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Let K be a commutative ring, and K[X] the polynomial ring over K.
Then it is known that K[ X]/(f(X)) is a free Frobenius extension of K (in
the sense of [3]) for a monic polynomial f(X) ([5],[2]). The purpose of this
paper is to extend this result to non-commutative rings. To this end we
take a “positively filtered ring” satisfying some condition in place of a
“polynomial ring” K[ X], and an ideal generated by a monic polynomial is
replaced by a one sided ideal generated by a monic submodule, which is a
generalization of a monic polynomial. Main results are [Theorem 9, 11, and 12.
In particular, yields that K[X] is a free Frobenius extension of
K[ f(X)] for a monic polynomial f(X) over a commutative ring K, and Corol-
lary to is a generalization of [5; Theorem 2.1].

§1.

All rings are associative, but not necessarily commutative. Every ring
has 1, which is preserved by homomorphisms, inherited by subrings and acts as
the identity operator on modules. Let ,M, ,N be left A-modules over a ring
A. By Hom,(,M, ,N) we denote the module of left A-homomorphisms from
4M to 4N acting on the right side. We denote Hom,(,M, ,M) by End,(,M).
Similarly Hom; is used for right A-modules and right A-homomorphisms
acting on the left side. Let 4M, be a left A, right A’-module. If M is
finitely generated, projective, and generator, and End,(,M)=A’ under the
mapping induced by M,, we call 4M, an invertible module. It is well known
that this is right-left symmetric.

Let R2K be rings, and R,=KER,ER,& -+ an ascending sequence of
additive subgroups such that R=VUR,; and R;-R;SR;;; for all 7,;=0. We
call R=\UR; a positively filtered ring over K. If, further, R=\UR, satisfies
the following condition we call R=\JR; a (*)-positively filtered ring over K:

(*) Each R,/R,.; (n=1) is an invertible module as a K-bimodule, and
(Ru/Ru-1)Qk(Ru/Ru-1) SR psm/Rysm-1 canonically, for all n, m=1.

We denote this by K[R,], and put R;=0, if i<0. For any i=0, we put
griR=R;/R;_,. It is easily seen that the latter half of (*) can be replaced by
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the condition that R,=R? for all n=1, because both sides are invertible K-
bimodules.
For example, let K be a ring, ¢ an automorphism of K, and D a o-deriva-

tion (i.e. an additive endomorphism of K satisfying (ab)?=aPb°+ab”). Then
the _skew polynomial ring R=K[X; o, D] defined by aX=Xa’+ada? (¢a=K) is a
(*)-positively filtered ring over K, where R,=K+ XK+ -+X"K (n=1) (cf. [L]).
This is the case that R,/K=K as right K-modules (or equivalently, as left
K-modules). If f(X) is a monic polynomial of degree n then R,=R,_/DKf(X)=
R,/ Bf(X)K. Another example is the tensor K-ring T(M) generated by an
invertible K-bimodule M. For any n=1, we put R,=KOMPM*B---PM™",
where M'=MRx QM (i-times). It is evident that R,.,PM"=R,.

In what follows, R=K[R,] is always a (*)-positively filtered ring, and
unadorned X means @g. Since gr,R is right K-projective, there is a right
K-submodule P, of R, such that R,=R,_,PP, (direct sum). We call P, a
monic right K-submodule of degree n. Symmetrically we define a monic left
K-submodule of degree n. Evidently P,~gr,R canonically, as right A-modules.
In the sequel P, and @, denote always a monic right K-submodule and a
monic left K-submodule, respectively. Then R,=KPP,P---PP.=KPBQ.D---DQ.,
and s0 R=KPPPP,PH - -=KPQ,PQ,PH---. Therefore, if n<m then R,N\(P,+
Pm+1+"'):an(Qm+Qm+1+“'):0-

ProrPoSITION 1. For all n,m=0, Ryin=Raim-1D(PrR0Qn).

ProoF. There are canonical isomorphisms P,QQ g7 RRgrnR=g7mnink,
and therefore Ro.n=R,imn-1D(P,QQw).

COROLLARY 1. For all n,m=1, Ryymn=R,-:D(P,RR,), and so R=R,_P
(P,®R). Similar facts hold for monic left K-submodules.

PROOF. Rypin=Rn :DPrD(PrQRQ)D - D(Pr@Qn) =R 1 D(PrQRny).

