3>< H 2 X H )2><{ ,

1 otherwise
p|D,p#2 peD1(7;8

C3

where we put

[1,0,0,—1;4]; if j =0 mod 8
[1,1,004]k if j =2 mod 8
[-1,0,0,1;4]; ifj=4mod8
[1,-1,0,0;4]; if j =6 mod8

Cy =

Hyp =272371 (=121, -1,0:3; x [J2x [ 2x4

p|lD  peDi(11;12)

+27287 1 (=120, -1, 13l x [[2x ] 2xB,
p|D p€D1(11;12)
where A and B are defined as follows.
(i) If D(1;12) U Do(11;12) # (), then A = B = 0.
(ii) If D(1;12) U D5(11;12) = (), then A (resp. B) are given by the follow-
ing table, depending on the conditions of D, Dy and D-.
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case (I) | case (II) | case (III)
21D,3{D 0 1/2 1
21D.,3| Dy 1/2 3/4 1
21D,3| Dy 0 1/4 1/2
2 Dy,31D 1 3/4 1/2
2| Dy,3| Dy | 5/4 9/8 1
2(Dy,3|Dy | 1/2 3/8 1/4
2(D2,31D | 1/2 1/4 0
2(Ds,3| Dy | 1/2 3/8 1/4
2| Ds,3 | Dy 1/4 1/8 0

where case (I), (IT) and (III) are given as follows:

(
(1) D1(11;12) =0 and $D(5;12) = even (resp. odd)
(II) Dy(11;12) #0 .
(IIT) D1(11;12) =0 and §D(5;12) = odd (resp. even)

o J+1
11—23.31_[(1)—1)
p|D

- ()
(O

4. The contribution of semi-simple conjugacy classes.

In this section, we evaluate I(l—‘(e))k,j, i.e. the contributions of torsion elements
(cf. Section 1). The principal polynomials of torsion elements of G = U(2; B) are
as follows, and each H; in Theorem 3.1 means the contribution of I'-conjugacy
classes whose principal polynomials are of the form f;(+z).

fi@) = (z —1)%, fi(=z) = (z+1)%,

fa(x) = (z = 1)*(z +1)?,

fa(@) = (z = 1)*(2® + 1), fa(=x) = (x +1)*(2* + 1),
fa(a) = (x = 1)*(@* + = + 1), fa(=z) = (x +1)*(@* -z +1),
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fo(@) = (x = 1)*(2® -2+ 1), fo(=2) = (z + 1)2(2% + 2 + 1),
fo(z) = (z% + 1)%,

fo(a) = (2* + 2+ 1) fo(=z) = (@ =z +1)%,
fa(z) = (@ + 1) (2® + 2 + 1), fa(—z) = (22 +1)(2® — z + 1),
fo(x) = (> + 2 +1)(2® —z+ 1),

fio(@) =2t + 2 + 2?2 +1, fio(—z) =2t — 2’ + 22—z 41,
fu(z) =a*+1,

fro(z) =zt — 22 + 1.

We will evaluate each H; in Subsection 4.1-4.12. The method was developed by
Hashimoto and Ibukiyama [Has80], [HI80], [HI82], [HI83], [Has83], [Has84].
We quote the formula for I(T'(¢), ;.

THEOREM 4.1.

IT N =cry > Jo(9) Y Mo ][] (g, Rp, Ap),

{9}e La(A)
where notations are as follows:

(i) The first sum is extended over the G-conjugacy classes {g}s of torsion
elements of G which satisfies {g}c N T # 0.

(ii) The second sum is extended over the G-genus Lg(A) of Z-orders in Z(g)
for each g € G. Here Z(g) is the commutor algebra of g in M (2; B). The
G-genus Lg(A) represented by a Z-order A of Z(g) consists of all Z-orders
in Z(g) which are (Z(g)* N G) ®q Qp-conjugate to A ®z Z,, for all p.

(iii) The constant ¢ ; for k, j are defined by

hy =277 (k=2)(j +k—1)(j + 2k - 3).

(iv) We define J{(g) for each {g} as follows. We put

159(2) = wlpus(©2 + D s (P T) g,

Jolg) = HEI(2)dZ,

/Co(g;Sp(2;R))\ﬁz
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where dZ = det(Y)™3dXdY, dX = dxidriadrs, dY = dyidyiadys for
Z=X+iV € 9y, X = (JL%2), Y = (J4 %2), and dZ is an invariant
measure on Cy(g; Sp(2; R))\$H2 induced from dZ and a Haar measure on
Co(g; Sp(2; R)). The definition of Cy(g; Sp(2; R)) is given for each g in each
Subsection 4.1-4.12. We define J{(g) := Jo(g) if —14 & Co(g; Sp(2; R)), and
Jo(g) :==27" - Jo(g) if =14 € Co(g; Sp(2; R)).

We define M¢(A) for each {g}¢ and Lg(A) as follows. We decompose the
group (Z(g)* N'G)a into the disjoint union

~—

(Z(9)* NG)a=Ui_, (Z(9)* NG)yi(AANGa),

where Apy = A®z Z4. We put A; = yiAyfl = ﬂp((yi)pAp(yi);l NZ(g))
and define

h
Mg (A) = vol (A N G)\Colg; Sp(2; R))).

i=1

(vi) We define ¢,(g, Rp, Ap) for each {g}a, Lg(A) and p as

(1)

(2)

Cp(gavaAp) = li((Z(g)X N G)p\Mp(ngwAp)/(R; N GP));
where

—1
R, :=M(2;90,) if pf Dy and R, := (7%’ WDDP> if p | Dy,
P P

—1 -1
My(g, Rp, Ap) = {x cG,| ¥ "9n € Ry amd Z(g), Nz Ry }

is (Z(g)* N G),p-conjugate to A,

If M,(g,R,,Ap) =0, then we put ¢, (g, Ry, A,) = 0.
REMARK 4.2. We give some remarks about Theorem 4.1.

We do not need to calculate the local data ¢,(g, R, Ap) since they have been
obtained in [HI80] and [HI83]. We have only to combine the data depending
on the cases.

We need to determine G-conjugacy classes which appear in the first sum in
Theorem 4.1. It is known that {g}e NT # 0 if and only if {g}c, N R, # 0 for
all p. (cf. Theorem 1-3 in [Has83]). We can obtain the result by using [HI80,
Section 2], [Has84] and the results of ¢, mentioned above.



Dimension formula for Siegel cusp forms 1275

(3) The integral J}(g) depends only on Sp(2; R)-conjugacy classes. Langlands
[Lan63] gave a formula for Jy(g). We can evaluate Ji(g) by applying explicit
formulae in [Has83] and [Wak].

We will evaluate each H; in Subsection 4.1-4.12. We denote by G[f;] the set
of torsion elements of G whose principal polynomials are f;(z). For i = 1,3,4,5,
7,8,10, we have only to evaluate the contribution of G[f;] and double it to obtain
H; because the contribution of g is equal to that of —g. We use the notation:

cos 01 0 sin 01 0
0 cos 0 0 sinf,
01,02) =
(61, 02) —sin 6 0 cosf; 0
0 —sin 6y 0 cosby

4.1. The contribution H;.

In this subsection, we consider the contribution of +1,. If v = +14, we
have C(v; Sp(2; R)) = Co(v; Sp(2; R)) = Sp(2; R), C(v;T) = Co(;T') =T and
HY1(Z) =1, s0 Ji(v) = (1/2) Jsp(2:r)\ 5, 4Z- Also, we have

1 if A, ~R,

Cp(’)’a Ry, AP) - {0 otherwise.

Hence from Theorem 4.1 we have
Hy =253k —2)(j+ &k — 1)(j + 2k — 3) - vol(Sp(2; R)\$2) - vol(T\Sp(2; R)).

We have only to multiple the value H in the case of Dy = 1 in [Wak] by ], p,
(p+1)/(p* + 1) because we have the indexes as follows:

Op Op X. Op Yyp ) _
(o sy) o5, o) [=ren
Op 7T_1531) X. Op Op ) _ 2
[Gpﬁ<7r53p o, :GpN 0, O =p°+ 1

Hence we obtain H; as in Theorem 3.1.

4.2. The contribution Hs.
In this subsection, we evaluate the contribution of G[fz], where fa(z) =
(r — 1)%(x + 1)2. The set G[fa] consists of only one G-conjugacy class repre-
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sented by an element g. We have Z(g) ~ B @ B. We fix g and this isomorphism
until the end of this subsection. We put

Li={(z,9) € D@D |z —y €O},

where 7 is a prime element of 9. We have the following proposition.

