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Introduction.

Hermitian symmetric spaces play an important role in K\"ahler geometry.
These spaces of compact type admit nonnegative sectional curvature (Helgason
[6]). It is also known that an operator $Q$ associated with the curvature tensor
has at most two eigenvalues for each irreducible hermitian symmetric space of
compact type (Calabi and Vesentini [5] and Borel [2]).

An irreducible hermitian symmetric space of compact tyPe is a typical
example of K\"ahler C-spaces. By a C-space we mean a compact simply
connected complex homogeneous space (Wang [13]) and by a K\"ahler C-space
a $C$-space $M$ which admits a K\"ahler metric such that a group of holomorphic
isometries is transitive on $M$.

The purpose of this paper is to discuss, for a K\"ahler C-space,
(i) some properties of curvature tensor $R$ ,
(ii) the positivity of the holomorphic sectional curvature and

(iii) a relation between the hermitian symmetry and the number of eigenva-
lues of $Q$ .

Our main results assert that a K\"ahler C-space of the second Betti number
$b_{2}=1$ is of strictly positive holomorphic curvature under a certain condition
(Theorem 3.1) and that a K\"ahler C-space of $b_{2}=1$ is hermitian symmetric if
and only if the operator $Q$ has at most two eigenvalues (Theorem 5.2).

In addition to irreducible symmetric spaces of compact type, K\"ahler C-
spaces associated with $(\mathfrak{g}, \alpha_{i})$ , where $\mathfrak{g}$ is a complex simple Lie algebra of classical
type, afford countably many typical examples of compact K\"ahler manifolds of
positive holomorphic curvature.

Theorem 5.2 gives a complete characterization for a K\"ahler $C$-space of
$b_{2}=1$ to be hermitian symmetric in view of an arithmetical property of the
curvature.

Relative to Theorem 5.2, the following problem naturally arises; whether
a compact K\"ahler manifold is hermitian symmetric when the operator $Q$ has
at most two different and constant eigenvalues.

\S 1 treats of a description of C-spaces with the aid of structure of a semi-
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simple Lie algebra. An invariant K\"ahler metric is described in Proposition
2.1 in \S 2 in terms of a root system.

A connection function $\Lambda$ associated with an invariant Riemannian connec-
tion (cf., Nomizu [11]) is computed explicitly in Proposition 2.2, and Proposition
2.4 gives the components of the curvature tensor $R$ .

In \S 3, we give Theorem 3.1, which asserts that for any K\"ahler C-space
associated with $(\mathfrak{g}, \alpha_{i})$ under the condition $\Delta_{i}^{+}(k)=\emptyset$, $k\geqq 3$ , the holomorphic
sectional curvature is strictly positive.

The operator $Q$ , called the curvature operator, on $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ (the symmetric
tensor product of $\mathfrak{m}^{+}$ ) is defined in \S 4. Theorem 4.1 asserts that the $\Lambda-$

invariance of eigenspaces of $Q$ is equivalent to the hermitian symmetry.
Representation theory of complex semi-simple Lie algebras together with the
Properties of the curvature tensor makes clear relations between eigenvalues
of $Q$ and weight vectors of the representation $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{I^{\prime}})$ (cf., Propositions
4.2, 4.3 and 4.4). Proposition 4.5 deals with a key condition on the $\Lambda$ -invariance
of eigenspaces of $Q$ .

\S 5 is devoted to show Theorem 5.2. By using classification of complex
simple Lie algebras together with the propositions in \S 4, we clarify which is
a hermitian symmetric space (Theorem 5.1).

Theorem 5.2 is a consequence by the combination of Theorem 5.1 and
of the number of eigenvalues of $Q$ .

\S 1. Description of C-spaces.

In our attempt to study the structures of $C$-spaces, first we recall some
facts about complex semi-simple Lie algebras.

Let $g$ and $\mathfrak{h}$ respectively be a complex semi-simple Lie algebra and its
Cartan subalgebra. Put $l=\dim_{C}\mathfrak{h}$ . $\Delta$ denotes the set of nonzero roots of $\mathfrak{g}$

with respect to $\mathfrak{h}$ . Then we have $g=\mathfrak{h}+\sum_{\alpha}CE_{\alpha}$ , where $E_{a}$ is a root vector of
$a_{-}^{Y}root\alpha$ . Let $B$ be the Killing form of $\mathfrak{g}$ . It is nondegenerate, since $\mathfrak{g}$ is
semi-simple. For $\xi\in \mathfrak{h}^{*}=Hom(\mathfrak{h}:C)$ we define $H_{\hat{\sigma}}\in \mathfrak{h}$ by $B(H, H_{\xi})=\xi(H)$ for
all $H\in \mathfrak{h}$ . We define a bilinear form $(\cdot, \cdot)$ on $\mathfrak{h}^{*}$ by $(\xi, \eta)=B(H_{\xi}, H_{\eta}),$ $\xi,$ $\eta\in \mathfrak{h}^{*}$ .
Fix a suitable lexicographic ordering among roots of $\Delta$ with respect to some
fundamental root system $\Pi=\{\alpha_{1}, \alpha_{l}\}$ . By $\Delta^{+}$ and $\Delta^{-}$ we mean the subsets
$of^{I^{\gamma}}\wedge positive$ and negative roots, respectively. Every positive (resp. negative)
root is given by a linear combination of $\alpha_{1},$ $\alpha_{l}$ , whose coefficients are non-
negative (resp. nonpositive) integers.

We can choose root vectors $\{E_{a} ; \alpha\in\Delta\}$ so as { $H_{j}=H_{a_{j}},$ $j=1,$ $\cdots,$
$1,$ $E_{\alpha}$ ;

$\alpha\in\Delta\}$ to be a so-called Weyl’s canonical basis of $\mathfrak{g}$ , namely,
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$B(E_{\alpha}, E_{-\alpha})=-1$ , $\alpha\in\Delta^{+}$ ,
(1.1)

$[E_{\alpha}, E_{\beta}]=N_{\alpha,\beta}E_{\alpha+\beta}$ , $N_{\alpha,\beta}=N_{-\alpha-\beta}\in R$ .

Then, $\sum_{f=1}^{\iota}R\sqrt{-1}H_{j}+\sum_{\Delta^{+}\alpha\in}(RA_{\alpha}+RB_{\alpha})$ , denoted by $\mathfrak{g}_{u}$ , is a compact real

form of $\mathfrak{g}$ , where $A_{\alpha}=E_{\alpha}+E_{-\alpha},$ $B_{\alpha}=\sqrt{-1}(E_{\alpha}-E_{-\alpha}),$ $\alpha\in\Delta^{+}$ . The complex

conjugation on $\mathfrak{g}$ with respect to $\mathfrak{g}_{u}$ satisfies the following; $\overline{E}_{\alpha}=E_{-\alpha},\overline{E}_{-\alpha}=E_{\alpha}$,
$\alpha\in\Delta^{+}$ and $\overline{H}_{j}=-H_{j},$ $j=1,$ $\cdots,$

$l$ .
From now on, $\mathfrak{g}$ is assumed to $b_{\vee}^{\circ}$ a complex simple Lie algebra. Consider

a subset $\Phi$ of $\Pi;\Phi=\{\alpha_{i_{1}}, \alpha_{i_{T}}\}$ .
Let $\Delta^{+}(\Phi)$ be defined by

(1.2) $\Delta^{+}(\Phi)=$ { $\alpha=\sum_{j=1}^{l}n_{j}\alpha_{j}\in\Delta^{+};$ $n_{\iota_{k}}>0$ for some $\alpha_{i_{k}}\in\Phi$ }.

$I_{\Phi}=\mathfrak{h}+\sum_{\alpha\in\Delta^{+}}CE_{-\alpha}+\sum_{(\alpha\in\rightarrow+-\angle^{+}\Phi)}CE_{\beta}$ defines a parabolic subalgebra of $\mathfrak{g}$ , and the

intersection $\mathfrak{g}_{u}\cap I_{\Phi}$ which is denoted by $f_{\Phi}$ , or simply $f$, is a real subalgebra
of $\mathfrak{g}_{u}$ ;

(1.3) $f_{\varpi_{J=1}^{=\lambda^{l}R\sqrt{-1}H_{j}+\sum_{(0)}(RA_{\alpha}+RB_{\alpha})}}\urcorner a\in\Delta+-\Delta+$

Let $G$ be a simply connected complex Lie group whose Lie algebra is $g$

and $L_{\Phi}$ a connected closed complex subgroup of $G$ generated by $I_{\Phi}$ .
Let $G_{u}$ and $K_{\varpi}$ , or simply $K$, be a simply connected group and its connected

closed subgroup which correspond to $\mathfrak{g}_{u}$ and $f_{\Phi}$ respectively.
The canonical imbedding $G_{u}\rightarrow G$ gives a diffeomorphism of a compact coset

space $M=G_{u}/K_{\Phi}$ to a simply connected complex coset space $G/L_{\Phi}$ .
We have from Borel and Hirzebruch [3],

$H^{2}(M;R)=H^{1}(K_{0j}R)=center$ of $f_{\Phi}=\sum_{k=1}^{r}R\sqrt{-1}H_{A_{k}}$ , where $\Lambda_{k}\in \mathfrak{h}^{*}$ is defined
by $2(\Lambda_{k}, \alpha_{j})=(\alpha_{j}, \alpha_{j})\delta_{ikj}$ for all $j$ . Thus we have the second Betti number
$b_{2}(M)=r$.

Hence we obtain a C-space $G_{u}/K$ of $b_{2}=r$ from a pair $(\mathfrak{g}, \Phi)$ , where $\mathfrak{g}$ is a
complex simple Lie algebra and $\Phi$ is a subset of $\Pi$ .

$(G_{u}/K_{\Phi}, g)$ is, then, a K\"ahler C-space, when $G_{u}/K_{\Phi}$ admits a $G_{u}$-invariant
K\"ahler metric $g$.

Conversely, a K\"ahler C-space of $b_{2}=r$ can be described by a coset space
$G_{u}/K_{\Phi}$ for some $G_{u}$ and $K_{\Phi}$ , with a $G_{u}$-invariant K\"ahler metric $g$ .

We remark that every compact homogeneous K\"ahler manifold is a
K\"ahlerian direct product of a K\"ahler $C$-space and a flat complex torus (Matsu-

shima [9]). By a homogeneous K\"ahler manifold we mean a K\"ahler manifold
on which the group of holomorphic isometric transformations is transitive.

Define a linear subspace $\mathfrak{m}$ of $\mathfrak{g}_{u}$ as follows;
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(1.4)
$\mathfrak{m}=\sum_{a\in\Delta+(\emptyset)}(RA_{\alpha}+RB_{\alpha})$ .

Then we have $\mathfrak{g}_{u}=f_{\Phi}+\mathfrak{m}$ as a direct sum and $[f_{\Phi}, f_{\Phi}]\subset f_{\Phi},$ $[f_{\Phi}, \mathfrak{m}]\subset \mathfrak{m}$ and
$f_{\Phi}\perp \mathfrak{m}$ with respect to $B$ .

Since $K$ leaves fixed the origin of a C-space $M=G_{u}/K,$ $K$ acts on the
tangent space at the origin as the linear isotropy. We can naturally identify
the tangent space with $\mathfrak{m}$ such that the identification commutes with the
action of $K$ on the tangent space as the linear isotropy and the adjoint
representation of $K$ on $\mathfrak{m}$ .

Let a complex structure $I$ of $\mathfrak{m}$ be defined by $IA_{\alpha}=B_{\alpha},$ $IB_{\alpha}=-A_{\alpha},$ $\alpha\in\Delta^{+}(\Phi)$ .
This gives a $G_{u}$-invariant complex structure on $G_{u}/K$ and coincides with the
canonical structure induced from the complex coset space $G/L$ .

Denote by $f^{c}$ and $\mathfrak{m}^{c}$ the complexifications of $f$ and $\mathfrak{m}$ respectively. These
are complex linear subspaces of $\mathfrak{g}=\mathfrak{g}_{u^{C}}$ ;

$\mathfrak{h}^{c}=\mathfrak{f}+\sum_{(a\in\Delta+-\Delta+\Phi)}(CE_{\alpha}+CE_{-\alpha})$ ,
(1.5)

$\mathfrak{m}^{c}=\sum_{\alpha\in\Delta^{+}(\Phi)}(CE_{\alpha}+CE_{-\alpha})$ .

$\mathfrak{m}^{c}$ is decomposed into subspaces $\mathfrak{m}^{+}=$ $\sum$ $CE_{\alpha}$ and $\mathfrak{m}^{-}=$ $\sum$ $CE_{-\alpha}$ . We
$\alpha\in\Delta^{+}(\Omega)$ $\alpha\in\Delta^{+}(\Phi)$

have, $\mathfrak{m}^{+}=\{Z\in \mathfrak{m}^{c} ; IZ=\sqrt{-1}Z\}$ and $\mathfrak{m}^{-}=\{Z\in \mathfrak{m}^{c} ; IZ=-\sqrt{-1}Z\}$ . And we
have the following representations which are associated with the adjoint
representation; $(\mathfrak{m}^{+}, ad_{t}^{c})$ and $(\mathfrak{m}^{-}, ad_{\iota}^{c})$ , since $\alpha+\beta$ belongs to $\Delta^{+}(\Phi)$ for $\alpha\in$

$\Delta^{+}(\Phi),$ $\beta\in\Delta-\Delta^{+}(\Phi)$ , if $\alpha+\beta$ is a root. To any element $\xi\in\sum Z\alpha_{j}(\supset\Delta)$ , we
assign an element $n(\xi)$ of $Z^{r}=Z\times Z\times\cdots\times Z$ (r-times), by $n(\xi)^{j}=(n_{i_{1}}, n_{ir})$ if
$\xi=\sum_{j}n_{j}\alpha_{j}$ . Then we have, $n(\alpha)\in Z^{+r}=Z^{+}\times\cdots\times Z^{+}$ for $\alpha\in\Delta^{+}(\Phi)$ , where $Z^{+}$

denotes the set of nonnegative integers. By $\Delta^{+}(\Phi;n)$ we mean a subset
$\{\alpha\in\Delta^{+}(\Phi);n(\alpha)=n\}$ of $\Delta^{+}(\Phi)$ for $n\in Z^{+r}$ . Then $\mathfrak{m}^{+n}=\sum_{\alpha\in\Delta^{+}(\Phi;n)}CE_{\alpha}$ and $\mathfrak{m}^{-n}=$

$\alpha\in\Delta^{+}(0;\sum_{?\iota)}CE_{-\alpha}=\overline{\mathfrak{m}^{+n}}$ give linear subspaces of $\mathfrak{m}^{+}$ and $\mathfrak{m}^{-}$ respectively. They

satisfy the following prcperties, from the linearity of $n(\alpha)$ with respect to
$\alpha\in\Delta^{+}(\Phi)$ ;

$[f^{c}, \mathfrak{m}^{\pm}]\subset \mathfrak{m}^{\pm}$ ,

$[\mathfrak{m}^{\pm n}, \mathfrak{m}^{\pm n^{\prime}}]\subset \mathfrak{m}^{\pm(n+n^{\prime})}$ ,

$[\mathfrak{m}^{+n}, \mathfrak{m}^{-n^{\prime}}]\subset \mathfrak{m}^{+(n-n^{\prime})}$ $(n>n^{\prime})$ ,
(1.6)

$\subset f^{c}$ $(n=7\iota^{\prime})$ ,

$\subset \mathfrak{m}^{-(n^{\prime}-n)}$ $(n<n^{\prime})$ ,

$=\{0\}$ (otherwise),

here $n>n^{\prime}$ means that $n_{k}\geqq n_{k}^{\prime}$ for all $k=1,$ $r$ and $n_{1}>n_{j}^{\prime}$ for some ; ;
$n=(n_{j})_{j-1,\cdots,r},$ $n^{\prime}=(n_{j}^{\prime})_{j=1,\cdots,\tau}$ .
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Since $ad(f^{c})\mathfrak{m}^{+n}\subset \mathfrak{m}^{+n}$, we have a decomposition of the adjoint representa-
tion $(\mathfrak{m}^{+}, ad_{1}^{c});(\mathfrak{m}^{+}, ad^{c})=\sum_{n\in Z+r}(\mathfrak{m}^{+n}, ad^{c})$ .

\S 2. Invariant K\"ahler metric and invariant curvature tensor.

