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Let $\{Q_{11}, Q_{12}, Q_{22}\}$ be a system of indeterminates and denote

$\theta_{a}(Q)=\sum_{m\in z^{2}}Q(m+\frac{a}{3}$, $m+\frac{a}{3})$ (a $=(a_{1},$ $a_{2});a_{1},$ $a_{2}=0,1,$ $-1$) ,

where $Q(m+\frac{a}{3},$ $m+\frac{a}{3})$ means $Q_{11}^{(}Q_{12}^{2}Q_{22}m_{1}+\frac{a_{1}}{3})^{2}(m_{1}+\frac{a_{1}}{3})(m_{2}+\frac{a_{2}}{3})(m_{2}+\frac{a_{2}}{3})^{2}$ In the

present note we shall give an explicit defining equation for the projective
scheme Proj $Z[\theta_{(0,0)}(Q), \theta_{(1,0)}(Q), S_{(0,1)}(Q), \theta_{(1,1)}(Q), S_{(1,-1)}(Q)]$ . The defining
equation $\Delta(X_{(0,0)}, X_{(1,0)}, X_{(0,1)}, X_{(1,1)}, X_{(1,-1)})=0$ is a rather simple equation of
degree ten. From this equation we can conclude the following important result:

Let $\zeta$ be a primitive cubic root of unity and $\overline{\Gamma}_{0}$ a transformation group on
$Q(\zeta, \theta_{(0,0)}(Q),$ $\theta_{(1,0)}(Q),$ $\theta_{(0,1)}(Q),$ $\theta_{(1,1)}(Q),$ $\theta_{(1,-1)}(Q))$ consisting of all the elements

$(\alpha, \beta);\theta_{a}(Q)\rightarrow\zeta^{a\beta^{l}\alpha^{t}a}\theta_{a\alpha}(Q)$ $(a\in GF(3)^{2})$ ,

where $\alpha,$ $\beta$ are $2\times 2$-matrices with coefficients in $GF(3)$ such that $\det\alpha^{\prime}\neq 0$ and
$\beta^{t}\alpha=\alpha^{t}\beta$ . Then the invariant subfield of $Q(\zeta, \theta_{(1,0)}(Q)/\theta_{(0,0)}(Q),$ $\theta_{(0,1)}(Q)/\theta_{(0,0)}(Q)$ ,
$\theta_{(1,1)}(Q)/\theta_{(0,0)}(Q),$ $\theta_{(1,-1)}(Q)/\theta_{(0,0)}(Q))$ with respect to the group $\overline{\Gamma}_{0}$ of automorphisms
is the rational function field $Q(\zeta,\sum_{a\neq(00)},\theta_{a}(Q)^{3}/\theta_{(0,0)}(Q)^{3},\sum_{a\neq(00)},\theta_{a}(Q)^{6}/\theta_{(0,0)}(Q)^{6}$ ,

$\theta_{(1,0)}(Q)\theta_{(0,1)}(Q)\theta_{(1,I)}(Q)\theta_{(1,-1)}(Q)/\theta_{(0,0)}(Q)^{4})$ .

\S 1. Canonical systems of theta constants on abstract abelian varieties.

1.1. Let A be an abelian variety defined over an algebraically closed field
of characteristic $p$ , where $p$ is a prime number or zero. Let $\xi$ be an algebraic
equivalent class on A and $X$ be a divisor in $\xi$ . We denote by $\mathfrak{g}_{X}$ the
group of all the points $a$ in A such that $X_{a}\sim X^{1)}$ . Since $\mathfrak{g}_{X}$ depends only the
class $\xi$ , we may denote $\mathfrak{g}_{\xi}$ instead of $\mathfrak{g}_{X}$ . If $\mathfrak{g}_{\xi}$ is a finite group, the divisor
class $\xi$ (the divisor $X$ ) is called non-degenerate. For any prime number 1

1) $X_{a}\sim X$ means that $X$ is linearly equivalent to $X$.
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coprime to $p$ we choose a system $\tau^{(l)}={}^{t}(\tau_{1^{(l)}}, \cdots , \tau_{2r}^{(l)})$ of l-adic coordinates on A
and an isomorphism $lg^{(l)}$ of the group of roots of unity of l-power degree onto
the additive residue group $Q_{l}/Z_{\iota}$ . Denote by $E_{\iota}(\xi)$ the skew symmetric l-adic
integral matrix associated with a divisor class $\xi$ with respect to $\tau^{(l)}$ and $lg^{(l)}$

and denote by $\mathfrak{g}_{\xi,\iota}$ the l-Sylow subgroup of $\mathfrak{g}_{\xi}$ . Then, if $\xi$ is non-degenerate,
the group $\mathfrak{g}_{\xi,l}$ coinsides with the set of all the points of l-power order such
that $E_{\iota}(\xi)\tau^{(l)}(a)\equiv 0mod 1$ .

Putting

$a=a_{p}+\sum_{\iota}a_{\iota}$ , $b=b_{p}+\sum_{\iota}b_{\iota}$
$(a_{\iota}, b_{\iota}\in \mathfrak{g}_{\xi,l})$

and

$e_{\xi}(a, b)=\prod_{\iota}g^{(l}(\tau^{(l)}(a_{\iota})E_{l}(\xi)\tau^{(l)}(b_{\iota}))$ ,

we have a function $e_{\xi}(, )$ on $\mathfrak{g}_{\xi}\times \mathfrak{g}_{\xi}$ such that

$e_{\xi}(a, b+c)=e_{\xi}(a, b)e_{\xi}(a, c)$ ,

$e_{\xi}(a+b, c)=e_{\xi}(a, c)e_{\xi}(b, c)$ , $(a, b\in \mathfrak{g}_{\xi})$

$e_{\xi}(a, a)=1$ , $e_{\xi}(a, b)e_{\xi}(b, a)=1$ .

Moreover, if $\xi$ is non-degenerate and the order of $\mathfrak{g}_{\xi}$ is coprime to $p$ then the
function $e_{\xi}(, )$ is non-degenerate, $i$ . $e$ . $e_{\xi}(a, b)=1$ for every $b$ in $\mathfrak{g}_{\xi}$ implies $a=0$ .

Since $E_{b}(\xi)$ is skew symmetric, there exists a direct sum decomposition
$\mathfrak{g}_{\xi,\iota}=\mathfrak{g}_{l}\oplus\hat{\mathfrak{g}}_{l}$ such that

$c_{\tau^{(l)}(a)E_{l}(\xi)\tau^{(l)}(b)}\equiv c_{\tau^{(l)}(\hat{a})E_{\iota}(\xi)\tau^{(l)}(\hat{b})}\equiv 0$ $mod 1$ $(a, b\in \mathfrak{g}_{l} ; \hat{a},\hat{b}\in\hat{\mathfrak{g}}_{l})$ .

If $\xi$ is non-degenerate and the order of $\mathfrak{g}_{\xi}$ is coprime to $p$ , we have a direct
sum decomposition

$\mathfrak{g}_{\xi}=\mathfrak{g}\oplus\hat{\mathfrak{g}}$

$(\mathfrak{g}=\sum_{\iota}\mathfrak{g}_{l},\hat{\mathfrak{g}}=\sum_{\iota}\hat{\mathfrak{g}}_{l})$

such that $e_{\xi}(\mathfrak{g}, \mathfrak{g})=e_{\xi}(\hat{\mathfrak{g}},\hat{\mathfrak{g}})=1$ and $|\mathfrak{g}|=|\hat{\mathfrak{g}}|=\wedge|\mathfrak{g}|_{\xi}$, where $|\mathfrak{g}|,$ $|\hat{\mathfrak{g}}|,$ $|\mathfrak{g}_{\xi}|$ are the
orders of $\mathfrak{g},\hat{\mathfrak{g}},$

$\mathfrak{g}_{\xi}$ , respectively. We call the subgroup $\mathfrak{g}$ a standard subgroup
with respect to $\xi$ and call the direct sum decomposition $\mathfrak{g}_{\xi}=\mathfrak{g}\oplus\hat{\mathfrak{g}}$ the standard
direct sum decomposition with respect to $\xi$ .

