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§ 0. Introduction.

The B-transformations, which originate in a number-theoretical concept,
B-expansions, have been supplying numerous results to ergodic theory. They
correspond naturally to the symbolic dynamics called S-subshifts through the
coefficients in the p-expansions, and have natural invariant measures, which
are unique as measures of maximal entropy. The ergodic properties of -
transformations have been studied by A. Renyi [12], W. Parry et al.
All these results depend intrinsically upon the symbolical structure of j-
subshifts, though it may be obscure. In this paper we will study the sym-
bolical structure in detail, from which we deduce the dynamical and ergodic
properties.

The notion of Markov subshifts is not only an indispensable tool from
our stand point, but also furnishes a class of simple but interesting topological
dynamics; the section 1 is devoted to the study of them; a characterization
by open-ness of mappings, irreducibility and aperiodicity, their topological
entropy. Several properties of topological entropy will be treated in the
section 2. It will be interesting to note that the topological entropy is in a
close relation to the numbers of periodic points. It gives an information on
the character of topological entropy, which is, however, not a complete in-
variant even for Markov subshifts. It is also known that there corresponds
an invariant measure to each Markov subshift by the maximality of entropy
and that general subshifts and the invariant measures for them can be in-
vestigated through approximation by Markov subshifts.

In the section 3, we will discuss on the natural realization by subshifts
of B-transformations. Here we must emphasize on the role played by the
sequence wg called expansion of one and by the lexicographical order struc-
ture. Using them, we obtain a classification of words and an asymptotic
estimate of mumbers of words.

In the consequent section 4 one can find a necessary and sufficient con-
dition for B-transformations to be Markov. As a consequence we know that
B-subshifts are not Markov except for those S's which satisfy a certain
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kind of algebraic equations. At the same time the family of S-subshift forms
a one-parameter continuous family of increasing closed invariant set, and
each of them can be closely approximated by Markovian §-subshifts.

In the last section 5 the Ornstein’s weak Bernoulli condition will be
verified for B-automorphisms with the help of our information on their sym-
bolic structure. This result is also obtained by Smorodinsky [15]. We finally
note that one of the authors constructed isomorphism of S-automorphisms to
mixing Markov automorphisms [16].
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§1. Markov subshift.

Let A be a finite set with discrete topology, A% and A" the infinite
product spaces where N={0,1,2,---}, Z={0, =1, +2,--}. The n-th coordinate
of an element w € A? or A" is denoted by w(n). The shift transformation o
is considered both on A% and on A", and is defined by the relation:

@ (ow)(n)=w(n+1).

DEFINITION 1.1. A subshift is a pair (X, ) where X is a o-invariant closed
subset of the product space A? or A¥ and the letter ¢ stands for the re-
striction ¢]X to the subset X of the shift transformation.

Thus subshifts are topological dynamics with canonical generator
{La]l | a= A}. Here for a word u over the alphabet set A, in other words
for u ezn\é}lA”, [u] denotes the corresponding cylinder set:

[ul={w|wk)=a, 0=k=n}

if u= (00’ T an) (ak € A)°
For a subshift (X, o), the topological entropy e(X, ¢) can be computed by
the formula:

) o(X, 0)=lim —1n— log card (W,(X))

where card (W) is the cardinality of a set W and
2) Wi(X) = {(@(0), -+, wo(n—1)) | € X} .

DEFINITION 1.2. An invariant measure g for a subshift (X, o) will be
called maximal if the metrical entropy A(y)=h(X, y,0) coincides with the
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topological entropy e(X, o).
REMARK 1.3. The existence of maximal measure for any subshift is well-
known. A proof can be given as follows. From the inequalities

tH (o) +(1— ) Hy(@) = Hypo 1) = tH (@) +(1— 1) H,(a)—log 2

for any finite Borel partition a« and probability measures g, v, we conclude
that the metrical entropy A(x) is upper semi-continuous affine function on the
set of invariant probability measures because the symbol set A is finite.
Since this set is compact in the vague topology, the function h(y) admits its
maximum there.

DEFINITION 1.4. A subshift (X, ¢) will be called Markov subshift of order
D if there is a subset W of A?*! (p>0) such that

4) X=W)={w|(w(n), -, o(n+p) e W for any n}.

The set W will be called the structure set of Markov subshift (X, o).
‘The structure matrix M= (Myy)y,vesr is defined as follows;

® M 1 if u=(ay, -, ap-1), v=_(ay, -+, ap) for some (ay, -+, a,) W
o 0 otherwise.

REMARK 1.5. i) This notion is equivalent to subshifts of finite type in
‘Smale if XC A? and to intrinsic Markov chain in W. Parry if XC A~
The reason why we call such subshifts Markovian is that any maximal
invariant measure g is Markovian in the sense that x,(®) = w(n) form a Markov
<chain with state space A.

ii) The topological entropy of a Markov subshift (X, o) of order p is
computable from its structure matrix M via the following obvious identity:

card (W, (X))=(M""?"1,1) (n>p+1)

‘where 1=11,1, ---,1).
Consequently, as is shown in [1],

0) o(X, 0)=log p(M)

where p(M) is the maximal modulus of eigenvalues of matrix M, which is
the spectral radius of the operator M on the vector space c¥.

iii) Let (X, o) be a subshift. We can define Markov subshifts (X?, o) (p=0)
setting

{7) XP =MW (X)) .
Then it is obvious that X? D X?*', X = X?, and

p=0
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® e(X, 0)=1im e(X?, 0) =inf e(X?, a).
p—oo =0

The following theorem, which is an extension of Parry’s result ([(1I]),
characterizes Markov subshifts. We use the following notations: ¢, denotes
the shift transformation on one-sided sequence space A¥ in order to distinguish
it from the shift transformation ¢ on bilateral sequence space A” and the
natural projection of AZ onto A" is denoted by .