COROLLARY 2. Let Y be a monic K-bisubmodule of degree n. Then
R=R, . QK[Y1=K[YIQRR,_;, where K[Y]1=K+Y+Y?+4---.

ProoF. P;®Y’ is a monic right K-submodule of degree nj-i(i, =0), and
R\ QY=Y D(P,QYND(PRQY )P - D(Pry@Y7). Hence R=D;:o(Ry-,QY7)
=R,..QK[Y]. Similarly we have R=K[YIRR,_..

Let I be a right ideal of R such that R=R,_Pl. Put P=InR,. Then
R,=R,_DP, and so P is a monic right K-submodule of degree n. Therefore
R=R,_..D(PRR). Hence I=PRR.

ProposITION 2. If R, xER, then x&R,_,. Therefore if R,xSR, for some
r=1 then x&R,_,. ' :

ProoF. We may -assume that n=0. Consider a left K-submodule
(Kx+R,.1)/R,-.=U of gr,R. Then, under the canonical isomorphism gr,R&
grnR>=gr,. R, the image of gr,RQU is equal to 0. Hence U=0, that is, x&
R,_,, because gr,R is invertible.

PROPOSITION 3. For any n, m=0, gr,R=Hom (xg7,R, rg’ninR), by right
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multiplication.

Proor. This follows easily from that gr,RQQgrnR=gr..nRK canonically,
and that gr,R is invertible.

PROPOSITION 4. Let M be a K-bisubmodule of R, such that M2R,_,, and
such that gr.ROM/R,_)=R,/R,_;, where 0=r=<n—1. Let 0=Sv=r, and Q, a
monic left K-submodule of degree v, and let x be an element of R,_,. Then
Qo(x—xr_p)SM for some x,_p in Koy

Proor. ¢xeR,=R,+M for all ¢g=Q,, and so gx is written as gx=c+d
(ceR,,d=M). Then the map ¢—c+R,_; is a left K-homomorphism from Q,
to gr,R. Since Q,~3g7,R canonically, as left K-modules, implies
that there is an element x,., in R,., such that c¢+R, ,=qx, ,+R,., for all
q&€Q,. Then Q,(x—x,_,)EM, as desired.

PROPOSITION 5. Assume that M is as in Proposition 4. Put K;={x=R,|R:x
SM} and K¥={x=R,|xR,EM}, where 0<s=n. Then K,NR,=K"\R,=R,_,_;.

PrROOF. Since R,_;EM, it is evident that R,_,_ ;S K,N\R,. Let x€ K,N\R,.
If s=0 then K,=M, and so K;,NR,=MNR,=R,_,. Thus we may assume that
s=z1. Since MN\R,SR,_;, we have x€R,_,, and so R x&ER,"MER,_,. Then
by X€R,_,. Therefore R,x&R,NMER,_,;, and hence xER,_;, --.
Finally x€R,_,.,. Hence K,N\R,=R,_,_;. Symmetrically KY"\R,=R,_,_,.

PROPOSITION 6. Let M be as in Proposition 4, and 0=s=r, r+14+s=n. Then
R.+K=R, , R, +RK:=M, and R.NK;=R,._,_s.

Proor. Put K,=Y. To prove the first assertion we use [Proposition 4
Evidently R,+Y SR, ;. If s=0 then Y=M. Therefore we may assume that
s=z1. Let x&R,_; and each @, a monic left K-submodule of degree v. Then,
since x€R,=R,+M, Q(x—x,)=EM for some x,€R, where Q,=K. Then
Qx—x,—x,_1)EM for some x,;=R,.;. If s=2 then Q,(x—x,—%X,.1—%,_3)EM

for some x,_,R, ., and so on. Eventually Q,(x—x,— - —x,_,)SM for some
%_s=R,_,. Then, since R,_,SM,Q,(x—x,—-—x,_, )M for all v=0, -, s.
Therefore Ry(x—x,—+—x,_s)EM, or equivalently, x—x,—-—x, €Y, and

hence x€R,+Y. Thus R,_;—R,+Y. To prove the second assertion we put
n—s=t. Then, as R,ER,.,, R,=R,,+Y, and so R,,,=R,+R,Y=R,_,+R,Y,
because K&R,. Then R,,,—R,+R,Y=R,_,+R,Y, and so on. Eventually R,=
R 4+R,Y=R,+R,Y=R,+(R,_,+R,Y), because R,=R,+Y. Since R,_,+R,Y
S M, the assumption for M yields that R, ,+R,Y=M. The last assertion fol-
lows from

Let 0=s=r,r+14s=n, and let ¥ be a K-bisubmodule of R,_; such that
RYNR,ER,_,, R,+Y=R,_;,, and Y2R,_,_,. Then, as in the proof of Proposi-
tion 6, we can prove that R,=R,+R,Y. Therefore if we put R,.,+R,Y=M
then M satisfies the conditions in and so YNR,=R,.,-; by Pro-
position 5. Then, by [Proposition 5 and [Proposition 6, Y= {x=R,|R,xS M}.