A divisor $X$ on A is called symmetric if $(-\delta_{A})^{-1}(X)=X,$ $where-\delta_{A}$ is the
$automorphismx\rightarrow-x$ . $Wedenotebyl(\xi)thedimensionl(X)=\dim H^{0}(A, G_{A}(X))$

for a divisor $X$ in the algebraic equivalence class $\xi$ .
LEMMA 1.1. Let $X$ be a non-degenerate positive divisor on an abelian variety

A defined over an algebraically closed field $k$ . Then there exists the unique
system of functions $\{\phi_{a}|a\in \mathfrak{g}_{X}\}$ on A defined over $k$ such that

$(\phi_{a})=X_{-a}-X$ ,
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$\phi_{0}(x)=1$ , $\phi_{a+b}(x)=\phi_{a}(x+b)\phi_{b}(x)$ $(a, b\in \mathfrak{g}_{X})$ .
PROOF. By the definition of $\mathfrak{g}_{X}$ there exist function $f_{a}(a\in \mathfrak{g}_{X})$ defined over

$k$ such that $(f_{\alpha})=X_{-a}-X(a\in \mathfrak{g}_{X})$ . Then it follows that

(divisor of $f_{a}(x+b)$) $=X_{-(a+b)}-X_{-b}=(X_{-(a+b)}-X)-(X_{-b}-X)$

$=(f_{a+b})-(f_{b})=(f_{a+b}f_{b}^{-1})$ $(a, b\in \mathfrak{g}_{X})$ .
This means that $f_{a+b}(x)=\gamma_{a,b}f_{a}(x+b)f_{b}(x)(a, b\in \mathfrak{g}_{X})$ holds with a non-zero
element $\gamma_{a,b}$ in $k$ and $\gamma$ is a 2-cocycle of $\mathfrak{g}_{X}$ with coefficients in the multiplica-
tive group $k*of$ le, $i$ . $e$ .

$(\partial\gamma)(a, b, c)=\gamma_{b,c}\gamma_{a+b.c}^{-1}\gamma_{a,b+c}\gamma_{a}^{-1_{b}}=1$ $(a, b, c\in \mathfrak{g}_{X})$ .
Since the field $k$ is algebraically closed and the 2-cohomology of finite group
with coefficients in the multiplicative group of an algebraically closed field is
always trivial2), there exist elements $\beta_{a}(a\in \mathfrak{g}_{X})$ in $k^{*}$ such that $\gamma_{a,b}=\beta_{a+b}^{-1}\beta_{a}\beta_{b}$

$(a, b\in \mathfrak{g}_{X})$ . Putting $\phi_{a}=\beta_{a}f_{a}(a\in \mathfrak{g}_{X})$ , we have functions $\phi_{a}(a\in \mathfrak{g}_{X})$ in
Lemma 1.1.

PROPOSITION 1.2. Let $\xi$ be a non-degenerate algebraic equivalence class on
an abelian variety A and $\mathfrak{g}_{\xi}=\mathfrak{g}\oplus\hat{\mathfrak{g}}$ be the standard direct sum decomposition
with respect to $\xi$ . If $\xi$ contains a positive divisor and $l(\xi)$ is coprime to the
characteristic $p$ , then there exists a symmetric positive divisor $X$ in $\xi$ such that

$X_{\tilde{a}}=X$ $(\hat{a}\in\hat{\mathfrak{g}})$ .
Moreover, the symmetric positive divisor $X$ is uniquely determined up to trans-
lations by 2-division points on A.

We call the symmetric positive divisor $X$ the standard divisor in $\xi$ with
respect to the standard group $\mathfrak{g}$ .

PROOF OF PROPOSITION 1.2. Let $D$ be a positive divisor in $\xi$ and $\{\phi_{a}|a$

$\in \mathfrak{g}_{\xi}\}$ be the system of functions given, in Lemma 1.1. Putting

$\psi_{a}(x)=\sum_{b\in \mathfrak{g}}e_{\xi}(a,\hat{b})^{-1}\phi_{a+b}^{\wedge}(x)\wedge\wedge$
$(a\in \mathfrak{g})$ ,

we observe that
$D-(\psi_{a})_{\infty}\succ 0$

and
$\psi_{a}(x+\hat{c})=\sum_{b\in \mathfrak{g}}e_{\xi}(a,\hat{b})^{-1}\phi_{a+b}^{\wedge}(x+\hat{c})\wedge\wedge$

$=e_{\xi}(a,\hat{c})\sum_{b\in 6}e_{\xi}(a,\hat{b}+\hat{c})^{-1}\phi_{a+b+^{\wedge}}^{\wedge}C(x)\phi_{c}\wedge(x)^{-1}\wedge\wedge$

$=e_{\xi}(a,\hat{c})\phi_{c}\wedge(x)^{-1}\psi_{a}(x)$ $(a\in \mathfrak{g},\hat{c}\in\hat{\mathfrak{g}})$ .
Since $e_{\xi}(, )$ is non-degenerate, at least one function $\psi_{a_{0}}$ is not constant $zero_{\sim}$

Hence, putting $(\psi_{a_{0}})=V-D(V\succ O)$ , we have

2) See [5].
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(divisor of $\psi_{a_{0}}(x+\hat{c})$) $=V-C\wedge-D_{-c}\wedge=(\phi_{c}^{-1}\wedge\psi_{a_{0}})$

$=D-D_{-c}\wedge+V-D=V-D_{-c}\wedge$ .

This means that $ V\in\xi$ and $V_{\hat{a}}=V(\hat{a}\in\hat{\mathfrak{g}})$ . Let $B$ be the quotient abelian.
variety $A/\hat{\mathfrak{g}}$ and $\pi$ be the natural separable isogeny of A onto B. Then by
virtue of Proposition 38, 78’ \S IX [6] there exists a positive divisor $U$ on $B$

such that $V=\pi^{-1}(U)$ . By virtue of Riemann-Roch theorem on abelian varieties’
we have

$\sqrt{|\hat{\mathfrak{g}}_{\xi}|}=l(\xi)=l(V)=l(\pi^{-1}(U))=1)(\pi)l(U)=|\hat{\mathfrak{g}}|l(U)$ ,

and thus $l(U)=1$ , where $\nu(\pi)$ means the degree of the separable isogeny $\pi$ .
Since $(-\delta_{B})^{-1}(U)\equiv U$, there exists a point $s$ such that $(-\delta_{B})^{-1}(U)\sim U_{2S}$ . From
$1(U)=1$ it follows $(-\delta_{B})^{-1}(U)=U_{2S}$ . This means $(-\delta_{B})^{-1}(U_{S})=U_{S}$ . Putting
$X=\pi^{-1}(U_{s})$ , we have a standard divisor $X^{(\mathfrak{g})}$ with respect to $\mathfrak{g}$ .

Finally we shall prove the uniqueness of the standard divisor up to trans-
lations by 2-division points. Let $\pi^{\prime}$ be the isogeny of $B$ onto A such that
$\pi\pi^{\prime}=\nu(\pi)\delta_{B}$ and $Y$ be any standard divisor in $\xi$ with respect to $\mathfrak{g}$ . We denote
by $W$ the symmetric positive divisor on $B$ such that $Y^{(\mathfrak{g})}=\pi^{-1}(W)$ . Then it
is sufficient to prove $W=U_{s+c}$ with a 2-division point $c$ on B. Since $Y\equiv X,$ ,

it follows4)

$\nu(\pi)^{2}W\equiv(\nu(\pi)\delta_{B})^{-1}(W)=\pi^{\prime- 1}(\pi^{-1}(W))\equiv\pi^{\gamma- 1}(Y)$

$\equiv\pi^{\prime- 1}(X)\equiv\pi^{\prime- 1}\pi^{-1}(U_{s}))\equiv(\nu(\pi)\delta_{B})^{-1}(U_{s})\equiv\nu(\pi)^{2}U_{s}$ .
Since abelian variety has no torsion with respect to algebraic equivalence5),

we have $W\equiv U_{s}$ . Therefore from $1(W)=l(U_{s})=1$ it follows $W_{a}=U_{\mathfrak{d}}$ with a
point $a$ . From $(-\delta_{B})^{-1}(W)=W$ and $(-\delta_{B})^{-1}(U_{S})=Us$ we have

$W_{a}=(-\delta_{B})^{-1}(W_{a})=(-\delta_{B})^{-1}(W)_{-a}=W_{-a}$ , $W=W_{2a}$ .