PROPOSITION 4.3.

(1) The class {g}c appears in the first sum of Theorem 4.1, i.e. {g}c NT # 0, if
and only if Do =1 or 2.

(2) We assume Dy = 2. If A is a Z-order of Z(g) belonging to the same G-genus
as L, then we have [, cp(g, Rp, Ap) = 1. If A does not belong to the same
G-genus as L, then [], ¢, (g, Rp, Ay) = 0.

PROOF. We can prove (1) and the latter part of (2) easily by [HI83, Propo-
sition 2.4]. If Dy = 2 and A is a Z-order of Z(g) belonging to the same G-genus as
L, then it follows from [HI80, Proposition 13] and [HI83, Proposition 2.4] that

¢p(9, Rp, Ap) =1 for any p. O

From Proposition 4.3, we have Hy = 0 if Dy # 1,2. In the case where Dy = 1,
H, has been evaluated in [Has84] and [Wak]. Hereafter, we assume Dy = 2.
From Proposition 4.3, we have

Hy = cyj - Jo(g) - Ma(L).

We see that g is Sp(2; R)-conjugate to a(m,0) and

a 0b 0

0a OV || ad—bc=1
Co(a(W,O),Sp(2,R))— c 0do dd —bd =1 ’

0cd 0d

1
To(g) = 5Jo(a(m,0)) = ex; 27w (=1)F G + k= 1)(k - 2)
if j is even. (cf. (b-5) in [Wak]). If we put Ly = © & O, then we have

Me(L) = vol((L* N G)\C(g; Sp(2; R)))
=[LiNG:L*NG] - vol((L§ NG)\C(g; Sp(2; R)))
=37 ' [[(p— 1>

p|D
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(cf. (3.6), (3.7) of [Has84]). Hence we can obtain Hs as in Theorem 3.1.

4.3. The contribution Hs.

In this subsection, we evaluate the contribution of G|f3], where f3(x) = (x —
1)2(z? + 1). We have only to double it to obtain Hz. Note that G[f3] # 0 if
and only if (—1/p) # 1 for any prime divisor p of D. Hereafter, we assume that
G|fs] # 0. The set G[f3] consists of two G-conjugacy classes represented by g and
g~ ! for an element g. We have Z(g) ~ B @ F with FF = Q(v/—1). We fix g and
this isomorphism until the end of this subsection. We put

L3:{(xay)69@ﬁ|x—y€7rﬁ2},

where 0 is the ring of integers of F' and 7 is a prime element of &5. Then we have
the following proposition.

PROPOSITION 4.4.

(1) The classes {g}q and {g~'}c appear in the first sum of Theorem 4.1 if and
only if Do =1 or 2.

(2) We assume Dy =2. If A is a Z-order of Z(g) belonging to the same G-genus
as L, then we have

H%(% Rp7Ap) = l_lcp(g_l7 R,, Ap) — 9fD1(3;4)
p

p
If A does not belong to the same G-genus as L, then [, cp(g, Rp, Ap) = 0.

PROOF. We can prove (1) and the latter part of (2) easily by [HI83, Propo-
sition 2.4]. If Dy = 2 and A is a Z-order of Z(g) belonging to the same G-genus as
L, then it follows from [HI80, Proposition 14] and [HI83, Proposition 2.4] that

-1
_ 2 if Dyand | — ) = -1
cp(g, Rps Ap) = (g 1,Rp7Ap) = Pl D ( p ) .
1 otherwise.

From Proposition 4.4, we have Hs = 0 if Dy # 1,2. In the case where Dy = 1,
Hjs has been evaluated in [Has84| and [Wak|. Hereafter, we assume Dy = 2.
From Proposition 4.4, we have
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Hy=2-¢c ;- Z J(S('V) 'Mv(L)HCp(%vaLP)

v€{g,9~1} P

=2-cp ;- (Jo(g) + Jh(g™h)) - My(L) - ofD1(3:4)

1

We see that g and g~* are Sp(2; R)-conjugate to a(m/2,0) and a(—7/2,0) respec-

tively and

Co (a(g,O) , Sp(2; R)) — O (a( — g,0> . Sp(2; R))
0
0

Jo(g) +T(g7 ) = eyt 2t (<12 (k- 2), - + k- 1),
(1) (k—2),5+k—1;4],

(cf. (b-4) in [Wak]). If we put Lo = O @ €, then we have

My(L) = vol((L* N G)\C(g; Sp(2; R)))
= [L5 NG : L* NG] - vol((L§ N G)\C(g; Sp(2; R)))

=277 [J(o - D).

p|D

(cf. (3.10), (3.11) of [Has84]). Hence we can obtain Hj as in Theorem 3.1.

4.4. The contribution Hy.

In this subsection, we evaluate the contribution of G[f4], where f4(z) =
(x —1)%(2? + 2 +1). We have only to double it to obtain Hy. Note that G[f4] # 0
if and only if (—3/p) # 1 for any prime divisor p of D. Hereafter, we assume that
D does not have such a prime divisor. The set G[f4] consists of two G-conjugacy
classes represented by g and g~! for an element g. We have Z(g) ~ B @ F with
F = Q(v/=3). We fix g and this isomorphism until the end of this subsection. We
put

L:={(z,9) €D® O |z —y e n0s},

where & is the ring of integers of F' and 7 is a prime element of 3. Then we have
the following proposition.
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PROPOSITION 4.5.

(1) The classes {g}q and {g~'}q appear in the first sum of Theorem 4.1 if and
only if Do =1 or 3.

(2) We assume Dy = 3. If A is a Z-order of Z(g) belonging to the same G-genus
as L, then we have

Hcp(g, Ry, Ap) = Hcp(g_l, Ry, Ap) = 28D (2:3),
P P

If A does not belong to the same G-genus as L, then Hp ¢p(9, Rp, Ap) =0

PROOF. We can prove (1) and the latter part of (2) easily by [HI83, Propo-
sition 2.4]. If Dy = 3 and A is a Z-order of Z(g) belonging to the same G-genus as
L, then it follows from [HI80, Proposition 14] and [HI83, Proposition 2.4] that

-3
_ 2 ifp|Diand | — ) =-1
cp(g, Rps Ap) = (g 1>Rp7Ap) = r| D ( p ) .
1 otherwise.

From Proposition 4.5, we have

Hy=2-ch;- Y Jo(0) - My(L) [[ ep(v, Ry, Lp)
P

v€{g9,97}

=20y (Jyl) + Jolg™) - My(L) - 2P 29,

We see that g and g~! are Sp(2; R)-conjugate to a(27/3,0) and a(—27/3,0)
respectively and

o (50) 1) - 0o -3 )

0
(1) ad—bc=1},
0

o O O
QU O o O

J(’)(g) + J(l)(g_l) = Ck,j_l .9=3 .31, =2
x {j+k—1,—(+k—1),0;3]x
+ [k —2,0,—(k —2);3]j4x}
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(cf. (b-4) in [Wak]). If we put Ly = O & &, then we have

M,y(L) = vol((L* N G)\C(g; Sp(2; R)))
= [Lf NG : L*NG] - vol((Ly N G)\C(g; Sp(2; R)))

:22-3_2-7721_[(])—1).

p|D

(cf. (3.10), (3.11) of [Has84]). Hence we can obtain Hy as in Theorem 3.1.

4.5. The contribution Hs.

In this subsection, we consider the contribution of G|[f5], where f5(z) =
(r —1)%(z? — 2z + 1). We have only to double it to obtain Hs. The set G[fs]
consists of two G-conjugacy classes represented by g and g~' for an element g.
We see from [HI80, Proposition 14] and [HI83, Proposition 2.4] that the classes
{9} and {g~ '} do not appear in the first sum of Theorem 4.1 if Dy # 1. In the
case where Dy = 1, Hj has been evaluated in [Has84] and [Wak].