Let $G_{u}/K_{\Phi}$ be a C-space associated with $(g, \Phi)$ , where $\mathfrak{g}$ is a complex simple
Lie algebra and $\Phi$ is a nonempty subset of $\Pi$ .

Suppose that $G_{u}/K_{\Phi}$ admits a $G_{u}$-invariant K\"ahler metric $g$.
K\"ahler metrics, linear connections and tensors are regarded as ones

extended naturally over complex numbers $C$.
Since the K\"ahler metric $g$ is $G_{u}$-invariant, a connection function $\Lambda$ :

$\mathfrak{m}^{c}\times \mathfrak{m}^{c}\rightarrow \mathfrak{m}^{c}$ , which is associated with the Riemannian connection is given
(Kobayashi and Nomizu [8] and Nomizu [11]) by

(2.1) $\Lambda(X)(Y)=\frac{1}{2}[X, Y]_{\mathfrak{m}}c+U(X, Y)$ , $X,$ $Y\in \mathfrak{m}^{c}$ ,

where $[X, Y]_{\mathfrak{m}}c$ denotes the $\mathfrak{m}^{c}$ -part of [X, $Y$] and $U(\cdot, \cdot)$ is a symmetric
bilinear maPping, which is defined by

(2.2) $2g(U(X, Y),$ $Z$ ) $=g([Z, X]_{\mathfrak{m}^{C}}, Y)+g(X, [Z, Y]_{\iota \mathfrak{n}^{C}})$ $X,$ $Y$ and $Z\in \mathfrak{m}^{c}$ .
We use the same symbol $g$ for the K\"ahler metric $g$ restricted to the

origin.
The connection function $\Lambda$ gives the curvature tensor $R$ as follows (Nomizu

[11]),

(2.3) $R(X, Y)Z=[A(X), \Lambda(Y)]Z-\Lambda([X, Y]_{\mathfrak{m}^{C}})Z$

$-[[X, Y]_{r}c,$ $Z$] , $X,$ $Y$ and $Z\in \mathfrak{m}^{c}$ ,

here $[X, Y]_{f}c$ denotes the $f^{c}$ -part of [X, $Y$ ].

Since $g,$
$\Lambda$ and $R$ are $ad_{f}c$-invariant at the origin, we have,

(2.4) $g([V, X], Y)+g(X, [V, Y])=0$ ,

(2.5) [V, $\Lambda(X)Y$] $=\Lambda([V, X])Y+\Lambda(X)[V, Y]$

and

(2.6) [V, $R(X,$ $Y)Z$] $=R([V, X], Y)Z+R(X, [V, Y])Z+R(X, Y)[V, Z]$ ,

$V\in f^{c}$ and $X,$ $Y$ and $Z\in \mathfrak{m}^{c}$ .
The following theorem is known with respect to the invariance of a

K\"ahler metric $g$ on a C-space $G_{u}/K_{\Phi}$ .
THEOREM (Borel [1]). Let $g$ be a $G_{u}$-invariant Kahler metric on a C-space

$G_{u}/K_{\Phi}$ . Then $g$ is given at the origin by
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(2.7) $g=2\sum_{\alpha\in\Delta+(\Phi)}c_{\alpha}\omega^{\alpha}\cdot\omega^{a}$ , $\omega^{\alpha}\cdot\omega^{\overline{\alpha}}=\frac{1}{2}(\omega^{\alpha}\otimes\omega^{\overline{\alpha}}+\omega^{\overline{\alpha}}\otimes\omega^{a})$ , $c_{\alpha}>0$ ,

$\alpha\in\Delta^{+}(\Phi)$ , $c_{\alpha}+c_{\beta}=c_{a+\beta}$ if $\alpha,$ $\beta$ and $\alpha+\beta\in\Delta^{+}(\Phi)$ and

$c_{\alpha}=c_{\alpha+\gamma}$ if $\alpha,$ $\alpha+\gamma\in\Delta^{+}(\Phi)$ and $\gamma\in\Delta-\Delta^{+}(\Phi)$ .
Conversely, if a bilinear form 2 $\sum_{\alpha}c_{\alpha}\omega^{\alpha}\cdot\omega^{a}$ , which satisfies (2.7), then it can

be extended to a $G_{u}$-invariant Kahler metric on $G_{u}/K$.
Here, $\omega^{\alpha}$ and $\omega^{a}$ are the dual of $E_{\alpha}$ and $E_{-\alpha},$ $\alpha\in\Delta^{+}(\Phi)$ resPectively.
Note that the condition $c_{\alpha}+c_{\beta}=c_{\alpha+\beta}$ is derived from the d-closedness of

the fundamental form, which is associated with $g$ and $c_{\alpha}=c_{\alpha+\gamma}$ is obtained by
the $ad_{f}$c-invariance of the metric $g$.

From the above theorem we obtain a precise description of the K\"ahler

metric $g$ in terms of roots as follows.
PROPOSITION 2.1. Under the same notations as in the theorem, $g$ is given

at the origin by

(2.8) $g=2$ $\Sigma$ $\Sigma c_{j}\cdot n_{i_{j}}(\alpha)\omega^{\alpha}\cdot\omega^{a}r$ for some $c_{j}>0$ , $j=1,$ $\cdots,$ $r$ .
$\alpha\in\Delta+(\Phi)j=1$

Here $n_{k}(\alpha)$ means the $\alpha_{k^{-}\circ}oejficient$ of $\alpha$ .
Conversely, if there is a bilinear form 2 $\sum c_{\alpha}\omega^{\alpha}\cdot\omega^{\alpha}$ on $\mathfrak{m}^{c}\times \mathfrak{m}^{c}$ such that

$c_{\alpha}=\sum c_{j}\cdot n_{i_{j}}(\alpha)$ , then it can be extended to an $ invariant\alpha$ Kahler metric.

NOTE. By $c\cdot n$ we denote $\sum_{j=1}^{r}c_{j}\cdot n_{i}$ for $c=(c_{j})_{j=1,\ldots,r}$ and $n=(n_{j})_{j=1,\ldots,r}$ .
Then (2.8) can be written in the simple form; $g=2\sum_{a\in\Delta+(\Phi)}c\cdot n(\alpha)\omega^{\alpha}\cdot\omega^{a}$ .

PROOF. If a K\"ahler metric $g$ is $G_{u}$-invariant, then, from the above theorem
$g$ can be written as $g=2\sum_{\alpha}c_{\alpha}\omega^{\alpha}\cdot\omega^{d}$ such that the coefficients $c_{\alpha}’ s$ satisfy (2.7).

We set $c_{\alpha}=0$ for $\alpha\in\Delta^{+}-\Delta^{+}(\Phi)$ . Then $c_{\alpha}+c_{\beta}=c_{\alpha+\beta}$ for all $\alpha$ and $\beta\in\Delta^{+}$ . Put
$c_{j}=c_{\alpha_{i_{j}}}$ for each simple root $\alpha_{i_{j}}\in\Phi,$ $j=1,$ $r$ . Since any root $\alpha$ of $\Delta^{+}(\Phi)$

which is not simple is a sum of positive roots, the linearity of $c_{\alpha}$ shows the
first part of the proposition inductively with respect to $\sum_{j}n_{t_{j}}(\alpha),$

$\alpha\in\Delta^{+}(\Phi)$ .
The last part is easily veriPed by the above theorem. Q.E.D.

From this proposition, we have

(2.9) $g|=c\cdot n(-B)|\iota \mathfrak{n}^{+n_{\times \mathfrak{m}}- n}t\mathfrak{n}^{+n}\times \mathfrak{m}^{-n}$
$n\in Z^{+r}$ ,

and the set of $G_{u}$-invariant K\"ahler metrics on a K\"ahler C-space is parametrized
by $r$ parameters, $c_{1},$ $\cdots,$ $c_{r}$ .

Now we shall show the following proposition which gives an explicit ex-
pression of the connection function $\Lambda$ in terms of the bracket operation $[\cdot, ]$ .

PROPOSITION 2.2. The connection function $\Lambda$ satisfies that



Kahler $C$-spaces 45

(2.10) $\Lambda(X)Y=\frac{c\cdot n^{\prime}}{c\cdot(n+n^{\prime})}[X, Y]_{\mathfrak{m}}+$ , $X\in \mathfrak{m}^{+n}$ , $Y\in \mathfrak{m}^{+n^{l}}$

$\Lambda(\overline{X})Y=[\overline{X}, Y]_{t\mathfrak{n}}+$ , $X$ and $Y\in \mathfrak{m}^{+}$ .
To prove the proposition we shall verify the following lemma.

LEMMA 2.3. The symmetric bilinear mapping $U(\cdot, \cdot)$ defined by (2.2) satisfies
the following, for $X\in \mathfrak{m}^{+n}$ and $Y\in \mathfrak{m}^{+n^{\prime}}$ ,

(2.11) $U(X, Y)=\frac{c\cdot.(n^{\prime}-n)}{2c(n+n’)}[X, Y]_{\mathfrak{m}}+$ ,

$U(\overline{X}, Y)=\frac{1}{2}[\overline{X}, Y]_{\mathfrak{m}^{C}}$ , $n<n^{\prime}$ ,

$=-\frac{1}{2}[\overline{X}, Y]_{\mathfrak{m}^{C}}$ , $n>n^{\prime}$ ,

$=0$ , otherwise.

PROOF OF LEMMA. Paying a regard to the relations (2.9), $B(f^{c}, \mathfrak{m}^{c})=0$ and
$g(\mathfrak{m}^{+}, \mathfrak{m}^{+})=0$, we verify the lemma.

For $X\in \mathfrak{m}^{+n},$ $Y\in \mathfrak{m}^{+n}$
‘ and $Z\in \mathfrak{m}^{c}$ , we have in (2.2)

$2g(U(X, Y),$ $Z$ ) $=c\cdot(n^{\prime}-n)(-B)([X, Y]_{\mathfrak{m}^{C}}, Z)$ .
Since $[X, Y]_{\mathfrak{m}^{C}}\in[\mathfrak{m}^{+n}, \mathfrak{m}^{+n^{\prime}}]\subset \mathfrak{m}^{+(n+n^{t})}$ , it follows that

$2g(U(X, Y),$ $Z$ ) $=\frac{c\cdot(n^{\prime}-n)}{c\cdot(n+n)}g([X, Y]_{\mathfrak{m}^{C}}, Z)$ for all $Z\in \mathfrak{m}^{c}$ .

To prove the second, fix $X\in \mathfrak{m}^{+n}$ and $Y\in \mathfrak{m}^{+n^{\prime}}$ . Then

$2g(U(\overline{X}, Y),$ $Z$ ) $=c\cdot(n^{\prime}-n)(-B)([\overline{X}, Y], Z)$ .
If $n>n^{\prime}$ , then [X, $Y$] $\in \mathfrak{m}^{-(n-n^{\prime})}(n-n^{\prime}>0)$ . Therefore

$2g(U(\overline{X}, Y),$ $Z$ ) $=\frac{c\cdot(n^{\prime}-n)}{c\cdot(n-n)}g([\overline{X}, Y]_{\mathfrak{n}\iota^{C}}, Z)=-g([\overline{X}, Y]_{\mathfrak{m}^{C}}, Z)$ .

And if $n<n^{\prime}$ , then [X, $Y$ ] $\in \mathfrak{m}^{+(n^{\prime}-n)}(n^{\prime}-n>0)$ . It follows then that

$2g(U(\overline{X}, Y),$ $Z$ ) $=\frac{c\cdot.(n^{\prime}-n)}{c(n-n)}g([\overline{X}, Y]_{\iota \mathfrak{n}^{C}}, Z)=g([\overline{X}, Y]_{\iota \mathfrak{n}}c, Z)$ .

For the other cases, we have clearly $[X, Y]_{\mathfrak{m}^{C}}=0$ from (1.6).
Together with these arguments we have the last part of (2.11). Q.E.D.

Now we shall show the proposition. For $X\in \mathfrak{m}^{+n}$ and $Y\in \mathfrak{m}^{+n^{\prime}}$ , we have
from (2.11),

$\Lambda(X)Y=\frac{1}{2}[X, Y]_{\iota \mathfrak{n}}c+\frac{c\cdot.(n^{\prime}-n)}{2c(n+n)}[X, Y]_{m^{C}}=\frac{c\cdot n^{\prime}}{c\cdot(n+n^{\prime})}[X, Y]_{\mathfrak{n}\iota^{C}}$ .
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Thus, the first part of (2.10) is obtained.
To prove the last part, we set $X=\sum_{n}X^{n}$ and $Y=\sum_{?l}$ }’’, $X^{n},$ $Y^{n}\in \mathfrak{m}^{+n}$ for

$X,$ $Y\in \mathfrak{m}^{+}$ .
Then it follows from (1.6) and (2.11) that

$\Lambda(\overline{X})Y=\frac{1}{2}[\overline{X}, Y]_{n\iota}c+U(\overline{X}, Y)$

$=\frac{1}{2}(\sum_{n>n^{\prime}}+\sum_{n<n^{\prime}})[\overline{X}^{n}, Y^{n^{t}}]_{\mathfrak{m}^{C}}$

$+(\sum_{n>n^{t}}+\sum_{n<n^{\prime}})U(\overline{X}^{n}, Y^{n^{\prime}})$

$=\sum_{n<n},[\overline{X}^{n}, Y^{n}]_{\mathfrak{m}^{C}}=[\overline{X}, Y]_{\mathfrak{m}}+$ . Q.E.D.

NOTE. From the proposition, we have, $\Lambda(X)\mathfrak{m}^{\pm}\subset \mathfrak{m}^{\pm}$ and $R(X, Y)\mathfrak{m}^{\pm}\subset \mathfrak{m}^{\pm}$ ,
for $X$ and $Y\in \mathfrak{m}^{c}$ . Moreover it follows from (2.10) together with (2.3) that
$R(X, Y)Z=0$ for any $X,$ $Y\in \mathfrak{m}^{\pm}$ and $Z\in \mathfrak{m}^{c}$ .

By using the so-called Prst Bianchi’s identity together with the following
relation; $g(R(X,\overline{Y})Z,\overline{W})+g(R(X,\overline{Y})\overline{W},$ $Z$ ) $=0$, we have the symmetric property
of the curvature tensor;

(2.12) $R(X,\overline{Y}, Z,\overline{W})=R(Z,\overline{Y}, X,\overline{W})=R(X,\overline{W}, Z,\overline{Y})$ , $X,$ $Y,$ $Z$ and $W\in \mathfrak{m}^{+}$,

where $R(X,\overline{Y}, Z,\overline{W})=g(R(X,\overline{Y})Z,\overline{W})$ .
By the aid of the expression of the connection function $\Lambda$ , we have the

following Proposition which is concerned with the curvature tensor $R$ .
PROPOSITION 2.4. The components $R_{\alpha}\rho_{\gamma\overline{\delta}}=R(E_{\alpha}, E_{-\beta}, E_{\gamma}, E_{-\delta})$ of $R$ with

respect to the basis $\{E_{\alpha} ; \alpha\in\Delta^{+}(\Phi)\}$ of $\mathfrak{m}^{+}$ satisfy the following.

(2.13) $R_{\alpha\beta\gamma\overline{\delta}}=0$ if $n(\alpha+\gamma)\neq n(\beta+\delta)$

and

(2.14) $R_{\alpha\alpha\beta 5}=c\cdot n(\alpha)\{(\alpha, \beta)+\frac{c\cdot n(\alpha)}{c\cdot n(\alpha+\beta)}(N_{\alpha,\beta})^{2}\}$ , $n(\alpha)\leqq n(\beta)$ ,

$=c\cdot n(\beta)\{(\alpha, \beta)+\frac{c\cdot n(\beta)}{c\cdot n(\alpha+\beta)}(N_{\alpha.\beta})^{2}\}$ , otherwise.

PROOF. We have from Proposition 2.2,

$R(X, Y)Z\in \mathfrak{m}^{+(n-n’+m)}$ for $X\in \mathfrak{m}^{+n},$ $Y\in \mathfrak{m}^{+n^{\prime}}$ and $Z\in \mathfrak{m}^{+m}$ . Hence, (2.13) is ob-
tained.