THEOREM 1. Let X be a o-invariant closed subset of the product space A’
and X,=n(X) the projection of X to AY. Then the following four conditions
are mutually equivalent:

(a) (X, o) is a Markov subshift.

(b) (X4, 0,) is a Markov subshift.

(¢) The restriction n|X to the set X of projection m is an open map.

(d) The restriction o.|X, to the set X, of shift transformation o, is an

open map.

PrROOF. The equivalence of (a) and (b) follows from the closedness of the
set X; in fact

X={we A? | (w(n+k)),zo= X, for any ne Z} .

(c) implies (d): it is obvious from the homeomorphy of ¢ and the following
commutative diagram:

-

o|X

X —— X

n'le l'n'IX T C=0,T

We now need the following:

LEMMA 1.6. A subset of the countable product space A% is open and closed
if and only if it is a finite union of cylinder sets.

In fact, the “if ” part is obvious. Suppose that an open and closed subset
X is not a finite union of cylinder sets. Then there must exist a sequence
of cylinder sets

Ci={oc A" |w(t)=a}, |kl=n} (€A, n=0)

which intersect both of X and its complement X°. Since the set A is finite,
we can choose a divergent subsequence (n’) for which a’ does not depend
on 7/, say ai’=a,. Thus we obtain a sequence ®=(a;) ez S A? which is
contained both in the closed sets X and X¢ which is absurd. We have
completed the proof.

Now we continue the proof of
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(a) implies (c): It suffices to prove that n(U) is an open set for any
cylinder set U of form

U={weX|w(—n=a, -, om—n)=a,)(ncZ, me N, a, -, ad, € A).
Take an arbitrary point % e x(U) and let @< U be such that n(@®)=wl.
Then the set V= {w, s X, | w,(k)=w% (k) 0=k <!} is an open neighbourhood
of % in X, where [=max {p, m—n-+p} and p is the order of Markov subshift
(X, 0). We will show that #(U)2V. For any element w, <V, the sequence
w <€ A? defined by w(n)=w’(n) (n<0), =w,(n) (n=0) does belong to the set X
by its Markovianness. Furthermore w< U since o’ U and U is of the form
mentioned above. Hence w, = rn(w) < n(U).

(c) implies (b): This implication is essentially due to W. Parry [11], but
we must show it since we do not give a proof of the equivalence of Parry’s
intrinsic Markov chains and our Markov subshifts. From (c) and the con-
tinuity of o. it follows that the set o,([al " X,) is open and closed for any
as A. Therefore we can choose a family {P,|a< A} of subsets of the word
set A? with the following properties:

D o (falnn(X)) =uEL}J, LulNn(X) (a€ A).
2) [ulnn(X)=+0 for any u< UAP“'
We set
W= {(001 ay, -, ap) e AP+ l (a1! Tty ap>E Pao}

and show that X, =.#(W). Noting that, for an arbitrary subset Y of A"
and for n=1, a4 ,a,€ A,

) 0L, -+, e dNY)=lay, -, axdNnosadNY),
we have |
0Ly, -+, @ INXy)=[ay -, e ]N X,
if n=p. From this it follows immediately by induction that C\ X, +9 for

any cylinder set C in M(W). Consequently, for any w < H(W), we can choose
o™, n=0 such that w*= X, and that w"(k)=w(k) for 0<k=n. Hence

MW)Cel(X)=X,.
The inverse inclusion follows from the inclusion relation

U U leul= \IwlDX,.

a=A u=Py

Thus we have shown the Markovianness of (X, g.,).

REMARK 1.7. As corollaries to which was used in the proof
above, we obtain the followings.

a) (Hedlund’s theorem) For any continuous homomorphism ¢ of a shift
(A%, o) into a shift (B?, o), there exists a partition P,, b B, to A? for some



38 S. Ito and Y. TAKAHASHI

integer p =0, such that
(10) d(w)(n) =FLo(n+k), -, o(n+k+p—1)]

where F(a,, -+, ap-y) =b if (ay, -, Gp-y) € P,.

b) Any continuous homomorphism ¢ of a subshift (X, o) of (A% o) into
(B?, ¢) can be extended to a continuous homomorphism ¢ of shift (A% o) into
(B4, o). In fact ¢ '[b], b= B, are open subset of the set X and form a
partition of X; in particular they are open and closed in X. It follows from
that there are mutually disjoint subsets Q,, b B, of A? for some
» =0 such that ¢~'[b] :uééb[u]m)(. Let P, b B, be a partition of A? for

which P,DQ,. Then the map ¢ defined through the formula is a con-
tinuous homomorphism of (A%, o) into (B? o) which agree with ¢ on the set X.
¢) A Markov subshift (X, o) of a shift (A% o) can be expressed as

(11) X=¢(B*)n A”

for some continuous homomorphism of a shift (B?, o) into (A% o), where B is
an alphabet set containing A. In fact, let W be the structure set of the given
Markov subshift, B= AV {x} (x being an additional point) and

F|W =identity, FI\We=x,
Then the map ¢ given by possesses the property [(11).