4.6. The contribution Hg.

In this subsection, we consider the contribution of G[fs], where fg(z) =
(x2 + 1)2. Note that G[fs] = 0 if and only if Dy has a prime divisor p with
(—1/p) = 1. Hereafter, we assume that D does not have such a prime divisor.
Then there are infinitely many G-conjugacy classes in G|[fs]. As in [Has84, Theo-
rem 3.2 (i),(ii)], we have a correspondence between the set of G-conjugacy classes
{9}¢’s in G[fs] and the set of isomorphism classes of quaternion algebras Zy(g)’s
over Q which are contained in B®q F', with ' = Q(v/—1). This correspondence is
two-to-one or one-to-one according as Zy(g) is definite or indefinite. We denote by
D(Zy(g)) the discriminant of Zy(g). If Zy(g) is definite, two G-conjugacy classes
{9}c and {g~'}¢ correspond to Zy(g). In this case, g is Sp(2; R)-conjugate to
a(r/2,7/2) and

To(9) + Jo(g71) = eng 277 (1) - (~1)FH2,

if j is even (cf. (b-2) in [Wak]),

pID(Zo(9)) p

for a Z-order A of Z(g) (cf. [HI80, Proposition 12]), where 9 is a maximal order
of Zy(g) and
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dp(A) = [DO; : (A N Zo(g));], (:’p(A) = [A; n Gp : DO; . ﬁF;}

On the other hand, if Zy(g) is indefinite, then only one G-conjugacy class {g}a
corresponds to Zp(g). In this case, g is Sp(2; R)-conjugate to a(n/2, —mw/2) and

Jolg) = cry ™27 m 2 (G4 2k = 3) - (1),
if j is even (cf. (b-3) in [Wak]),

m’ p(A)

pID(Zo(9)) p P

ISH

for a Z-order A of Z(g) (cf. [Has84, (3.16)]).

PROPOSITION 4.6.

(1) The class {g}c appears in the first sum of Theorem 4.1 if and only if
D(Zo(g)) | 2D.
(2) (1) the case where 2| Dy,
e If a G-conjugacy class {g}c satisfies 2 | D(Zy(g)), then two G-genus
of Z-orders of Z(g) appear in the second sum of Theorem 4.1, and

H Z:Ejt) = H p+1)- g (resp. 1)

p ptD(Zo(9))
p|Dg, p#2

~—

o If a G-conjugacy class {g}a satisfies 2+ D(Zy(g)), then three G-genus
of Z-orders of Z(g) appear in the second sum of Theorem 4.1, and

dp(A) 11 3
H = (p+1)-= (resp. 1 and 3)
» Bp(A) P*‘g(zﬂ(% 2

(ii) the case where 2 | Da,
e If a G-conjugacy class {g}q satisfies 2 | D(Zy(g)), then two G-genus
of Z-orders of Z(g) appear in the second sum of Theorem 4.1, and

H Zzéﬁi = H p+1)- % (resp. 3)

p ptD(Zg(9))
p|D2, p#2
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o If a G-conjugacy class {g}a satisfies 2+ D(Zy(g)), then two G-genus
of Z-orders of Z(g) appear in the second sum of Theorem 4.1, and

dp(A) 11
H = (p+1)-3 (resp. 3/2)
. ep(A) D 70(e)

(iii) the case where 21 D,
o If a G-conjugacy class {g}q satisfies 2| D(Zy(g)), then only one G-
genus of Z-orders of Z(g) appear in the second sum of Theorem 4.1,
and

S

N w

J(8)
Hom= 1wy

P ptD(Z(9))
p|Dg, p#2

o If a G-conjugacy class {g}c satisfies 21 D(Zy(g)), then two G-genus
of Z-orders of Z(g) appear in the second sum of Theorem 4.1, and

11 () _ II e+1 g (resp. 1)

e, (A
p p( ) ptD(Z0(9))
p|Dgy, p#2

(3) For any case and any G-genus, we have Hcp(g, Ry, \p) = H 2.

P ptD(Z(9))
p|Dy, p#2

PROOF. We see from [HI80, Proposition 15 and 16] and [HI83, Proposition
2.5 and 2.6] that

p| D1 = {g9}¢, N R, #0,
pt Dy and pt Zo(g) = {g9}¢, N R, #0,
pt D1, p|Zo(g) and p=2 = {g}c, N R, # 0,
pt D1, p| Zo(g) and p # 2 = {g}g, N R, = 0.

Hence we obtain (1) (cf. [Has80, Theorem 1-3]). Also we can obtain (2), (3) from
the above four propositions. O

4.7. The contribution Hy.
In this subsection, we consider the contribution of G[f7], where f7(z) = (2% +
x + 1)2. We have only to double it to obtain H;. Note that G[f7] = () if and only
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if Dy has a prime divisor p with (—3/p) = 1. Hereafter, we assume that D does
not have such a prime divisor. We can use the same method as in the case of Hg.
we have a correspondence between the set of G-conjugacy classes {g}¢’s in G|[f7]
and the set of isomorphism classes of quaternion algebras Zy(g)’s over @ which
are contained in B ®q F, with F = Q(v/—=3). If Zy(g) is definite, then

Jo(9) + Jo(9™") = ery 137G + D0, 1, =15 3] 12k,

if j is even (cf. (b-2) in [Wak]), and

N VR

p|D(Zo(9)) p

for a Z-order A of Z(g). If Zy(g) is indefinite, then
Jolg) = cny~'2% 372 (j + 2k — 3)[1,—1,0; 3];,

if j is even (cf. (b-3) in [Wak]), and

PROPOSITION 4.7.

(1) The class {g}c appears in the first sum of Theorem 4.1 if and only if
D(Zo(9)) | 3D.
(2) (i) the case where 3| Dy,
e If a G-conjugacy class {g}c satisfies 3 | D(Zy(g)), then only one G-
genus of Z-orders of Z(g) appears in the second sum of Theorem 4.1,
and

=9

DN | =

S8 _
Nowm= A o=

P ptD(Zo(9))
p| D2, p#3

e If a G-conjugacy class {g}c satisfies 31 D(Zy(g)), then two G-genus
of Z-orders of Z(g) appear in the second sum of Theorem 4.1, and

dp(A) 11
H = (p+1)-2 (resp. 6)
ep(A) "ﬁ(z‘)(%
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(il) the case where 3 | Do,
o If a G-conjugacy class {g}c satisfies 3 | D(Zy(g)), then only one G-

genus of Z-orders of Z(g) appears in the second sum of Theorem 4.1,
and

S
~—

= II w+y-1

ptD(Zo(9))
p|Dgy, p#3

p(A
H ep(A

p

~—

o If a G-conjugacy class {g}c satisfies 31 D(Zy(g)), then two G-genus
of Z-orders of Z(g) appear in the second sum of Theorem 4.1, and

dp(A)
= (p+1)-1 (resp. 4)
1} ep(A) prgmm
pID2, p#£3
(iii) the case where 31 D,
o If a G-conjugacy class {g}c satisfies 3 | D(Zy(g)), then only one G-
genus of Z-orders of Z(g) appears in the second sum of Theorem 4.1,
and

S

N | =

S8
Hom= 1 e

p ptD(Zo(9))
p|Da, p#3

e If a G-conjugacy class {g}q satisfies 31 D(Zy(g)), then only one G-
genus of Z-orders of Z(g) appears in the second sum of Theorem 4.1,
and

I = T o

p ptD(Z(9))
p|Dg, p#3

~—

(3) For any case and any G-genus, we have Hcp(g, Ry, N\p) = H 2.

P ptD(Z(9))
p|D1, p#3
PrOOF. We can prove this by the same way as Proposition 4.6. g

4.8. The contribution Hg.

In this subsection, we evaluate the contribution of G[fs], where fs(z) =
(22 + 1)(22 + 2 + 1). We have only to double it to obtain Hg. We see from
[HI83, Proposition 2.7] that no G-conjugacy classes corresponding to fg(+x) ap-
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pear in Theorem 4.1 if Dy # 1. In the cases where Dy = 1, Hg has been evaluated
in [Has84] and [Wak].

4.9. The contribution Hyg.

In this subsection, we evaluate the contribution of G[fy], where fo(x) = (2% +
x4 1)(z? — 2 + 1). Note that G[fs] # 0 if and only if (—3/p) # 1 for any prime
divisor p of D. Hereafter, we assume that G[fs] # (. We put F := Q(v/—3), then
Z(g) ~ F & F for any g. We put

L={(z,y) e0® 0 |xz—yec20},

where O is the ring of integers of F', then we have the following proposition.

PROPOSITION 4.8.

(1) If Dy # 1,2, then no G-conjugacy classes in G[fy] appear in the first sum of
Theorem 4.1.
(2) If Dy =2, then the followings hold.
(i) The number of G-conjugacy classes in G[fq] which appear in the first sum
of Theorem 4.1 is 4 - 28P1(2:3)
(ii) Let {g}c be any one of them. If A is a Z-order of Z(g) belonging to the
same G-genus as L, then

Hcp(g7 Rp,Ap) = 2. 2ﬁD1(2;3).

p

If A does not belong to the same G-genus as L, then Hp cp(9, Rp, Ap) = 0.