This implies $2a=0$ , because $1(W)=1$ .
THEOREM 1.3. Let $\xi$ be a non-degenerate algebraic equivalence class on an

abelian variety A and $\mathfrak{g}_{\xi}=\mathfrak{g}\oplus\hat{\mathfrak{g}}$ be the standard direct sum decomposition with
respect to $\xi$ . If $\xi$ contains a positive divisor and $l(\xi)$ is coprime to both 2 and
the characteristic $p$ , then there exist functions $\{\varphi_{a}|a\in \mathfrak{g}\}$ on A such that the
poles $(\varphi_{a})_{\infty}(a\in \mathfrak{g})$ are the same divisor contained in $\xi$ and

$\varphi_{0}(x)=1$ , $\varphi_{a}(-x)=\varphi_{-a}(x)$ ,

$\varphi_{a+b}(x)=\varphi_{a}(x+b)\varphi_{b}(x)$ , $(a, b\in \mathfrak{g};\hat{b}\in\hat{\mathfrak{g}})$ .
$\varphi_{a}(x+\hat{b})=e_{\xi}(a,\hat{b})\varphi_{a}(x)$

3) See [3].
4) See [3].
5) See [4].
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$1\backslash /Ioreover$ , the functions $\varphi_{a}(a\in \mathfrak{g})$ are uniquely determined up to simultaneous
franslations by 2-division points on A.

PROOF. Let $\pi$ be the natural separable isogeny of A onto the quotient
abelian variety $B=A/\hat{\mathfrak{g}}$ . Then from the proof of Proposition 1.2 there exists
a symmetric positive divisor $U$ on $B$ such that $1(U)=1$ and $X=\pi^{-1}(U)$ is a
divisor in $\xi$ . Let $\phi_{a}(a\in \mathfrak{g})$ be functions on A in Lemma 1.1, $i$ . $e$ .

$(\phi_{a})=X_{-a}-X$ , $\phi_{0}(x)=1$ ,
$(a, b\in \mathfrak{g})$ .

$\varphi_{a+b}^{f}(x)=\psi_{a}(x+b)\phi_{b}(x)$

Since $X_{b}\wedge=X(\hat{b}\in\hat{\mathfrak{g}})$ , there exist non-zero constants $\chi(a,\hat{b}),$ $\chi(\hat{b})(a\in \mathfrak{g},\hat{b}\in\hat{\mathfrak{g}})$

such that
$\phi_{a}(x+\hat{b})=\chi(a,\hat{b})\phi_{a}(x)$ , $\phi_{\grave{b}}(x)=\chi(\hat{b})$ ,

$\chi(a,\hat{b}+\hat{c})=\chi(a,\hat{b})\chi(a,\hat{c})$ ,
$(a, b\in \mathfrak{g};\hat{b},\hat{c}\in\hat{\mathfrak{g}})$ ,

$\chi(a+b,\hat{c})=\chi(a,\hat{c})\chi(b,\hat{c})$ ,

$\chi(\hat{b}+\hat{c})=\chi(\hat{b})\chi(\hat{c})$ .
Let $n$ be the degree of the isogeny of $\pi$ and $\alpha$ the isogeny of $B$ onto $A$ such
that $ n\delta_{B}=\pi\circ\alpha$ . Let $F_{a}(na=0)$ be the functions satisfying $(F_{a})=(n\delta_{B})^{-1}(U_{-a})$

$-(n\delta_{B})^{-1}(U)$ . Then by virtue of the definition of $e_{U,n}(a, b)$ in \S IX [6] we
have

$F_{a}(x+b)=e_{U,n}(a, b)F_{a}(x)$ $(na=nb=0)$ .

Since $ n\delta_{B}=\pi\circ\alpha$ , it follows that
$\phi_{\alpha a}(\alpha x)=\gamma_{a}F_{na}(x)$ ,

$\phi_{\alpha a}(\alpha x+\alpha b)=\gamma_{a}F_{na}(x+b)=e_{U,n}(na, b)\phi_{aa}(\alpha x)$

$(n^{2}a=0, \alpha a\in \mathfrak{g};\alpha b\in\hat{\mathfrak{g}}, \gamma_{a}\neq 0)$ .
Since $n^{2}U\equiv(n\delta_{B})^{-1}(U)$ and

$e_{U,n}(s, t)=\prod_{\ell}l_{g^{(l)^{-1}}}(c\tau^{(l)}(s_{\iota})nE_{\iota}(U)\tau^{(l)}(t_{\iota}))$ $(ns=nt=0)$ ,

it follows
$\chi(\alpha a, \alpha b)=e_{U,n}(na, b)$

$=\prod_{\iota})$

$=\prod_{p}l_{g}(\iota)^{-1t}(\tau^{(l)}(a_{\iota})E_{\iota}(n^{2}U)\tau^{(l)}(b_{\iota}))$

$=\prod_{\iota}l_{g}^{()}(\tau^{(b)}(a_{\iota})E_{\iota}((n\delta_{B})^{-1}(U)\tau^{(l)}(b_{\iota}))$

$=\prod_{\iota}l_{g}(\iota)^{-1t}(\tau^{(l)}(\alpha a_{i})E_{\iota}(\pi^{-1}(U))\tau^{(l)}(\alpha b_{\iota}))$

$=e_{\pi- 1_{(U)}}(\alpha a, \alpha b)=e_{\xi}(\alpha a, \alpha b)$

$(a=\sum_{\iota}a_{l}, b=\sum_{l}b_{l}, n^{2}a=0, \alpha a\in \mathfrak{g}, \alpha b\in\hat{\mathfrak{g}})$ .
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Namely we have
$\chi(a,\hat{b})=e_{\xi}(a,\hat{b})$ $(a\in \mathfrak{g},\hat{b}\in\hat{\mathfrak{g}})$ .

Since $X$ is symmetric, it follows $(-\delta_{A})^{-1}(X_{-a})=X_{a}(a\in \mathfrak{g})$ . Therefore there
exist non-zero constants $\rho_{a}(a\in \mathfrak{g})$ such that

$\phi_{a}(-x)=\rho_{a}\phi_{-a}(x)$ and $\rho_{a}\rho_{b}=\rho_{a+b}$
$(a, b\in \mathfrak{g})$ .

Since the order of $g$ is odd, we have a unique element $\frac{1}{2}$
$a$ in $\mathfrak{g}$ such that

$\frac{1}{2}a+\frac{1}{2}a=a(a\in \mathfrak{g})$ . Putting

$\varphi_{a}(x)=\rho_{\frac{-11}{2}a}\phi_{a}(x)$
$(a\in \mathfrak{g})$

we have

$\varphi_{a}(-x)=\rho_{\frac{-11}{2}a}\phi_{a}(-x)=\rho_{\frac{-11}{2}a}\rho_{a}\phi_{-a}(x)$

$=\rho_{\frac{-11}{2}a}\phi_{-a}(x)=\rho_{\frac{-1_{1}}{2}a}\phi_{-a}(x)=\varphi_{-a}(x)$
$(a\in \mathfrak{g})$ .

By virtue of Proposition 1.2 the freedom of the choice of the standard divisor
$X$ in $\xi$ is only the translations by 2-division points on A. Hence the functions
$\{\varphi_{a}|a\in \mathfrak{g}\}$ are uniquely determined up to simultaneous translations by 2-division
points on A. This completes the proof of Theorem 1.3.

DEFINITION 1.4. We shall call the system of functions $\{\varphi_{a}|a\in \mathfrak{g}\}$ in
Theorem 1.3, the standard system of functions with respect to a standard direct
sum decomposition $\mathfrak{g}_{\xi}=\mathfrak{g}\oplus\hat{\mathfrak{g}}$ .

The standard system is uniquely determined up to simultaneous trans-
lations by 2-division points.

PROPOSITION 1.5. The standard system of funcitons $\{\varphi_{a}|a\in \mathfrak{g}\}$ with respect
to a standard direct sum decomposition $\mathfrak{g}_{\xi}=\mathfrak{g}\oplus\hat{\mathfrak{g}}$ forms a linear base of the
linear system $\rightarrow C(X)$ where $X$ is the pole divisor $(\varphi_{a})_{\infty}$ .

