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§1. Introduction and theorems.

1. Introduction. Recently Kato proved in [5], among others, that the
absolutely continuous part of the spectrum of a self-adjoint operator H, is
stable under the addition of a bounded self-adjoint perturbation V with finite
trace norm. So far as we impose the assumption on V irrespective of H,
this theorem was shown to be the best possible one in the sense that “trace
norm” can not be replaced by any other “cross norm” for bounded operators
(Kuroda [9])). The main purpose of the present paper is to generalize the
above mentioned theorem of Kato in another direction so as to include those
unbounded perturbations which are relatively small with respect to H, In
this generalized form we can apply it to some problems of differential
operators, especially to the Schrédinger operator of quantum mechanics.

On the other hand, the stability of the continuous spectra is closely
connected with the asymptotic properties of the family of unitary operators
{exp(itH)exp(—itH,)}, where H is the perturbed operator, in other words,
with the existence of the so-called wave and scattering operators in quantum
mechanics. The relations between these two seemingly different concepts
are given, for example, in the previous paper of the writer (see Kuroda [10]
and the references given in [10])). According to it, the stability of “con-
tinuous spectra” is established if we prove the existence of the wave opera-
tors, the definition of which will be given in the next paragraph. We shall
study the problem from this point of view. The application of our theorem
gives an existence proof of these operators in some problems of quantum
mechanics.

2. Unitary equivalence and the wave operator. Let $ be a Hilbert space
and H, and H self-adjoint operators in $; let M, and M be the absolutely
continuous subspaces of  with respect to A, and HV; and let P, and P be

1) For the definition of the absolutely continuous subspace, see e.g. Kato 4]
Kuroda [10]. We agree that a “subspace” always means a closed subspace.
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(orthogonal) projections on M, and M, respectively.? Put
1.1 U.= UlH, Hy) = exp(it ) exp(—itHy), —o0 <t < +oo.
The generalized wave operator W, is then defined by?®

1.2) W, = W.(H, H) =s-lim U(H, H))P,,
Lt 00

whenever the respective limit on the right-hand side exists. When both W,
and W_ exist the generalized scattering operator is defined by®

(1.3) S= W+*W— = W—x(ij Ho)* W—(& H).

Some of the fundamental properties of W, and S were investigated in Ku-
roda and the following lemma summarizes those results of which
will be used frequently in the sequel.

Lemma L1, 1) If W,.= W.(H, H,) exists, W, is a partially isometric operator
with the initial set WM, and the final set contained in M. Furthermore, W,
satisfies the relations

(1.4) exp(tH)W, = W.exp(itH,), —o <t <-+oo, HPW,= W . H,P,.

i)y If W.(H, H) and W .(Hy, H) exist, then W.9=M and the parts of H,
and H in M, and WM are unitarily equivalent. Furthermore, we have

(1'5) W+(H Ho)* = W+(HO! H) .

i) If W.(H, Hy)) and W.(Hy, H) all exist, then the scattering operator S is
a partially isometvic opevator with the initial and the final sets both identical
with WMy ; the part of S in DO, is equal to zero and that in WM, is unitary.

iv) If both W.(H,, H) and W.(H, H) exist, then W.(H, H,) also exists
and we have

(1.6) W..(H;, Hy) = W..(Hyy Hy) W.(H,, Hy) .

The same assertions as 1), i1) and iii) hold true for W_ in place of W.,.

By virtue of ii) of this lemma we see that, in order to prove the unitary
equivalence of the absolutely continuous parts of H, and H, it suffices to
prove the existence of W.(H, H,) and W.(H,, H). In the following, therefore,
we shall be mainly concerned with the problem of finding the sufficient
condition for the existence of W, (Theorem 1). We shall also examine the
continuity properties of W.(H, H,) with respect to H and H, (Theorem 2).
We shall first state those notations and concepts which are needed in the
sequel.

2) We agree in the following that I, M, P, and P have the same meaning as
defined above and we use these notations without any comment.
3) Kuroda [10, §3.1].
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3. Schmidt and trace class. Let B be the set of all bounded linear
operators on  to . We denote by || A, | Al, and || A||, the ordinary norm, the
Schmidt norm and the trace norm of an operator A< B, respectively. More
precisely, [|A|, | Al; and | All; are given respectively by || A =sup [ A¢ |/l ¢,

1.7 [ Alls=( 2 I Ag, D2,

where {¢,} is an arbitrary complete orthonormal set of $, and
1.8 IAl;=11A["]l*, where [A[=(A*A)"*.
The fundamental relations between these norms are as follows:
ftAl=1AlL,=14l,,

IABl.=I1AlIBl., IABl.=|Al{Bl, i=12,
| ABY, < | Al B,

IA*I=14l, 1A*lL,=1Al, i=12.