Now we shall show (2.14). Since $[E_{\alpha}, E_{-\alpha}]\in f^{c}$, we have

$R_{\alpha a\beta\beta}=g(\Lambda(E_{\alpha})\Lambda(E_{-\alpha})E_{\beta}, E_{-\beta})-g(\Lambda(E_{-\alpha})\Lambda(E_{\alpha})E_{\beta}, E_{-\beta})$

$-g([[E_{\alpha}, E_{-\alpha}], E_{\beta}], E_{-\beta})$ .
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From (2.11), each term is turned into the following form;
the first term; $c\cdot n(\beta-\alpha)(-B)([E_{\alpha}, [E_{-\alpha}, E_{\beta}]_{u’\vdash}], E_{-\beta})$ ,

the second term; $\frac{\{c\cdot n(\beta)\}^{2}}{c\cdot n(\alpha+\beta)}N_{\alpha,\beta}^{2}$ ,

the last term; $c\cdot n(\beta)(\alpha, \beta)$ .
If $n(\alpha)\leqq n(\beta)$ , then $n(\beta-\alpha)\in Z^{+r}$, that is, $[E_{-\alpha}, E_{\beta}]\in \mathfrak{m}^{+}$ . The first term is

made into the following simple form; $c\cdot n(\beta-\alpha)\{-(\alpha, \beta)-N_{a_{\beta}}^{2}.\}$ .
If not $n(\alpha)\leqq n(\beta)$ , then $[E_{-\alpha}, E_{\beta}]\not\in \mathfrak{m}^{+}$ . The Prst term vanishes in this case.

Together with these computations, (2.14) is obtained. Q.E.D.

The Ricci curvature tensor $S$ of a K\"ahler $C$-space $(G_{u}/K_{\Phi}, g)$ is defined by

$S(X, Y)=trace$ of an endomorphism of $\mathfrak{m}^{c}$ ; $Z\rightarrow R(X, Y)Z$ for $X,$ $Y\in \mathfrak{m}^{c}$ .

Since $\{\frac{1}{\sqrt{c\cdot n(\alpha)}}E_{\alpha},$ $\alpha\in\Delta^{+}(\Phi)\}$ constitutes a unitary basis, $S$ is given by

$S(E_{\alpha}, E_{-\alpha})=2\sum_{\beta\in\Delta+(\Phi)}\frac{1}{c\cdot n(\beta)}R_{aa_{l}9\beta}$ .
Thus, we have from the Proposition,

(2.15) $S(E_{\alpha}, E_{-\alpha})=2\sum_{n(\beta)n(\alpha)}\{(\alpha, \beta)+\frac{c\cdot n(\beta)}{c\cdot n(\alpha+\beta)}N_{\alpha,\beta}^{2}\}$

$+2\sum_{n(\beta)\geqq n(\alpha)}\frac{c\cdot.n(\alpha)}{cn(\beta)}\{(\alpha, \beta)+\frac{c\cdot n(\alpha)}{c\cdot n(\alpha+\beta)}N_{\alpha,\beta}^{2}\}$ .

REMARK. If a K\"ahler C-space $(G_{u}/K_{\Phi}, g)$ associated with $(\mathfrak{g}, \Phi)$ is a normal
homogeneous space, that is, $g$ is given by an adjoint invariant bilinear form
of $\mathfrak{g}_{u}$, then $\Phi$ consists of a single simple root and $[\mathfrak{m}^{+}, \mathfrak{m}^{+}]=0$ . Since an adjoint
invariant bilinear form is a scalar multiple of the Killing form $B,$ $g=2\sum_{n}c\cdot n$

$\sum_{\alpha\in\Delta+(\Phi,n)}\omega^{\alpha}\cdot\omega^{a}$ coincides with $aB|_{\mathfrak{m}^{C\times m^{C}}}=-2a\sum_{n\alpha\in}\sum_{\Delta^{+}(\Phi,n)}\omega^{\alpha}\cdot\omega^{a}$ for some constant

$a$ . Hence we have $c\cdot n(\alpha)=-a$ for all $\alpha\in\Delta^{+}(\Phi)$ , in particular $c_{j}=-a$ for each
$\alpha_{i_{j}}\in\Phi,$ $j=1,$ $r$ . SuPpose that $\#\Phi\geqq 2$ . Then, there exists a root $\alpha\in\Delta^{+}(\Phi)$

such that $\alpha=\sum_{j}n_{j}\alpha_{j},$ $n_{i_{j}}>0$ and $n_{t_{k}}>0$ for some $j$ and $k$ . We have $-a=c\cdot n(\alpha)$

$\geqq c_{j}+c_{k}=-2a$ . This is a contradiction. Hence $\#\Phi=1;\Phi=\{\alpha_{i}\}$ . Moreover,
by the similar argument any root $\alpha$ of $\Delta^{+}(\Phi)$ takes one as its $\alpha_{i}$ -coefficient,
that is, $\mathfrak{m}^{+}=\mathfrak{m}^{+1}$ . Thus, $[\mathfrak{m}^{+}, \mathfrak{m}^{+}]=0$ .

Conversely, a K\"ahler C-space associated with $(\mathfrak{g}, \Phi),$ $\Phi=\{\alpha_{i}\}$ such that
$\mathfrak{m}^{+}=\mathfrak{m}^{+1}$ , is a normal homogeneous space. Henceforth, it is a hermitian
symmetric space, since $g_{u}=f+\mathfrak{m}$ gives an effective and orthogonal symmetric
Lie algebra $(\mathfrak{g}_{u}, s)$ (Helgason [6]).

Let $(M, g)$ be an irreducible hermitian symmetric space of compact type.
By the help of the argument of Ise [7], $(M, g)$ is given by a K\"ahler C-space
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$(G_{u}/K, g)$ , which is normal.
Since $[\mathfrak{m}^{+}, \mathfrak{m}^{+}]=0$ for a K\"ahler $C$-space which is normal, we have

(2.16) $R(X, Y)Z=[[X, Y]c,$ $Z$]
$i$

$X,$ $Y$ and $Z\in \mathfrak{m}^{c}$ .
(2.16) coincides with the usual expression of the curvature tensor of

symmetric spaces (Helgason [6]).

\S 3. Curvature of K\"ahler C-spaces.

Let $(G_{u}/K, g)$ be a K\"ahler C-space associated with $(\mathfrak{g}, \Phi)$ .
In this section, $\Phi$ is assumed to consist of a single simple root $\alpha_{i}\in\Pi$ ;

$\Phi=\{\alpha_{i}\}$ . By $\Delta_{i}^{+}$ and $\Delta_{i}^{+}(k)$ we mean $\Delta^{+}(\{\alpha_{i}\})=\{\alpha=\sum_{j}n_{j}\alpha_{j}\in\Delta^{+} ; n_{i}>0\}$ and
$\Delta^{+}(\{\alpha_{i}\}, k)=\{\alpha=\sum_{j}n_{j}\alpha_{j}\in\Delta^{+} ; n_{i}=k\}$ for positive integer $k$ , respectively.

The invariant K\"ahler metric $g$ and the connection function $\Lambda$ can be
written in this case as follows (a parameter $c=1$);

(3.1)
$g=2\sum_{k}k\sum_{\alpha\in\Delta_{i}^{+}(k)}\omega^{\alpha}\cdot\omega^{a}=\sum_{k}k(-B)|_{\mathfrak{m}+k_{\times \mathfrak{m}}- k}$

,

(3.2) $\Lambda(Z^{j})W^{k}=\frac{k}{j+k}[Z^{j}, W^{k}]_{m^{C}}$ , $Z^{j}\in \mathfrak{m}^{+f}$ and $W^{k}\in \mathfrak{m}^{+k}$,

$\Lambda(\overline{Z})W=[\overline{Z}, W]ln^{+},$ $Z,$ $W\in \mathfrak{m}^{+}$ ,

where $\mathfrak{m}^{+}=\sum_{k\in Z}\mathfrak{m}^{+k}$,
$\mathfrak{m}^{+k}=\sum_{\alpha\in\Delta_{i}^{+}(k)}CE_{\alpha}$

.

Relative to holomorphic sectional curvature of $(G_{u}/K, g)$ , the following is
obtained.

THEOREM 3.1. Let $(G_{u}/K, g)$ be a Kahler $C$-space associated with $(\mathfrak{g}, \alpha_{i})$ .
SuPpose that $\Delta_{i}^{+}(k)=\emptyset$ for $k\geqq 3$ . Then we have,

(3.3) (holomorphic bisectional curvature)

$H(X\Lambda IX, Y\wedge IY)=-\frac{1}{2}\Vert[Z^{1}, W^{1}]\Vert^{2}+\Vert[Z^{1},\overline{W}^{1}]+[Z^{2},\overline{W}^{2}]\Vert^{2}+\Vert[Z^{1},\overline{W}^{2}]\Vert^{2}$

$+\Vert[Z^{2},\overline{W}^{1}]\Vert^{2}+\Vert[Z^{2},\overline{W}^{z}]\Vert^{2}$,

(3.4) (holomorphic sectional curvature)

$H(X\wedge IX)=\Vert[Z^{1},\overline{Z}^{1}]\Vert^{2}+2\Vert[Z^{2},\overline{Z}^{2}]\Vert^{2}+4\Vert[Z^{1},\overline{Z}^{2}]\Vert^{2}$,

1for $X,$ $Y\in \mathfrak{m}$, where $Z^{k},$ $W^{k}$ are $\mathfrak{m}^{+k}$-compOnents of $Z=-(X-\sqrt{-1}IX)\sqrt{2}$ and

$W=\frac{1}{\sqrt{2}}(Y-\sqrt{-1}IY)$ respectively, $g(Z,\overline{Z})=g(W,\overline{W})=1$ . By $\Vert Z\Vert^{2}$ we mean
$-B(Z,\overline{Z})$ .

Moreover, the Kahler $C$-space has strictly positive holomorphic sectional
curvature.
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In the above, the condition $\Delta_{i}^{+}(k)=\emptyset$ means that there is no root $\alpha$ of
$\Delta_{i}^{+}$, whose $\alpha_{i}$-coefficient is equal to $k$ .

By the aid of tables of roots of complex simple Lie algebras (Bourbaki
[41), the following is directly obtained from the theorem.

COROLLARY 3.2. If a Kahler $C$-space $(G_{u}/K, g)$ is associated with one of the
following pairs the holomorphic sectional curvature is strictly positive;
$(A_{l}, \alpha_{i})_{i=1,\ldots,l,l\geq 1},$ $(B_{l},\alpha_{i})_{i=1,\ldots,l,l\geq 2},$ $(C_{l}, \alpha_{\ell})_{i=1,\ldots,l,l\geqq 3},$ $(D_{l}, \alpha_{i})_{i=1,\ldots,l,l\geqq 4},$ $(E_{6}, \alpha_{i})_{i=1,2,3,5,6r}$

$(E_{7}, \alpha_{i})_{i=1,2,6,7},$ $(E_{8}, \alpha_{1}),$ $(E_{8}, \alpha_{8}),$ $(F_{4}, \alpha_{1}),$ $(F_{4}, \alpha_{4})$ and $(G_{2}, \alpha_{2})$ .
PROOF OF THEOREM 3.1. From (3.2), we have, for $Z$ and $W\in \mathfrak{m}^{+}$

$g$ ( $[\Lambda(Z)$ , A $(\overline{Z})]W,\overline{W}$ ) $=\frac{1}{2}g([Z^{1}, [\overline{Z}^{1}, W^{2}]_{\iota \mathfrak{n}}+]_{\mathfrak{n}f}+, ’’+\overline{W}^{2})$

$-\frac{1}{2}g([\overline{Z}^{1}, [Z^{1}. W^{1}]_{\iota \mathfrak{n}}+]_{t\mathfrak{n}}+,\overline{W}^{1}+\overline{W}^{2})$

$=-B([Z^{1}, [\overline{Z}^{1}, W^{2}]]_{\mathfrak{n}\iota}+,\overline{W}^{2})$

$+\frac{1}{2}B([\overline{Z}^{1}, [Z^{1}, W^{1}]]_{m}+,\overline{W}^{1})$

$=-\Vert[Z^{1},\overline{W}^{2}]\Vert^{2}+\frac{1}{2}\Vert[Z^{1}, W^{1}]\Vert^{2}$ .

Similarly, we get,

$g(\Lambda([Z,\overline{Z}]_{\mathfrak{m}^{C}})W,\overline{W})=-\Vert[Z^{1},\overline{W}^{1}]+[Z^{2},\overline{W}^{2}]\Vert^{2}+\Vert[Z^{1},\overline{W}^{1}]\Vert^{2}$

$+\Vert[Z^{2},\overline{W}^{2}]\Vert^{2}$,

and

$g([[Z,\overline{Z}]_{1C}, W],\overline{W})=-\Vert[Z^{1},\overline{W}^{1}]\Vert^{2}+\Vert[Z^{1}, W^{1}]\Vert^{2}-2\Vert[Z^{1},\overline{W}^{2}]\Vert^{2}$

$-\Vert[Z^{2},\overline{W}^{1}]\Vert^{2}-2\Vert[Z^{2},\overline{W}^{2}]\Vert^{2}$ .

Hence, from (2.3), the combination of the above leads to obtain (3.3). To verify
(3.4), we set $W=Z$ in (3.3). Then we have,

$H(X\wedge IX)=2\Vert[Z^{1},\overline{Z}^{2}]\Vert^{2}+\Vert[Z^{2},\overline{Z}^{2}]\Vert^{2}+\Vert[Z^{1},\overline{Z}^{1}]+[Z^{2},\overline{Z}^{2}]\Vert^{2}$ .

The last term is turned into $\Vert[Z^{1},\overline{Z}^{1}]\Vert^{2}+\Vert[Z^{2},\overline{Z}^{2}]\Vert^{2}+2\Vert[Z^{1},\overline{Z}^{2}]\Vert^{2}$ , by a
slight computation. Therefore, (3.4) is an immediate conclusion.

The positivity of the holomorphic sectional curvature is assured by the
following argument. Since $H(X\wedge IX)\geqq 0$ , what to show is that $[Z^{1},\overline{Z}^{1}]=$

$[Z^{1},\overline{Z}^{2}]=[Z^{2},\overline{Z}^{2}]=0$ leads to $Z=0$ . Put
$Z^{1}=\sum_{\alpha\in\Delta_{i}^{+}(1)}\xi^{\alpha}E_{\alpha},$

$\xi^{a}\in C$. Then.
$[Z^{1},\overline{Z}^{1}]=\sum_{\alpha,\beta}\xi^{\alpha}\overline{\xi}^{\beta}[E_{\alpha}, E_{-\beta}]$
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$=\sum_{\alpha}|\xi^{\alpha}|^{2}[E_{\alpha}, E_{-\alpha}]+\sum_{a\neq\beta}\xi^{\alpha}\overline{\xi}^{\beta}[E_{\alpha}, E_{-\beta}]$ .

Thus, the $\mathfrak{h}$-component of $[Z^{1},\overline{Z}^{1}]$ is $\sum|\xi^{\alpha}|^{2}[E_{\alpha}, E_{-\alpha}]=-\sum|\xi^{\alpha}|^{2}H_{\alpha}$ . If
$\alpha\in\Delta_{i}^{+}(1)$ is given by $\alpha=\sum 7\iota_{j}(\alpha)\alpha_{j},$ $n_{i}(\alpha)=1,$

$a$

then $H_{\alpha}=\sum_{J}n_{j}(\alpha)H_{j}^{\alpha}$ . Hence we
have, $\sum|\xi^{\alpha}|^{2}H_{\alpha}=\sum(\sum|\xi^{\alpha}|^{2}n_{j}(\alpha))H_{j}f$ Since $\{H_{j} ; j=1, 1\}$ is a basis of $\mathfrak{h}$,
$[Z^{1},\overline{Z}^{1}]=0\alpha means\sum_{\alpha}j|\xi^{\alpha}\alpha|^{2}n_{j}(\alpha)=0$ for all $j$ . Then, we have $\xi^{\alpha}=0$ for $\alpha\in\Delta_{i}^{+}(1)$ ,

from the nonnegativity of $n_{j}(\alpha)$ together with $n_{i}(\alpha)=1$ .
By the similar argument, we obtain that $Z^{2}=0$ . Thus, we get $Z=Z^{1}+Z^{2}=0$ .

Q.E.D.

REMARK. Relative to a K\"ahler $C$-space $(G_{u}/K, g)$ which is normal, the
holomorphic sectional curvature is given by $H(X\wedge IX)=\Vert[Z,\overline{Z}]\Vert^{2}$ .

\S 4. Curvature operator.

Let $(G_{u}/K_{\Phi}, g)$ be a K\"ahler C-space which is associated with $(\mathfrak{g}, \Phi)$ , where
$\mathfrak{g}$ is a complex simple Lie algebra and $\Phi=\{\alpha_{i_{1}}, \alpha_{i_{r}}\}\subset\Pi$ .