§2. Properties of topological entropy.

DEFINITION 2.1. (i) A subshift (X, ¢) is called transitive if, for any
cylinder sets C and D, there exists a positive integer n such that

1 CNX)Na" (DN X)+0.

(i) A subshift (X, o) is called uniformly transitive if, for any finite
partition a by cylinder sets, there exists a positive integer n such that (1)
holds for any two members C, D of a.

We recall that a matrix M =(M;;),=;,;=, is called permutation-irreducible

if there is no permutation ¢ of the set {1,---,n} for which the matrix
M’ = (Mcciyecjy)isi,55a 18 of form
N, N, N, 0

0 N,/ °" \N, N,

where N; and N, are non-zero square matrices (See Gantmacher [5]), and
that a nonnegative permutation-irreducible matrix M=0 has a positive
eigenvalue p(M) which is simple and of maximal modulus among its eigen-
values (theorem of Perron-Frobenius).
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We also note that any Markov subshift (X, ¢) of order p=2, over an
alphabet set A, is naturally isomorphic to a Markov subshift of order 1 over
alphabet set A?.

DEFINITION 2.2. (i) A Markov subshift (X, o) is called irreducible if its
structure matrix is permutation-irreducible. (ii) (X, o) is called aperiodic if
some power of its structure matrix is strictly positive.

REMARK 2.3. It is proved in [1], that the maximal invariant measure
is unique for a irreducible Markov subshift and that such a Markov measure
is ergodic and is determined by its structure matrix M as follows: Let x
and y be right and left eigen-vectors corresponding to the maximal eigenvalue
o(M), i.e. Mx=p(M)x and yM=p(M)y. Since the components of x or y
must have common sign, we may assume that they are positive. Then the

maximal Markov measure is defined by the transition matrix P=(Py,),

Puv:—i\gf;\‘/;;cx” whose unique invariant probability vector is #=(x,), 7, =
| u

The following lemma is due to N. Iwahori [7].

LEMMA 2.4. Let (X, o) be a simple Markov subshift over alphabet set A.
Then the set A is decomposed as follows:

(i) A=A,JA,\J---UA, (disjoint union) (m =1).

(i) If we define X,= {we X|wn)e A, for all n}, then (X,, o) is an irre-
ducible Markov subshift for 1=k=<=m.

(jii) {we X | own)e A, for all n} =0.

PROOF. We define a binary relation R on A: aRb if a=> or if there is
a word (ay, +, a,) € W, (X) such that a,=a and a,=>5, and another relation
aRb by aRb and bRa. Then the relation R is an equivalence relation. Let
A(X) be the space of equivalence classes with respect to R, A, -, A, be such
equivalence classes that the sets X, defined in (ii) are not empty, and A, the
subset of those alphabets which belong to none of A,,:-, A,. Then (i) and
(iii) are trivial and (ii) follows from the fact that the irreducibility of a
Markov subshift (Y, ¢) is equivalent to the condition: if a, b are any two
alphabets appearing in Y, then there exists a word (a,, ---, a,) of Y for which
a=a, and b=a,.

COROLLARY 2.5. Let X(t) and X (t) be characteristic polynomials of the
structure matrices of Markov subshifts (X, o) and (X,, 0) in Lemma 2.4
(=1, ,m).

Then,

@ X0 =TT 24(0)
where [=-card (A4,).
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REMARK 2.6. i) The structure matrix of (X, 0) is minor matrix
(Mab)a,beAko
ii) Consequently,
e(X, 0)=max e(X,, 0).
1=k=m

iii) In particular, the maximal invariant measures for a subshift (X, o)
are supported by union of X,’s for which e(X,, ¢)=e(X, o) and they span a
convex set of dimension n where n is the number of such X,’s.

PROPOSITION 2.7. (i) For a subshift (X, o),

@3) lim sup L log Pi(X, )= (X, )
where P,(X, 0)=card {we X | 0"w=w}.

(ii) The equality (3) holds if (X, o) is Markovian and the limit in the left-
hand side exists if it is aperiodic.

REMARK 2.8. (a) If (Y, o) is an expansive dynamical system with finite
topological entropy, then the periodic points increases at most exponentially.
In fact there exists a (topological) generator {U,|a< A} for an expansive
system ([8]) where A is a finite index set and we can define an isomorphism
R of a subshift (X, o) onto (Y, ¢) as follows:

{R@)} =N ¢"(Uuny)  (ome-point set)
and
X={wc A" | {R(w)} + ¢} .

(b) In particular, the Anosov system for which the existence of Markov
partition is proved ([3], also has periodic points which increases at most
exponentially and the bound of increasing order is given by its topological
entropy. This result is found in Bowen [4].

(¢) For p-subshifts, which will be studied in sections 3, 4 and 5 the
equality (3) does hold even when it is not Markovian.