(1.9)

The sets of all A= B with finite | A|, and with finite |A|; are called the
Schmidt class and the trace class and denoted by S and T, respectively.
Clearly TCScB and S, T form two sided ideals of B. S consists solely of
completely continuous operators. By AeT if and only if [A|?2€8. We
denote by T, the set of all self-adjoint elements of T. Let AT, and let
A1, Ag,--- be the sequence of all non-zero eigenvalues of A (degenerate eigen-
values being repeated). Then | A, is given by

(1.10) lAL= 314l

4. Theorems.
Tueorem 1. Let H, be a self-adjoint operator in O and let V be a symmetric
operator in O such that

D=DH) DV and
1Vul=a| Hull+blull for any us®,

wheve @ and b ave constants such that 0= a<1 and 0Zb. Then H=H,+V is
self-adjoint. If in addition

(1.12) | VIVA(Hy—C) e S

for some number { = AH,)®, then W.(H, H)) and W.(H,, H) exist.

Tureorem 2. Let H, be a fixed self-adjoint operator and let V and V,, n=
1,2,---, be symmetric operators satisfying the conditions (1.11) and (1.12) with

(1.11)

4) For details about the Schmidt and the trace norm, see e.g. Schatten [13].
5) D(H) and A(H) denote the domain and the resolvent set of the operator H.
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constants a and b independent of n. Furthermore, let V,) =V—V, and
(1'18) l Vn/ 11/2<H0_C0)—1 ES, n= 1’ 2’ ’
(1.14) lm ||| Vo |V(Hy—Co) ™ [, =0

for some e A(H,). Put H=H,+V, H,= H,+V, and S(H) = W.(H, H)*W_(H, Hy)\
Then we have '

(L.15) s-lim W.(H,, H)) = W.(H, H),
(1.16) w-lim W.(H,, H,) = W.(H,, H),
(1.17) s-lim S(H,) = S(H)..

n-roo

Remark. When VeT,, V satisfies the assumptions of Theorem 1, irre-
spective of H,. In fact, (1.11) is obvious because VeB; Ve T, means | V|2
€S, which implies (1.12) in view of (1.9). Thus Theorem 1 includes Kato’s
theorem mentioned in §1 as a special case. When VeT, V,eT, and (1.14)
is replaced by a stronger condition lim | V,/|l; =0, then Theorem 2 is essen-
tially identical with Theorem 2 of Kato [5].

Theorem 1 can be proved by a limiting process based on the special case
of VeT, already proved by Kato. According to Kato [5], however, this
special case is further reduced to the case of V of finite rank. The proof
of such a case was originally given in Kato [4] and afterwards simplified
in Kato [6]. Since the simplified proof was only given in Japanese, we shall
restate it in § 3 with his permission. Then in § 4 we shall prove Theorem 1
by reducing it directly to the case of V of finite rank.

5. Application. In the previous paper of the writer® we considered an
application of Theorems 1 and 2 to a partial differential operators of Schro-
dinger type in connection with the scattering theory of quantum mechanics.
Let E,, be m-dimensional Euclidean space with m <3, $= L*(E,) and V(x) is
a real-valued measurable function belonging to L*(E,)NL*E,). Consider a

partial differential operator (Hou)(x)z—(du)(x),d=g)laz/ax{", and a multi-

plicative operator (Vu)(x) = V(x)u(x) both properly defined in L*E,). Then
according to the previous results, H, and V satisfy all the assumptions of
Theorem 1 and hence we conclude by Lemma 1.1 and Theorem 1 that the
absolutely continuous parts of the differential operators —d4+ V(x) and —4
in LXE,), m <3, are unitarily equivalent. We can also apply Theorem 2 to
this problem.®

6) Kuroda [10, §5].
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§2. Some lemmas.

In this section we collect several lemmas which will be of frequent use
in the following.

LemMma 217, Let H:fldE(/l) be a self-adjoint opevator and let usIN satisfy

2.1 A EDul?/di = d(EQu, w)/dA =m* a.e.

for some constant m*=0 (for the meaning of WM see footnote 2)). Then we
have for any A8

2.2) j“ | A exp(—itH)u |*dt < 2zm? | A2

Levma 2.2. Let H and u be as in Lemma 2.1; let A, €8, n=1,2,--, AeS;
and let |A,—A|3—0, n—co. Then we have for every s and {, — = s, <+ oo,

2.3) lim | ‘| A, exp(—itHDu |t = { | A exp(—itH)u |2dt -

Proor. By the preceeding lemma, the functions f,(¢) = | A, exp(—itH)u |
and f(#) = | A exp(—itH)u| belong to L(—oo, +0) and, a fortiori, to L3(s,?).
By virtue of the triangle inequalities and (2.2) we then obtain

e -raorae {1 A~ Dexp(—itular

=2mm? | A,—Al2—0, n—ooo,

which means that f,—f in L%s, #). Then (2.3) follows immediately from the
continuity of the norm in L%Gs,#). q.e.d.