In this section, we shall define a linear operator, called a curvature ope-
rator, and investigate Properties of this operator.

We denote by $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ the symmetric tensor product of $\mathfrak{m}^{+}$ . $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ is gene-

rated by $X\cdot Y=\frac{1}{2}(X\otimes Y+Y\otimes X),$ $X,$ $Y\in \mathfrak{m}^{+}$ . In particular, $\{E_{\alpha}\cdot E_{\beta} ; \alpha, \beta\in\Delta^{+}(\Phi)\}$

constitutes a basis of $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ .
We introduce a hermitian inner product $\langle\cdot, \cdot\rangle$ on $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ from the form $g$

on $\mathfrak{m}^{+};$

\langle 4.1) $\langle X\cdot Y, Z\cdot W\rangle=\frac{1}{2}\{g(X,\overline{Z})\cdot g(Y,\overline{W})+g(X,\overline{W})g(Y,\overline{Z})\}$ .

Since, $\Lambda(X),$ $X\in \mathfrak{m}^{c}$ leaves the space $\mathfrak{m}^{+}$ invariant by (2.10), $\Lambda(X)$ induces a
linear operator on $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$, for which we use the same letter;

\langle 4.2) $\Lambda(X)(Y\cdot Z)=(\Lambda(X)Y)\cdot Z+Y\cdot(\Lambda(X)Z)$ , $X\in \mathfrak{m}^{c},$ $Y,$ $Z\in \mathfrak{m}^{+}$ .
$\Lambda$ on $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ is skew symmetric with respect to the inner product $\langle\cdot, \cdot\rangle$ ;

$\langle\Lambda(X)Y\cdot Z, W\cdot T\rangle+\langle Y\cdot Z, \Lambda(\overline{X})W\cdot T\rangle=0$ .
And also the adjoint representation $(\mathfrak{m}^{+}, ad_{\mathfrak{x}c})$ canonically introduces a

representation on $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$, which is denoted by $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{c})$ ;

\langle 4.3) $ad(V)(X\cdot Y)=[V, X]\cdot Y+X\cdot[V, Y]$ , $V\in f^{c}$ , $X,$ $Y\in \mathfrak{m}^{+}$ .
From (2.5), we have the following relation between $\Lambda(X)$ and $ad(V)$ ;

(4.4) $ad(V)\circ\Lambda(X)(Y\cdot Z)=\Lambda([V, X])(Y\cdot Z)+\Lambda(X)\circ ad(V)(Y\cdot Z)$ .
Now we define a linear endomorphism $Q$ of $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$, which we call the

curvature operator associated with $R$ , by
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(4.5) $\langle Q(X\cdot Y), Z\cdot W\rangle=R(X,\overline{Z}, Y,\overline{W})$ .
$Q$ is well-defined from the Property (2.12). See Calabi and Vesentini [5] and

Borel [2] for another definition of $Q$ in terms of a basis of $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ . It is
easily verified that these definitions are equivalent. $Q$ is self-adjoint with
respect to $\langle\cdot, \cdot\rangle$ from (2.12).

The following theorem gives a condition on the hermitian symmetry of a
K\"ahler C-space $(G_{u}/K, g)$ in terms of the operator $Q$ .

THEOREM 4.1. Let $(G_{u}/K, g)$ be a Kahler $C$-space associated with $(\mathfrak{g}, \Phi)$ .
The following conditions are equivalent;

(i) $(G_{u}/K, g)$ is a hermitian symmetric space.
(ii) $R$ is $\Lambda$ -invariant, that is,

(4.6) $[\Lambda(X), R(Y, Z)]W=R(\Lambda(X)Y, Z)W+R(Y, \Lambda(X)Z)W$ ,
$X,$ $Y,$ $Z$ and $W\in \mathfrak{m}^{c}$ .

(iii) $Q$ is $\Lambda$ -invariant, $\Lambda(X)oQ=Qo\Lambda(X),$ $X\in \mathfrak{m}^{c}$ .
(iv) every eigenspace of $Q$ is $\Lambda$ -invariant, that is,

$\Lambda(X)\mathfrak{n}\subset n,$ $X\in \mathfrak{m}^{c}$ for each eigenspace $\mathfrak{n}$ of $Q$ .
PROOF. $(i)\Leftarrow i$ (ii); this is obvious from Nomizu [11], since $G_{u}/K$ is simply

connected.
$(iii)\Leftrightarrow(iv)$ ; this is easily verified.
That (ii) implies (iii) will be shown by the aid of the following formula;

(4.7) $\langle Q\circ\Lambda(X)(Y\cdot W), Z\cdot T\rangle-\langle\Lambda(X)\circ Q(Y\cdot W), Z\cdot T\rangle$

$=g(R(\Lambda(X)Y,\overline{Z})W,\overline{T})+g(R(Y, \Lambda(X)\overline{Z})W,\overline{T})-g([\Lambda(X), R(Y,\overline{Z})]W,\overline{T})$ ,

$X\in \mathfrak{m}^{c},$ $Y,$ $Z,$ $W,$ $T\in \mathfrak{m}^{+}$ .
To prove $(iii)\Rightarrow(ii)$ , it is sufficient to show that, under the invariance of

$Q$ ,

(4.8) $g([\Lambda(X), R(Y,\overline{Z})]W,\overline{T})-g(R(\Lambda(X)\overline{Y}, Z)W,\overline{T})-g(R(Y, \Lambda(X)\overline{Z})W,\overline{T})=0$

only for $X\in \mathfrak{m}^{c},$ $Y,$ $Z,$ $W,$ $T\in \mathfrak{m}^{+}$ , since $\mathfrak{m}^{c}=\mathfrak{m}^{+}+\mathfrak{m}^{-},$ $g(\mathfrak{m}^{+}, \mathfrak{m}^{+})=0,$ $\Lambda(X)\mathfrak{m}^{+}\subset \mathfrak{m}^{+}$ ,
$R(\mathfrak{m}^{+}, \mathfrak{m}^{+})Z=0$ and $g,$

$\Lambda$ and $R$ are all real.
(4.8) is an immediate consequence of (4.7). Q.E.D.

Since $R$ is $ad_{\iota}$ c-invariant, so is $Q$ , that is,

(4.9) $Q\circ ad(V)=ad(V)oQ$ , $V\in I^{C}$

If the representation $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{\iota C})$ has an irreducible decomposition;
$(\mathfrak{m}^{+}\cdot \mathfrak{n}\iota^{+}, ad_{t^{C}})=\Sigma((\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{a}, ad_{l^{C}})$ , and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{a}$ satisfies that $ Q((\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{a})\subset$

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{a}$ , then each irreducible subspace $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{a}$ belongs to some eigenspace
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of $Q$ from (4.9) together with Schur’s lemma.
We shall clarify relations between such an irreducible decomposition of

$\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ and the operation of $Q$ , as follows.
$f^{c}$ is given by a sum of the center $\mathfrak{c}$ and the maximal semi-simple part I’ ;

$f^{c}=\mathfrak{c}+I^{\prime},$
$\mathfrak{c}=\sum^{r}{}_{j=1}CH_{\Lambda_{j}}$ , where $\Lambda_{j}$ is given by 2 $(\Lambda_{j}, \alpha_{k})=(\alpha_{k}, \alpha_{k})\delta_{i_{j}k},$ $j=1,$ $r$,

$k=1,$ $\cdots,$
$1,$

$\mathfrak{l}^{\prime}=\sum_{(\alpha\in\Delta^{++}-\angle\Phi)}\{C[E_{\alpha}, E_{-\alpha}]+CE_{\alpha}+CE_{-\alpha}\}$ . Therefore, the restriction

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{I^{\prime}})$ of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{C})$ to 1’ gives a representation of the semi-simple
Lie algebra I’.

Since every root $\alpha\in\Delta^{+}(\Phi)$ , more precisely $\alpha|_{\mathfrak{h}^{\prime}}$ gives a weight of $(\mathfrak{m}^{+}$ ,
$ad_{1^{\prime}})$ , where $\mathfrak{h}^{\prime}$ is the Cartan subalgebra of 1’, defined by

$\mathfrak{h}^{\prime}=\sum_{\alpha\in\Delta^{+}-\Delta^{+}(\emptyset)}C[E_{\alpha}, E_{-\alpha}]$
,

$\{\alpha+\beta;\alpha, \beta\in\Delta^{+}(\Phi)\}$ constitutes the set of all weights of $(\iota \mathfrak{n}^{+}\cdot \mathfrak{m}^{+}, ad_{I^{\prime}})$ . $E_{\alpha}\cdot E_{\beta}$,
denoted simply by $E_{\alpha\cdot\beta}$ , is a weight vector corresponding to a weight $\alpha+\beta$ .
Then, the weight space $W_{\Sigma}$ which corresponds to $\Sigma$ in $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ is given by
$W_{\Sigma}=$

$\sum_{\alpha+\beta^{-},\alpha.\beta\in d^{\overline{\mp}}(\Phi)}CE_{\alpha\cdot\beta}$

.

We have the following proposition which asserts that $Q$ leaves $W_{\Sigma}$ inva-
riant.

PROPOSITION 4.2. Let $W_{\Sigma}$ be a weight space of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{I^{\prime}})$ . Then
$Q(W_{\Sigma})\subset W_{\Sigma}$ for any weight $\Sigma$ .

PROOF. By (4.9) we have, for $Z\in W_{\Sigma},$ $ad(H)Q(Z)=Q(ad(H)Z)=\Sigma(H)Q(Z)$ ,
$H\in \mathfrak{h}$, hence $Q(Z)\in W_{\Sigma}$ by definition of a weight space. Q. E. D.

SuPpose that there exist a weight $\Sigma$ and a weight vector $Z_{\Sigma}$ of $W_{\Sigma}$ such
that $ad(E_{\beta})Z_{\Sigma}=0$ for any $\beta\in\Pi-\Phi$ and $Q(Z_{\Sigma})=\nu Z_{\Sigma}$ . Then, with the aid of
the representation theory of semi-simple Lie algebras, $\Sigma$ satisfies that
$2(\Sigma, \alpha_{j})/(\alpha_{j}, \alpha_{j})\in Z^{+}$ for all $\alpha_{j}\in\Pi-\Phi$, that is, $\Sigma$ is a so-called dominant
integral weight, and the subspace of $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ which is generated by $Z_{\Sigma}$ and
$ad(E_{-\beta k})ad(E_{-\beta_{k-1}})\cdots ad(E_{-\beta_{1}})Z_{\Sigma}$, $\beta_{1},$ $\beta_{k}\in\Pi-\Phi$ , $k>0$, is an irreducible
subspace whose highest weight is $\Sigma$ . Moreover $\nu$ is an eigenvalue of $Q$ on
the irreducible subspace, since $Q$ and $ad_{C}$ are commutative by (4.9).

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma,Z}$ , or simply $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma}$ denotes this irreducible subspace. Hence,
we have the following

PROPOSITION 4.3. If a weight vector $Z\in W_{\Sigma}$ satisfies that $ad(E_{\beta})Z=0$ for
all $\beta\in\Pi-\Phi$, and $Q(Z)=\nu Z$. Then $\Sigma$ is a dominant integral weight and
$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma,Z}$ gives a linear subspace of an eigenspace corresp0nding to $\nu$ .

Since $R(\mathfrak{m}^{+n}, \mathfrak{m}^{-n^{J}})\mathfrak{m}^{+m}\subset \mathfrak{m}^{+(n- n^{\prime}+m)}$ from (2.13), and $ad(f^{C})\mathfrak{m}^{+n}\subset \mathfrak{m}^{+n}$, we have
the following decomposition of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{t^{\prime}});(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{t^{\prime}})=\sum_{n}((\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}, ad_{f^{J}})$ ,

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}=\sum_{n_{1}+n_{2}=n}\mathfrak{m}^{+n_{1}}\cdot \mathfrak{m}^{+n_{2}}$
, and $Q((\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n})\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}$ .

We note that this decomposition is not always irreducible.
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With respect to eigenvalues of $Q$ , we have the following.
PROPOSITION 4.4. (i) If a weight vector $E_{\alpha\cdot\beta}$ of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}(\alpha\leqq\beta)$ is an

eigenvector of $Q;Q(E_{\alpha\cdot\beta})=\nu E_{\alpha\cdot\beta}$, then the eigenvalue $\nu$ is given by

(4.10) $\nu=\frac{1}{c\cdot n(\alpha)}(\alpha, \alpha)$ , $\alpha=\beta$ ,

$=\frac{2}{c\cdot n(\beta)}\{(\alpha, \beta)+\frac{c\cdot n(\alpha)}{c\cdot n(\alpha+\beta)}N_{\alpha.\beta}^{2}\}$ , $n(\alpha)\leqq n(\beta)$ ,

(ii) Relative to a weight space $W_{\Sigma}$ in $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}$, the trace of $Q|_{W_{\Sigma}}$ is written
$by$

(4.11) Tr $(Q|_{W_{\Sigma}})=\sum_{\nu}m_{\nu}\cdot\nu=\sum_{a+\rho--\Sigma}\frac{2}{c\cdot n(\beta)}\{(\alpha, \beta)+\frac{c\cdot n(\alpha)}{c\cdot n(\alpha+\beta)}N_{\alpha,\beta}^{2}\}$

$+\frac{1}{c\cdot n(\gamma)}(\gamma, \gamma)$ ,

where $\nu$ is an eigenvalue of $Q$ in $W_{\Sigma}$ with multipliciiy $m_{\nu}$, and $\gamma=\Sigma/2$ . The
summation of the left hand side is taken over all the eigenvalues of $Q$ in $W_{\Sigma}$ .
The second term of the right hand side is excluded if $\gamma=\Sigma/2$ is not in $\Delta^{+}(\Phi)$ .

PROOF. Suppose that $Q$ satisfies, $Q(E_{\alpha\cdot\beta})=\nu E_{\alpha\cdot\beta},$ $\alpha,$ $\beta\in\Delta^{+}(\Phi),$ $n(\alpha)+n(\beta)=n$,
$n(\alpha)\leqq n(\beta)$ . Then, we have $\nu\langle E_{\alpha\cdot\beta}, E_{\alpha\cdot\beta}\rangle=R_{\alpha\overline{\alpha}\beta\beta}$ . Hence, (4.10) is verified directly
from Proposition2.4.

The second part is shown by the following consideration.
Since $Q(W_{\Sigma})\subset W_{\Sigma},$ $Q$ is given on $W_{\Sigma}$ by

$Q(E_{\alpha,\beta})=\sum_{\gamma+\delta=\Sigma}Q_{\alpha\beta^{\gamma\delta}}E_{\gamma\cdot\delta}$ for any $\alpha,$ $\beta\in\Delta^{+}(\Phi),$ $\alpha+\beta=\Sigma,$ $\alpha\leqq\beta$ .
$\gamma\leqq\delta$

We have Tr $(Q|_{W_{\Sigma}})=\sum_{\alpha+\beta--\Sigma}Q_{\alpha\beta^{\alpha\beta}}$ . Since

$Q_{\alpha\beta^{\alpha\beta}}=\frac{2}{(c\cdot n(\alpha))\cdot(c\cdot n(\beta))}R_{\alpha\overline{\alpha}\beta\overline{\beta}}$ $(\alpha<\beta)$ ,

$Q_{\gamma\gamma^{\gamma\gamma}}=\frac{1}{(c\cdot n(\gamma))^{2}}R_{\overline{m}\overline{\gamma}}$ $(\gamma=\Sigma/2\in\Delta^{+}(\Phi))$ ,

(4.11) is immediately obtained from Proposition 2.4. Q.E.D.
Let $\Theta$ be the highest weight among $\{\alpha+\beta;n(\alpha)+n(\beta)=n\}$ with respect to

the lexicographic ordering. Then, $\Theta$ is given by a sum of some roots; $\Theta=$

$\alpha^{n_{1}}+\alpha^{n_{2}}$, where $\alpha^{n_{i}}$ is the maximal root in $\Delta^{+}(\Phi;n_{i}),$ $i=1,2$ respectively and
$n_{1}+n_{2}=n$ . Of course, $\Theta$ is a dominant integral weight of $((\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}, ad_{I^{\prime}})$ . If
$\dim_{C}W_{\Theta}=1$ , then $E_{\alpha^{n_{1}}\alpha^{n_{2}}}$ is a weight vector of $\Theta$ such that $Q(E_{\alpha^{n_{1_{\alpha}}.n_{2}}})=$

$\nu E_{\alpha^{n_{1}}\alpha^{n_{2}}}$ . Thus, the irreducible subspace associated with $\Theta$ and $E_{\alpha^{n_{1}}\cdot\alpha^{n_{2}}}$

gives a subspace of an eigenspace corresponding to $\nu$ from Proposition 4.3.
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On the other hand, we have, relative to the operation of $\Lambda,$ $\Lambda(X)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}$

$\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n+n^{\prime}},$ $\Lambda(\overline{X})(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n-n^{I}},$ $X\in \mathfrak{m}^{+n^{\prime}}$ , if $n>n^{\prime}$ and $\Lambda(\overline{X})(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}=$

$\{0\}$ for $X\in \mathfrak{m}^{+n^{\prime}}$ , if $n$ } $n^{\prime}$ .
We shall show the following proposition, which can be applied to the $\Lambda-$

invariance of eigenspaces of $Q$ .
PROPOSITION 4.5. Let $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma_{i}^{i}}^{n}$ be an irreducible subspace associated with

the highest weight $\Sigma_{i},$ $i=1,2$ respectively.