PrROOF., We first show (ii). Let M be the structure matrix of a Markov
subshift (X, g). Then

Pn(Xr O')ZTrMn:2<Mn)aa.

acA

and
card W,(X)= ZA(M")ab .
a, b=

These two quantities can be expressed as linear combination of powers of

eigenvalues of the matrix M. It is now obvious that lim Llog P,(X, o) and

n—co N

lim —}i—log card W,(X) exist and coincide with log p(M) when M is aperiodic.

n—oo

If (X, o) is an irreducible Markov subshift, then the eigenvalue p(M) is simple
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so that a suitable choice of subsequence of n,— oo shows the statement (ii).

Now (ii) follows from the [Lemma 2|4 and its [Corollary 2.5
To prove (i), we approximate (X, o) by the Markov subshifts (X?, o)

where X? =MW ,.+(X)) (see §1, (7)). Then X? DX implies that

P,(X?, 0) = P,(X, o)
and that
lim sup P,(X, o) Zlimsup P.(X?, o)< e(X?, o).

n—oo n—00

Since lim e(X?, g) =e(X, g), we have (i).

p—oo

REMARK 2.9. i) There exist two Markov subshifts (X, ¢) and (Y, ¢) with
common topological entropy which are not topologically isomorphic. Let
X=MM) and Y=H(N) where

0 1 1 0 1 1
M=|0 1 1 and N={1 0 1
1 1 1 1 1 1

Then p(M)=p(N)=1++2, but P,(X, 0)=2, P(Y,0)=1.

ii) Even if the zeta functions ((2]) of two Markov subshifts (X, ¢) and
(Y, o) coincide, i.e., Py(X, 0)=P,(Y, o) for all n=1, (X,0) and (Y, 6) may
not be isomorphic. An example can be given by the matrices:

0 0 1 0 0 1
M=ji0 1 1 and N={0 1 0
1 0 1 1 0 1

The characteristic polynomials are common and given by #*—2t2+1=0.
TrM=TrN=2, TrM?*=TrN?>=4. M(N) has an isolated fixed point while
M(M) has none.

§3. Realization of S-transformations.

Let 8 be a real number such that s—1<B8=s for some integer s=2.
The B-expansion of a real number ¢ is the expression of the form:

(1) t=a,+ 2] an‘B~n~1
nz20

where a_, is an integer and, for n=0, a,€ A=1{0,1,--,s—1}. The expression
can be uniquely determined via S-transformation 7 which has been studied
by A. Renyi and W. Parry [10], and is defined on the unit interval
[0,1) by the relation:
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2) Tgt=pt (mod1l).

Let 75 be the map of the unit interval [0, 1) into the infinite product space
2=A"=1{0,---,s—1}* defined as follows:
@3 meB(m)=Fk, if kBT <(k+DB

where Tht=t, T3"'t=TT%) (n=0).
Then it is proved in that the expression (1) holds for a,=mg(t)(n),
n=0, a_,=0 in the case of t=[0,1); in other words

(1) t= pp(ms(t))
where
) ps(w)= T a(n)g™"

for ws A¥. (See 5) of the [Proposition 3.2 below.)

Let Y5 be the image wp([0, 1)) and X its closure in the product space 2
with the product topology.

DEFINITION 3.1. The subshift (Xz o) will be called S-subshift.

The space £ is endowed with the lexicographical order w > w’: if and
only if there exists an integer n such that w(k)=w’(k) for k<n and w(n)
> w/(n). The shift transformation on the space 2= A* will be denoted by o.
We set

®) T3l=lim T}t
t11
and
(6) 7g(l) =max Xpg=wp.

PROPOSITION 3.2.

1) comg=mgo Ty on [0, 1).

2) mp:[0,1]—X; is an injection and is strictly order-preserving, i.e. t<s
implies that mg(t) < ma(s).

3) pgorms is identity on [0, 1].

4) pgoo="Tgops on Y,

5) pg: Xs—[0,1] is a continuous surjection and is order-preserving, i.e.
o < o' implies that pglw) < pgle’).

6) The inverse image pz'(t) of t< [0, 1] consists either of a one point ma(t)
or of two points mg(t) and ssgtp zg(s). The latter case occurs only when Tjt=0
for some n> 0.

7) In particular, mg(w) is one-to-one except for a countable number of points
[OXS Xﬁ.

PrOOF. We first note that
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(7) ﬁt = Tﬁ t+7fﬂ(t)(0)
and that
® Tyt=p"(t— S msO(B)

for any t<[0,1) and n=1. (7) is the definition itself of Tp and 7, and (8)
is an immediate consequence of (7).
The assertion 1) and 4) are trivial. 3) follows from (8), since

n—1
lim }Z}Onﬁ(t)(k)ﬁ"’"zpﬁ(nﬁ(t)), and 3) implies the injectivity of 73 and the

surjectivity of pg.

Now we prove that the map mg preserves the order. Then we have the
assertion 2). Suppose that there exist t, s=[0, 1] such that ¢t<s and that
mg(t) > wg(s), i. e., that there exists an integer n=0 with the properties:

ma(t)(k) = ma(s)(k) for k<n
and
mg(t)(n) > ma(s)(n) .