PROOF. We can obtain (1) and the latter part of (2 ii) from [HI83, Propo-
sition 2.7]. For an element g of G[fy], g is Gp-conjugate to

=3

’Yp if (p) =1
=3

vp or 6, if r #1

for some elements v, and 6, € G,. It follows from [HI80, Proposition 18] and
[HI83, Proposition 2.7] that if Dy = 2 and A is a Z-order of Z(g) belonging to
the same G-genus as L, then ¢, is as in the following table for each prime number
p satisfying the first column:
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D cp(Vps Bp, Ap) | p(0p, Ry, Ap)
p| D7 and (‘7):—1 2 2
p1 D and (;3):1 1 X
p1D and (_73):—1 1 0
p=2 2 0
p=3 1 1

Also, g is Sp(2; R)-conjugate to g1 = a(r/3,27/3), 17! = a(—m/3,—27/3),
g2 = a(n/3,-21/3), and g2~ ! = a(—7/3,27/3). Since g belongs to G[f7], g is
Sp(2; R)-conjugate to g1 or gy ' if Zo(g?) is indefinite, and g is Sp(2; R)-conjugate
to go or gy © if Zy(g?) is definite. We take all combinations of G-conjugations,
and also we take Sp(2; R)-conjugation out of “g; or g7 *” or “gy or g5 ', according
as Zy(g?) is indefinite or definite. Then G-conjugacy class is determined uniquely
for them by Hasse principle ([Has80, Theorem 1-2]). O

We see from Proposition 4.8 that Hg = 0 if Dy # 1,2. In the case where
D, = 1, Hy has been evaluated in [Has84] and [Wak]. Hereafter, we assume
Dy = 2. We obtain from Proposition 4.8 that

Hy=cyp ;- Z Jé(g) -Mg(L) - Hcp(ngvap)v
{9}c p

> Jg) = (Jolgr) + Tolgr ) + To(g2) + Jo(ga 1)) - 2821353,
{9}c

We have Cy(g; Sp(2; R)) = {14} for any g, and

Jo(g1) + Jo(g17 ") + Jolg2) + Jo(g2 ")
[1,0,0,—1,0,0;6] if j =0 mod 6
= c,;j, ¢ [-1,1,0,1,-1,0;6]; if 7 =2 mod 6 .
[0,—-1,0,0,1,0;6]x  if j =4 mod 6

(cf. (b-1) in [Wak]). We have

Mg(L) = é, (cf. (3.21) in [Has84])

H Cp(g, Ry, L,,) — 9.9tD1(2:3)

p
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for any g. Hence we can obtain Hg as in Theorem 3.1.

4.10. The contribution Hyg.

In this subsection, we evaluate the contribution of G[f1o], where fio(z) =
z* 4+ 22 + 22 + £ + 1. We have only to double it to obtain H;y. Note that
if D(1;5) # 0, then G[f10] = 0. Hereafter, we assume D(1;5) = (). We have
Z(g9) = Q(g) ~ Q({5) for any g. We have the following proposition.

PROPOSITION 4.9.

(1) If D1(2;5) U D1(3;5) U D2(4;5) # 0, then no G-conjugacy classes in G| f1o]
appear in the first sum of Theorem 4.1.
(2) If D1(2;5) U D1(3;5) U Do(4;5) = 0, then the followings hold.
(i) The number of G-conjugacy classes in G[fio] which appear in the first
sum of Theorem 4.1 is 4 - 28P1(45)
(i) Let {g}c be any one of them. If A is a Z-order of Z(g) belonging to the
same G-genus as O, where O is the ring of integers of Z(g), then

T o(0, Ry Ap) = 2P1(55) . 93D2(2:9) gDs(59),

p

If A does not belong to the same G-genus as O, then Hp cp(9, Rp, Ap) = 0.

PROOF. We can obtain (1) and the latter part of (2 ii) from [HI80, Proposi-
tion 19] and [HI83, Proposition 2.8]. For any element g of G[f1¢], g is Gp-conjugate
to

T if p & D1(4;5)
vp or 0, if p € Di(4;5)

for some elements v, and 6, € G,. It follows from [HI80, Proposition 19] and
[HI83, Proposition 2.8] that if D (2;5)LD1(3;5)UD2(4;5) = 0 and A is a Z-order
of Z(g) belonging to the same G-genus as &, then ¢, is as in the following table
for each prime number p satisfying the first column:
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p o (Vps Bpy Ap) | ¢p(0p, By, Ap)
p| D1 and p=2,3 mod 5 0 X
p| D1 and p =4 mod 5 2 2
p|Diand p=5 1 X
p| Ds and p = 2,3 mod 5 2 X
p| D2 and p =4 mod 5 0 0
p|Dsand p=5 1 X
ptD and p=1mod5 1 X
p1 D and p=2,3 mod 5 1 X
p1D and p =4 mod 5 1 0
ptDand p=>5 1 X

Also, g is Sp(2; R)-conjugate to g1 := a(2n/5,47/5), g1~ = a(—2m/5, —47/5),
go := a(2m/5, =47 /5), and go~! = a(—27/5,47/5). We can take all combinations
of Sp(2; R)-conjugation and G,-conjugations. O

We see from Proposition 4.9 that Hyg = 0 if D1(2;5)UD1(3;5)UDo(4;5) # 0.
In the other cases, we obtain from Proposition 4.9 that

HlO =Ck,j Z J(/)(g) . MG(ﬁ) ' HCP(97R1)’ ﬁp)7
{g}c P

> Jg) = (Jolgr) + Tolgr ) + Jo(g2) + Jo(ga 1)) - 2821459,
{9}c

We have Cy(g; Sp(2; R)) = {14} for any g, and

[1,0,0,—1,0;5]x if j =0 mod 10
[-1,1,0,0,0;5]; if j =2 mod 10
Jo(gr) + Jolgr™ 1) + Jo(g2) + Jolg2 ™) = 0 if j =4 mod 10 .
[0,0,0,1,—1;5]; if j =6 mod 10
0,-1,0,0,1;5]; if j =8 mod 10

(cf. (b-1) in [Wak]). We have
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Mqa(0) = %O’ (cf. (3.23) in [Has84])

T o(0: Ry 6,) = 2801(5) . 98D:(25) 98059

p

for any g. Hence we can obtain Hig as in Theorem 3.1.

4.11. The contribution Hy;.

In this subsection, we evaluate the contribution of G[f11], where fi11(z) =
z*+1. Note that if D(1;8) # 0, then G[f11] = 0. Hereafter, we assume D(1;8) = ().
We have Z(g) = Q(g) ~ Q((s) for any g. We have the following proposition.

PROPOSITION 4.10.

(1) If Do(7;8) # 0, then no G-conjugacy classes of G[f11] appear in the first sum
of Theorem 4.1.
(2) If Do(7;8) = 0, then the followings hold.
(i) The number of G-conjugacy classes in G[f11] which appear in the first
sum of Theorem 4.1 is 4 - 28P1(7:8)
(i) Let {g}c be any one of them. If A is a Z-order of Z(g) belonging to the
same G-genus as O, where O is the ring of integers of Z(g), then

Hcp(g,Rp,Ap) = H 2.

p|D
p#2

If A does not belong to the same G-genus as O, then Hp cp(9, Rp, Ap) = 0.

PROOF. We can prove (1) and the latter part of (2 ii) easily by [HI83,
Proposition 2.9]. For any element g of G[f11], g is G,-conjugate to

Tp ifp=1,3 or 5 mod 8
vpord, ifp=2orp=7modS8

for some elements v, and 6, € G,. It follows from [HI80, Proposition 20] and
[HI83, Proposition 2.9] that if A is a Z-order of Z(g) belonging to the same G-
genus as O, then ¢, is as in the following table for each prime number p satisfying
the first column:
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(i) If p | Dy, then we have

(Vs RBp: Op) | ¢p(0p, Ry, Op)
p =3 mod 8 2 X
p=>5mod 8 2 X
p=7mod 8 2 2
p=2 1 1

(ii) If p | Do, then we have

Cp('Ypy Ry, ﬁp) Cp((spva ﬁp)

p =3 mod 8 2 X
p =5 mod 8 2 X
p=7mod 8 0 0

p=2 1 1

(iii) If p 4 D, then we have

o (Vps B, Op) | p(0p, Ry, Op)
p=1mod 8 1 X
p=3 mod 8 1 X
p =5 mod 8 1 X
p=7mod 8 1 0
p=2 1 1