Let U be a left B, right A-module, and V a left A, right B’-module, and
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let W be an invertible left B, right B’-module. If ¢ is a bilinear map from
UxV to W such that ¢(bu, v)=bp(u, v), p(ua, v)=¢(u, av), and e(u, vb’)=¢(u, v)b’
(ueU,veV,beB,acA,b'eB’), ¢ is called a (B, A, B')-bilinear map. Then ¢
induces a left A, right B’-homomorphism g from V to Hom,(zU, g W). If U is
finitely generated and projective, and u is an isomorphism, we call ¢ a non-
singular (B, A, B’)-bilinear map from UXV to W. To be easily seen, this is
right-left symmetric. In fact VSHom,(gU, zW) yields a left B, right A-iso-
morphism Hom,(Vg, Wg)~Hom,(Hom,(zU, ;W)g, Wg). And, as is well known,
the latter is isomorphic to gU, canonically. Further, since Hom.(zU, W)z =
Hom,(zU, 3BYQ Wy, Vg is finitely generated and projective.

LEMMA 7. Let ¢ be a non-singular (B, A, B')-bilinear map from UXYV to
W, and let I, I' be ideals of B, B’ respectively such that IW=WI'. Then ¢
induces a non-singular (B/I, A, B'/I')-bilinear map ¢, from U/IUXV/VI to
W/ IW=W/WI.

Proor. To be easily seen U/IU is finitely generated and projective as a
left B/I-module, and the homomorphism V/VI'—Hom,(3,;U/IU,5,;W/IW) induced
by ¢, is given by a sequence of isomorphisms V/VI' =V (B'/I')=zHom,(gU, g W)
Qg (B'/I')=Hom,(sU, sWQg(B'/I"))=Hom,(sU, 5(B/1)QsW)=Hom, (., (B/I)
&QsU, 51(B/1)QsW)=Hom,(,;U/IU, gt W/IW).

LEMMA 8. Let C/B and C'/B’ be extension rings over B and B’ respecti-
vely, and assume that C/B and C'/B’ are Morita equivalent by a pair of in-
vertible modules gWp ScWic, tn the sense of [4; §3]. Then ¢ induces a non-
singular (C, A, C')-bilinear map ¢, from CQgUXVQyC" to W..

Proor. Noting that W,=CQRQzsW=WsC’, the proof proceeds as in the
proof of (In fact, if we take ring homomorphisms in place of ring
extensions, is a special case of Ct. [1].)

THEOREM 9. Let M be as in Proposition 4, and let 0=s=r, 0=t=r, and
r=s+t=n. Then the multiplication in R induces a non-singular (K, K, K)-bili-
near map ¢ from Ry/R,_ 1 X Ri/Ry-i_5s to Ry/M (=gr.R).

To prove this we need the following proposition, in which we use the
following definition. Let —1=:<j, and A a left K-submodule such that
A2R;, R;.,/R{DA/R,=R;/R;. Then we call A a monic left K-submodule of
degree j over R,. Since A/R,~(R;/R;)/(R;-./R;)>gr;R, xA/R; is projective,
and so A is written as A=R;PQ; with some monic left K-submodule Q; of
degree j (and conversely). Similarly we define a monic right K-submodule of
degree j over R,.

PROPOSITION 10. Assume the same assumptions as in Theorem 9, and let each
A; be a monic left K-submodule of degree i over R,_,., (i=r—t, -, s). Then
there are monic right K-submodules B; (j=r—s, -+, 1) of degree j over R,_,_, such
that A;B;SM provided i+j#r.