Supp0se that $n_{1}<n_{2}$ (respectively $n_{1}>n_{2}$), and

$\Lambda(E_{\alpha})Z_{\Sigma_{1}}\in(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma 2}^{n_{2}}$ (resp., $\Lambda(E_{-\alpha})Z_{\Sigma_{1}}\in(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{22}^{n_{2}}$ )

for a weight vector $Z_{\Sigma_{1}}$

corresponding to $\Sigma_{1}$ and any root $\alpha,$ $n(\alpha)=n_{2}-n_{1}$ (resp., $n(\alpha)=n_{1}-n_{2}$ ). Then
$\Lambda(X)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{21}^{n\mu}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma 2}^{n_{2}}$ for all $X\in \mathfrak{m}^{+(n_{2}-n_{1})}$ (resp. $\Lambda(\overline{X})(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma 1}^{n_{1}}\subset$

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma^{2}}^{n_{2}}$ for $X\in \mathfrak{m}^{+(n_{1}-n_{2})}$ ).

PROOF. $Letn_{2}>n_{1}$ . Then, the subspace $\mathfrak{m}^{+(n_{2}-n_{1)}}isspannedbyE_{\alpha}’ s,$ $n(\alpha)=n_{2}$

$-n_{1}$ . Since the irreducible subspace $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma_{1}}^{n1}$ is generated by the vector $Z_{\Sigma_{1}}$

and $ad(E_{-\beta_{k}})\cdots ad(E_{-\beta_{1}})Z_{\Sigma_{1}},$ $\beta_{1},$ $\beta_{k}\in\Pi-\Phi,$ $k>0$ , it is sufficient to show that
$\Lambda(E_{\alpha})ad(E_{-\beta k})\cdots ad(E_{-\beta_{1}})Z_{\Sigma_{1}}$ belongs to $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{22}^{n_{2}}$ for $\alpha,$ $n(\alpha)=n_{2}-n_{1}$ and $k>0$ .

It follows from (4.4) that

$\Lambda(E_{\alpha})ad(E_{-\beta})Z_{\Sigma_{1}}=ad(E_{-\beta})\Lambda(E_{\alpha})Z_{\Sigma_{1}}-\Lambda([E_{-\beta}, E_{\alpha}])Z_{\Sigma_{1}}$ .
Hence, from the assumption of the proposition, $\Lambda(E_{\alpha})ad(E_{-\beta})Z_{\Sigma_{1}}$ is in $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma^{2}}^{n_{2}}$ .
Thus, the assertion is inductively verified on $k$ .

The statement for $n_{1}>n_{2}$ is similarly verified. Q.E.D.

\S 5. Hermitian symmetry and eigenvalues of curvature operator.

We shall show, in this section, the following theorems which are concerned
with the hermitian symmetry of K\"ahler $C$-spaces.

Let $(G_{u}/K, g)$ be a K\"ahler C-space associated with $(\mathfrak{g}, \Phi)$ . Suppose that
$\Phi$ consists of a single root $\alpha_{i}$ of $\Pi;\Phi=\{\alpha_{i}\}$ . This is equivalent to the
second Betti number $b_{2}=1$ . The $G_{u}$-invariant K\"ahler metric $g$ is written in the
following form;

$g=2\sum_{k}k\sum_{\alpha\in\Delta_{i}^{+}(k)}\omega^{\alpha}\cdot\omega^{a}$

(a parameter $c=1$ ).

Then, we have the following.
THEOREM 5.1. A Kahler C-space $(G_{u}/K, g)$ of $b_{2}=1$ is hernnitia $n$ symmetric

if and only if it is associated with one of the following pairs;

$(A_{l}, \alpha_{i})_{i=1,\ldots,l}$ , $(B_{l}, \alpha_{i})_{i=1,l}$ , $(C_{l}, \alpha_{i})_{\ell=1,l}$ ,

$(D_{l}, \alpha_{i})_{t=1,l- 1,l}$ , $(E_{6}, \alpha_{i})_{i=1,6}$ , $(E_{7}, \alpha_{7})$ and $(G_{2}, \alpha_{1})$ .
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$A_{l}$

$(l\geqq 1)$

$B_{l}$

$(l\geqq 2)$

$C_{l}$

$(l\geqq 2)$

$D_{l}$

$(l\geqq 3)$

$E_{6}$

$E_{7}$

$E_{8}$

$F_{4}$

$\alpha_{1}$ $\alpha_{\underline{y}}$

$G_{2}$
$\subseteq 0$

(A Kahler C-space associated with $(\mathfrak{g}, \alpha_{i})$ is hermitian symmetric if $\alpha_{i}$ is
enclosed with double circles in the above Dynkin diagrams.)

The following theorem gives an equivalent condition on the hermitian
symmetry of K\"ahler C-spaces of $b_{2}=1$ with the aid of numbers of eigenvalues
of $Q$ .

THEOREM 5.2. A Kahler C-space of $b_{2}=1$ is hermitian symmetric if and only
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if its curvature operat0r has at most two distinct eigenvalues.
REMARK. A K\"ahler $C$-space $(G_{u}/K, g)$ of $b_{2}=1$ is a normal homogeneous

space if it is associated with one of the following pairs;

$(A_{l}, \alpha_{i})_{i=1,\ldots,l}$ , $(B_{l}, \alpha_{1})$ , $(C_{l}, \alpha_{l})$ , $(D_{l,\alpha_{1}})$ , ( $D_{l}$ m $\alpha_{l-1}$),

$(D_{l}, \alpha_{l})$ , $(E_{6}, \alpha_{1})$ , $(E_{6}, \alpha_{6})$ , $(E_{7}, \alpha_{7})$ .
On the other hand, a K\"ahler C-space, associated with each of $(B_{l}, \alpha_{l}),$ $(C_{l}, \alpha_{1})$

and $(G_{2}, \alpha_{1})$ , admits a Proper subgroup of $I_{0}(G_{u}/K, g)$ (the identity component
of the isometry group) which acts transitively on $G_{u}/K$, since $G_{u}/C\cap K$, where
$C$ is the center of $G_{u}$, is such a proper subgroup.

It has been shown in Calabi and Vesentini [5] and Borel [2] that every
irreducible hermitian symmetric space of compact type, and consequently of
noncompact type, has at most two eigenvalues.

We shall show these theorems by investigating the $\Lambda$ -invariance of
eigenspaces of $Q$ together with computations of eigenvalues.

Relative to the Dynkin diagrams and the root systems of complex simple
Lie algebras, we refer to Bourbaki [4].

In order to prepare for the proof of the theorems, we assume Prst that
$\Delta_{i}^{+}(k)=\emptyset$ for $k\geqq 3$, that is $\mathfrak{m}^{+}=\mathfrak{m}^{+1}+\mathfrak{m}^{+2}$ . This assumption is satisfied by
almost pairs $(\mathfrak{g}, \alpha_{i})s$ exclusive of some exceptional Lie algebras $g’ s$ and some
roots $\alpha_{i}’ s$ (cf., Corollary 3.2 in \S 3). Then, we have, $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{2}=\mathfrak{m}^{+1}\cdot \mathfrak{m}^{+1}$ ,
$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{3}=\mathfrak{m}^{+1}\cdot \mathfrak{m}^{+2}$ and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{4}=(\mathfrak{m}^{+2}\cdot \mathfrak{m}^{+2})$ , for which $2\alpha^{1},$ $\alpha^{1}+\alpha^{2}$ and $2\alpha^{2}$ give
the highest weights respectively, and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{k}=\{0\}$ for $k\geqq 5$ .

The weight spaces $W_{2\alpha^{1}},$ $W_{ai^{1+}\alpha^{2}}$ , and $W_{2\alpha^{2}}$ consist of $CE_{\alpha^{1}\alpha^{1}}$ , $CE_{\alpha^{1}\alpha^{2}}$

and $CE_{\alpha^{2}\alpha^{2}}$ respectively. $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2},$ $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}$ , and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}$ denote the
irreducible subspaces $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{2}2\alpha^{1}’(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\alpha^{1}+\alpha^{2}}^{3}$ and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{4}2\alpha^{2}$ They have $E_{\alpha^{1}\alpha^{1}}$ ,
$E_{\alpha^{1}\alpha^{2}}$ and $E_{\alpha^{2}\alpha^{2}}$ as weight vectors corresponding to $2\alpha^{1},$ $\alpha^{1}+\alpha^{2}$ and $2\alpha^{2}$ respec-
tively.

We obtain the following table from Proposition4.4;

Table 1.eigenvalue $|$$|$ highestt weight dimesion

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ $2 |$$| 2\alpha$ $126$

The dimensions of these irreducible subspaces can be computed by using
Weyl’s dimension formula. For example, $\dim_{C}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ is given by
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$\dim_{C}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}=\prod_{\alpha\in\Delta^{+}-\Delta_{t}^{+}}\frac{(\delta+2\alpha^{1},\alpha)}{(\delta,\alpha)}$ ,

where,
$\delta=\{ \sum_{\alpha\in\Delta^{+}-\Delta_{i}^{+}} \alpha\}/2$

.

As a concrete example of the irreducible decomposition of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{I^{\prime}})$ , we
. -shall investigate the complete decomposition of $(\mathfrak{m}^{+}\cdot\iota \mathfrak{n}^{+})^{2}$, for instance, associated

with $(B_{l}, \alpha_{i})_{1<i<l}$ and compute the eigenvalues of the curvature operator $Q$ .
(a) the root system of type $B_{l}(l\geqq 2)$ (Bourbaki [4]);

Let $(\epsilon_{i})_{1\leqq i\leqq l}$ be an orthonormal basis of a l-dim euclidean space $(R^{l}, (\cdot, \cdot))$ .
A fundamental root system $\Pi=\{\alpha_{1}, \cdots , \alpha_{l}\}$ is defined by $\alpha_{i}=\epsilon_{i}-\epsilon_{i+1},$ $i=1,$ $\cdots$

1–1 and $\alpha_{l}=\epsilon_{l}$ and positive $roo\vee s\llcorner$ are given as follows;

positive roots: $\epsilon_{j}=\alpha_{j}+\alpha_{j+1}+\cdots+\alpha_{l}$ , $1\leqq j\leqq l$ ,

$\epsilon_{j}-\epsilon_{k}=\alpha_{j}+\alpha_{j+1}+\cdots+\alpha_{k-1}$ , $1\leqq j<k\leqq l$ ,

$\epsilon_{j}+\epsilon_{k}=(\alpha_{j}+ +\alpha_{l})+(\alpha_{k}+\cdots+\alpha_{l})$ , $1\leqq j<k\leqq l$ .
(b) $\Delta_{i}^{+}=\Delta_{i}^{+}(1)\cup\Delta_{i}^{+}(2)$ for the pair $(B_{l}, \alpha_{i})_{1<\ell<l}$ ;

$\Delta_{i}^{+}(1)$ : $\alpha_{j}+\cdots+\alpha_{i}+\cdots+\alpha_{k}=\epsilon_{j}-\epsilon_{k+1}$ , $1\leqq j\leqq i\leqq k<l$ ,

$\alpha_{j}+\cdots+\alpha_{l}=\epsilon_{j}$ , $1\leqq j\leqq i$ ,

$\alpha_{j}+\cdots+\alpha_{i}+\cdots+\alpha_{k- 1}+2\alpha_{k}+\cdots+2\alpha_{l}=\epsilon_{j}+\epsilon_{k}$ , $1\leqq j\leqq i<k\leqq l$ ,

$\Delta_{i}^{+}(2)$ : $\alpha_{j}+\cdots+\alpha_{k-1}+2\alpha_{k}+\cdots+2\alpha_{i}+\cdots+2\alpha_{l}=\epsilon_{j}+\epsilon_{k}$ , $1\leqq j<k\leqq i$ .

$\#\Delta_{i}^{+}(1)=\dim_{C}\mathfrak{m}^{+1}=i(2l-2i+1)$ , $\#\Delta_{i}^{+}(2)=\dim_{C}\mathfrak{m}^{+2}=i(i-1)/2$ .
(c) dominant integral weights;

$\Sigma_{1}=2(\alpha_{1}+\cdots+\alpha_{i}+2\alpha_{i+1}+\cdots+2\alpha_{l})=2\epsilon_{1}+2\epsilon_{i+1}$ ,

$\Sigma_{2}=\alpha_{1}+2\alpha_{2}+$ $+2\alpha_{i}+3\alpha_{i+1}+4\alpha_{i+2}+\cdots+4\alpha_{l}=\epsilon_{1}+\epsilon_{2}+\epsilon_{i+1}+\epsilon_{i+2}$

and
$\Sigma_{3}=2(\alpha_{1}+ +\alpha_{l})=2\epsilon_{1}$ .

These weights are dominant integral, since $\Sigma_{1}/2$ is the maximal root in
$\Delta_{i}^{+}(1),$ $\Sigma_{2}$ and $\Sigma_{3}$ satisfy that

$\frac{2(\Sigma_{2},\alpha_{2})}{(\alpha_{2},\alpha_{2})}=\frac{2(\Sigma_{2},\alpha_{i+1})}{(\alpha_{i+1},\alpha_{i+1})}=1$ ,

and

$\frac{2(\Sigma_{2},\alpha_{j})}{(\alpha_{j},\alpha_{j})}=0$ , $j\neq 2,$ $i+1$

$\frac{2(\Sigma_{3},\alpha_{1})}{(\alpha_{1},\alpha_{1})}=2$ , $\frac{2(\Sigma_{3},\alpha_{j})}{(\alpha_{j},\alpha_{j})}=0$ , $j\neq 1$ .