As is mentioned in Kato [5, 6] the set of such # as stated in Lemma 2 1
is dense in M if the number m? is varied over all positive numbers. We
need a somewhat stronger result.

Levma 2.3, Let H and E(A) be as above and let f(2) be an H-measurable
Sunction defined almost everywhere with respect to H (Stone [ 14, Definition 6.3]).
Let X be the set of all elements u=MND(f(H)) such that d|| EQ)f(H)u|?/dA = m?
a.e. and {E{Q)—E(—)}u=wu for some positive numbers m? and [ (both depending
on u). Then L is dense in M.

Proor. Since D(f(H)) is dense in £ by hypothesis (see Stone [14,
Theorem 6.47), MND(f(H)) =PD(f(H)) is dense in M. Let u=MNDf(H))
and let x,Q) (#=1,2,---) be the function which is equal to 1 if [A|<#n and
ANEQ)(H)ull?/dA =m?® are satisfied and vanishes otherwise. Then, as is
easily seen, u, = x,(H)u=® and u,—u, n— . This means that € is dense in

7) Rosenblum [12], Kato [5]
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MND(f(H)) and consequently in M. q.e.d.

Next we state several inequalities which play fundamental rdles in the
proof of Theorems 1 and 2. We begin with auxiliary propositions.

ProrosiTion 2.1. Let H and H' be closed operators such that D(H) D D(H').
Then (H—={)H' - e B for any complex number { and any number (' which
belongs to the rvesolvent set of H'.

Proor. By hypothesis (H—{)(H’'—{’)! is defined everywhere in . It is
closed because H—{ is closed and (H’'—¢’)~'<B. Hence we have (H—-{)(H' —
{"Y*eB by virtue of Banach’s theorem. q.e.d.

Prorosition 2.2. Let H,, V and H be as in Theorem 1. Then we have
| VI2(H,— ) eS8 for every (€ A(H,) and | V[2H~) eS8 for every (< AH).

Proor. Since D(H)=D(H,) we have

| VIV~ ) = V[V~ Co) ™ (Hy— ) (H—0)

On the right-hand side |V|[“2(H,—{,)'eS by (1.12) and (H,—{)H-{)'eB
by Proposition 2.1. Hence their product [ V|[V2(H—{)™* belongs to S (see §1,
3. |VI[*(H,—{)™! can be treated similarly.

Lemma 2.4. 1) Let Hy, V and H be as in Theorem 1 and in addition we
assume that V is self-adjoint. Let & be the set of all ueMyND which satisfies

2.9) dI| EQ)H,—du|*/dA=m* a.&. and
(2.5) {E)—E(=D}u=mu.

Sor some counstant m*=0 and [=0 (both depending on wu). Then, if W,.=
W.(H, H,) exists, we have for any usg

(2.6) [ (U= Upull = C{nt; w)+n(s; )},

where C and 7 is given by

2.7 C=Bum? ||| V["A(Hy—i) | 2| (Hy—D)(H—2)"1 |7,
2.8) 75 =L 1 Vi exp(—itHyular]”, —eo <t <t

(Note that 7(t;w)=[ [ 1| VI(H,~)" exp(—it ) Hy—iu iae]"is fnite by

virtue of Proposition 2.2 and Lemma 2.1.) Conversely, if there holds for any us g
the inequality (2.6) with some constant C independent of t and s, then W.. exists.

i) Let, in particular, VT, and & be the set defined as £ with (2.4)
veplaced by

(2.9) AN ENul/dr<m? a.e..
Then the same assertions as in 1) hold even if & is replaced by & and 2.7) by
@.7) C=@mm? || V| )*.®

8) The results stated in ii) were previously given by Kato [5].
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The similar assertions as 1) and 1ii) hold for W_ in place of W.,.
Proor. i) Let #=®. Then, by integrating the relation (d/df)Uu=
i exp(itH)V exp(—itH,u, we have

2.10) U Uu=i *exp(tH)V exp(—itH,)udt

(note that by the integrand is strongly continuous in #). Now assume
that W, exists. Then we have for any #=M,ND

(211) 1Tl =2 11 V12 exp(—itHou 2]

<[ Ve W, exp(—itHyu2al] .

This is derived from by the same method as the one used in Kato

to derive the inequality of from of [5] We have only to note
that the factor W*=sign V on the right-hand side of [2.6) of [5] can be re-

moved because W* commutes with | V|2 and | W*|| =<1. Now the integrand
of the second integral on the right-hand side of can be transformed into
I VIVH(Hy—i) " (Hy—i)(H—i)"1 W, exp(—it Hy)(Hy—7)u ||?, where we use [I.4). Then
by virtue of Lemma 2.1, Propositions 2.1 and and the relation we
have for any #Z

(2.12) I (W= TUsu |
= QGua® ||| VIVAH,—) 7 I | (Ho—a)(H—) 7 DY (s 5 ) .