Then we would have, by the identity (8),

t:,,é, T()(E) B+ B T

gké) np(s)(k)ﬁ'k‘l—I—,B'n-’(l-l—T""'lt)
— s-}—ﬁ'"‘%l-{-T”“t——T"“s) .

This is absurd since ¢ <s.

Recalling that the completion of the set Yz with respect to the lexi-
cographical order coincides with its closure Xz in the product topology, we
have 5).

Finally we prove the assertion 6). It is now obvious that

ety ={we Xz | SEP () =Sw= iI;f ma(s)} .
8 s>t
Since lifn Tgs=Tgt, we have
st
lim m4(1)(0) = m4(8)(0)

and so
11’;{ 71'@(8) = ﬂﬁ(t) .

Consequently,
P = {ggp 7p(s), Ta(h)} .

Assume now that w=sup 74(s) and o’ =ng(f) are distinct. Then there is an
8t
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integer n for which

(k) = w' (k) (k< n)
and
o(n) #w'(n).

Since w <@’ by 2), and since pg(w”) <1 for any o” € Xz we have
w(n)=w'(n)—1.

Then, from the identities

1= ps(w) = 3 (W57 py{0"0)
and

t—= Pﬁ(w/) — kéow/(k)‘@—k—l_}_‘B-n—lpﬁ(o.nw/)

it follows that
‘B~n—1 — ‘B-n—l(pﬁ(o.nw)_pﬁ(o.nw/)) .

But this equality holds if and only if ps(6"w)=1 and pg(¢"®’)=0. Hence
@' (k)=0 for any 2> n and

0"w=wg=max Xg

since p3'{l} consists of one point ws. The proof of Proposition is completed.
REMARK 3.3. The Proposition implies that the orders induced from the
usual order on the unit interval [0,1] by the maps pg and p; (s—1<B=5)
coincide on the set Y, since the order induced by p; is lexicographical on A”.
This remark enables us to classify the set W,(X;) of those words of
length n which appears in S-subshift (Xs 0) (n=1). These word sets are
also endowed with lexicographical order. Let

W?‘t - {(aly Tty an) = Wn(Xﬂ> [ (alv ) an—ly an+l)e Wn(X,B>} ’

9)

Wi ={u-ve Won(Xp) |u-ve Wint, Wa(w={u-v|uveW,,,}
where n=1, ue W,(Xp), £ =0, and the symbol “-” denotes the concatenation,
1. e.

(10) u°1):((11, tecy, Oy, bl; Tty bm)

if u=(ay,-,a, and b=(b, -, b,) (the number m may be infinite). The
empty word ¢ is a symbol such that ecu=wu.¢=u for any word u. Finally
we set Wy(Xg) = Wiu)= {e}.

PROPOSITION 3.4. For any k=0 and a word uc Wy(Xp)

Walw) = U W) 5[0, =)\ {max W,Gw)}

where
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(@0, opi—1) (> D),

(11) wg[0, 7)) = ,
¢ (empty word) (7=0).

REMARK 35. If u=e¢, then, W} (e)= W} and max W,(e)= wg[0, n).

PROOF. We only prove the proposition for the case u=g¢, since the
general assertion is then deduced immediately. We first note that, if a word
(ay,-++,a,) belongs to the set W,(Xp and if a,>1, then any words
(ay, *+, @ny, b) With 0= b= a, also belong to W,(Xp). In fact it is the initial
word of length n of mg(f) where

t:alﬁ-l_}_ +an_1ﬂ'<n'1)+bﬁ'".

Consequently, if u={(a,, -, a;) € W(Xp)\W5(Xp) and if u# max W,(Xp), then
the word min {v & W,(Xp) | v> u} must be of the form

(blv Tty bk: Ov 0’ Tty O)

for some 1=<k=<n and some b,,---,b, = A, b,#0. Since there is no word in
Wa(Xp) which lies between u and this word, we have a,=by, -, a4y =byy,
a,=b,—1. Comparing the words (a, ---, a,) and (a,+1,0,+-,0), we can con-
clude that

(TR an>:wﬁ[0, n—=k).

On the other hand, the word (a,, ---, a,+1) belongs to the set W (Xz) as well
as the word (a,, -+, a,). This means that (a,,---, a,) € Wi(Xp). Hence

u:<a1v B ak)'(ak+1) Ty an)e W%(X‘B)ﬂ)ﬁ[o, n—_'k) .

Finally, if u=max W,(Xp), then it is obvious that u=w4[0, n). The inverse
inclusion is trivial. The proof is completed.