$\dim_{C}W_{\Sigma_{1}}=1$ , $\dim_{C}W_{\Sigma_{2}}=2$ and $\dim_{C}W_{\Sigma_{3}}=l-i+1$ ,

since $\Sigma_{1}=(\epsilon_{1}+\epsilon_{i+1})+(\epsilon_{1}+\epsilon_{i+1}),$ $\Sigma_{2}=(\epsilon_{1}+\epsilon_{i+1})+(\epsilon_{2}+\epsilon_{i+2})=(\epsilon_{1}+\epsilon_{i+2})+(\epsilon_{2}+\epsilon_{i+1})$ and
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$\Sigma_{3}=(\epsilon_{1}-\epsilon_{i+1})+(\epsilon_{1}+\epsilon_{i+1})=(\epsilon_{1}-\epsilon_{i+2})+(\epsilon_{1}+\epsilon_{i+2)})=$ $=(\epsilon_{1}-\epsilon_{l})+(\epsilon_{1}+\epsilon_{l})=\epsilon_{1}+\epsilon_{1}$ . $\Sigma_{i}$ ,
$i=1,2,3$ are not roots. Then coefficients $N_{\alpha,\beta}=0$ for any $\alpha,$ $\beta\in\Delta_{i}^{+}(1),$ $\alpha+\beta=\Sigma_{i}$ ,
$i=1,2,3$ . Hence from Proposition 4.4, Tr $(Q|_{W_{\Sigma 1}})=(\Sigma_{1}/2, \Sigma_{1}/2)=(\epsilon_{1}+\epsilon_{i+1}, \epsilon_{1}+\epsilon_{i+1})$

$=2$, Tr $(Q|_{W_{\Sigma 2}})=2\{(\epsilon_{1}+\epsilon_{i+1}, \epsilon_{2}+\epsilon_{i+2})+(\epsilon_{1}+\epsilon_{i+2}, \epsilon_{2}+\epsilon_{i+1})\}=0$ and Tr $(Q|_{W_{\Sigma_{3}}})=$

$(\epsilon_{1}, \epsilon_{1})+2\{(\epsilon_{1}-\epsilon_{i+1}, \epsilon_{1}+\epsilon_{i+1})+\cdots+(\epsilon_{1}-\epsilon_{l}, \epsilon_{1}+\epsilon_{l})\}=1$ .
(d) decomPosition of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{2}$ and eigenvalues of $Q$ ;
$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ denotes the irreducible subspace of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{2}$ whose highest weight

is $\Sigma_{1}$ ; $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}=(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma_{1},E_{\alpha\alpha}}.,$ $\alpha=\Sigma_{1}/2$ . Because of $\dim_{c}W_{\Sigma_{1}}=1$ , Tr $(Q|_{W_{\Sigma_{1}}})$

$=2$ gives the eigenvalue of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ .
Since $\Sigma_{2}=\Sigma_{1}-(\alpha_{1}+\alpha_{i+1}),$ $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ contains a weight vector corresponding

to $\Sigma_{2}$ , that is, $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}\cap W_{\Sigma_{2}}\neq\{0\}$ . From the inequality, Tr $(Q|_{W_{\Sigma_{2}}})<Tr(Q|_{W_{\Sigma_{1}}})$

$=the$ eigenvalue of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ together with $\dim_{C}W_{\Sigma_{2}}=2$ , there is a nonzero
vector $Z_{2}$ in $W_{\Sigma_{2}}$ , orthogonal to $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ . Then we have another irreducible
subspace $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma_{2},Z_{2}}$ , denoted by $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}$ , whose highest weight vector is $Z_{2}$ .

Because of $\Sigma_{3}=\Sigma_{1}-2(\alpha_{i+1}+\cdots+\alpha_{l}),$ $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ has also a non-trivial vector
of $W_{\Sigma_{3}}$ ; $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}\cap W_{\Sigma_{3}}\neq\{0\}$ . Since $\Sigma_{2}-\Sigma_{3}=-\alpha_{1}+\alpha_{i+1}+2\alpha_{i+2}+\cdots+2\alpha_{l}$ , by
representation theory of complex semisimple Lie algebras it is concluded that
$\Sigma_{3}$ never appears among weights of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}$ , hence $W_{\Sigma_{3}}\cap(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}=\{0\}$ . And
$W_{\Sigma_{3}}cr(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ , for Tr $(Q|_{W_{\Sigma_{3}}})<2$ . Hence there is a weight vector $Z_{3}$ in $W_{\Sigma_{3}}$ ,
orthogonal to $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ . $Z_{3}$ is also orthogonal to $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}$ . Therefore, we
have the third irreducible subspace $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{\Sigma_{3},Z_{3}}$ , denoted by $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{2}$ , of highest
weight vector $Z_{3}$ .

Since $(\Sigma_{1}, \alpha_{1})=(\Sigma_{1}, \alpha_{i+1})=2$ and $(\Sigma_{1}, \alpha_{j})=0,$ $j\neq 1,$ $i+1$ , $\dim_{c}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$

$=\prod_{\alpha}\frac{(\Sigma_{1}+\delta,\alpha)}{(\delta,\alpha)}$ , where the product $\prod_{\alpha}$ is taken over only roots of $\mathfrak{l}^{\prime}$ whose
$\alpha_{1^{-}}$ or $\alpha_{i}$-coefficient is positive. Then by a slight calculation,

$\dim_{C}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}=\frac{1}{2}i(i+1)(l-i)(2l-2i+3)$ .

By similar calculations,

$\dim_{C}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}=\frac{1}{2}i(i-1)(l-i)(2l-2i+1)$

and

$\dim_{c}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{2}=\frac{1}{2}i(i+1)$ .
Since the sum of these dimensions is equal to the dimension of the whole

space $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{2}=\mathfrak{m}^{+1}\cdot \mathfrak{m}^{+1}$ , $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{2}$ is completely decomposed into irreducible
spaces, $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{2}=(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{2}$ .

The eigenvalues $\nu_{j}$ of $Q$ on $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(j)}^{2},$ $j=1,2,3$ are given as follows.
$\nu_{1}=2$ , this is already obtained.
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$W_{\Sigma_{2}}=(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}\cap W_{\Sigma_{2}}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}\cap W_{\Sigma_{2}}$ gives a direct sum of $W_{\Sigma_{2}}$ . Then,

from (4.11) Tr $(Q|_{W_{\Sigma_{2}}})=\nu_{1}+\nu_{2}=0$, or $\nu_{2}=-2$ .
Since $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{2}\cap W_{\Sigma_{3}}$ is one-dimensional and $W_{\Sigma_{3}}\cap(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}=\{0\},$ $Tr(Q|_{W_{\Sigma_{3}}})$

$=(1-i)\nu_{1}+\nu_{3}=1$ , hence $\nu_{3}=-2(l-i)+1$ .
For each classical type, by a similar argument we can list the irreducible

decomposition of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}, ad_{I^{\prime}})$ together with eigenvalues of $Q$ , the highest
weights and the dimensions of irreducible subspaces (Tables 2\sim 11).

Table 2. $(A_{l}, \alpha_{i})_{1\leqq i\leqq l}$

$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}|2||i(i+1)(l-i+1)(l-i+2)/4(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{()}^{2}\underline{\circ}|-2|\alpha_{1}+2\alpha_{2}+\cdot+2\alpha_{l-1}+\alpha_{l}|i(i-1)(l-i)(l-i+1)/4|eigenvalue|gt.weight|dimension$

(i) $\dim_{C}\mathfrak{m}^{+}=i(l-i+1)$ ,
(ii) $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}=\{0\}$ , $i=1$ or 1,

(iii) $\alpha^{1}=\alpha_{1}+\cdots+\alpha_{l}$

Table 3. $(B_{l}, \alpha_{1})_{2\xi l}$

$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\overline{(\mathfrak{m}^{+}.\cdot \mathfrak{m}^{+})_{(1)}^{2}}|2|2\alpha^{1}.|(l-1)(2l+1)(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{2}|-2l+3|2(\alpha_{1}+\cdot\cdot+\alpha_{l})|1|eigenva1ue|highestweight|dimension$

(i) $\dim_{C}\mathfrak{m}^{+}=2l-1$ ,
(ii) $\alpha^{1}=\alpha_{1}+2\alpha_{2}+\cdots+2\alpha_{l}$

Table 4. $(B_{l}, \alpha_{i})_{1<i<l,2\leqq l}$

$\ovalbox{\tt\small REJECT}_{2(\alpha_{l}+\cdot+\alpha_{l})}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(3)}^{g}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)\left|\begin{array}{l}2\\-2\\-2(l-i)+1\end{array}\right|1_{i(i+1)/2}^{i(i+1)(l-i)(2l-2i+3)/2}}^{2}(\mathfrak{m}^{+}.\cdot.\mathfrak{m}^{+})_{(1)}^{2}|eigenvalue|g.tw.eight\ldots|dimension\alpha_{1}+2\alpha_{2}+\cdot\cdot+2\alpha_{i}+3\alpha_{l\tau 1}.+4\alpha_{i+2}+i(i-1)(l-i)(2l-2i+1)/2$

$(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{3}(\mathfrak{m}^{+}.\cdot \mathfrak{m}^{+})_{(1)}^{3}$

$|$

$-21$

$|$ $\alpha_{1}+.\cdot 2\alpha_{2}+3\alpha_{3}+\cdot.\cdot.+3\alpha_{i}+4\alpha_{i+1}++4\alpha_{l}\alpha^{1}+\alpha^{2}$ $|$

$i(i-1)(i-2)(2l-2i+1)/6i(i-1)(i+1)(2l-2i+1)/3$

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}$
$|$ 1 $|$

$2\alpha^{2}$
$|$ $i(i-1)(i^{2}-i+2)/8$
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(i) $\dim_{C}\mathfrak{m}^{+}=i(4l-3i+1)/2,$ $\dim_{C}\mathfrak{m}^{+1}=i(2l-2i+1)$ ,
dim $c\mathfrak{m}^{+2}=i(i-1)/2$

(ii) $\alpha^{1}=\alpha_{1}+\cdots+\alpha_{i}+2\alpha_{i+1}+\cdots+2\alpha_{lz}$

$\alpha^{2}=\alpha_{1}+2\alpha_{2}+\cdots+2\alpha_{l}$

Table 5. $(B_{l}, \alpha_{l})_{2\leqq l}$

$\overline{eigenvalue}$highest weight $|$ dimension

$\ovalbox{\tt\small REJECT}((\iota \mathfrak{m}^{+}\mathfrak{n}^{+}\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{3})_{(1)}^{3}\left|\begin{array}{l}1\\-2\end{array}\right|\alpha_{1}+2\alpha_{2}+3\alpha_{3}+|(l-2)(l-1)l/6(\mathfrak{m}^{+}\cdot.\cdot \mathfrak{m}^{+})_{(1)}^{2}1\ldots 2\alpha^{1}|l(l+1)/2(l-1)l(l+1)/3$

$\ovalbox{\tt\small REJECT}-((\mathfrak{m}^{+}\mathfrak{m}^{+}.\cdot \mathfrak{m}^{+}\mathfrak{m}^{+})_{(1)}^{4})_{(2)}^{4}|-21|_{+4\alpha_{4}+\cdot\cdot+4\alpha_{l}}^{2\alpha^{2}}\alpha_{1}+2\alpha_{2}+.3\alpha_{3}|l(l-1)(l-2)(l-3)/24l^{2}(l-1)(l+1)/12$

eigenvalue $|$$|$ highestt weight dimesion

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ $2 |$$| 2\alpha$ $126$

(i) $\dim_{C}\mathfrak{m}^{+}=l(l+1)/2$, $\dim_{C}\mathfrak{m}^{+1}=l$, $\dim_{C}\mathfrak{m}^{+2}=l(l-1)/2$,
(ii) $\alpha^{1}=\alpha_{1}+\cdots+\alpha_{l}$ ,

$\alpha^{2}=\alpha_{1}+2\alpha_{2}+\cdots+2\alpha_{l}$

Table 6. $(C_{l}, \alpha_{1})_{2\leqq l}$

$\frac{|eigenvalue|highestweight|dimension}{\frac,(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(1)}^{3}|2|\alpha^{1}+\alpha^{2}|2l-2(\mathfrak{m}^{+}.\cdot \mathfrak{m}^{+})_{(1)}^{2}|2|2\alpha^{1}|(l-1)(2l-1)}$

$\overline{\ovalbox{\tt\small REJECT}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}|2|2\alpha^{2}|1}$

(i) $\dim_{C}\mathfrak{m}^{+}=2l-1$ , $\dim_{C}\mathfrak{m}^{+1}=2l-2$, $\dim_{C}\mathfrak{m}^{+2}=1$ ,
(ii) $\alpha^{1}=\alpha_{1}+2\alpha_{2}+\cdots+2\alpha_{l-1}+\alpha_{l}$ ,

$\alpha^{2}=2\alpha_{1}+\cdots+2\alpha_{l-1}+\alpha_{l}$

Table 7. $(C_{l}, \alpha_{i})_{1<i<l,2\leqq l}$

$|$ eigenvalue $|$ highest weight $|$ dimension

$\ovalbox{\tt\small REJECT}_{4\alpha_{i+2}+\cdot\cdot+4,.\alpha_{l-1}+2\alpha_{l}1_{i(i-1)/2}^{i(i+1)(l-i)(2l-2i+1)/2}}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(3)}^{2}(\mathfrak{m}^{+}..\cdot \mathfrak{m}^{+})_{(1)}^{2}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{2}\left|\begin{array}{l}2\\-2\\-2(l-i+1)\end{array}\right|\alpha_{1}+2\alpha_{2}++2\alpha_{l- 1}+3\alpha_{i+1}+2\alpha^{1}..\cdot i(i-1)(l-i-1)(2l-2i+1)/2$



Kahler $C$-spaces 61

$(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(1)}^{3}(\mathfrak{m}^{+}.\cdot \mathfrak{m}^{+})_{(1)}^{3}$

$|$

$-12$

$|$ $2\alpha_{1}.+3\alpha_{2}+\cdot\cdot+3\alpha_{i}+4\alpha_{i+1}+\cdot\cdot+4\alpha_{l- 1}+2\alpha_{l}\alpha^{1}+\alpha^{2}$

.
$|$

$2i(i+1)(i-1)(l-i)/3i(i+1)(i+2)(l-i)/3$

$\underline{(\mathfrak{m}^{+}\cdot.\mathfrak{m}^{+})_{(1)}^{4}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{4}\left|\begin{array}{l}2\\-1\end{array}\right|2\alpha_{1}+4\alpha_{2}+\cdots+4\alpha_{l-1}|i^{2}(i+1)(i-1)/12}$

(i) $\dim_{C}\mathfrak{m}^{+}=i(4l-3i+1)/2$, $\dim_{C}\mathfrak{m}^{+1}=2i(l-i)$ , $\dim_{C}\mathfrak{m}^{+2}=i(i+1)/2$

(ii) $\alpha^{1}=\alpha_{1}+\cdots+\alpha_{i}+2\alpha_{i+1}+\cdots+2\alpha_{l-1}+\alpha_{l}$ ,
$\alpha^{2}=2\alpha_{1}+\cdots+2\alpha_{i}+\cdots+2\alpha_{l-1}+\alpha_{l}$

Table 8. $(C_{l}, \alpha_{l})_{2\leqq l}$

$|$ eigenvalue $|$ highest weight $|$ dimension

$\underline{\ovalbox{\tt\small REJECT}_{2\alpha_{1}+4\alpha_{2}++4\alpha_{l-11^{(l+1)(l+2)(l+3)/24}}}(\mathfrak{m}^{+}\cdot.\mathfrak{m}^{+})_{(1)}^{2}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{2}\left|\begin{array}{l}4\\-2\end{array}\right|\cdots l^{2}(l^{2}-1)/12}$

(i) $\dim_{C}\mathfrak{m}^{+}=l([+1)/2$

(ii) $\alpha^{1}=2\alpha_{1}+\cdots+2\alpha_{l-1}+\alpha_{l}$ .