From and the similar inequality with U, replaced by U, we finally
obtain [2.6). Conversely, assume that holds for every =& with some
constant C. Since the integrals in 7(¢;#) and 7(s;u) are convergent, the
right-hand side of tends to zero as s,t—-+oo. This implies that U,
has a limit as #—-oo provided that #=8. Since 8 is dense in M, by
23 and | U;|| =1, we see that s-lim U/P,= W, exists. W_ can be treated
similarly.

The proof of ii) is much the same as that of i) with simplification due
to the fact that Ve T, We shall not go into details.

§3. Perturbation of rank 1.

In this section we prove the following special case of As is
mentioned in §1, the proof is due to Kato [6]

Lemmva 3.1. Let Hy, and V be self-adjoint and let V be of rank 1. Then
W. = W.(H, Hy), H= H,+V, exist.

CoroLrary. If V is self-adjoint and of finite vank, W.(H, Hy)) exist.
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Proor. We begin with the special case in which M, can be represented
by the function space L*(—oo, ) in such a way that the part H,, of H, in
M, is represented by a multiplicative operator: (H,u)(x)=xu(x). As a self-
adjoint operator of rank 1, V' is expressible in the form V=c(., ¢)p, where
e =1 and ¢ is a real number. For the moment we assume that f = P,p =N,
can be represented by a smooth function® f(x) of L*(—oo, «). We now prove
the existence of W, under these assumptions.

By virtue of (2.10) we see that, if the integral

3.1) { f |V exp(—itHyyu | dt

is finite, then lim Uu, t —+ o0, exist. By reference to the expression V=
c(-,9)p, we have for any u&M, | Vexp(—itHyu| =|c||(exp(—itH)u, ¢)| =
[c||(exp(—itH)Pyu, ¢)| = |c||(exp(—itHy)u,f)|. Hence, in terms of the repre-
sentation of M, as L¥—oo, o), the integral (3.1) is written in the form

(3.2) lc] f f dt ) f ijp(*itx)u(x)]Tx)dx . uci,.

If u(x) is smooth, so is u(x)f(x) because f(x) is assumed to be smooth. Then
the Fourier transform of #(x)f(x) tends sufficiently rapidly to zero at infinity
and hence (3.2) is finite. Thus we see that lim U, t—+ o, exist for every
usM, which can be represented by a smooth function of L% Since the set
of such # is dense in R, it follows that s-lim U,P,= W, exist.

When f= P,¢ can not be represented by a smooth function, we proceed
as follows. Let f,(x) be a sequence of smooth functions such that f,—f in
L?* and | f.|= sl (the existence of such a sequence is well-known). Put
P =Ffut(I—Pyp and V,=c(-, ¢.)¢,. Then ¢,—¢ and [¢.|=[¢l. We first
prove that
(3.3) ,132 [TV Va2 ]y =0.

To this end we first observe that | V|2 is expressible in the form | V|7 =
lc|2(-, )¢ and similarly for | V,|Y%. Now let v, be a linear combination of
¢ and ¢, such that |¥,| =1 and (¥, ) =0.!9 Then, if # is orthogonal to
both ¢ and v, we have (| V|?—|V,|")u=0. By (1.7) we then obtain ||| V|*2
— | Vo 212 = V2= Vo "D P+ 1 (V2= Vol IP = el | o—(®, @2)Pall* +
lc|| (W @)% Since ¢,— ¢ and (Y, 9) =0, the right-hand side tends to zero
as n—oo. Thus (3.3) is proved. .

9) We agree for brevity that “smooth” means “sufficiently smooth and tending
sufficiently rapidly to 0 as |x|—>co ™.

10) Such a y, surely exists for every #» In fact, since we are considering the
case in which f=Pyp can not be represented by a smooth furction, f, can not be
proportional to f and consequently ¢, to ¢.
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Remembering that P,p,=f, is smooth, we see by virtue of the already
established part of the lemma that W (H,+V,, H,) exist. According to ii) of
we then have for any #={ the inequality similar to with
U, U, C and 7 replaced by U,™, U,™,C, and 7, respectively, where C, and
7, are defined by (2.7/) and with V replaced by V, and U,™ = exp(it(H,+
Voyexp(—itHy). In C, we can replace | V,|l; by | V|l because |V, |,=lc|=
| V|,. Then take limit as #— o on both sides. By virtue of it
follows from that », converges to ». Since | U, —U,|— 0, the left-
hand side converges to that of [2.6) Thus we finally obtain the inequality
itself. The converse assertion of then ensures the existence
of W.(H,H,. W._ can be treated similarly.