We note that the sets [w]={we Xz | (&(0), -, 0(n)=w}, we W,.,(Xp)
form a partition of the set X and that pg(fw]) ={pg(w) | w €[wl}, we W, (Xp)
form a covering of the unit interval by intervals, any two of which have at
most one common point. Let Kzw) be the length of interval ps(w]). For
any ue& Wy(Xp),

(12) 3 R(u-v)=Ryw)

wsv =Wy (u

and
((u-v))—pg(u-v) if wu-v+max W, (X3
13) Ry(u-v) = o8 08 +(Ap
1—pg(u-v) if u-v=max W,.,(Xp)
where we denote, for a word w & W (Xp),
w’ =min {ve W(Xp) | v>w}
if it exists.
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COROLLARY 3.6. Let ue Wy(Xp) and Mz= X (n+Dwg(n)f"".
nz0

« e o B*Rg(w)
lim 8" W (u) = -
a) lim 87" card (W3 (u)) M,
| : -n - ﬁkRﬁ(u)
b) 7111_12 B " card (W,(u))= MA—p)

where the convergence is uniform in k=1 and uec Wy(Xp).
c) In particular, the topological entropy of the subshift (Xg, o) is log B.
PROOF. If u-ve Wi_j(wwg0,j) for some 0=<j=<n—1, then (u-v) =u-v’
and we obtain from [Proposition 3.4

(14) Rﬁ(u.v) — ‘3—(k+n—j)<1_;;ijlowﬂ(m)ﬂ—mq)
= 4 T41.

On the other hand, if u€ W§_,ws[0,!) and u-v=max W,(u), then
Rg(u-v)=B~*"T3"1.
Now it follows from the expressions and (14) that
(15) Rs()= 5 p " TL-NE -+ T (n2D),
where N%(u)=card (W%(u)) (m=1). Let us consider a formal power series:

NS BTN (u) |

nz1 j=0

Then it is easy to see that the series converges for |[#|<1 and we can deduce
from (15) that

canro s BERg(W)t
(16) Elﬁ Ny (u)t —W—gz(f)
‘where
8(0= Tog,a ZIETI,
17 Pp(t) = Eowp(n)ﬂ‘"'lt”“ .

But the series in (17) converges in a neighbourhood of the unit disk {te C:
[t|=1} and the function 1—¢@g(f) has only one simple root at {=1 in a disk
{te C: |t|<1+¢} for some ¢ >0. Consequently the function

kR
7= 3 (5 Naw— LR ) e
which is equal to

BRsW R
=50~ (-ngm 4P

is analytic in {{ C|t+1, |t|<14e¢} and the singular point {=1 is removal.
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In particular the function f,(f) has bounded derivative on the circle |¢|=1.
Furthermore

sup sup sup |fu(H)|<oo,
k usWy(Xg) [t1=1
since the function g, and its derivative g} is uniformly bounded in /=1 and
B*R(u) <1 for any us W,(Xg), k=1. Using the estimate
2r
nX | BN ()— B*Re(u)/ Ma| =|@ar™)  * fulre®) e~ 48|
0
=7 "sup |fu(D]
[t]=1
for 0<r <1 and n=0, we obtain

sup ﬁ)n | BN (u)—B*Rg(u)/ Mg| < co.

nzl, zzgvk(x
Hence a). The assertion b) follows from the obvious identity

card W,(u) = éi card Wi (w)+1.

c) is now obvious.
Now we investigate the Markov subshift (M(W,,,(Xp)), 0) whose structure
set is given by Wy, (Xp). Let M= M, , be its structure matrix.
PROPOSITION 3.7. Let g be the minimal positive integer n for which
(wg(n), -+, wg(p—1)) = (wp(0), -+ , wg(p—n—1)) if such an n exists and g=p
otherwise. Assume that there exist a vector x={(x,)yeur +0 and a complex
number A+ 0 such that Mg ,x=2Ax. Then

() 1="S a2 if wh)=wxp—0),

2 )
1= 2 024207 i wgp) <w(p—0).
(ii) For ue Wi, wg0, k),
_ 2k<1_k§ ( ')2"’”)
Xy=¢C & ﬂ)ﬁ 7]
where c is some complex number.
PrOOF. We first show that
x=8 if ue Wi, w0, k)
where E,,:x(o,...,o,,,,ﬁco,k» We appeal to the induction on the value d(u, v) where
0 if u=v
o(u, v)= . ) . .
max {j|u())#=v(}+1 if u+v,

and prove that, if u,ve W, w40, k), then x,=x,. If d(u, v)=0, then it is
trivial. We assume that this is true for d(u, v)<j. Let u,ve Wi, w40, k)
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and o0(u, v)=j+1. If we define words #’ and v’ setting
w()=u(l+1), V(1) =v(+1) 0=isp-1),

then, if one of w/-a and v’-a belongs to W,(Xs), so do both words and
0(u’-a,v’-a)=j. From the definition of structure matrix and the method of
classification of words it follows that
wﬁ(k)
qu:Muwxw: 2 Xua
a=0
and
w‘g(k)
Ax, = My,x, = &E‘;ox,,,a.

Consequently, from the induction assumption, we conclude that x,=x, since
A#0.
We next show that the common value &, is given by (ii). If 0=k <p,
then
A& = AXoy10 - wglo, b

gk
= 20 Xy0- 0gl0,k) - 0
P y'y 8.0

= Erntop(R)E, .

From these recurrence formulas the statement (ii) follows immediately. In
particular, if a component x, is zero, then the vector x is zero. For k=),
we obtain from the definition of ¢ that

0g(p)
/zgp = /meﬁlio,p) = 2 xwﬂtl,p)a
a=0

B (wa(P)+1D&, if ws(p) <wg(p—q)
Ep—q+1+a)5(p>$0 if wﬁ<p):wﬁ(p_Q) .

Consequently (i) follows from this together with the reccurrence formulas (ii).

§4. Symbolical properties of S-subshifts.