Also, g is Sp(2; R)-conjugate to g1 := a(mw/4,3n/4), g1~ = a(—m/4,—31/4),
g2 = a(n/4,—-3m/4), or go~t = a(—m/4,37/4). Since g? belongs to G[fs], g is
Sp(2; R)-conjugate to g1 or gy ' if Zo(g?) is indefinite, and g is Sp(2; R)-conjugate
to g2 or g, Lif Zo(g?) is definite. We take all combinations of Gp-conjugacy classes
for all p, and also take Sp(2; R)-conjugation out of “g; or gl_l” or “gs or gg_l”,

according as Zy(g?) is indefinite or definite. O

We see from Proposition 4.10 that Hy; = 0 if Do(7;8) # (. Hereafter, we
assume D5 (7;8) = (). We obtain from Proposition 4.10 that

Hy =crj- »_ Jolg) - Ma(0) - [] culg, By, Op),
{g}c P



Dimension formula for Siegel cusp forms 1291

> Jhg) = (Jo(gn) + To(gr ") + Tolg2) + Jh(gz 1)) - 2279,
{g}c

We have Cy(g; Sp(2; R)) = {14} for any ¢, and

[1,0,0,—1;4]; if 5 =0 mod 8
_ _ [— 1,1,004];C if j =2 mod 8
J/ +J/ 1 +JI +J/ 1 — .
0(g1) olgr1™) 0(92) 0lg27) [-1,0,0,1;4]¢ ifj =4 mod 8
[ ]

1,—-1,0,0;4|; if j =6 mod 8

(cf. (b-1) in [Wak]). We have

Mq(0) = é, (cf. (3.25) in [Has84])

H%(Qa Ry, 0p) = H 2

p p|D
p#2

for any g. Hence we can obtain Hy; as in Theorem 3.1.

4.12. The contribution H;,.

In this subsection, we evaluate the contribution of G[fi2], where fia(z) =
2t — 22 +1. Note that G[f12] = 0 if and only if D(1;12) # (). Hereafter, we assume
D(1;12) = (. We see from [HI80, Proposition 21| and [HI83, Proposition 2.10]
that if Dy(11;12) # ), then no G-conjugacy classes of G[f12] appear in the first
sum of Theorem 4.1. Hereafter, we assume that Dy(11;12) = ().

The set G[fi2] consists of four Sp(2; R)-conjugacy classes represented by
h = a(r/6,5m/6), h™' = a(-7/6,-57/6), W = «(r/6,—57/6), W1 =
a(—m/6,57/6). We have Cy(g; Sp(2; R)) = {14} for any g € G[f12] and

Jo(h) + Jo(h™1) = (=1)7*% - [1, -1,0;3];,

J(l)(h/) + J(I)(h’lil) = (71)j/2 : [07 717 17 3]]+2k

(cf. (b-1) in [Wak]). Only one G-genus represented by &, where € is the ring
of integers of Z(g) ~ Q((12), appears in the second sum of Theorem 4.1 and
Mg(0) = 1/12 (cf. (3.27) in [Has84]). If ¢ is an element of G[f12], then g>
belongs to G[f7]. We can obtain the following proposition from [HI80, Proposition
21] and [HI83, Proposition 2.10].



1292

H. KitaAyAMA

ProroOSITION 4.11.

(1) the case where D1(11;12) = 0 and §D(5;12) is even (resp. odd)

(1)

(iii)

(iv)

the case where 21 D and 3t Dy :

Two G-conjugacy classes {g}c and {g=*}c appear in the first sum of
Theorem 4.1. They are Sp(2; R)-conjugate to h' and h'~! (resp. h and
h=1) respectively, and

Hcp(g’Rp’ﬁp):Hcp(gilavaﬁp): H 2 H 2.

P peD(5;12)  peD(T;12)

the case where 2 | Dy and 31 Dy :

Two G-conjugacy classes {g}c and {g=*}c appear in the first sum of
Theorem 4.1. They are Sp(2; R)-conjugate to h and h=' (resp. h' and
h'=1) respectively, and

Hcp(g’Rp’ﬁp) :Hcp(g_lvavﬁp) = 2: H 2.
p

p peD(5;12)  peD(7;12)

the case where 24 Dy and 3 | Dy :

Four G-conjugacy classes appear in the first sum of Theorem 4.1. They
are Sp(2; R)-conjugate to h,h=1, h', '~ respectively.

If g is Sp(2; R)-conjugate to h (resp. h'), then

Hcp(g,Rp,ﬁ’p) :Hcp(g_l’vaﬁp) = H 2 H 2.

peD(5;12)  peD(7;12)

If g is Sp(2; R)-conjugate to h' (resp. h), then

Hcp(g’Rp’ﬁp):Hcp(gilaRpaﬁp)ZQ' H 2 H 2.

p p peD(5;12)  peD(7;12)

the case where 24 Dy and 3 | Dy :

Four G-conjugacy classes appear in the first sum of Theorem 4.1. They
are Sp(2; R)-conjugate to h,h=1, b/, h'~1 respectively.

If g is Sp(2; R)-conjugate to h (resp. h'), then

Hcp(g’Rp’ﬁp):HCp(gilavaﬁp)ZQ' H 2 H 2.
p D

peD(5;12)  peD(7;12)
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If g is Sp(2; R)-conjugate to h' (resp. h), then

Hcpg,Rp,ﬁ Hcp ,Rp,ﬁp): H 2- H 2.

2 peD(512)  peD(7:12)

(v) the case where 2 | D1 and 31 Dy :
Four G-conjugacy classes appear in the first sum of Theorem 4.1. They
are Sp(2; R)-conjugate to h,h=1 b/, h'=1 respectively.
If g is Sp(2; R)-conjugate to h (resp. h'), then

Hcp(g’Rp’ﬁp):Hcp(gilvavﬁp):z H 2 H 2.

p p peD(5;12)  peD(7;12)

If g is Sp(2; R)-conjugate to h' (resp. h), then

[t - Tt oo~ T 2 [ 2

P P peD(5;12)  peD(7;12)

(vi) the case where 2 | Dy and 3 | Dy :
FEight G-conjugacy classes appear in the first sum of Theorem 4.1. Fach
two of them are Sp(2; R)-conjugate to h,h=t,h' h'~1 respectively.
If g is Sp(2; R)-conjugate to h (resp. h'), then

4 I1 20 I 2
peD(5;12) peD(7;12)

l;Icp(g,Rp,ﬁ’p) 21;[01)(9_ Ry, Op) = m 2 I 2

pED(5:12)  peD(7:12)

If g is Sp(2; R)-conjugate to h' (resp. h), then

Hcp(gava ﬁp) = Hcp(g_lvRZN ﬁp) =
p

p

(IT) the case where D1(11;12) # ()
(i) the case where 24 Dy and 31 D :
The number of G-conjugacy classes which appear in the first sum of
Theorem 4.1 is 28P1AB12)+ - They are Sp(2; R)-conjugate to h,h= 1/,
h'=L. All of them satisfy
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e R0 = T 2- II 2o I 2

p peD(5;12)  peD(7;12)  peD;(11;12)

(ii) the case where 2| Dy and 31 D1” or 24Dy and 3| D1
The number of G-conjugacy classes which appear in the first sum of
Theorem 4.1 is 28011242 - They are Sp(2; R)-conjugate to h,h=', ',
=Y. In each case, 28P1(L12) =1 Q_conjugacy classes satisfy

Hcp(gaRpaﬁp) = H 2- H 2- H 2.2,

P peD(5;12)  peD(7;12)  peDi(11;12)

21D (A1) =1 @ conjugacy classes satisfy

e reo)= T 2- II 2o I 2

p peD(5;12)  peD(7;12)  peDi(11;12)

(iii) the case where 2 | Dy and 3 | Dy :
The number of G-conjugacy classes which appear in the first sum of
Theorem 4.1 is 2801011243 - They are Sp(2; R)-conjugate to h,h=' k',
B~ In each case, 28Pr (121 G _conjugacy classes satisfy

[ewrmo)= T 2o JI 20 JI 2-2%

P peD(5;12)  peD(7;12)  peD;(11;12)

2tD1(1512) G conjugacy classes satisfy

Hcp(gaRpaﬁp) = H 2- H 2- H 2.2,

peD(5;12)  peD(7;12)  peD;(11;12)

2tD1(L12)~1 @ copjugacy classes satisfy

e reo= T 2- II 2o I 2

p peD(5;12)  peD(7;12)  peDi(11;12)

5. The contribution of non-semi-simple conjugacy classes.

In this section, we evaluate I(I'")); ; and I(T'(@), , i.e. the contributions
of non-semi-simple conjugacy classes (cf. Section 1). We prove I;, I and I3 of
Theorem 3.1. Since the class number of © is one, any maximal two-sided ideal
2 can be written as 2 = O = 7O for some © € O. By taking conjugation by
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(7.%1) € G, we may regardF:Gﬂ(mQI g)

We put
P:{(g aol) (é i) ‘aEBX,bEBO}.