PROOF. From Theorem 1.3 the functions $\varphi_{a}(a\in \mathfrak{g})$ belong to $X(X)$ and

are linearly independent. On the other hand $l(\xi)=l(X)=\sqrt{|\mathfrak{g}_{\xi}|=}|\mathfrak{g}|$ , hence
$\varphi_{a}(a\in \mathfrak{g})$ form a linear base of $\Leftrightarrow C(X)$ .

THEOREM 1.6. Let $\xi$ be non-degenerate algebraic equivalent class on an
abelian variety A such that $\xi$ contains a positive divisor and $l(\xi)$ is coprime to
2 and the chracterstic $p$ . Let $\{\varphi_{a}|a\in \mathfrak{g}\}$ be the standard system of functions
$on$ A with respect to a standard direct sum decomposition $\mathfrak{g}_{\xi}=\mathfrak{g}\oplus\hat{\mathfrak{g}}$ and
$(\varphi_{a}(0))_{a\in \mathfrak{g}}$ be the image of the origin of A in the projective space by the $map_{\sim}$

$ x\rightarrow(\varphi_{a}(x))_{a\in c}.\cdot$ Then it follows
(1) rank $(\varphi_{\alpha+b}(0)\varphi_{-\alpha+b}(0))_{3\times 9}\leqq 2^{\dim A}$ ,

where $(\varphi_{\alpha+b}(0)\varphi_{-\alpha+b}(0))_{\delta\times \mathfrak{g}}$ means the $|\mathfrak{g}|\times|\mathfrak{g}|-$ matrix of which $(a, b)-$ component
is $\varphi_{a+b}(0)\varphi_{- a+b}(0)(a, b\in \mathfrak{g})$ .
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PROOF. Let $\pi$ be the natural separable isogeny of A onto the quotient
abelian variety $B=A/\hat{\mathfrak{g}}$ and $U$ the symmetric positive divisor on $B$ such that
$(\varphi_{a})_{\infty}=\pi^{-1}(U)(a\in \mathfrak{g})$ . Since

$\varphi_{a}(x+\hat{b})\varphi_{- a}(x+\hat{b})=e_{\xi}(a,\hat{b})e_{\xi}(-a,\hat{b})\varphi_{a}(x)\varphi_{- a}(x)=\varphi_{a}(x)\varphi_{- a}(x)$ $(a\in \mathfrak{g},\hat{b}\in\hat{\mathfrak{g}})$ ,

there exists the unique system of functions $\{h_{a}|a\in \mathfrak{g}\}$ on $B$ such that
$\varphi_{a}(x)\varphi_{- a}(x)=h_{a}(\pi x)$ and $(h_{a})_{\infty}=2U$. By virtue of $1(2U)=2^{\dim A}l(U)=2^{\dim A}$

we observe that the number of linearly independent $h_{a}(a\in \mathfrak{g})$ is at most 2 $\dim A$

Hence it follows

rank $(\varphi_{a+b}(x)\varphi_{- a+b}(x))_{J\times 3}=rank(\varphi_{a}(x+b)\varphi_{- a}(x+b))_{\mathfrak{g}\times \mathfrak{g}}$

$=rank(h_{a}(\pi x+\pi b))_{\times 9}\circ\leqq 2^{\dim A}$ .
Specializing $x$ to the origin on $A$ , we complete the proof of Theorem 1.6.

DEFINITION 1.7. In the notation in Theorem 1.6 the system of homogeneous
coordinates $(\varphi_{a}(0))_{a\in \mathfrak{g}}$ is called the canonical system of theta constants with respect
to a standard direct sum $\mathfrak{g}_{\xi}=\mathfrak{g}\oplus\hat{\mathfrak{g}}$ . If $l(\xi)=n^{\dim A}$ and $\mathfrak{g}_{\xi}$ is the group of all
the n-division points, we call $(\varphi_{a}(0))_{a\in 1}$ the canonical system of theta constants
of level $n$ .

From (1) follow many equalities for theta constants $(\varphi_{a}(0))_{a\in \mathfrak{g}}$ . In the next
paragraph we shall show that two dimensional theta constants of level three
satisfy a unique explicitly expressed irreducible equation of degree ten.

\S 2. Canonical systems of two-dimensional theta constants of level three.

2.1. Let $\{X_{(0_{J}0)}, X_{(1,0)}, X_{(0,1)}, X_{(1,1)}, X_{(1,-1)}\}$ be a system of indeterminates
and put

$X_{(-1,0)}=X_{(1,0)}$ , $X_{(0,-1)}=X_{(0,1)}$ ,

$X_{(1,1)}=X_{(- 1,-1)}$ , $X_{(1,-1)}=X_{(-1,1)}$ .
Regarding $0,1,$ $-1$ as the elements of the prime field $GF(3)$ of characteristic
three, we may consider the suffix a of $X_{a}$ as a vector in $GF(3)$ . A $2\times 2$-matrix
$\alpha$ with coefficients in $GF(3)$ operate on $\{X_{a}\}$ as follows $X_{a}\rightarrow X_{a\alpha}$ . From the
definition it follows that

$X_{a}=X_{-a}$ (a $\in GF(3)^{2}$).

Let $\Gamma_{0}=\Gamma_{0}(GF(3))$ be the group of all the $4\times 4$-matrices

$\left(\begin{array}{ll}\alpha & \beta\\ 0 & \iota_{\alpha^{-1}}\end{array}\right)\}2\overline{2}$

with coefficients in $GF(3)$ such that $\alpha^{t}\beta=\beta^{t}\alpha$ and let $\overline{\Gamma}_{0}=\overline{\Gamma}_{0}(GF(3))$ be the

quotient group $\Gamma_{0}/\{\left(\begin{array}{ll}1 & 0\\0 & 1\end{array}\right)$ , $\left(\begin{array}{ll}-l & 0\\0 & -1\end{array}\right)\}$ . Let $\zeta$ be a fixed primitive cubic root
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of unity. Since $a\beta^{t}\alpha^{t}a=(-a)\beta^{t}\alpha(-a)$ , we may make $\overline{\Gamma}_{0}$ operate on $X_{a}$

$(a\in GF(3)^{2})$ as follows;

$x_{a^{0}}^{(}\alpha\iota_{\alpha}^{\underline{\theta}_{1}})=\zeta^{a\beta^{f}\alpha^{l}a}X_{a\alpha}$ ,

where $\zeta^{0}=1,$ $\zeta^{1}=\zeta,$ $\zeta^{-1}=\zeta^{2}$ for the elements $0,1,$ $-1$ in $GF(3)$ .
LEMMA 2.1. Let $\overline{N}$ and $\overline{\Gamma}_{00}$ be the subgroups in $\overline{\Gamma}_{0}\{$ ($01$ $\beta_{1}$) $|{}^{t}\beta=\beta\}$ and

$\{\left(\begin{array}{ll}\alpha & 0\\0 & {}^{t}\alpha^{-1}\end{array}\right)|\det\alpha\neq 0\}/\{\left(\begin{array}{ll}1 & 0\\0 & 1\end{array}\right)$ , $\left(\begin{array}{l}-1 0\\0-1\end{array}\right)\}$ , respectively. Then it follows that

1’ $\overline{\Gamma}_{0}$ is a split extension $F_{00}\overline{N}$ of $\overline{N}$ by the subgroup $\overline{\Gamma}_{00}$ ,
$2^{o}$ $\overline{\Gamma}_{00}$ operates faithfully on $\{X_{(1,0)}, X_{(0.1)}, X_{(1,1)}, X_{(1,-1)}\}$ as the symmetric

group of four elements,

3’ the index of the commutator group $(\overline{\Gamma}_{0},\overline{\Gamma}_{0})$ in $\overline{\Gamma}_{0}$ is two and an element
$\sigma$ in $\overline{\Gamma}_{00}$ belongs to $(F_{0},\overline{\Gamma}_{0})$ if and only if $\sigma$ induces an even permu-
tation on $\{X_{(1,0)}, X_{(0,1)}, X_{(1,1)}X_{(1,-1)}\}$ ,

$4^{o}$ if $\beta=(_{\beta_{12}^{11}}^{\beta}$ $\beta_{22}^{12)}\beta$ then $(_{0}^{1}\beta_{1})$ operates on X. as follows