In this section we show two important properties of S-subshifts; one is
the property of the family {Xz: 8> 1}, the other is the characterization of
those f’s for which the subshifts (Xg, o) are Markovian.

PROPOSITION 4.1.

(i) If 1<B=Za, then YgC Y,

(ii) For any B>1,

a) Xﬁ: U Xa, b) Xﬂ :“QﬁXa .

a>B
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REMARK 4.2. The family {Xz|8>1} gives an example of increasing
family of shift invariant closed sets with topological entropy log 3 (8ee
corollary 3.6).

In order to prove the Proposition we need the following lemms; which
asserts that the set Ygz=1#4([0, 1)) is a Gj-set.

LEMMA 4.3.

Ys=m4((0, )= {we A" | psls"@) <1 (*n=0)}.

PROOF. Let Zz be the set in the right-hand side. Then it is obvious that

YﬁCZﬁ.. Conversely, if wEZp, then
p(ow) = Bp(w)—w(0)

since p(w)<1 and p(sw)<1l. This implies that nﬂ(p‘g(w))(O):a)(O). Con-
sequently mg(ps(w)) = because of the shift-invariance of the set Z.

LEMMA 4.4.

Xg={we A" | c"w = wg for any n=0}.
PROOF. Assume that ¢"w < wp for any n=0. Let v, be a sequence such

that
w(n) for n<k

w,(n)=
* 0 for n=k.

Then o*w, Yz We prove that 6*-w, € Y, by induction en j=0,1,2, -, k.
For this it suffices to show that if & €Y, and a-o’ < wg, then a-w’' €Y.
But in case of a=wy0),
psla-w)= B (a+p(w)) < B atplows) =1,
and in case of a < wg(0),
psla-w’)= 7 (a+p(w")) < B (a+1) = lwp(0) < 1.

Thus we get w,< Y for any k=1. Consequently w=Ilim v, € X;.
THEOREM 2. Let 8> 1. Then the following three conditions dre equivalent

(p=D):
1) The subshift (Xs, o) is Markov and its order is strictly equal to p.
2) There exist integers a;, i=0,---,p, 0< a, <s, such that

o 1-pri=Sap,

b 1> BapTt (k=1 )

where we set Gnypy =a, for n=0.
3) The sequence @y is periodic with period p-+1, i.e.
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a’) oM wg=wp
and ‘ )
b) cwp<wpg  for any q=1,-,p.

PROOF. . We first show that 3) follows from 1). Let (X, o) be a Markov
subshift whose order is strictly equal to p. Then by [Proposition 3.7 the
following dichotomy occurs:

@ 1= éowﬁ(k)ﬁ~k-l+ﬂ-P-l.
;) | there exists an integer ¢ <p such that
1="5 ws(* 467"
Then it follows easily that
o S okt =1

where r=p+1 in case a) and r=¢ in case §8). Therefore
oTwg=wg.
Assume that ) holds. Then, »=g¢ and
0w = wpg=0%g
for any w e M(W,(Xg)) and any n=0. Hence
Xp=MW(Xp)

This is a contradiction. Consequently the case ) never occurs. In other
words a’) and b’) holds.

Next we show that the statement 3) implies 2). In fact the equality a)
follows from a’) since |

) | .
1= pglwg)= 23 0N+ B pla™ ).
To show b) it suffices to rewrite the inequality

pplcwp) < pglwg) for any ¢=1, -, p

which hold in virtue of the uniqueness of the sequence wsg.
Finally we show that 1) follows from 2). Let

ay for k<n(p+1)
0 for k=n(p+1).

wn(k) =

Then it is easy to see by a) and b) that pg(c*w,) <1 for any £=0. Therefore
w,€Yg by And then lim w, € Xz and pg(lim w,)=1. This shows

T—e00 N—00
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that the sequence (@,),z, is the S-expansion of one, wg.
Let W=W,(Xp). If we MW), then "0 =ws for any n=0 since
@y, -, ap)=max W. Consequently we X; by Lemma 4.4 Hence Xg=H(W).
Now we claim that the subshift (Xg, o) is not Markovian of order ¢ <p.
‘Suppose that it is Markovian of order ¢. Then the statements a’) and b’)
and therefore a) and b) hold with p replaced by ¢. But this is absurd.

§5. Metrical properties of S-automorphisms.

Renyi showed that there exists a maximal invariant probability
measure for B-transformation on the unit interval [0, 1) which is absolutely
continuous with respect to Lebesgue measure. That measure induces a shift-
invariant probability measure dyg(w)=fs(w)dps(w) on Xz where

ey pe(@)= T a(mB™",
dpg is Stieltjes integral on the ordered space X,
@ fo@) =Mz 5@ "),
@) Mp= 3 (n+Dwy(m)p

and I(w =< 7) denotes the indicator function of the set {®w|w=7%}. The proof
-of invariance of pg is immediate in our symbolical form.

DEFINITION 51. The endomorphism (Xpg, g o) will be called ﬁendo-
morphism and its natural extension (Xﬁ, fig, 3) B-automorphism. -

THEOREM 3. The B-automorphism (X,g, fig, @) is Bernoullian.