Then P is the unique parabolic subgroup of G up to G-conjugation since we
consider the case where B # M>(Q) in this paper. We can prove that I'\$o
has only one 0-dimensional cusp, up to equivalence, in the same way as [Ara81,
Proposition 2]. Arakawa proved Lemma 5.1 below in his master thesis [AraT75,
Proposition 7].

LEMMA 5.1. We have G = P -T.

PrROOF. We take any v = (‘C’g) € G. There are some v, § € O such
that ¢~ 'd = 7= 1y~15. We can assume that there are some u,v € © such that
yu + ov = 1. If we put

(v —n lyoyr 7 tu(l — vé))
T = ,
N 1)

then we have 7 € I" and o7~ ! € P. O

By using Lemma 5.1, we can prove Proposition 5.2 below in the same way
that Hashimoto proved it when Dy = 1 in [Has84, Lemma 1.2].

PROPOSITION 5.2.  If v is an element of I(") LT | then + is T-conjugate

to an element of the form:
a 0\ (1D
san= (5 0) (65 1):

where a € D> is a root of unity and b € A° — {0}.

If y € ™) then a = £1 and the principal polynomial of 7 is fi(z) = (z —1)*
or fi(—x). Weput I; = I(TW),. ;. If v € T4%), then a is a primitive 4-th, 3-rd, or
6-th root of unity and the principal polynomial of v is fs(x) = (2% + 1), f7(x) =
(22 +1x+1)% or f7(—x) respectively. We denote by I (resp. I3) the contribution of
elements of T'(4*) whose principal polynomial is fs(x) (resp. fr(#z)). We evaluate
I, in Subsection 5.1, and Is and I3 in Subsection 5.2 and 5.3. We use the notation
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cosf sinf 0 0 10¢t0

—sinf cos@ 0 0 010t

OD=1 0 0 coso sing | |001 0
0 0 —sinf cosf 0001

We summarize some lemmas which are used in Subsection 5.2. These lemmas
were proved in the case of Dy = 1 by Hashimoto [Has84|. The following lemmas
are easy generalizations of them and can be proved in the almost same method, so
we omit the proof. Let a be a primitive 3-rd or 4-th or 6-th root of unity. We put
F := Q(a) and denote by OF the ring of integers of F' and by d the discriminant
of F. F is isomorphic to Q(v/—1) or Q(v/=3).

LEMMA 5.3.  Let~ be an element of T of the form ~(a,b) in Proposition 5.2.
Then we have

(1) If B is an element of B* such that fa = af, then we have B = F & Ff3.
(2) If we express b € A° as b = x/d +yB (x € Q,y € F), then the Jordan
decomposition v(a,b) = 7, - Y 18 given by

_{a 0\ (1 ypB (1 xvd
7S‘(o a) (0 1)’ 7“‘(0 1 )
LEMMA 5.4. If we put, for a fized a as above,
C(a) = {z  ax | z € B*},

then we have

Hc@no)/~o) =T (1-(5)):

p|D b

LEMMA 5.5.  Let v; = y(a;, b;) (i =1,2) be two elements of T'™ of the form
of Proposition 5.2. If y1 and s are I'-conjugate, then a1 and ay are O™ -conjugate.

LEMMA 5.6.  Let v; = y(a,b;) (i = 1,2) be two elements of 9% of the form
of Proposition 5.2. We put

Lo(a) := {a  za — 2 | z € A°}.

Then y(a,by) and v(a,bs) are I'-conjugate if and only if by — by € Ly(a).
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5.1. The contribution I;.

In this subsection, we evaluate the contribution I;. We define the following
four subsets of I':

. 1, S
A={(g

Fy = { (12 S) S € SMy(R),det S # 0, S : indefinite, — det S & (QX)Q} NnT,

. 1 S
R={(g 1

Fo=1 (' %) |sesM(R),dts=0bnT,
05 1o

S e SMy(R),detS #£0,5 : deﬁnite} Nr,

S € SMy(R),det S # 0,5 : indefinite, — det S € (Qx)g} NI,

where we denote by SMa(R) the set of all symmetric matrices of degree 2 over R.
We denote by C) the set of all I-conjugacy classes of I'™). We can prove the
following proposition by Proposition 5.2.

PROPOSITION 5.7.  We can decompose C*) as

C(“)=|i|( | | {{v}r}),

i=1 “~EF;/~r

where F;/ ~r denotes a complete system of representatives of I'-conjugacy classes
of F; and {~v}r denotes the T'-conjugacy class represented by ~y.

PROOF. Take an arbitrary {7 }r € Cy. By Proposition 5.2, we have some
x € T such that 2719’z = +(} %), b € A° — {0}. Identifying !9z and its image
by ¢ in Spa(R), it is contained in some Fj, so we have

(ir={eYare [ {{v} O

YEF;/~r

However, especially in the case of our I, we have F3 = F; = () and

L =cj- ZVOI(C()(’W; I)\Co(7i; Sp(2; R)))

i=1

. Jo(7'; 5)
- lim g )
o [C(;T) : £Co(v;T)]
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where 7, is an any element of F; (cf. [Wak, Theorem 3.1]). By using the formula
of [Wak, (e-2), (e-3)], we have

. Jo(7'; s)
lim Z [C(’Y’;F) : :I:Co(’)//§r)]

1 il 1 vl \9)
kg 92p [f;f‘+] vol(L)

0 1 =2

Here, we define the notations as follows.
We define a lattice L in SM2(R) by

Lo ey ={ ) [sesmemior

We put

oo ) ={ (7 1) |5 € o}

ColiT) = Cotoms spez ) nr = { (2 ) | x e 1
and
vol(L) := vol(Co(71; T)\Co(71; G(R))) = /L\SMZ(R) dry1dzi2drss
for (711 512) € SMy(R). We put

= z 0 % = x 0 -
t={(z 0)frerhar m={ (2 0) etfsol

We can identify I'; as the subgroup of GL(2; R) = {g € GL(2; R) | det(g) > 0}
and we define

vol(er\f)l) = / y 2dxdy
T\
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for x + iy € 91, where 9 is the upper half plane {z € C|Im(z) > 0}.
It follows that we have

Lt vl \8)
PTO%r [Py

Noting that T’ and f‘+ are independent on a choice of pairs (D7, D) for a fixed
D, we see that the value I is also independent on it. Hence we have

L=2"G+1)][-),
p|D

which is the same value as in [Wak, Theorem 6.1].

5.2. The contribution I.

In this section, we evaluate the contribution I5. Let v be an element of rlaw)
whose principal polynomial is fg(x) = (22 + 1)2. Then ~ is Sp(2; R)-conjugate to
an element of the form

01 00 10s0

'y<7rs): -10 0 O 010s
’ 0 0 01 0010

0 0-10 0001

(cf. Proposition 5.2) and corresponds to (£-3) of [Wak].
We denote by Cg the set of all I-conjugacy classes of I'(4%) whose principal
polynomial is fg(z). Then we have the following proposition:

PROPOSITION 5.8.  We can decompose Cg into disjoint union of 4N subsets
as

Co = @]@1 ( L {{v}r}>,

YEF; ;

where N := [, p(1 = (=1/p)) and F; ; is defined as follows.

Let a1,...,an be a complete system of O*-conjugacy classes of elements of
O of order 4. (cf. Lemma 5.4). There exist some x; € Q~¢ and 3; € O depending
on each a; such that F; ; ’s are given as one of the following four cases. Here we
put
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a; 0 1 i 1 yox;a
6(&1,’717'}/2) = (0 CL') <0 71]?) ’ <0 721 ) ’

b2

where the symbol “ -7 means the Jordan decomposition.

Case 1:
Fi,l = {§(a2,0,l) | le Z — {0}}, Fi’2 = {5(&2,1,Z) | le Z — {0}}
Fi’g = {§(ai,ai,l) | l S Z — {0}}, Fi74 = {6(0,2,1 + ai,l) | l S Z — {0}}

All elements of F; ; are conjugate to y(m/2,1) in Sp(2, R).
Case 2:

Fi71 = {5(@1‘,0,2[) | le Z— {0}}, Fi72 = {5(@,‘,1,2[) | le Z— {O}}

1 1
Fi73 = {5(0@,2(12‘,214—1)‘[ S Z}, Fi74 = {(5(0@,14— 56“,214— 1)‘16 Z}

All elements of F; ; and F; o are conjugate to y(7/2,1) in Sp(2, R). All elements
of F; 3 and Fj 4 are conjugate to v(m/2,1+ (1/2)) in Sp(2, R).