Table 9. $(D_{l}, \alpha_{1})_{3\leqq l}$

$|$ eigenvalue $|$ highest weight $|$ dimension

$\overline{(\mathfrak{m}^{+}\cdot.\mathfrak{m}^{+})_{(1)}^{2}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{2}\left|\begin{array}{l}2\\-2(l-2)\end{array}\right|2\alpha_{1}+\cdots+2\alpha_{l- 2}|1}$

(i) $\dim_{C}\mathfrak{m}^{+}=2l-2$

(ii) $\alpha^{1}=\alpha_{1}+2\alpha_{2}+\cdots+2\alpha_{l-2}+\alpha_{l-1}+\alpha_{l}$

Table 10. $(D_{l}, \alpha_{i})_{1<i<l,3\leqq l}$
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$\ovalbox{\tt\small REJECT}(\mathfrak{m}^{+}.\cdot \mathfrak{m}^{+})_{(1)}^{3}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{3}|^{1}-2|_{+4\alpha_{l-2}+2\alpha_{l-1}+2\alpha_{l}}\alpha_{1}++2\alpha_{2}\alpha^{1}++3\alpha^{2}\alpha_{3}+.\cdot.\cdot.\cdot|i(i-1)(i-2)(l-i)/3(i-1)(i+1)(l-i)/2$

$\ovalbox{\tt\small REJECT}((\mathfrak{m}^{+}\mathfrak{m}^{+}.\mathfrak{m}^{+}\mathfrak{m}^{+})_{(1)}^{4})_{(2)}^{4}|^{1}-1|_{+2\alpha_{l}}\alpha_{1}++.2+\alpha_{2}4\alpha_{l- 2}+2\alpha_{l-1}$

(i) $\dim_{C}\mathfrak{m}^{+}=i(4l-3i-1)/2$, $\dim_{C}\mathfrak{m}^{+1}=2i(l-i)$ ,
dim $c\mathfrak{m}^{+2}=i(i-1)/2$

(ii) $\alpha^{1}=\alpha_{1}+\cdots+\alpha_{i}+2\alpha_{i+1}+\cdots+2\alpha_{l- 2}+\alpha_{l- 1}+\alpha_{l}$ ,
$\alpha^{2}=\alpha_{1}+2\alpha_{2}+\cdots+2\alpha_{l-2}+\alpha_{l-1}+\alpha_{l}$

Table 11. $(D_{l}, \alpha_{l})_{3\leqq l}$

$|$ eigenvalue $|$ highest weight $|$ dimension

$(\mathfrak{m}^{+}\cdot.\mathfrak{m}^{+})_{(1)}^{2}(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{2}$ $\left|\begin{array}{l}2\\-4\end{array}\right|$ $2\alpha^{1}*$
$|$ $(l-1)(l-2)(l-3)/24l^{2}(l^{2}-1)/12$

(i) $\dim_{c}\mathfrak{m}^{+}=l(l-1)/2$

(ii) $\alpha^{1}=\alpha_{1}+2\alpha_{2}+\cdots+2\alpha_{l-2}+\alpha_{l-1}+\alpha_{l}$ ,
the highest weight of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}$ :

$\alpha_{1}+2\alpha_{2}+\alpha_{3}+2\alpha_{4}$ $(l=4)$

$\alpha_{1}+2\alpha_{2}+3\alpha_{3}+2\alpha_{4}+2\alpha_{5}$ $(l=5)$

$\alpha_{1}+2\alpha_{2}+3\alpha_{3}+4\alpha_{4}+\cdots+4\alpha_{l-2}+2\alpha_{l- 1}+\alpha_{l}$ $(l\geqq 6)$

(iii) the eigenvalues with multiplicities of $(D_{l}, \alpha_{l-1})$ are the same as of
$(D_{l}, \alpha_{l})$

We shall show the assertion of Theorem 5.1 by the aid of tables 2\sim 11

together with Theorem 4.1.
PROOF OF THEOREM 5.1 for classical types.
From tables 2\sim 11, a K\"ahler C-space $(G_{u}/K, g)$ associated with one of the

following pairs; $(B_{l}, \alpha_{i})_{1<i<l},$ $(C_{l}, \alpha_{i})_{1<i<l},$ $(D_{l}, \alpha_{i})_{1<i<l}$ , can not be hermitian
symmetric.
$(B_{l}, \alpha_{i})_{1<i<l}$ and $(D_{l}, \alpha_{i})_{1<i<l}$ : The weight vectors $E_{\alpha^{1}\alpha^{1}}$ and $E_{\alpha^{1}\alpha^{2}}$ correspond-
ing to the highest weights $2\alpha^{1}$ and $\alpha^{1}+\alpha^{2}$ give eigenvectors of $Q$ which belong
to the eigenvalues 2 and 1 respectively. Moreover we have,

$\Lambda(E_{\beta})E_{\alpha^{1}\alpha^{1}}=2N_{\beta’\alpha^{1}}\cdot E_{\alpha^{1}\alpha^{2}}$ for some $\beta=\alpha^{2}-\alpha^{1}\in\Delta_{i}^{+}(1),$ $N_{\beta’\alpha^{1}}\neq 0$ .

Thus, the $\Lambda$ -invariance of eigenspaces of $Q$ does not hold.
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$(C_{l}, \alpha_{\ell})_{1<i<l}$ : Let $Z_{\Sigma}$ be a vector which belongs to the eigenvalue $-2,$ $\Sigma=\alpha_{1}+$

$2\alpha_{2}+\cdots+2\alpha_{i}+3\alpha_{i+1}+4\alpha_{i+2}+\cdots+4\alpha_{l-1}+2\alpha_{l}$ . Then, $\Lambda(E_{\alpha})Z_{\Sigma}$ is a nonzero vector
in $W_{\theta}(\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{3})$ for $\alpha=\alpha_{1}+\alpha_{2}+\cdots+\alpha_{i}+\alpha_{i+1}$ and $\Theta=2\alpha_{1}+3\alpha_{2}+\cdots+3\alpha_{i}+$

$4\alpha_{\ell+1}+\cdots+4\alpha_{l-1}+2\alpha_{l}$ .
Since $Q$ has 2 and $-1$ as its eigenvalues on $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{3}$ (cf., table 7), it

follows that the eigenspaces are not $\Lambda$ -invariant.
$(A_{l}, \alpha_{i})_{1\leqq i\leqq l},$ $(B_{l}, \alpha_{1}),$ $(C_{l}, \alpha_{l}),$ $(D_{l}, \alpha_{1}),$ $(D_{l}, \alpha_{l-1})$ and $(D_{l}, \alpha_{l})$ : In these cases, we
have $\mathfrak{m}^{+}=\mathfrak{m}^{+1}$ , that is, a K\"ahler C-space associated with each of the pairs is
normal. It follows that the operation $\Lambda(X)$ is trivial. Hence, the eigenspaces
of $Q$ are $\Lambda$ -invariant.
$(C_{l}, \alpha_{1})$ : $Q$ satisfies that $Q=2$ . identity on the whole $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ .
$(B_{2}, \alpha_{2})$ : In this case, $Q$ satisfies also that $Q=identity$ on the whole space.
$(B_{l}, \alpha_{l})_{l\geqq 3}$ : The eigenspaces corresponding to the eigenvalues 1 and $-2$ are
given by $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}$ and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}$ respectively.
We can easily conclude that

$\Lambda(X)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{i}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{i+1}$ and $\Lambda(\sum)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{i+1}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{i}$ ,

$X\in \mathfrak{m}^{+1},$ $i=2$ and 3,

from the properties of the root system of type $B_{l}$ .
Let $l\geqq 4$ . Let $W_{\Sigma_{1}}$ and $W_{\Sigma_{2}}$ be the weight spaces corresponding to the

dominant integral weights $\Sigma_{1}=\alpha_{1}+2\alpha_{2}+3\alpha_{3}+\cdots+3\alpha_{l}$ and $\Sigma_{2}=\alpha_{1}+2\alpha_{2}+3\alpha_{3}+$

$4\alpha_{4}+\cdots+4\alpha_{l}$ respectively;

$W_{\Sigma_{1}}=\sum_{i=1}^{3}CE_{\gamma_{i}.\delta_{i}}$ and $W_{\Sigma_{2}}=\sum_{i=1}^{3}CE_{\sigma_{i^{\tau}i}}.$ ,

where, $\gamma_{1}=\alpha_{1}+\cdots+\alpha_{l},$ $\delta_{1}=\alpha_{2}+2\alpha_{3}+\cdots+2\alpha_{l},$
$\gamma_{i}=\gamma_{i-1}-\alpha_{i-1},$

$\delta_{i}=\delta_{i-1}+\alpha_{i-1},$ $i=2$

and 3 respectively, and $\sigma_{1}=\alpha_{1}+2\alpha_{2}+\cdots+2\alpha_{l},$ $\tau_{1}=\alpha_{3}+2\alpha_{4}+\cdots+2\alpha_{l},$ $\sigma_{i}=\sigma_{i-1}-\alpha_{i}$ ,
$\tau_{i}=\tau_{i-1}+\alpha_{i},$ $i=2$ and 3, respectively.

Let $E_{-\alpha}$ be the root vector of $-\alpha=-(\alpha_{4}+\cdots+\alpha_{l})$ . Then, the connection
function $\Lambda(E_{-\alpha})$ gives a linear isomorphism of $W_{\Sigma_{2}}$ onto $W_{\Sigma_{1}}$ . Let $Z$ be a
weight vector which corresponds to the highest weight of $(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{4}$ , that is, $Z$

$\in W_{\Sigma_{2}}$ and $ad(E_{\beta})Z=0$ for each $\beta\in\Pi-\{\alpha_{l}\}$ . Since $ad(E_{-\alpha_{2}})E_{\sigma_{1}\cdot\tau_{2}}=N_{-\alpha,\tau_{2}}E_{\sigma_{1}\cdot\tau_{1}}$

and $ad(E_{-\alpha_{3}})E_{\sigma_{2}\cdot\tau_{3}}=N_{-\alpha_{3},\tau_{3}}E_{\sigma_{2}\cdot\tau_{2}}$ belong to $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}\cap W_{\Sigma_{1}}$ , we have
$\langle Z, ad(E_{-\alpha_{2}})E_{\sigma_{1}\cdot\tau_{2}}\rangle=\langle Z, ad(E_{-\alpha_{3}})E_{\sigma_{2}\cdot\tau_{3}}\rangle=0$ ,

Since $\Lambda(E_{\alpha})\Lambda(E_{-\alpha})ad(E_{-\alpha_{2}})E_{\sigma_{1}\tau_{2}}$ is proportional to $ad(E_{-\alpha_{2}})E_{\sigma_{1}\cdot\tau_{2}}$ , we get

$\langle\Lambda(E_{-\alpha})Z, \Lambda(E_{-\alpha})ad(E_{-a_{2}})E_{\sigma_{1}\cdot\tau_{2}}\rangle=-\langle Z, \Lambda(E_{\alpha})\Lambda(E_{-\alpha})ad(E_{-\alpha_{2}})E_{\sigma_{1}\cdot r_{2}}\rangle=0$ .
Similarly, $\langle\Lambda(E_{-\alpha})Z, \Lambda(E_{-\alpha})ad(E_{-a_{3}})E_{\sigma_{2}\cdot\tau_{3}}\rangle=0$ . $\Lambda(E_{-\alpha})ad(E_{-\alpha_{2}})E_{\sigma_{1}\cdot r_{2}}$ and
$\Lambda(E_{-\alpha})ad(E_{-\alpha_{3}})E_{\sigma_{2}\cdot\tau_{3}}$ are linearly independent in $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}\cap W_{\Sigma_{1}}$ . Hence,
$\Lambda(E_{-\alpha})Z$ belongs to $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}\cap W_{\Sigma_{1}}$ . Thus, we have that

$\Lambda(E_{-\alpha}):(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}\cap W_{\Sigma_{2}}\rightarrow(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}\cap W_{\Sigma_{1}}$
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is an isomorphism. We can also conclude that
$\Lambda(E_{\alpha})$ : $(m^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}\cap W_{\Sigma_{1}}\rightarrow(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}\cap W_{\Sigma_{2}}$

gives an isomorphism.
In order to verify the $\Lambda$ -invariance of the eigenspace $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}$ ,

we need to show that
$\Lambda(E_{\beta})\Lambda(E_{-\alpha})Z\in(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}$ , $\Lambda(E_{-\beta})Z\in(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}$

and $\Lambda(E_{-\beta})\Lambda(E_{-\alpha})Z=0,$ $\beta\in\Delta_{\iota}^{+}(1)$ , from Proposition 4.5.
If $\beta<\alpha$, then, neither $\beta+\gamma_{i}$ nor $\beta+\delta_{i}$ is in $\Delta_{l}^{+},$ $i=1,2,3$ . Hence, we have

$\Lambda(E_{\beta})\Lambda(E_{-\alpha})Z=0$ . On the other hand, there is a $\beta\in\Delta^{+}-\Delta_{l}^{+}$ such that $\beta=\alpha+\beta^{\prime}$ ,
when $\beta>\alpha$ . Then, we have,

$\Lambda(E_{\beta})\Lambda(E_{-\alpha})Z=\frac{1}{N_{\beta^{\prime},\alpha}}\Lambda([E_{\beta^{\prime}}, E_{\alpha}])\Lambda(E_{-\alpha})Z$

$=\frac{1}{N_{\beta^{\prime},\alpha}}\{ad(E_{\beta^{\prime}})\Lambda(E_{\alpha})\Lambda(E_{-\alpha})Z-\Lambda(E_{\alpha})ad(E_{\beta^{\prime}})\Lambda(E_{-\alpha})z\}$

which is Proportional to $ad(E_{\beta},)Z$, by a slight calculation. Thus, $\Lambda(E_{\beta})\Lambda(E_{-\alpha})Z$

$\in(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}$ .
Similarly, we have $\Lambda(E_{-\beta})Z\in(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}$ and $\Lambda(E_{-\beta})\Lambda(E_{-\alpha})Z=0$ for $\beta\in\Delta^{+}(1)$ .
If $l=3$, we have $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}=\{0\}$ from table 5. We can easily show that

$\Lambda(E_{\beta})(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}=\Lambda(E_{-\beta})(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}=\{0\}$ for $\beta\in\Delta_{3}^{+}(1)$ . Q.E.D.

PROOF OF THEOREM 5.1 for exceptional types. Let $(G_{u}/K, g)$ be a K\"ahler

C-space associated with $(\mathfrak{g}, \alpha_{i})$ , where $\mathfrak{g}$ is a complex simple Lie algebra of
exceptional tyPe and $\alpha_{i}$ is a fundamental root.

The irreducible decomposition of $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ is so complicated for the excep-
tional Lie algebra $g$ that we shall partially compute the eigenvalues of $Q$ and
investigate the $\Lambda$ -invariance of some main irreducible $s\mathfrak{u}lbSpaCeS(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ and
$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}$ (cf., table 12).

Table 12.
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With the aid of table 12, a K\"ahler C-space associated with each of the
following pairs can not be hermitian symmetric; $(E_{6}, \alpha_{i})_{i=2,3,4,5},$ $(E_{7}, \alpha_{i})_{i=1,\ldots,6}$ ,
$(E_{8}, \alpha_{i})_{i=1,\ldots,8},$ $(F_{4}, \alpha_{i})_{i=1,2,3}$ and $(G_{2}, \alpha_{2})$ , since there exist nonzero vectors $Z^{2}$

and $Z^{3}$ ( $Z^{i}\in(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{i},$ $i=2,3$ respectively), and $X\in \mathfrak{m}^{+1}$ such that $\Lambda(X)Z^{2}=Z^{3}$ ,
for each pairs.

We have $\mathfrak{m}^{+}=\mathfrak{m}^{+1}$ for a K\"ahler C-space associated with each of $(E_{6}, \alpha_{1})$ ,
$(E_{6}, \alpha_{6})$ and $(E_{7}, \alpha_{7})$ . Hence, each K\"ahler $C$-space is hermitian symmetric.

Now we shall show that the K\"ahler $C$-space associated with $(F_{4}, \alpha_{4})$ can
not be hermitian symmetric, and that the C-space associated with $(G_{2}, \alpha_{1})$ is
hermitian symmetric.
$(F_{4}, \alpha_{4})$ : The irreducible decomposition of $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ for the K\"ahler C-space
associated with $(F_{4}, \alpha_{4})$ is obtained by a slight computation as the following
table.

Table 13. $(F_{4}, \alpha_{4})$

$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{highestweight}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}|1|2\alpha^{1}|35|eigenvalue||dimension$

$\overline{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}|-5|\alpha_{1}+2\alpha_{2}+3\alpha_{3}+2\alpha_{4}|1}$

$\overline{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}|1|\alpha^{1}+\alpha^{2}|48}$

$\overline{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}|-5/2|2\alpha_{1}+4\alpha_{2}+6\alpha_{3}+3\alpha_{4}|8}$

$\overline{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}|1|2\alpha^{2}|27}$

$\underline{\overline{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}|-5/2|2\alpha_{1}+4\alpha_{2}+6\alpha_{3}+4\alpha_{4}|1}}$

i) $\dim_{C}\mathfrak{m}^{+}=15$,
ii) $\alpha^{1}=\alpha_{1}+2\alpha_{2}+3\alpha_{3}+\alpha_{4}$ ,

iii) $\alpha^{2}=2\alpha_{1}+3\alpha_{2}+4\alpha_{3}+2\alpha_{4}$

By the argument which is similar to the case $(B_{l}, \alpha_{l})$ , we can verify that
$\Lambda(E_{\alpha^{1}})Z$ is a weight vector of the highest weight of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{3}$ , where $Z$ is
some weight vector of the highest weight of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}$ . Hence, the eigenspaces
of $Q$ are not $\Lambda$ -invariant.
$(G_{2}, \alpha_{1})$ : Let $\alpha_{1}$ and $\alpha_{2}$ be the fundamental roots of simple Lie algebra of
type $G_{2}$ ; $\Pi=\{\alpha_{1}, \alpha_{2}\}$ . We have, $(\alpha_{1}, \alpha_{1})=2,$ $(\alpha_{1}, \alpha_{2})=-3$ and $(\alpha_{2}, \alpha_{2})=6$, and
the set $\Delta^{+}$ of positive roots is given by

$\Delta^{+}=\{\alpha_{2}, \alpha_{1}, \alpha_{1}+\alpha_{2},2\alpha_{1}+\alpha_{2},3\alpha_{1}+\alpha_{2},3\alpha_{1}+2\alpha_{2}\}$ .