$X_{(0^{0}.0)}^{()}=X_{(0.0)}1\beta_{1}$ $X_{(1^{0}.0)}^{()}=\zeta^{\rho_{11}}X_{(1,0)}1\beta_{1}$ $X_{(0^{0},1)}^{()}=\zeta^{\rho_{22}}X_{(0.1)}1\beta_{1}$

$X_{(11)}^{()}0.=\zeta^{\beta 11+2\beta 12+\beta_{22}}X_{(1.1)}1\beta_{1}$ $X_{(1^{0}.-1)}^{()}=\zeta^{\beta_{11}-2\beta 12+\beta_{22}}X_{(1.-1)}1\beta_{1}$

PROOF. From the definitions 1 and $4^{o}$ follow immediately. The group
$\overline{\Gamma}_{00}$ operates faithfully on $\{X_{(1,0)}, X_{(0,1)}, X_{(1,1)}, X_{(1,-1)}\}$ as a permutation group
and the order of $\overline{\Gamma}_{00}$ is 24, hence $\overline{\Gamma}_{00}$ operates on $\{X_{(1,0)}, X_{(0,1)}, X_{(1,1)}, X_{(1,- 1)}\}$ as
the symmetric group. Next we shall show that the commutator $(\overline{\Gamma}_{00},\overline{N})$

generates $\overline{N}$ . From the relations

$\left(\begin{array}{l}01\\0-1\end{array}\right)\left(\begin{array}{ll}0 & 1\\1 & 0\end{array}\right)\left(\begin{array}{l}1 0\\0-1\end{array}\right)-\left(\begin{array}{ll}0 & l\\1 & 0\end{array}\right)=\left(\begin{array}{ll}0 & 1\\1 & 0\end{array}\right)$ ,

$\left(\begin{array}{ll}0 & 1\\1 & 0\end{array}\right)\left(\begin{array}{ll}1 & 0\\0 & 0\end{array}\right)\left(\begin{array}{ll}0 & 1\\1 & 0\end{array}\right)-\left(\begin{array}{ll}1 & 0\\0 & 0\end{array}\right)=\left(\begin{array}{ll}-1 & 0\\0 & 1\end{array}\right)$ ,

$\left(\begin{array}{ll}1 & 1\\0 & 1\end{array}\right)\left(\begin{array}{ll}0 & 0\\0 & 1\end{array}\right)\left(\begin{array}{ll}1 & 1\\0 & 1\end{array}\right)-\left(\begin{array}{ll}0 & 0\\0 & 1\end{array}\right)=\left(\begin{array}{ll}1 & 1\\1 & 0\end{array}\right)$

follow the commutator relations:

$((0001-1000$ $0001-1000|$ $(0001$ $0001$ $0011$ $0011J|=\left(\begin{array}{llll}1 & 0 & 0 & 1\\0 & 1 & 1 & 0\\0 & 0 & 1 & 0\\0 & 0 & 0 & 1\end{array}\right)$ ,
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$(\left(\begin{array}{llll}0 & 1 & 0 & 0\\l & 0 & 0 & 0\\0 & 0 & 0 & l\\0 & 0 & 1 & 0\end{array}\right)$ $(0001$ $0001$ $0011$ $0001\Vert=(0001$ $0001-1010$ $0011$
$|$ ,

$(\left(\begin{array}{lll}1 & 1 0 & 0\\0 & 1 0 & 0\\0 & 0 1 & 0\\0 & 0-1 & 1\end{array}\right)$ $(0010$ $0001$ $0001$
$0011\Vert=\left(\begin{array}{llll}1 & 0 & 1 & 1\\0 & 1 & 1 & 0\\0 & 0 & 1 & 0\\0 & 0 & 0 & l\end{array}\right)$ ,

and thus the commutator $(\overline{\Gamma}_{00},\overline{N})$ generates $\overline{N}$. Therefore we conclude $tha\Gamma$

the index of the commutator group $(\overline{\Gamma}_{0},\overline{\Gamma}_{0})$ in $\overline{\Gamma}_{0}$ is two and an element $\sigma$ in
$\overline{\Gamma}_{00}$ does not belong to $(\overline{\Gamma}_{0},\overline{\Gamma}_{0})$ if and only if $\sigma$ induces an odd permutation
on $\{X_{(1,0)}, X_{(0,1)}, X_{(1,1)}, X_{(1,-1)}\}$ . This completes the proof of Lemma 2.1.

Denote by $s_{@}(X),$ $s_{6}(X),$ $s_{9}(X),$ $t_{4}(X)$ the symmetric functions in the four
variable $X_{(1,0)},$ $X_{(0,1)},$ $X_{(1,1)},$ $X_{(1,-1)}$

$s_{3}(X)=X^{3_{(1.0)}}+X_{(0.1)}^{3}+X_{(1.1)}^{3}+X^{3_{(1,-1)}}$ ,

$s_{6}(X)=X_{(1,0)}^{6}+X_{(0,1)}^{6}+X_{(1.1)}^{6}+X_{(1,-1)}^{6}$ ,

$s_{9}(X)=X_{(1,0)}^{9}+X_{(0.1)}^{9}+X_{(1.1)}^{9}+X_{(1,-1)}^{9}$ ,

$t_{4}(X)=X_{(1,0)}X_{(0,1)}X_{(1,1)}X_{(1,-t)}$ .
LEMMA 2.2. Let $k$ be a field of characteristic $p$ such that $k$ contains a

primitive cubic root $\zeta$ of unity and $p$ does not divide six. Then $k[X_{(0,0)},$ $s_{3}(X)$ ,

$s_{6}(X),$ $s_{9}(X),$ $t_{4}(X)$] is the subalgebra $k[X_{(0,0)}, X_{(1,0)}, X_{(0,1)}, X_{(1,1)}, X_{(1,-1)}]^{\overline{\Gamma}0}$ con-
sisting of all the the invariant elements with respect to the group $\overline{\Gamma}_{0}$ of auto-
morphisms and $k(X_{(0,0)}^{-3}s_{3}(X), X_{(0.0)}^{-6}s_{6}(X),$ $X_{(0}^{-9_{0)}}s_{9}(X),$ $X_{(0}^{-4_{0)}}t_{4}(X))$ is the subfield
$k(X_{(00)}^{-1,}X_{(1,0)}, X_{(0,0)}^{-1}X_{(0,1)}, X_{(0.0)}^{-1}X_{(1,1)}, X_{(0.0)}^{-1}X_{(1.-1)})^{\overline{\Gamma}0}$ consisting of all the invariant
elements in $k(X_{(0.0)}^{-1}X_{(1,0)}, X_{(0,0)}^{-1}X_{(0,1)}, X_{(0,0)}^{-1}X_{(1,1)}, X_{(0.0)}^{-1}X_{(1.-1)})$ with respect to $\overline{\Gamma}_{0}$ .

PROOF. From $4^{o}$ in Lemma 2.1 it follows that a monomial in $X_{a}(a\in GF(3)^{2})$

is invariant by $\overline{N}$ if and only if it is a product of $X_{(00)},$ $X_{(1,0)}^{3},$ $X^{3_{(0,1)}},$ $X^{3_{(1,1)}},$ $X^{3_{(1.-1)}}$ ,
$X_{(1,0)}X_{(0,1)}X_{(1,1)}X_{(1,-1)}$ . This shows that $k[X_{(0,0)}, X^{3_{(1,0)}}, X_{(0,1)}^{3}, X_{(1,1)}^{3}, X_{(1,- 1)}^{3}, t_{4}(X)]$

is the subring $k[X_{(0,0)}, X_{(1,0)}, X_{(0,1)}, X_{(1,1)}, X_{(1,-1)}]^{\overline{N}}$ consisting of all the invariant
with respect to $\overline{N}$. Since $f_{00}$ is the symmetric group on $\{X_{(1,0)},$ $X_{(0,1)},$ $X_{(1,1)}$ ,
$X_{(1,-1)}\},\overline{\Gamma}_{00}$ is also regarded as the symmetric group on $\{X_{(1,0)}^{3},$ $X_{(0,1)}^{3},$ $X_{(1,1)}^{3}$ ,
$X_{\iota,-1)}^{3_{1}}\}$ . On the other hand the characteristic $p$ of $k$ is zero or a prime number
not less than four. Hence we have