Suppose now that the function f(x) used above vanishes outside of a
Borel set S of real numbers and let M, be the subspace of M, = L*(— oo, o)
comprising all functions in L? which vanish outside of S. Put & =M,/BN,
(R, is by definition the singular subspace of  with respect to H,). Evidently,
$’ is invariant by both H, and V and hence by H, too. Let H/ and H’ be
the parts of H, and H in &’ respectively. Then, as is easily seen, the exist-
ence of W.(H, H,) proved above implies the existence of W.(H’, H/). Since
the restriction of f(x) on S can be varied over all functions of L*S), we have
the following result: If M, is represented by L*S) in such a way that
the part H,, of H, in M, is given by a multiplicative operator: (Hyu)(x) =
xu(x), then W.(H, H,) exist.

Finally we proceed to the general case. As above, let V=c(-, ¢)¢. Let
$, be the smallest subspace of § containing ¢ and reducing H,. Then 9,
reduces V and hence H and U, too. Moreover, the part of U, in 09, is
equal to the identity operator because V is equal to 0 in $©9,. Thus in
order to prove the lemma it suffices to prove the existence of W.(H', Hy),
where H’ and H,’ are the parts of H and H, in §,. From the definition of
9, however, it follows that H,’ and, a fortiori, the absolutely continuous
part Hy,’ of H, have simple spectra (Stone [14, Chap. VII]). Denote by S
the spectrum of H,,’. Then, as is well known, H,,’ is represented by a
multiplicative operator in L3(S): (Hy #)(x) = xu(x). Thus the general case
is reduced to the case already dealt with. q.e.d.

Proor or Cororrary. As a self-adjoint operator of finite rank, V is ex-

pressible in the form V= erck(-, P Pr, Where 7 is the rank of V, (¢, ;) = 0x;
k=1

11) In fact, gn—¢ implies ||V—V,|| -0. Then |U®—-Uy|—0 is a direct conse-
t
quence of the relation exp(—itH,)exp(itH)—1 :z'j exp(—itH,)(V—Vy)exp(itH)dt, which
0
is obtained in the same way as [(2.10).



256 S.T. Kuropa

and ¢, are real numbers different from 0. Put H, = H, —i—k:‘_‘, el Q)P n=1,--, 7.
=1

Then H,—H,_;=c,(-, 9,9, is self-adjoint and of rank 1. Hence it follows
from Lemma 3.0 that W.(H,, H,_,), n=1,,r, exist. From this we conclude
by virtue of (1.6) that W.(H, Hy) = W.(H,, H_ ) We(Hy-y, Hy_5)-+ W.(H,, Hy) exist.

§4. Proof of the theorems.

1. As was shown by several authors (see e.g. Rellich[11], Kato[7]) the
first statement of that H is self-adjoint is a consequence of the
condition [1.IT), Therefore we have only to prove the existence of W.. We
first prove the following

Proposition 4.1. If holds true under the additional assumption
that 'V is self-adjoint, then holds true.

Proor. Let H,, V and H be as in[Theorem 1. Consider the Hilbert space
D=9PDD, 9, =9,=9 and denote the norm in § by || |l Every = is
uniquely expressible in the form u=u,tu,, #, =9, and u,=9,. Then [|u]|?
= ||z, ||*+]#;[°. Let A and B be operators in $ and let AP B denote the
operator in § defined as follows: #=®D(AMP B) if and only if #,eD(A)C P,
and %, =D(B) C 9,, and (AP B)u = Au,+ Bu, for such a ». Obviously 9, and
9, reduce AP B and the parts of AP B in H, and 9, are identical with A
and B respectively. Let now ﬁozHo@Ho and V= V@ (—V). Then, as is
easily seen, F[o is self-adjoint, V is symmetric and ﬁ=ﬁ0+ I7=(Ho+ b
(Hy,— V") is self-adjoint. Furthermore, we see that the part of U(H, ﬁo) in 9,
is identical with U (H, H;). Thus we finally see that W.(H, H,) and W.(H,, H)
exist if W.(H, H,) and W.(H,, H) exist. On the other hand, V has the deficien-
cy index (m,m), m=0,1,-- or c!» and hence V has a self-adjoint extension
V’. We shall prove that all the assumptions of are satisfied for
H, and V' in place of H, and V; then we see by hypothesis that W.(H,+
V', By = W.H, Hy) and W.(H, H,+ V)= W.(H, A) exist (note that A,+ V' =
F[O—}- V = H because @(V)D@(ﬁg) and V'O V) and we complete the proof of
the proposition. Let now w=D(H,) and u = u,+uy, u, =9, and u,=,. Then
a simple calculation gives [I V/ul?= || Vall®= | Vi, [+ Vo |* = (all Hyuell+
bllx])?, which implies that A, and V’ satisfy [L.I1}. Since H, and V satisfy
K1.12), we easily obtain | V|*(H,—¢,)"'€S. On the other hand, V'> V implies
that D( V' )DOD( V) and ||| V/|ull=l| V|«| for each x=®D(V|)."» From
this it follows that ®( V’|¥2)>D( V|¥2) and ||| V’ ||| < Ji| V|2x||.* Thus
we see that | 17'11/2(1?0-(0)~les, which shows that ﬁo and V' satisfy

12) Achieser and Glasmann [1, Anhang I7.
13) von Neumann [15]

14) Heinz [2], Kato [8]
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2. We now assume that V is self-adjoint and prove under
this additional assumption. To simplify the description we assume through-
out subsections 2—4 that H,, V and H satisfy all the assumptions of [Theoreml
1 and in addition Vis self-adjoint. Furthermore we put ||| V|'2(H,—i) ' |, =K,
which is finite by virtue of [Proposition 2.2

Prorosition 4.2. There exist non-negative constants a’ and b’ such that

(4.1) | V| =a' | Hul|+b" 2] for each usD.