The proof will be given by a series of lemmas, where following con-
-vention is used:

d(u) = ¢(u-(000...)) for any function ¢ on Xpg.
LEMMA 5.1. Let
{4) Spp(w) = L ¢(aw)

where the sum is taken over {ac A|a-we X}. Then Sp is a nonnegative
.operator on the spaces of Borel functions on Xg and satisfies the following
properties:

2) [, Ssp(@)- g(@)dps(w)= [ p(w)p(ow)dpg(w)
Xg ol

whenever ¢ & L' (X, dpg) and ¢ & L=(X;, dpp).
b) In particular, Sg is a nonnegative contraction operator on L(Xg, dpg)
such that
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[, Ssp@ipsia) =, p@psla).
¢) Sp is a bounded operator on L*(Xs, dpg) and
. . _ 1
lim nmle?sl‘sﬁqs(w)l— M(1-8"% "
PROOF,
D [, S@g@dod@) =572 [ 280 @)@ ) (@)dps(e)
=3 s@ow)dpso)

=| £ P@He0)dpsa).

b) is obvious from a).

c) follows from the Corollary 3.5.

Now we prove the main lemma.

LEMMA 5.2. Let ¢ be a continuous function on Xg. Then

lim | Sip—c(@)/pl.=0 where o($)=[$dps,
and the convergence is uniform on the set @ =\J S3®, where
nzl

®) D,={¢|lgl.=1, ¢p(w) depends only on w(k), 0=k <n}.

PROOF. Let ¢ be a function on X such that ¢(0)=@(w’) if w(k)=w'(k)
for 0=k <n. We will prove the lemma for such ¢’s.
The classification of the word set W,= W,(Xp) guarantees that

Sip(@)=5" 3 p(w-w)
wEW,,

=250 3 460, ))-0) [0y > o)

vEW,_;

where Wj= W) X;) and the sums is understood to be taken over w’s such
that w-w € X; here and hereafter. Let us define

®) Smg@ =" T $-0500,1)-0).
Then -
@ ISip—SKmgl. = 3 F*I¢l. card (W)

= ¢ll-p* card (Wi-m-1)
=GColgll.p™".
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We now assume that k—m >n. Then, since the function ¢ depends only on
the first n coordinates, we have

Sk(m)p(w)= 2 /3" 2 W0l = w)
=Wy

=35 3 60N} (00 2 )
where N} (u)=card (W(u)). Therefore

Sk(m)p(w) = Z,B o'ws = w)- B~ 2 ¢(u)‘8"" TN jn(u) .

Consequently,

Sk (m)g(w)—C(@)f s()
= S§+n(m)¢(w>—Mﬁfp(w)ﬂ'"u§V d(u)B"Rg(w)M 3

== 3 B0z o)™ B $WF RwM;"

+ B @z o) 3 G PN ()~ B RyWMFY
The first term in the last is majorated by
M7 gl B 55 = Mzl ﬁ-l
which tends to zero as m—oo, and the second term by
191 3 87/ l(0wy = 0)F " 3 144N ) — ARy M 5|
<191 3 B Na'wy = @)~ card (W,)- sup sup | BNIw)—F"Ry()M;'|

uSWy k22

. const. llgbl\m sup sup sup | B N(u)— B "Rs(w)M 3|,

-m nal us

A

which tends to zero as E— oo uniformly in n and ue W, so long as m is
fixed.

Thus we have shown that lim S*¢ exists in the topology of uniform
convergence and the convergence is uniform in the set @.

Now the rest to be proved is easily verified if we approximate general
¢’s by funetions which depend only on a finite number of coordinates.

PROOF OF THE THEOREM. Let (X, @, 0) be B-automorphism, i.e., the
natural extension of S-endomorphism (Xj, 78 o). We recall that a shift trans-
formation (A% o, ¢) is Bernoulli if it satisfies the Ornstein’s weak Bernoulli
condition :

limsup 3 3¢ |pCuln o " ) —p(Cudp(Cv])=0

k—co n2l ucA
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This condition is equivalent to the following condition:

§ o ddss— [ gdu-pld|=0.

Now we prove that the measure f; satisfies this condition. It suffices to
show (*) for g It follows from a)

[ o 8ty = [ p0) (@)t " a)dpy()

) lim sup sup X

k—oo 1 Pe@pv=An

=}, Sy s
Therefore ‘

4ip)= 2

PISRG

S e Bdes=[ S dus L]

=S|, {sswro—([odus) 15} dos|

v=AR

< [|S5™(6-10)— ([ pdus ) 1| dps -

Since the function f; is integrable with respect to the measure pz for any
e>0 we can find a continuous function g which depends only on the co-
ordinates w(k), 0 <k <m for some m such that

(17s—gldps <.
Then by b) we have

(155 £)—Sk(6-2) | dps < [Sh™I 64— 8l dp;

={lp-f—p-gldps <e.
Thus
4x(p) <2+ [|S5+%(6-2)— ([ 6-8405) 15| dos

<2+ ||S§[Sg(¢-g)]—(f¢-gdPﬂ>fﬁ]| :

The last term converges to zero as £—0 uniformly in =1 and ¢= @, by
Lemma 5.3 since the function ¢-g belongs to @, for n=m up to constant
multiplication. Hence the condition (*) is verified and the proof is completed.
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