The subset $\Delta_{1}^{+}$ is obtained by $\Delta_{1}^{+}=\Delta^{+}-\{\alpha_{2}\}$ ; $\#\Delta_{1}^{+}=5$ . We have, then,
$\Delta_{1}^{1}=\Delta_{1}^{+}(1)\cup\Delta_{1}^{+}(2)\cup\Delta_{1}^{+}(3);\Delta_{1}^{+}(1)=\{\alpha_{1}, \alpha_{1+}\alpha_{2}\},$ $\Delta_{1}^{+}(2)=\{2\alpha_{1}+\alpha_{2}\}$ and $\Delta_{1}^{+}(3)=\{3\alpha_{1}+$
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$\alpha_{2},3\alpha_{1}+2\alpha_{2}\}$ and $\mathfrak{m}^{+}=\sum_{\alpha\in\Delta^{+}}CE_{\alpha}$
is decomposed into $\mathfrak{m}^{+1},$ $\mathfrak{m}^{+2}$ and $\mathfrak{m}^{+3}$ . Hence,

$\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ has
$the+lfo1lowing+2decomp_{1}osition;+\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}=\sum_{+}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n},(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{2}=\mathfrak{m}^{+1}\cdot \mathfrak{m}^{+1}n+2$

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{3}=\mathfrak{m}$ $\mathfrak{m}$ , $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{4}=\mathfrak{m}$ $\mathfrak{m}^{+3}+\mathfrak{m}^{+2}\cdot \mathfrak{m}^{+2},$ $(\mathfrak{m} \mathfrak{m}^{+})^{5}=\mathfrak{m}$ $\mathfrak{m}^{+3}$ and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{6}$

$=\mathfrak{m}^{+3}\cdot \mathfrak{m}^{+3}$, and the sets of weights with respect to $((\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})^{n}, ad_{t^{C}})$ are given
in the following forms respectively, $n=2$ , -, 6; $\{2\alpha_{1},2\alpha_{1}+\alpha_{2},2\alpha_{1}+2\alpha_{2}\}$ ,
$\{3\alpha_{1}+\alpha_{2},3\alpha_{1}+2\alpha_{2}\}$ , $\{4\alpha_{1}+\alpha_{2},4\alpha_{1}+2\alpha_{2}, 4\alpha_{1}+3\alpha_{2}\}$ , $\{5\alpha_{1}+2\alpha_{2},5\alpha_{1}+3\alpha_{2}\}$ and
$\{6\alpha_{1}+2\alpha_{2},6\alpha_{1}+3\alpha_{2},6\alpha_{1}+4\alpha_{2}\}$ .

We note that $4\alpha_{1}+2\alpha_{2}$ is an only weight whose degree is greater than 1,
in fact, its degree is equal to 3;

$W_{\Sigma}=CE_{a_{1}\cdot(3\alpha_{1}+2\alpha_{2})}+CE_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}+CE_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})},$ $(\Sigma=4\alpha_{1}+2\alpha_{2})$ .
We shall show that $W_{\Sigma}$ can be splitted into two eigenspaces of $Q$ , one

corresponds to eigenvalue 2 with multiplicity 2 and the other corresponds to
$-3$ , and moreover, the eigenspace corresponding to 2 is decomposed into two
subspaces, one is contained in $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)f}^{4}$ the other gives the one dimensional
irreducible subspace $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}$ .

The operator $Q$ is described on $W_{\Sigma}$ by

$Q\left(\begin{array}{l}X\\Y\\Z\end{array}\right)=(eda$

for a unitary basis {X, $Y,$ $Z$}

$fdb$ $fec)\left(\begin{array}{l}X\\Y\\Z\end{array}\right)$

of $W_{\Sigma}$, $X=\sqrt{\frac{2}{3}}E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}$ . $Y=$

$\sqrt{\frac{2}{3}}E_{(\alpha_{1}+\alpha_{2}).(3\alpha_{1}+\alpha_{2})}$ and $Z=\frac{1}{2}E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}$ . Then, by the followingtable,

which is concerned with the coefficients $N_{\alpha,\beta}’ s,$ $\alpha,$ $\beta\in\Delta^{+};$ we obtain

$\left(\begin{array}{lll}a & d & e\\d & b & f\\e & f & c\end{array}\right)=\left(\begin{array}{lll}0 & 2 & -\sqrt{2}\\-\sqrt{2}2 & \sqrt{2}0 & \sqrt{2}1\end{array}\right)$ .

Table 14. The coefficients $N_{\alpha,\beta}’ s$ for $G_{2}$

$\frac{|\alpha_{2}\alpha_{1}\alpha_{1}+\alpha_{2}2\alpha_{1}+\alpha_{2}3\alpha_{1}+\alpha_{2}3\alpha_{1}+2\alpha_{2}}{3\alpha_{1}+2\alpha_{2}2\alpha_{1}+\alpha_{2}3\alpha_{1}+\alpha_{2}\alpha_{1}+\alpha_{2}\alpha_{1}\alpha_{2}1_{-\sqrt{3}000\times 0}^{-\sqrt{3}\times 2\sqrt{3}00}\chi\sqrt{3}00\sqrt{3}00-2\times\sqrt{3}000-\sqrt{3}-\sqrt{3}\times 0000000\times}$
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Thus, $E_{\alpha_{1}\cdot(3\alpha_{1}+2a_{2})}+E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}=\sqrt{\frac{3}{2}}(X+Y)$ and $2E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}-$

$\sqrt{3}E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}=\sqrt{6}(X-\sqrt{2}Z)$ give eigenvectors to the eigenvalue 2,

and $4E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}-4E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}+\sqrt{3}E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}=\frac{\underline{\sqrt{2}}}{4}\sqrt{3}(X-Y+\frac{1}{\sqrt{2}}Z)$

belongs to the eigenvalue $-3$ .
Since $ad(E_{\alpha_{2}})(X-\sqrt{2}Z)=ad(E_{-\alpha_{2}})(X-\sqrt{2}Z)=0$,

the weight vectors 2 $E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}-\sqrt{3}E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}$ and $4E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}-4E_{(\alpha_{1}+\alpha_{2})}$ .
( $\alpha_{1+\alpha_{2})}+\sqrt{3}E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}$ give the irreducible subspaces, denoted by $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}$

and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{4}$ respectively. That is,
$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}=C(2E_{\alpha_{1}\cdot(3\alpha,+2\alpha_{n})}-\sqrt{3}E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})})$ and $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{4}=C(4E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}$

$-4E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}+\sqrt{3}E_{(\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}\circ\cdot$ On the other hand, we have, $E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}$

1
$+E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}=--ad(E_{-\alpha_{2}})E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+2\alpha_{2})}\sqrt{3}$ ’ hence $E_{\alpha_{1}\cdot(3\alpha_{1}+\alpha_{2})}+E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}$

belongs to $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}$ .
Therefore, we have the following table which gives the complete irreducible

decomposition of $\mathfrak{m}^{+}\cdot \mathfrak{m}^{+}$ .

Table 15. $(G_{2}, \alpha_{1})$

$\ovalbox{\tt\small REJECT}|$eigenvalue $|$ highest weight $|$ dimension

$\overline{\frac{(\mathfrak{m}^{+}.\cdot \mathfrak{m}^{+})_{(1}^{2}}{(\mathfrak{m}\mathfrak{m}^{+})_{(1)}^{3}}}\overline{\frac{2|2\alpha_{1}+2\alpha_{2}|3}{2|3\alpha_{1}+2\alpha_{2}2}}+)|$

$\frac{(\mathfrak{m}^{+}\mathfrak{m}^{+})_{3)}^{4}(\mathfrak{m}^{+}\cdot.\mathfrak{m}^{+})_{(2}^{4}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}}{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{5}}\frac{-32214\alpha_{1}+2\alpha_{2}14\alpha_{1}+2\alpha_{2}14\alpha_{1}+3\alpha_{2}3}{2|5\alpha_{1}+3\alpha_{2}|2}()|$

$\overline{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{6}|2|6\alpha_{1}+4\alpha_{2}|3}$

eigenvalue $|$$|$ highestt weight dimesion

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ $2 |$$| 2\alpha$ $126$

It is easily verified that $\Lambda(X)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{j}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{J+1}$ , and $\Lambda(\overline{X})(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{j+1}\subset$

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{j},$ $X\in \mathfrak{m}^{+1},$ $j=2$ and 5. Hence, in order to show that each eigenspace
of $Q$ is $\Lambda$ -invariant, it is sufficient to verify that

$\Lambda(X)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}$ ,

$\Lambda(\overline{X})\{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}\}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3},$ $X\in \mathfrak{m}^{+1}$ ,
and

$\Lambda(X)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{4}=\Lambda(\overline{X})(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{4}=\{0\}$ , $X\in \mathfrak{m}^{+}$ .
With respect to the vector $E_{(\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}$ corresponding to the highest

weight $3\alpha_{1}+2\alpha_{2}$ of $(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}$ , we have
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2
$\Lambda(E_{a_{1}})E_{(\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}=-E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}+E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+a_{2})}\overline{\sqrt{3}}$ and

$\Lambda(E_{\alpha_{1}+\alpha_{2}})E_{(\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}=_{\sqrt{3}}^{2}--E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+2\alpha_{2})}$ . Thus, $\Lambda(X)E_{(\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})}\in$

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4},$ $X\in \mathfrak{m}^{+1}$ . Therefore, from Proposition 4.5, we have

$\Lambda(X)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4},$ $X\in \mathfrak{m}^{+1}$ .

Similarly, we can verify that

$\Lambda(X)\{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{4}+(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{4}\}\subset(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{3},$ $X\in \mathfrak{m}^{+1}$ .
We have also,

$\Lambda(E_{\alpha})(4E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}-4E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}+\sqrt{3}E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})})$

$=\Lambda(E_{-\alpha})(4E_{\alpha_{1}\cdot(3\alpha_{1}+2\alpha_{2})}-4E_{(\alpha_{1}+\alpha_{2})\cdot(3\alpha_{1}+\alpha_{2})}+\sqrt{3}E_{(2\alpha_{1}+\alpha_{2})\cdot(2\alpha_{1}+\alpha_{2})})$

$=0$ , $\alpha\in\Delta_{1}^{+}$ .
It follows that $\Lambda(X)(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{4}=\Lambda(\overline{X})(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(3)}^{4}=\{0\},$ $X\in \mathfrak{m}^{+}$ . Thus, we can
verify the $\Lambda$ -invariance of the eigenspaces of $Q$ . Q.E.D.

REMARK. It is known that a K\"ahler C-space associated with $(G_{2}, \alpha_{1})$ is a
hermitian symmetric space (Nakagawa and Takagi [10]). It can be imbedded as
a 5-dim K\"ahler submanifold in a 6-dim complex projective space, by using the
representation of $\mathfrak{g}$ of type $G_{2}$ , whose highest weight is $\Lambda_{1}$ (see \S 1 for the
definition of $\Lambda_{1}$ ). It is an Einstein K\"ahler manifold. Hence, it is hermitian
symmetric by the result of Smyth [12].

PROOF OF THEOREM 5.2. To verify Theorem 5.2, it is sufficient from
Theorem 5.1 to show that the operator $Q$ has at most two different eigenvalues
for each of pairs listed at Theorem 5.1, and that $Q$ has at least three eigen-
values for a K\"ahler C-space associated with each of the others.

This is an immediate conclusion for classical type by tables 2\sim 11.

For exceptional type, we have the following tables;

Table 16. $(E_{6}, \alpha_{1})$

$\overline{eigenvalue|}$highest weight dimesion

$\frac{(\mathfrak{m}^{+}\cdot.\mathfrak{m}^{+})_{(1)}^{2}2|2\alpha 126}{(\mathfrak{m}^{+}\mathfrak{m}^{+})_{(2)}^{2}|-6|234232|10}$

eigenvalue $|$$|$ highestt weight dimesion

$(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}$ $2 |$$| 2\alpha$ $126$

(i) $\dim_{C}\mathfrak{m}^{+}=16$,
(ii) by $a$ $cdef$ we mean a form $a\alpha_{1}+b\alpha_{2}+c\alpha_{3}+d\alpha_{4}+e\alpha_{5}+f\alpha_{6}$ ,

$b$

(iii) $\alpha=12321$

2
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(iv) the eigenvalues of $(E_{6}, \alpha_{6})$ with multiplicities are the same as of
$(E_{6}, \alpha_{1})$ .

Table 17. $(E_{7}, \alpha_{7})$

$\overline{\ovalbox{\tt\small REJECT}(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(1)}^{2}|2|2\alpha|351|eigenvalue|highestweight|dimension}$

$\overline{(\mathfrak{m}^{+}\cdot \mathfrak{m}^{+})_{(2)}^{2}|-8|2463542|27}$

(i) $\dim_{C}\mathfrak{m}^{+}=27$,
(ii) by a cdefg we mean a form $a\alpha_{1}+b\alpha_{2}+c\alpha_{3}+d\alpha_{4}+e\alpha_{5}+f\alpha_{6}+g\alpha_{7}$ ,

$b$

(iii) $\alpha=234321$

2
Therefore, $Q$ has just two distinct eigenvalues for each of pairs; $(E_{6}, \alpha_{1})$

$(E_{6}, \alpha_{6}),$ $(E_{7}, \alpha_{7})$ and $(G_{2}, \alpha_{1})$ .
For a K\"ahler C-space associated with $(F_{4}, \alpha_{4}),$ $Q$ has 1, $-\frac{5}{2}$ and $-5$ as

its eigenvalues (cf., table 13).

With respect to K\"ahler $C$-spaces associated with the other pairs, we have
shown in table 12 that $Q$ has at least two eigenvalues, which are positive.

If there exists a negative eigenvalue, then, $Q$ has at least three different
eigenvalues. Therefore, it is sufficient to show that there is a weight space
$W_{\Sigma}$ on which the trace of $Q$ is nonpositive.
$(E_{6}, \alpha_{2})$ : Relative to a K\"ahler C-space associated with this pair, we have a

weight space $W_{\Sigma},$ $\Sigma=23432;W_{\Sigma}=\sum_{j=1}^{3}CE_{\gamma i^{\delta}i}$ , where $\gamma_{1}=11111,$ $\gamma_{i}=\gamma_{i-1}+\alpha_{i+2},$
$i$

2 1
$=2$ and 3, and $\delta_{1}=12321,$ $\delta_{i}=\delta_{i-1}-\alpha_{i+2},$ $i=2$ and 3. The trace of $Q$ on $W_{\Sigma}$

1
is given by (4.11); Tr $(Q|_{W_{\Sigma}})=2_{1}\sum_{i}(\gamma_{i}, \delta_{i})$ . By the way, $(\gamma_{i}, \delta_{i})=0,$ $i=1,2$ and
3 from Dynkin diagram of type $E_{6}$ . Hence, we have Tr $(Q|_{W_{\Sigma}})=0$ .
$(E_{6}, \alpha_{i})_{i=3,4,5},$ $(E_{7}, \alpha_{i})_{i=1,\ldots,6},$ $(E_{8}, \alpha_{i})_{i=1,\ldots,8},$ $(F_{4}, \alpha_{i})_{i=1,2,3}$ and $(G_{2}, \alpha_{2})$ : By the aid
of the similar arguments, we have some weight space $W_{\Sigma}$ for these pairs such
that Tr $(Q|_{W_{\Sigma}})\leqq 0$ .

Thus, Theorem 5.2 is proved. Q.E.D.

REMARK. The following table shows the eigenvalues with multiplicities of
$Q$ for all K\"ahler C-spaces of $b_{2}=1$ , which is hermitian symmetric. A K\"ahler

C-space $(G_{u}/K, g)$ associated with each pair $(\mathfrak{g}, \alpha_{i})$ written at the left end in
the table is holomorphically isometric (or homothetic) to an irreducible hermi-
tian symmetric space of the type given at the right on the same line (Calabi

and Vesentini [5]).
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Table 18.

$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\{_{A_{l},\alpha 1^{l})\leqq l|^{1}|^{2}|^{l(l+1)/2}|^{(=\nu_{1})}|\ulcorner}^{A_{l},\alpha_{1})}\dim|\nu_{1}|m_{1}|\nu_{2}|m_{2}|lB- I_{1,l}$

$\overline{(G_{2},\alpha_{1})|5|2|14|-3|1|B- IV_{5}}$
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