IF 0=2a<1/2, a’ can be taken as 0=a’ < 1.

Proor. It follows from (1.11) that || Vu || < a(|Hu|+| Va|)+bl«|. Re-
membering 0=<ae¢ <1, we then obtain || Vu| =a(l—a)™ | Hu||+0(1—a)'|u].
Hence we have only to put @’ =ae(l—a)™! and &' =b(1l—a)" "

Prorosition 4.3. Let V=0 or V0. Then there exists a sequence {V,}
of self-adjoint operators of finite rank having the following properties :

(4.2) [ Va2 (Hy =), = K,

(4.3) W H,—D)(H, - = (1+d)(1—a) ' +1=M,
where H,= H,+V,;

(4.4) s-lim exp(itd,) = exp(itH);

(4.5) lim sup f U VL2 exp(—itH,u | 2dt

= (") VI exp(—itHyu |2, usg®
Proor. For brevity we assume that "=0. The other case can be treated
similarly. Put
(4.6) A, = V"1 —in H) ™ = in VV2(H,+in)™!, n=12,-,
4.7) V' =A A, = 1 +in ' H) ' V(1—in"Hy)™'.

Since A,=8 by [Proposition 2.2, we have V,/eT, (see §1, 3). Moreover, V,’
is evidently positive definite. Hence V,’ is expressible in the form V,/ =

Elka-, ?:™)p™, where {1} is a sequence of positive eigenvalues of V,/

(degenerate eigenvalues being repeated) and {¢,™} is a sequence of corre-

sponding eigenvectors. By [1.10) we have 3 1,™ < co. We now choose for
k

each » a natural number 7, such that f} ™ < n! and put

k=rp+1

(48) V= B 0O, gM)p .

15) A detailed consideration shows that lim sup can be replaced by lim. Never-
theless, we confine ourselves to verifying which is sufficient for later purpose.
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Then V, is self-adjoint and of finite rank. We shall prove that V, thus
defined satisfies (4.2)—(4.5). To this end we first note the following relations
which are direct consequences of and [(4.8):

(4.9) I Vil =N Vaull, | V=V = Vam Vil i <™,
(4.10) I Vw2 < || VP |? = (Vi'w, u) = (A Aty ) = | Ay |1* -

By virtue of [(4.10), and we now obtain
| Va2 (Hy—i) o = || Vo2 (Hy =7 = | Au(Hy—) 7" |5
= || VVH,—)"'"A—in" H) |, = | VA H,—)7 ;= K,

where we used the inequality |(1—in~'H,)"!||<1. This proves By [(4.9)
and we have for any #=D

| Vil =1 Vi/ul = |l (H—in"ﬁ’o);1 V—inT H) 'ul| = | VA—in™ Hy)u |
=al|H(Q—in" H) ' ul|+o | A—in" H)Zul| = a | Hon ||+l u] .

Hence, by using the relations Hy=H,—V,, |(H,—i) *|=1 and | H,(H,—i)™*|
=1, we have |H(H,— i) 'ul| < | H.(H,— ) u||+|| Vo(H,—0) ' | < a | H(H,—i)"u ||
+@+b)||#|. Remembering that 0=« <1, we finally obtain | Hy(H,—i) 'u| =
A+b)A—a) | u], from which follows immediately.

In order to prove we show that lim V,» = Vu for each uc®. By
and we have for any #=®

| Vae— Ve || = | (Vo= VD |+ (V) — Ve |
=nt a |+ A+inT H)7 Vil —in™ Hy) " —1}u ||
+H{A+inT Hy) 7 —1} Va |

The first and the third terms on the right-hand side tend to zero as n-— oo,
because s-lim(1+4in"1H) '=1. Since uzcD, we see by that the second
term is majorized by || V{l—inT'Hy) '—Llu| <a|{l—in'H) '—1}Hyul+
bl {(d—in"'Hy)'—1}u |, which also tends to zero for the same reason as above.
Thus we obtain lim V,u = Vu for each u=%®. From this we have for any »< 9
and any non-real ¢ {(H,—O) '—(H={)Yu=H,—) (V-VIYH-0)"u—0, n—
oo, i.e. s-lim(H,—{)"'=(H—{)"'. According to the general theory of semi-
groups of operators in a Banach space, this strong convergence of the re-
solvent implies [4.4). This can be proved by the same method as given in
the proof of Theorem 15.4.1 of Hille [3]
In order to prove it suffices to prove the relation