Proor. Put B, ;={x€R,|A,_x, -, Aj_1x, Ajuix, -, AixEM} for j=r—t,
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;5. Then R, ;.,&B,.; for all j, because R,_,EM. If x&R,_;_;,N\B,-; then
A;xSR,.,SM. Further, since x&€R, R, 1xSR,.,SM. Therefore R xS M.
Hence x€R,_,_,, by Thus R, ;-;N\B;-;=R,_,-;. Next we shall
show that R,_;_,+B,.;=R,_; (r—t=<j<s). Since R; B, ;S M, we have B, ;S
K; N\R=R,_;_¢j-ny=R._; by Let A;=R,_,.,DQ;, where Q; is
a monic left K-submodule of degree : (i=r—t, ---,s). Let x be any element of
R._;(r—t=j<s). Then Q. (x—x,-;-,)SM for some x,_;_ER,_;_,, by Proposi-

tion 4. Then Qi (x—x,-jo1—x,-;-2) &M for some X, ;.,ER,_j_, ---. Finally
Q(x—Xpjoy— —%,-5)EM for some x,_;=R,_;, because s+¢=n. On the other
hand, if v=<j—1 then R, xER,., =M. Thus x—x,_j-;——x-sEB,_;, and so
X€R, ., +B,-;. Hence R, ;_,+B, ;=R,_; for all j=r—t,---,s. Finally B, =
{xeR,|R;_1xEM} S R.NK,.1=R,_,SB,_; by and so B,_;=R,_,.

Thus each B; is a monic right K-bisubmodule of degree j over R,_,-; such that
A;B;S M provided i+j#r.

PrROOF OF THEOREM 9. By the assumption for M, gr.R=R,/M canoni-
cally, and gr,-,RP---DgrR=Q, ;D - PQs=3R;/R,_;-, as left K-modules. There-
fore Hom (xR;/R,_;-1, xR,/M) is right K-isomorphic to Hom,(xgr,.,RD D
grsR, xgr,R). Then, by the latter is isomorphic to gr,RPgr;- . RD
- Pgr,_ s R=SR,/R._.;. Thus we have an isomorphism 7 from R,/R,.;.1x tO
Hom (xRs/Rr-t-1, kRu/M)g. Take A; 1=r—t, -+, s) and B, (j=r—s, -, 1) as in
IProposition 10, Then gR,/R, i-1=A:t/Rrt-1D-DA/Rr_i-1 and R,/R, s 1x=
B, /R, s P-DPB,/R,_s.;,. Note that A, and B; are written as A;=R,_..:P
Q; and B;=R,_,_,PP; with a monic left K-submodule @; and a monic right
K-submodule P; of degree i. Then the isomorphism ¢ implies that Hom,(x R,/
R, 1.y, kR,/M) is equal to the set of all homomorphisms (a,_;+-+a;+R,_;_,—
2iab,i+M), where a;€A;,b,.,€B,.; (1=r—t,--,s). But A;B;SM provided
i+j#r, and so X; a;b,;+M=(2;a,)(2 ;b;)+M. Hence ¢ is non-singular.

THEOREM 11. Let M be as in Proposition 4, and let 0SsSr<i<n, and r=
st+isn. Put Y={xeR;,|RxEM}. Then M=R._+R,K,, and the multiplication
in R induces a non-singular (K, K, K)-bilinear map ¢ from RXR,/Y to R,/M
(=g7:R).

ProOOF. By R,/R..1.s=R,_s/K, canonically, M=R,_,+R,K,,
and R,.;=R,+K,. Therefore R,=R,+(R,NK;)=R,+Y. Then R,/R,_._;=R,/Y
canonically, because R,N\Y=R,NR,NK;=R,NK;=R,.,.,. Then, by [Theoreml
9, ¢ is non-singular.