Case 3:

Fip={6(a;,0,2l) |1 € Z—{0}}, F;2={0(as,a;,2l)|1€Z—{0}}

1 1
Fi73: {6(&2‘,2,2l+1)‘l€Z}, Fi74: {5(ai,2—|—ai,21—|—1>‘l€Z}

All elements of F; ; and F; 2 are conjugate to vy(7/2,1) in Sp(2, R). All elements
of F; 3 and Fj 4 are conjugate to v(m/2,1+ (1/2)) in Sp(2, R).

Case 4:

Fi71 = {5(6”,0,20 | le Z — {O}}, Fi,g = {5(&1‘, 1,2[) ‘ le Z - {O}}

1 1 1
Fi73: {5(&1,2+2a1,2l+1)‘l€ Z}, Fi,4 = {5(&1,24—3&“2[4—1) l e Z}

All elements of F; ; and F; 2 are conjugate to vy(m/2,1) in Sp(2, R). All elements
of F; 3 and Fj 4 are conjugate to v(m/2,1+ (1/2)) in Sp(2, R).

PROOF. We take an arbitrary {v}r € Cs. By Proposition 5.2, we have



Dimension formula for Siegel cusp forms 1301

= (5) (o)

for some a € O of order 4 and b € A — {0}. By taking I'-conjugation, we may
have a = a; for some i € {1,..., N}. Hence we have

cengu X:{{(% c?) (é Ii) }r

For each X;, we simply put a = a;. By Lemma 5.6, each X; can be decomposed

e H UGG

We can describe the structure of 2°/ Ly (a) by the same way as Hashimoto [Has84]
as follows. From Proposition 2.5 of [Has84], we have

beA” — {O}}.

Z. + OB if21D,

a+p
00 — 2
Z-a+ 6pp if24D

for some 3. So we have O°NF+ = O and #/°NF~ is a Op-submodule of O°NF+.
Since Op is P1D. and O° N F' is a free 0p-module of rank 1, A° N FL is also a
free Op-module of rank 1. So we can write A° N F+ = 3’ with some 3. Since
2A°/(A°N F) is a torsion-free Z-module, 2A°N F* is a direct summand of 2°, that
is, there exists some subZ-module M of 2° and we can write A° = M @ (A°NF+).
The Z-module M is free of rank 1. A basis of M can be expressed as the form:
ra+yB' (x € Q—{0}, y € F) because we have B = Qa+ F3' with 3 mentioned
above. So we can take p; := xa + yf3’, p2 := 3 and p3 := a3 as a basis of A°.
From the relation —2y3 = a~'pia — p; € Ly(a) C A°N F+ = Opf’, we have
2y € Op = Z + Za. We divide the situation into two cases according as y € Op
of g ﬁp.

(1) The case of y € Or. We can write p1 = xza + y18’ + y2a" with some
y1,Y2 € Z. So by replacing p1, p1 = za, p2 = ', p3 = af’ forms a basis of
A0, that is

A = Zza® ZB' ® Zaf'.
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(ii) The case of y ¢ Op. We have y = y1 + 920, 2y1,2y2 € Z and A’ =

Z - (za+wn B +vy1a8)® ZB © ZaB'. So A is one of the following three
cases:

Case (ii a) =Z |xa ) ®Z3 ® Zap

Case (ii b) 2°

Z - (xa+ ﬁ)@Zﬁ'@Zaﬁ'

Case (ii ¢) Z - | za+ ﬂ+ aﬁ)@Zﬂ’@Zaﬂ’.

In each case, the structure of Ly (a) and A°/Le(a) are given as follows:
Case (i) :
Lo(a) = {2mf' + 2naf’ | m,n € Z},

A°/Lo(a) = {lza |l € Z} U {lza+ B |l € Z}U{lva+aB' |l € Z}
U{lza+ 3 +ap |l € Z}.
Case (ii a) :
Ly (a) = {2mp' + nap’ | m,n € Z},

A°/Lo(a) = {lza |1 € 2Z} U {lza+ 3" |1 € 2Z}

u{ ’le2Z+1}u{ ’162Z+1}.
Case (ii b) :
Ly(a) = {mp' + 2naf’ | m,n € Z},
A0/ Lo(a) = {lza |l € 2Z} U{lza+af |1 € 2Z}
u{ 'l€2Z+1}I_I{ ’162Z+1}.

Case (ii ¢) :
Ly(a) = {mp' +naf' | m,n € Z},
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A°/Lo(a) = {lza |1 € 2Z} U {lza+ (' |1 € 2Z}

1 1
u l = / = /
{xa+2ﬁ +2a,6’

le2Z+1}

1 3
U l = / = /
{xa+2ﬁ +2aﬁ

le2Z+1}.

Thus we have completed the proof of Proposition 5.8. O

The sets F;;’s are called families in [Has83], [Has84], [Wak], etc. For each
F; 1, there exist g;; € Sp(2; R) and A € R with 0 < \;; < 1, such that

01 0O 10 n+4+ Xy 0
Fo— o -10 0 O 01 0 n+ Ay nez 1
il = 9i,l 0 0 0 1 00 1 0 n+Ai,l 7&0 gi,l .
0 0-10 00 0 1
We define
cosf sinf 0 0 10¢t0
. . o —sinf cosf 0 0 010t -1
C(Fz,lasp(27R)) =il 0 0 cosf sind 0010 9,t€R gi,l’
0 0 —sinf cosf/ \O 0 0 1
10¢t0
. . o 010t 1
Co(Fi1;8p(2; R)) == giy 0010 teR 9i1
0001

C(F; ;1)

C(Fiu;Sp(2; R)) UT,
Co(F;;;T) := Co(Fiy; Sp(2; R)) UT.

Then, from (f-3) in [Wak], we have

N A1 vol(Co (Fi1; T)\Co(Fi1; Sp(2, R)))
L= Z Z 2 [C(F; ;1) : £Co(F; ;1)

i=1 =1
. (_2—3(_1)1'/2) ) (1 —+v/—1cot* 77)\1'7l>>

where we put
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0 if A =0,
cot™ T\ =
cotmA fO0O< A<

We can verify that

10¢t0 01 0 O 10¢t0
S BN LI R R [
0001 0 0-10 0001
10¢t0
Co(Fii;T) = giy 8(1)(1)3 teZ g}
0001

and

VOI(Co(Fi’l; F)\CO(Fz,h Sp(Q, R))) = 1,
[C(Fz"l; F) : :tCo(Fi’l; F)] = 2.

Hence we have I = —4N - 27°(—1)7/2,

5.3. The contribution Ij3.

In this section, we evaluate the contribution Is. We consider the contribution
of elements whose principal polynomials are f7(x) = (2% + x + 1)? and double it
to obtain I3. Let v be an element of I'(4%) whose principal polynomial is fr(x).
Then v is Sp(2; R)-conjugate to an element of the form

-1/2 V3/2 0 0 10s0
2 —/3/2 -1/2 0 0 010 s
YN 58| =
3 0 0 —1/2 V3/2]110010
0 0 —v3/2 -1/2) \0 001

(cf. Proposition 5.2) and corresponds to (f-3) of [Wak].

We denote by C; the set of all T-conjugacy classes of I'(9%) whose princi-
pal polynomial is f7(z). By the same way as Proposition 5.8, we can prove the
following proposition:

PRrROPOSITION 5.9. We can decompose C7 into disjoint union of 3N subsets
as
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= |i| Ij| ( L {{’Y}F}>,

i=11=1 “yEF;,;

where N =[], p(1 = (=3/p)) and F; ; is defined as follows.

Let ay,...an be a complete system of *-conjugacy classes of elements of O
of order 3 (cf. Lemma 5.4). There exist some z; € Qo and 3; € OV depending on
each a; such that F; ;’s are given as one of the following two cases. Here we put

a; 0 1 i 1 Tiv/ —3
6(04727’71772) = (O CL‘) (O ’yllﬁ) . (O 12 1 )7

”

where the symbol “ - ” means the Jordan decomposition.