(4.11) lim I V2 exp(—itHyu |dt = | "I Vs exp(—itHyu |t

n-roc

ucsg, because |V, ?u|| =< | V' ?u|l by [4.10). Since =L we see, on putting
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F)=E)—E,(~1), that there exists />0 such that F(\)u=u or equivalently
ucsF()9. Let Hy be the part of H, in F(/)9. Then »=F(/)$ implies that
v = exp(—itH))(Hy—ucs F() and (1—in 'H) v = (1—in"'H)/) 'v. By and
we therefore obtain

(4.12) { I Vo exp(—itH ) ||2dt = f "Il A, exp(—itH)u | °dt

=rl! Vi Hy—i) " (I —in™ Hy') ™" exp(—it Hy)(H,—d)u || dt .

Since H,’ is bounded by definition, we have p, = |(1—in"'H,")'—1]—0, n— oo,
and consequently

(4.13) lim || VV3(H,—i) " 1 —in™ Hy) ™' — VYA H, —) 7 ||,

=limp, || VV4(H,—i) |, =0.

700

On the other hand =¥ implies d|| E,(AD)(Hy,—du ||/d2 = m? (see [(2.4). Hence,
by taking account of (4.13), we can apply to the integral on the
right-hand side of [4.12), with the result

tim ) V2 exp(—itHyye |2t = || VVA(H, i) exp(—itHy)(Hy—iyu|dt

= {1 v exp(—itHyyu |t

which proves [45) q.e.d.

3. The case 0=a <1/2.

Prorosition 4.4. Let V=0 or V0. Then W.(H, Hy)) exist.

Proor. By hypothesis there exists such a sequence {V,} as described in
Proposition 4.3. Since V, is self-adjoint and of finite rank, we see by Corol-
lary to Lemma 3.1 that W.(H,, H,) exists for every n. Hence, by virtue of
i) of Lemma 2.4 we obtain for any »#<@ the inequality similar to (2.6) with
U, U, C and 7 replaced by U™, U™, C, and 7, respectively, where U,™ =
exp(itH,)exp(—itH,), and C, and 7, are defined by (2.7) and (2.8) with ¥ and
H replaced by V, and H,. By virtue of (4.2) and (4.3), however, we can
replace in this inequality C, by Bmm?K2M*":. Then by taking superior
limit as #— co on both sides and considering (4.4) and (4.5) we obtain for
any #<={ the inequality (2.6) with C=8mm2K?2M?)!, Then the converse
assertion in i) of Lemma 2.4 proves the existence of W (4, H,). W_ can be
treated similarly. q.e.d.

Prorosition 4.5. If to the assumption of Theorem 1 we add the assumptions
that 'V is self-adjoint and 0= a <1/2, then W.(H, H,) and W.(H, H) exist.

Proor. For the moment we assume that V=0 or ¥V<0. Then the ex-
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istence of W.(H, H,) is ensured by the preceeding proposition. On the other
hand, since 0=<a <1/2 by hypothesis, we have the inequality with con-
stant @’ such that 0=<a’ <1. From this and [Proposition 2.2 it follows by
virtue of [Proposition 4.4 that W.(H,, H)= W.(H—V, H) also exist.

To treat the general case we decompose V in the form V=V,-V_,
where V. have the properties V. =0 and

DV DODDV), DV DD VI,
414 I Veul = || Vull, for every ue®(V),
| Vit2u |l = |1 VIV?ul, for every uc®(|V|V?).

From this it follows that and hold true for V., in place of V.
Since 0= a < 1/2, we then see by the part of the proposition already proved
that W.(H,+ V., Hy) and W.(H, H,-+ V,) exist. Next we prove the existence
of Wu(H, H,-+V,) and W.(H,+V,,H). If this is done, we can see by
that W.(H, H) = W.(H, Hy+VIW.(Hy+V,, H) and W.(H,, H)= W.(H, Hy+
VoOW.(Hy+V,, H) all exist and the proof of the proposition is complete.
Now by Propositions €2 and we have | Viu | | Vul| <o | Hu |+
Viul,0=a’' <1, and V_12(H—i)'eS. [Proposition 4.4 therefore ensures the
existence of W.(Hy+ V., H)= W.(H+V_,H). In order to prove the existence
of W.(H, Hy+Vy)=W.(Hy+V,.—V_, H+V,) we first note that

(4.15) VAV Hy A Vie—i)y ' = VY H,— i) (Hy =) (Hy+ V=) eS.
Furthermore, from with V replaced by V., it follows that || (H,~+ V)ul
= | Houll—| Viull =2 (A—a) | Hul|—bllull, ncD, and consequently |Hyu| =(1—

) N (Hy+Vo)ul|l+b(1—a) | «]. Hence by [(4.14) and [(1.1T1) we obtain for any
A=)

(4.16) [ Veull =1 Vul = al—a) | (Ho+ Voul+{ab(l—a)™ 40} ||} .