$k[X_{(0,0)}, X_{(1,0)}, \cdots , X_{(1,-1)}]^{\overline{\Gamma}0}=k[X_{(0,0)}, t_{4}(X), X^{3_{(1,0)}}, \cdots , X^{3_{(1,-1)}}]^{\overline{\Gamma}_{00}}$

$=k[X_{(0,0)}, t_{4}(X), s_{3}(X), s_{6}(X), s_{9}(X)]$ .
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We shall prove the second part of Lemma 2.2. Denote

[ 1 if $\sigma\in(\overline{\Gamma}_{0},\overline{\Gamma}_{0})$

sign
$\sigma=1-1$ if $\sigma\not\in(\overline{\Gamma}_{0},\overline{\Gamma}_{0})$ ,

Any element in $k(X_{(0,0)}^{-1}X_{(1,0)}, \cdots , X_{(0,0)}^{-1}X_{(1,- 1)})^{\overline{\Gamma}0}$ is a quotient $f(X)/g(X)$ of
homogeneous forms $f(X)$ and $g(X)$ of the same degree such that $f(X)^{\sigma}=\chi(\sigma)f(X)$

and $g(X)^{\sigma}=\chi(\sigma)g(X)(\sigma\in\overline{\Gamma}_{0})$ with a character $\chi$ of degree 1 of $\overline{\Gamma}_{0}$ . By virtue
of 3 in Lemma 2.1 the character $\chi$ must be sign $\sigma$ or the trivial character.
Hence it follows that $f(X)^{\sigma}=f(X)$ and $g(X)^{\sigma}=g(X)$ for $\sigma$ in $N$. This shows
that

$k(X_{(0,0)}^{-1}X_{(1,0)}, \cdots X_{(0,0)}^{-1}X_{(1,-1)})^{\overline{\Gamma}0}$

is the invariant subfield in the field $k(X_{(00)}^{3}X_{(1,0)}^{3}, \cdots , X_{(0,0)}^{-3}X^{3_{(1,-1)}}, X_{(00)}^{-4}t_{4}(X))$

with respect to the group $\overline{\Gamma}_{00}$ of automorphisms. $\overline{\Gamma}_{00}$ is regarded as the sym-
metric group on $\{X_{(0,0)}^{-3}X_{(1.0)}^{3}, X_{(0,0)}^{-3}X_{(01)}^{3}, X_{(0}^{-3_{0)}}X^{3_{(1.1)}}, X_{(0,0)}^{-3}X_{(1.-1)}^{3}\}$ . Hence we have

$k(X_{(0.0)}^{-1}X_{(1.0)}, \cdots X_{(0.0)}^{-1}X_{(1- 1)})^{\overline{\Gamma}0}$

$=k(X_{(0.0)}^{-3}X^{3_{(1.0)}}, \cdots , X_{(0.0)}^{-3}X^{3_{(1.- 1)}}, X_{(0}^{-4_{0)}}t_{4}(X))^{\overline{\Gamma}00}$

$=k(X_{(0.0)}^{-4}t_{4}(X), X_{(0.0)}^{-3}s_{3}(X),$ $X_{(0}^{-6_{0)}}s_{6}(X),$ $X_{(0}^{-9_{0)}}s_{9}(X))$ .

This completes the proof of Lemma 2.2.
2.2. Denote by $\Delta(X)$ the polynomial of degree ten defined by

and by $M_{2,3}$ the projective scheme

Proj $Z[X_{(0.0)}, X_{(I0)}, X_{(01)}, X_{(1,1)}, X_{(1,- 1)}]/(\Delta(X))$

corresponding to the homogeneous ideal $(\Delta(X))$ . From the direct calculation
we observe that $\overline{\Gamma}_{0}$ leaves the polynomial $\Delta(X)$ invariant. Hence we may
consider $\overline{\Gamma}_{0}$ as a group of automorphisms of the projective scheme $M_{2,3}$ .

THEOREM 2.3. Let $k$ be a field of characteristic $p$ such that $k$ contains
a primitic cubic root $\zeta$ of unity and $p$ does not divide six. Let $x_{(0,0)},$ $x_{(1.0)},$ $x_{(0.1)}$ ,
$x_{(1.1)},$ $x_{(1.-1)}$ be the images of $X_{(0.0)},$ $X_{(1,0)},$ $X_{(0.1)},$ $X_{(1.1)},$ $X_{(1.-1)}$ in the residue
ring $k[X_{(00)}, X_{(1.0)}, X_{(0.1)}, X_{(1,1)}, X_{(1.-1)}]/(\Delta(X))$ . Then the rational function field
$k(x_{(0,0)}^{-3}s_{3}(x), x_{(0\cdot 0)}^{9}s_{6}(x),$ $x_{(0.0)}^{-4}t_{4}(x))$ in three variables is the invariant subfield in
$k(x_{(1.0)}/x_{(0.0)}, x_{(0\cdot 1)}/x_{(0\cdot 0)}, x_{(1\cdot 1)}/x_{(0\cdot 0)}, x_{(1.-1)}/x_{(0\cdot 0)})$ with respect to the group $\overline{\Gamma}_{0}$ of
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automorphisms where the operation is defined by

$ x_{a^{0^{t}\alpha^{\underline{\beta}}1}}^{()}=\zeta^{a\beta^{t}a^{t}a_{X_{a\alpha}}}\alpha$ (
,

$\det\alpha\neq 0$ , $\beta^{t}\alpha=\alpha^{\ell}\beta$ ).
Moreover $x_{(0,0)}^{-9}s_{9}(x)$ is expressed by $x_{(0,0)}^{-3}s_{3}(x),$ $x_{(0,0)}^{-6}s_{6}(x)$ and $x_{(0.0)}^{-4}t_{4}(x)$ as follows

(2) $x_{(0.0)}^{-9}s_{9}(x)=x_{(0.0)}^{-10}t_{4}(x)(\frac{1}{3}s_{S}(x)^{2}-s_{6}(x))$

$+x_{(0,0)}^{-9}(\frac{4}{3}s_{3}(x)s_{6}(x)-\frac{1}{3}s_{3}(x)^{3})+3x_{\backslash 0.0)}^{-8}t_{4}(x)^{2}$

$+\frac{1}{3}x_{(0.0)}^{-7}t_{4}(x)s_{3}(x)+\frac{1}{6}x_{(0.0)}^{-6}(s_{6}(x)-s_{8}(x)^{2})$

$+\frac{1}{3}x_{(0.0)}^{-4}t_{4}(x)$ .

PROOF. Since the characteristic $p$ of $k$ does not divide six, by the direct
calculation it follows

$\Delta(X)=X_{(00)}^{6}X_{(1.0)}X_{(0.1)}X_{(1.1)}X_{(1.-1)}-X_{(00)}^{4}\sum_{a\neq b\neq(0.0)}X_{a^{3}}X_{b^{3}}$

$+X_{(00)}^{3}X_{(1.0)}X_{(0.1)}X_{(1,1)}X_{(1.- 1)}\sum_{a\neq(00)},X_{a^{3}}$

$+9X_{(0.0)}^{2}X_{(1.0)}^{2}X_{(0,1)}^{2}X_{(1.1)}^{2}X_{(1,-1)}^{2}$

$-6X_{(0.0)}\sum_{a\neq b\neq c\neq(0.0)}X_{a^{3}}X_{b^{3}}X_{c}^{3}+X_{(0.0)}\sum_{a\neq b\neq(0,0)}X_{a^{6}}X_{b^{3}}$

$-2XXXX$
$=-3X_{(0,0)}s_{9}(X)+9X_{(0,0)}^{2}t_{4}(X)^{2}+4X_{(0.0)}s_{3}(X)s_{6}(X)$

$-X_{(0\cdot 0)}s_{3}(X)^{3}-3t_{4}(X)s_{6}(X)+X_{(0.0)}^{3}t_{4}(X)s_{S}(X)$

$+X_{(0.0)}^{6}t_{4}(X)+s_{3}(X)^{2}t_{4}(X)-\frac{1}{2}X_{(00)}^{4}s_{3}(X)^{2}+\frac{1}{2}X_{(0.0)}^{4}s_{6}(X)$ .