Case 1:
Fi1={6(a;,0,n) | n ez —{0}}, Fiz={6(a;,1,n) | ne Z—{0}}
Fi,3 = {5(6”,2,71) | nes— {0}},
All elements of F;;’s are Sp(2; R)-conjugate to vy(27/3,n).
Case 2:
142
Fi71 = {5(a170,3n) | nezZ— {0}}, F1;72 = {(5(&1', +Za 3 + 1)

3
Fis= {5<ai,2;a,3n+2> le 2}7

All elements of each F;; are Sp(2; R)-conjugate to v(27/3,n + (I —1)/3).

For each F;;, we define g;;, Ay, C(Fii;;50(2;R)), Co(Fii;Sp(2; R)),
C(F;;;T) and Co(F;;;T') in the same way as in Subsection 5.2. Then, from (f-3)
in [Wak], we have

nEZ}

B 2. vol Co 5. D\Co(Fii; Sp(2, R)))
5= 2 Oy 20y (T

(=277 1, =1,053];) - (1= V=T cot™ 7).

We can verify that
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C(F;;;T) = gu{ :I:’y(@,t)’ 0 =0, g, ?,t c Z}gi_,llv
Co(Fi;T) = gii{7(0,8) | t € Z}gi_,ll
and
vol(Co(Fi s D)\Co(F;1; Sp(2 R))) =1, [C(FiisT) : £Co(F; ;1)) = 3.
Hence we have I3 = —3N - 2713721, -1, 0; 3],.

6. Numerical examples.

In this section, we give some numerical examples of dimg Sy ;(I'( D1, D2)) for
various D1, Dy. The tables for D = Dy = 6,10, 15 appeared in [Wak]. Our theo-
rem can not be applied for £ < 4. In the following tables, we formally substitute
k < 4 in the formula of Theorem 3.1. Hashimoto conjectured that the dimension
of S40(T(D,1)) (resp. Ss5,0(I'(D,1))) can be obtained by substituting £k = 4 in
Theorem 3.1 (resp. by substituting & = 3 and adding +1). (Conjecture 4.3, 4.4 in
[Has84]. cf. [Ibu07b] in the split case).

IHH)D=2-3
(i) D;=2-3,Dy=1
j\k[0O 1 2 3 4[5 6 7 8 9 10 11 12 13 14 15
00 -10-1 2[]0 4 2 8 5 15 10 25 15 34 26
2 -1 2 01 22 5 7 15 17 33 34 53 58 91 96
410 -1 0 2 46 14 19 35 42 67 77 114 126 179 200
6 |-2 -1 1 5 9|17 30 40 65 82 118 145 195 224 299 341
8 |-3 2 2 7 19[27 49 67 106 131 188 223 208 346 448 514
(i) D1 =3, Dy =2
\k]0 1 23 4[5 6 7 8 9 10 11 12 13 14 15
0 -1 100 2|1 3 4 7 5 9 11 17 14 21 24
20 1 01 0|1 3 6 7 10 18 23 29 36 52 61
410 -1 01 22 7 12 19 23 36 48 65 75 100 122
6 |0 0 15 6|11 19 29 39 51 72 93 116 140 180 214
8 |-1 2 2 5 12[16 30 44 64 79 110 139 179 211 265 315




(i) Dy =2, Dy =3
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Jj\k|{0 1 23 4|5 6 7 8 9 10 11 12 13 14 15
o|/1-r001}j1 3 2 4 6 6 7 12 11 14 19
2/0 1 0001 1 3 4 7 10 14 18 25 31 39
411 0 02 13 7 8 13 20 24 34 45 53 69 86
6 |0 -1 13 28 12 16 25 36 43 60 77 92 115 143
8 |0 0 2 3 9(13 21 30 43 56 75 94 119 146 178 212
(iV)Dlzl,D2:2'3
J\k{0 1 2 3 4|5 6 7 8 9 10 11 12 13 14 15
0/0 -10-11/2 2 2 3 4 6 6 8 8 11 13
21]-1 20 0 0/01 2 2 4 5 9 10 15 18 22
411 00 1 141 4 5 7 11 15 19 26 32 40 50
6 |0 01 3 1|6 7 11 17 21 27 38 46 58 70 86
8 |0 0 2 1 8|8 12 19 27 34 47 56 72 89 109 127
I)D=2-5
(i) Dy =2-5Dy=1
j\k|]0O 1 23 4|5 6 7 8 9 10 11 12 13 14 15
0|0 -1 0-1 42 13 5 26 19 56 41 98 70 149 123
21-2 3 03 9|12 28 39 82 99 170 185 285 316 470 513
410 -3 0 8 23|33 76 99 180 227 346 408 587 675 926 1051
6 |-8 -7 3 18 46| 83 150 203 330 423 607 742 1004 1173 1534 1771
8 |-22 -12 3 31 88|141 246 347 532 684 955 1157 1522 1805 2302 2669
(i) Dy =5, Dy =2
AklO 1 2 3 4|5 6 7 8 9 10 11 12 13 14 15
ojo0 -10-1 2|3 7 7 15 16 30 32 53 55 8 88
21-2 301 4|8 16 28 45 61 93 118 164 203 269 316
412 -10 5 1321 45 64 102 140 201 253 344 418 539 643
6 | -3 -4 3 11 25|53 88 128 196 259 355 456 592 721 909 1079
8 |-12 -5 3 17 53|88 146 218 315 415 564 706 905 1105 1367 1616
(iii) Dy =2, Dy =5
AAk[0 1 23 4|5 6 7 9 10 11 12 13 14 15
0|-1-100 2|2 4 5 8 10 14 17 23 28 35 42
21-1 200 2|4 5 12 16 24 35 47 60 81 100 124
4 12 0 02 4|7 16 24 36 53 73 96 127 160 200 247
6 |-1 -1 3 7 10|25 35 53 78 106 137 184 229 285 352 426
8 |-3 -1 3 6 23|35 57 86 122 161 218 275 347 430 524 626
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(iV) D1:1,D2:2~5
j\klO 1 23 4|5 6 7 8 9 10 11 12 13 14 15
0O|-1t-1r00 2|3 4 5 7 9 12 14 18 21 26 31
21-1200 12 3 7 9 14 20 28 35 48 59 73
412 001 2|3 9 13 20 30 42 55 74 93 117 145
6 |0 0 3 6 7|17 23 34 50 66 85 114 141 175 215 260
8§ |-1 0 3 4 16|22 35 53 75 98 133 166 210 260 317 377
(III)yp=3-5
(i) D1=3-5,Dy=1
J\k|0 1 2 3 4|5 6 7 8 9 10 11 12 13 14 15
0/0 -11 0 9|8 34 29 8 &8 183 178 331 318 536 531
21-1 3 0 7 30|52 117 170 311 405 640 775 1120 1324 1821 2100
4 -3 -6 1 28 84149 298 431 703 934 1357 1694 2316 2789 3644 4283
6 |-29 -24 3 63 174|323 574 834 1281 1702 2373 2985 3936 4757 6044 7136
8 [-79 -54 6 119 330|575 979 1416 2091 2756 3752 4681 6044 7305 9117 10746
(ii) D1 =5, Dy = 3
J\k[O 1 23 4|5 6 7 8 9 10 11 12 13 14 15
0(-1 -1 11 3|6 15 17 30 50 63 8 126 150 194 254
210 2 04 9|24 44 75 115 172 239 327 429 555 699 869
413 -3 114 29|63 118 176 271 388 520 698 908 1134 1426 1751
6 | -8 -10 3 32 64 |137 229 344 503 705 927 1219 1559 1935 2384 2909
8 [-24 -23 6 50 131|237 390 579 827 1121 1481 1899 2397 2960 3613 4343
(iii) Dy =3, Dy =5
j\k|]O 1 23 45 6 7 8 9 10 11 12 13 14 15
0(-1 -1 11 5|6 11 15 24 32 45 58 78 98 124 152
210 2 02 5|14 24 43 65 98 137 187 245 319 401 499
411 -1 16 17135 64 102 153 218 300 398 516 654 816 1001
6 | -4 -2 3 20 42| 83 133 206 295 409 543 711 901 1127 1384 1681
8 [-12 -11 6 30 79|139 228 337 481 649 859 1099 1387 1712 2089 2509
(IV) Dl—l, D2= )
j\klO 1 2 3 4|5 6 7 8 9 10 11 12 13 14 15
0{0-110 3|4 6 7 12 15 21 26 35 42 54 65
21-1 301 216 9 18 25 39 54 75 96 128 159 198
413 01 4 8|13 28 41 61 88 121 158 208 261 326 401
6 [-1 0 3 11 16|37 54 84 121 166 217 289 362 453 556 676
8 -3 -2 6 11 38|57 93 138 197 260 350 441 558 689 841 1004
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