Since 0=a¢<1/2 is assumed, we have 0= ae(l—a)"'<1. By referring once
more to [Proposition 4.4, we therefore see from [4.15) and [(4.16) that W.(H,+
V.—V_ Hy+V,) exist, as we wished to prove. q.e.d.

4. We shall next remove the additional assumption 0 <a <1/2. To this
end put «,=2"2"+1),n=0,1,--. Then 12=q,<a,<--<a,<--<1 and
«,—1, n— oo, [Proposition 4.5 shows that W.(H, H,) and W.(H, H) exist if
0<a<1/2=a, Moreover, since 0=a <1 by hypothesis there exists an »
such that ¢ < «, In order to prove the existence of W, it therefore suffices
to prove the following

ProrosiTion 4.6. Let n be an arbitrarily fixed non-negative integer and
assume that W.(H, Hy) and W.(H, H) exist if 0=a<a,. Then W.(H, H) and
W (Hy, H) exist if 0=a <.
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Proor. Let 0=Zae< a,, and let H' = H,4(1/2)V. From (1.11) and (1.12)
we get

(4.17) 1A/ Vull = (@/2)| Huell+@/2) [|ul, usD,
(4.18) [1/2VI'"*(H—)eS.

Since a¢/2<1/2=a,, it then follows by the assumption of the proposition
that W.(H’, H,) and W.(H, H’) exist. On the other hand, in the same way
as in the proof of Propositions 4.2 and 2.2, we obtain from (4.17) and (4.18)
that [ (1/2)Vu|<a@—a) " |H'u|+ |ul, vcD, and [(1/2)V|VYH —i)'S.
Since 0 < a < a,,, by hypothesis, we easily obtain 0<a(2—a)* < a, Again,
by virtue of the assumption of the proposition, we then see that W.(H'+
1/2)V,H)=W.(H,H") and W.(H’,H) exist. Thus, by virtue of (1.6) we
finally see that W.(H, Hy) = W.(H, HYW.(H', H)) and W.(H,, H)= W.(H, H')
W.(H’, H) exist. q.e.d.

Thus we proved Theorem 1 under the additional assumption that 7V is
self-adjoint. Then by virtue of Proposition 4.1 the proof of Theorem 1 is
complete.

5. Proof of Theorem 2. In the first place, we note that (1.16) and (1.17)
are consequences of (1.15). This is seen as follows. By virtue of (1.5), (1.16)
follows immediately from (1.15). It then follows from (1.15) and (1.16) that
S(H,) converge weakly to S(H). Since S(H,) is equal to zero in H$SOM, and
unitary in M, (see Lemma 1.1), this weak convergence implies the strong
convergence of S(H,), that is (1.17). Thus we have only to prove (1.15).

Since W.(H,, H,) and W.(H,, H) exist by hypothesis, we see by (1.6) that
W.(H,, H) exist. Moreover we have W.(H,, H)) = W.(H,, H)W.(H, H)). This
implies that, in order to prove (1.15), it suffices to prove

(4.19) s-lim W.(H,, H)=P.

n—oo

Now by the similar argument as in the proof of Proposition 4.1 we easily
see that, in order to prove Theorem 2, it suffices to prove (4.19) under the
additional assumption that V.’ has a self-adjoint extension V. Let now &
be befined as in Lemma 2.4 with H, replaced by H and let W.™ = W (H,, H).
Then, as in the proof of that lemma, we have for any #=% the inequality
similar to (2.12) with H,, H and W, replaced by H, H, and W.™. Then, by
estimating 7(s; #) in the same way as we obtain (2.12) and putting s=0, we
have for any #=Q

(4.20) I WP u—w | < dam? ||| V! |2 H—i)~ | | (H—i)(H,—d)™ ).

By hypothesis, however, there exist constants @, b such that 0<ae<1,0<?
and | VoullSa|How||+blull, ue®, n=1,2,--. Hence by means of the similar
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calculations as in the proof of [4.3) we have | (H,—)(H,—) | =1+d)1—a)™?
+1. This implies that ||[(H—i)(H,—i)™"| = ||(H—i)(H,—i)"(Hy,—i)(H,—%)™!| are
bounded in s Moreover, we have as in the proof of Proposition 4.1
1D 13, — o)™ 1, = | Vil |¥5(Hy—C)™ [ Hence by [LI4) we have || 0,/ |2
=)o = || Vi 12(Hy— o) o | (Hy—C ) (H—3) | =0, n—oo.  Thus we see by
that s-lim W,™u=# for u=8. Since £ is dense in M and | W,™MP| <1,
we finally see that s-lim W,™ =s-lim W,™P=P. W_ can be treated similarly.

Department of Physics,
University of Tokyo.
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