This shows that $\Delta(X)$ is absolutely irreducible as a polynomial in the five
variable $X_{(0.0)},$ $s_{3}(X),$ $s_{6}(X),$ $s_{9}(X),$ $t_{4}(X)$ , because $\Delta(X)$ contains the only one
monomial $X_{(0.0)}s_{9}(X)$ containing the variable $s_{9}(X)$ and $X_{(0.0)}$ does not divide
$\Delta(X)$ . Hence the residue ring $k[X_{(0,0)}^{-3}s_{3}(X), X_{(0.0)}^{-6}s_{6}(X), X_{(0.0)}^{-9}s_{9}(X), X_{(0.0)}^{-4}t_{4}(X)]$

[ $(X_{(0.0)}^{-10}\Delta(X))$ is an integral domain and its quotient field $k(x_{(0,0)}^{-3}s_{a}(x), x_{(0,0)}^{-6}s_{6}(x)$ ,
$x_{(0,0)}^{-9}s_{9}(x),$ $x_{(0.0)}^{-4}t_{4}(x))$ is a rational function field in three variables $x_{(0,0)}^{-3}s_{3}(x),$ $x_{(0.0)}^{-6}s_{6}(x)$ ,

$x_{(0,0)}^{-4}t_{4}(x)$ . We shall next show that $\Delta(X)$ is an absolutely irreducible polynomial
in $X_{(0.0)},$ $X_{(1.0)},$ $X_{(0.1)},$ $X_{(1.1)},$ $X_{(1,-1)}$ . Since $k[X_{(0,0)}$ , $\cdot$ .. , $X_{(1,-1)}]$ is a unique factori-
zation domain, there exists a unique factorization $\Delta(X)=P_{1}(X)\cdots P_{r}(X)$ . Since
the group $\overline{\Gamma}_{0}$ leaves $\Delta(X)$ invariant, $P_{i}(X)^{\sigma}(1\leqq i\leqq r;\sigma\in\overline{\Gamma}_{0})$ are also irreducible
factors of $\Delta(X)$ . This shows that there exists a subgroup $H$ in $\overline{\Gamma}_{0}$ and an
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irreducible element $P(X)$ such that $\Delta(X)=\prod P(X)^{\sigma}$ where $\sigma$ runs over a sys-
tem of representatives of right cosets modulo $H$ and $P(X)^{\sigma}(\sigma mod H)$ are
coprime to each other. The degree of $\Delta(X)$ is ten and the index $[\overline{\Gamma}_{0} : H]$ is
a divisor of the order $2^{3}3^{4}$ of $\overline{\Gamma}_{0}$ . Hence the only possibility of the index
$[\overline{\Gamma}_{0} : H]$ is one or two. Assume for a moment that $[\overline{\Gamma}_{0} : H]=2$ . Then by
virtue of Lemma 2.1 $H$ coincides with the commutator group $(\overline{\Gamma}_{0},\overline{\Gamma}_{0})$ and
$P(X)^{\sigma}=\chi(\sigma)P(X)(\sigma\in(\overline{\Gamma}_{0},\overline{\Gamma}_{0}))$ with a charactor $\chi$ . On the other hand $7_{0}$ and
$(\overline{\Gamma}_{0},\overline{\Gamma}_{0})$ are the extensions of the normal subgroup $\overline{N}$ by the symmetric group
and the alternating group on $\{X_{(1.0)}, X_{(0.I)}, X_{(1,1)}, X_{(1.-1)}\}$ , respectively. Hence
$P(X)^{2^{2}3^{4}}$ is an alternating function in $X_{(1,0)},$ $X_{(0.1)},$ $X_{(1.1)},$ $X_{(1.-1)}$ and thus $P(X)^{2^{3}\$^{4}}$

is a symmetric function in $X_{(1.0)},$ $X_{(0.1)},$ $X_{(1.1)},$ $X_{(1.- 1)}$ . This means that $P(X)^{2^{3}3^{4}}$

is an invariant for $\overline{\Gamma}_{0}$ . On the other hand $P(X)$ is an absolutely irreducible
element in $k[X_{(0,0)}, s_{8}(X), s_{6}(X), s_{9}(X), t_{4}(X)]$ which is the invariant subring
with respect to $\overline{\Gamma}_{0}$ . This shows that $\Delta(X)^{2^{2}3^{4}}=cP(X)^{2^{2}3^{4}}$ with a constant $c$

and $\Delta(X)=c^{\prime}P(X)^{2}$ . This is a contradiction. Therefore $\Delta(X)$ is absolutely
irreducible in $k[X_{(0,0)}, \cdots , X_{(1,- 1)}]$ and $k[x_{(0.0)}, \cdots , x_{(1,-1)}]=k[X_{(0.0)}, \cdots , X_{(1,- 1)}]$

$/(\Delta(X))$ is an integral domain. Finaly we shall prove that $k(x_{(0.0)}^{-3}s_{3}(x), x_{(0.0)}^{-6}s_{6}(x)$ ,
$x_{(0.0)}^{-4}t_{4}(x))$ is the invariant subfield in $k(x_{(0,0)}^{-1}x_{(1.0)}, x_{(0.0)}^{-1}x_{(0.1)}, x_{(0.0)}^{-1}x_{(J,1)}, x_{(0.0)}^{-1}x_{(1.-1)})$

with respect to $\overline{\Gamma}_{0}$ . Let $f(x)$ be an invariant element in $k(x_{(0.0)}^{-1}x_{(1.0)}, \cdots x_{(0.0)}^{-1}x_{(1.- 1)})$

with respect to $\overline{\Gamma}_{0}$ . Then there exists a pair $(g(X), h(X))$ of homogeneous

elements of the same degree in $k[X_{(0,0)}, X_{(1,0)}, \cdots , X_{(1.-1)}]$ such that $f(x)$

$=g(x)/h(x),$ $h(X)^{\sigma}=h(X)$ (a $\in\overline{\Gamma}_{0}$) and $g(X)^{\sigma}-g(X)=l_{\sigma}(X)\Delta(X)$ with homo-
geneous elements $1_{\sigma}(X)$ whose degree is $\deg g(X)-10$ . The system $(l_{\sigma}(X))_{\sigma\in\overline{\Gamma}0}$

may be regarded as a l-cocycle of $\overline{\Gamma}_{0}$ with coefficients in the additive group
$k[X_{(0.0)}, \cdots , X_{(1.-1)}]$ . Since the order $2^{3}3^{4}$ of $\overline{\Gamma}_{0}$ is coprime to the characteristic
$p$ of $k$ , the l-cohomology group of $\overline{\Gamma}_{0}$ is trivial6). Therefore there exists an
element $a(X)$ in $k[X_{(0.0)}$ , $\cdot$ .. , $X_{(1.- 1)}]$ such that $1_{\sigma}(X)=a(X)^{\sigma}-a(X)(\sigma\in\overline{\Gamma}_{0})$ .
Putting $g_{1}(X)=g(X)-a(X)\Delta(X)$ , we have $f(x)=g_{1}(x)/h(x)$ and $g_{1}(X)^{\sigma}=g_{1}(X)$ ,
$h(X)^{\sigma}=h(X)(\sigma\in\overline{\Gamma}_{0})$ . This shows that the invariant subfield in $k(x_{(0.0)}^{-1}x_{(1.0)}$ ,
... , $x_{(0,0)}^{-1}x_{(1.- 1)}$) with respect to $\overline{\Gamma}_{0}$ is the quotient field of the integral domain
$A$ , where

$A=k[X_{(0.0)}^{-1}X_{(1,0)}, \cdots , X_{(0.0)}^{-1}X_{(1.- 1)}]/(X_{(0.0)}^{-10}\Delta(X))$

$=k[X_{(0.0)}^{-3}s_{3}(X), X_{(C.0)}^{-6}s_{6}(X), X_{(0,0)}^{-9}s_{9}(X), X_{(0.0)}^{-4}t_{4}(X)]/(X_{(0.0)}^{-10}\Delta(X))$

$=k[x_{(0.0)}^{-3}s_{3}(x), x_{(0,0)}^{-6}s_{6}(x), x_{(0,0)}^{-9}s_{9}(x), x_{(0,0)}^{-4}t_{4}(x)]$

$=k[x_{(0.0)}^{-3}s_{3}(x), x_{(0.0)}^{-6}s_{6}(x), x_{(0,0)}^{-4}t_{4}(x)]$ .

This completes the proof of Theorem 2.3.
COROLLARY 2.4. Let $k$ be a field whose characteristic $p$ does not divide six.

6) See [5].
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Then the projective variety

$M_{2,3}\otimes_{Z}k=Proj(k[X_{(0,0)}, X_{(1.0)}, X_{(0.1)}, X_{(1.1)}, X_{(1.- 1)}]/\Delta(X))$

is asbolutely irreducible.
2.2. Let $\{Q_{11}, Q_{12}, Q_{22}, U_{1}, U_{2}\}$ be a system of indeterminates and denote

briefly
$U(m)=U_{1}^{m_{1}}U_{2}^{m_{2}}$ , $Q(m, n)=Q_{11}^{m_{1}n_{1}}Q_{12}^{(m_{1}n_{2}+m_{2}n_{1})}Q_{22^{22}}^{mn}$

$(m=(m_{1}, m_{2}),$ $n=(n_{1}, n_{2}))$ .
By a two dimensional formal theta function of level $n$ we mean a $forma1_{L}\{$

series
$\varphi(U)=\sum_{m\subset Z^{2}}\lambda_{m}U(m)^{2}$ ,

such that
$\varphi(Q(m)U)=Q(m, m)^{-n}U(m)^{-2n}\varphi(U)$ $(m\in Z^{2})$ ,

where $(Q(m)U)(n)=Q(m, n)U(n)$ . Then two dimensional formal theta functions.
of level $n$ form a vector space of dimension $n^{2}$ over the field of coefficients.
We shall be concerned with the following formal series

$\theta_{a}(Q|U)=\sum_{m\in Z^{2}}Q(m+\frac{a}{3},$ $m+\frac{a}{3})U(m+\frac{a}{3})^{2}$

$\theta_{a}(Q)=\sum_{m\in Z^{2}}Q(m+\frac{a}{3},$ $m+\frac{a}{3})$ (a $=(a_{1},$ $a_{2})$ ; $a_{1},$ $a_{2}=0,1,$ $-1$).

These formal series satisfy the relations

(3) $\theta_{a}(Q|Q(m)U)=Q(m, m)^{-1}U(m)^{-2}\theta_{a}(Q|U)$ ,

(4) $\theta_{-a}(Q|U)=\theta_{a}(Q|U^{-1})$ ,

(5) $\theta_{a}(Q|Q(\frac{b}{3})U)=Q(-b3-\frac{b}{3})^{-1}U(\frac{b}{3})^{-2}\theta_{a+b}(Q|U)$ ,

(6) $\theta_{-a}(Q)=\theta_{a}(Q)$

$\left(\begin{array}{ll}m\in Z^{2} & \\a=(a_{1},a_{2}), & b_{2}b=(b_{1},)\\a_{1}, & a_{2},b_{1},b_{2}=0,1,-1\end{array}\right)$

and the products $S_{a}(Q|U)\theta_{-a}(Q|U)$ are considered as formal theta functions
of level 2. These relations (3) $\sim(6)$ imply the inequality7)

rank $(\theta_{a+b}(Q|U)S_{-a+b}(Q|U))\leqq 2^{2}=4$ ,

where $(\theta_{a+b}(Q|U)\theta_{a+b}(Q|U))$ is the $9\times 9$-matrix whose (a, b)-component is
$\theta_{a+b}(Q|U)\theta_{-a+b}(Q|U)$ and $(a, b)$ run over the vector space $GF(3)^{2}$ . Since $(\theta_{a}(Q))$ ,

7) See [1].
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is a specialization of $(\theta_{a}(Q|U))$ over the replacement $U(m+\frac{a}{3})$ by 1, it
follows that

(7) rank $(\theta_{a+b}(Q)\theta_{-a+b}(Q))\leqq 4$ .
Since $S_{a}(Q)=S_{-a}(Q)$ , we have

$S_{a\dashv- b}(Q)\theta_{-a+b}(Q)=\theta_{-a+b}(Q)\theta_{-(- a)+b}(Q)$

$=\theta_{-a- b}(Q)\theta_{-(- a)- b}(Q)=\theta_{a- b}(Q)\theta_{-a- b}(Q)$ .
This means that the inequality (7) is equivalent to

(8) $\det$

$=0$ .
THEOREM 2.5. Let $k$ be a field of characteristic $p$ such that $k$ contains a

primitive cubic root $\zeta$ of unity and $p$ does not divide six. Then the projective
variety defined by $\Delta(X_{(0,0)}, X_{(1,0)}, \cdots , X_{(1,- 1)})=0$ is the projective locus of
$(\theta_{(0,0)}(Q), \theta_{(1,0)}(Q),$ $\theta_{(0,1)}(Q),$ $\theta_{(1,1)}(Q),$ $\theta_{(1,-1)}(Q))$ over $k$ and the rational function field
$k(\sum_{a\neq(00)},\theta_{a}(Q)^{3}/\theta_{(0,0)}(Q)^{3},\sum_{a\neq(00)},\theta_{a}(Q)^{6}/\theta_{(0,0)}(Q)^{6},$

$\theta_{(1,0)}(Q)\theta_{(0,1)}(Q)\theta_{(1,1)}(Q)\theta_{(1,-1)}(Q)$

$\int\theta_{(0,0)}(Q)^{4})$ is the invariant subfield in $k(\theta_{(1,0)}(Q)/\theta_{(0,0)}(Q), \theta_{(0,1)}(Q)/\theta_{(0,0)}(Q)$ ,
$\theta_{(1,1)}(Q)/\theta_{(0,0)}(Q),$ $\theta_{(1,-1)}(Q)/\theta_{(0,0)}(Q))$ with respect to the group of automorphisms

$(\alpha, \beta)$ : $\theta_{a}(Q)\rightarrow\zeta^{a\beta^{t}\alpha^{t}a}\theta_{a\alpha}(Q)$ $(a\in GF(3)^{2})$ ,

where $\alpha,$ $\beta$ are $2\times 2$-matrices with coefficients in $GF(3)$ such that $\det\alpha\neq 0$ and
$\beta^{t}\alpha=\alpha^{t}\beta$ . Moreover if $(\varphi_{a}(0))$ is the canonical system of theta constants of
level three on a two dimensional abstruct abelian variety, the point $(\varphi_{(0,0)}(0)$ ,
$\varphi_{(1,0)}(0),$ $\varphi_{(0,1)}(0),$ $\varphi_{(1,1)}(0),$ $\varphi_{(1,- 1)}(0))$ is a point on the variety $\Delta(X_{(0,0)},$ $X_{(1,0)},$ $\cdots$ ,
$X_{(1,-1)})=0$ .

PROOF. Since $\Delta(X_{(0,0)}, X_{(1,0)}, \cdots , X_{(1,-1)})$ is absolutely irreducible, for the
first assertion it is sufficient to show that

$\dim_{k}k(\theta_{(1,0)}(Q)/\theta_{(0,0)}(Q), S_{(0,1)}(Q)/\theta_{(0,0)}(Q)$ ,

$\theta_{(1,1)}(Q)/\theta_{(0,0)}(Q),$ $\theta_{(1,-1)}(Q)/\theta_{(0,0)}(Q))=3$ .
It is also sufficient to prove for the case $k=C$ . This is a well-known classical
result. The second part is a direct consequence from Theorem 2.3. Let
$(\varphi_{a}(0))$ be the canonical system of theta constants of level three on a two
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dimensional abstruct abelian variety. Since
$\varphi_{a+b(0)\varphi_{- a+b}(0)=\varphi_{- a+b}(0)\varphi-(- a)+b(0)}$

$=\varphi_{- a- b}(0)\varphi-(- a)-(- b)(0)=\varphi_{a-b}(0)\varphi_{- a- b}(0)$ ,

by virtue of Theorem 1.6 it follows
$\Delta(\varphi_{(0,0)}(0), \varphi_{(1,0)}(0),$ $\varphi_{(0,1)}(0),$ $\varphi_{(1,1)}(0),$ $\varphi_{(1,-1)}(0))=0$ .

This completes the proof of Theorem 2.5.
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