Let Y be a monic K-bisubmodule of degree r+1 (#=0). Then R,+R, Y=
Ryryy, and R,NR,Y={0}SR,., (Corollary 1| to [Proposition 1)). Therefore, if
we put M=R,.,+R.Y then M satisfies the condition in [Proposition 4, where
n=2r+1. By [Proposition 5 and [Proposition 6, there exists uniquely a monic
K-bisubmodule Y* of degree r+1 such that R,_,+R,Y=R,_,+Y*R,. (In fact,
Y=K, and Y*=K}.) The notation Y* for a monic submodule Y will be used
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in the remainder of this paper. Since R=K[Y*]R,=R,R[Y] (Corollary 2 to
, we obtain Y*R=Y*R K[ Y]=(R,.,+R,Y)K[Y]SR,_;+RY, and
SO R, +Y*RS R, ,+RY. Similarly R,_,+RYZSR,_,+Y*R, and hence R,_,+RY
=R, ;+Y*R. Conversely this equality implies that R, ;+R,Y=R,_,+Y*R,,
because R, ;+R,Y =Ry N\(RroitRY) =Ry iN(Rroy+Y*R)=R,_.,BY*R, by
[Corollary 1| to [Proposition 1. Similarly we can see that R,_,PR,.,Y=R,_;
@PY*R,_, and R,.,PY=R._,PY* And, the former implies that R, K[Y]1=
K[Y*]R,.,, where K[Y]=K+Y+Y?4---. Therefore two ring extensions
K[Y*]/K and K[Y]/K are Morita equivalent by a pair of invertible modules
R./R, .S K[Y*IRQ(R,/R:-1)=(R,/R,..)RK[Y], in the sense of [4], where R=
KIY*IQR,=R,QK[Y]. Apply Lemma 8 and [Theorem 9 for s=t=r, n=2r+1.
Then we obtain the following

THEOREM 12. Let Y be a monic K-bisubmodule of degree r+1 (r=0). Then
there exists wunigquely a monic K-bisubmodule Y* of degree r-+1 such that
R, PR, Y=R,.\DY*R,, and the multiplication in R induces a non-singular
(KLY*], R, KLY ])-bilinear map RXR—R/R,._.K[Y].

COROLLARY. Assume the same assumptions as in Theorem 12. Then, for
any i=1, the multiplication in R induces a non-singular (K[Y*]/Y*K[Y*], R,
KLY1/KLY1Y¥Y-bilinear map R/Y¥*RXR/RY'—R/L;, where L,=Y*R+
KIY¥]R,.,.=RY'+R,_,K[Y].

Proor. We have already seen that R,_,+Y*R=R,_,+RY, and R,_,+
Y*R,_,=R,_,+R,.,Y. Assume that Y*R+K[Y*]R,_,=RY*+R,_,K[Y]. Then
V¥ REK[Y*¥IR, =YX Y*R+KLY*]R, )+ R, ;=Y*RY'+Y*R,_K[YI+R,,
CRY™+R,,K[Y]. Symmetrically RY"™+R._K[Y]ISY*"'+K[Y*¥IR,_..
Hence Y*R+K[YV*|R,_;=RY'+R,_,K[Y] for all i=1, 2,3, ---. Then, by virtue
of this corollary follows from

PROPOSITION 13. Let Y and W be monic K-bisubmodules of degree r+1
and s+1 (r, s=0) respectively. Then YW is a monic K-bisubmodule of degree
r+s+2, and (YW)*=Y*W*,

ProOOF. The first half is evident from [Proposition 1. Now, R,_,+RY=R,_,+
Y*R and R;_, +RW=R,_,+W*R, and these yield R,_,W+RYW=R,_ , W-+Y*RW
and Y*R,_ ,-FY*RW=Y*R,_,+Y*W*R. Then R, +tRYW=R, ;Y*RW=R, ,+
Y*W*R, and hence (YW)*=Y*W*, as desired.

PROPOSITION 14. Let Y and W be monic K-bisubmodules of degree r+1
(r=0). Then R/RY=R/RW as left R, right K-modules if and only if R/Y*R
~R/W*R as left K, right R-modules.

Proor. Since R=R,PHDRY and RY+R,.,K[Y]=R, . DRY,R/(RY-+
R._,K[Y7]) is isomorphic to gr,R as K-bimodules, and gr.R is uniquely deter-
mined by ». Hence this proposition follows from [Corollary| to [Theorem 12

PROPOSITION 15. Let M be as in Proposition 4.

(i) Let 1=s=n, and s<n—r—1, and assume that R,+K,=R,_.,. Then
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R, +K, \=R,_s+1, and R, +R, K=K, ;. In particular, if r<s=n—r—1, then
R.K=K;_,.

(i) Let 1=s=<r—1 and s=n—r—1. Then R, K,=K,_,.

(iii) If n=2r+1 then K+R,K,=K,_,.

(iv) If n—r=<s and r=s then K;=0.

(v) If R,+K;=R,_s for some s such that r<s=n—r—1, then R, PKn
=R,.1.. Therefore, by (1), R\ K;=K,;_, for all i=r+1, -, n—r—1.

Proor. (i) R,+K=R,.; yields R, ,+R,K;=R, ;. But r+1=n—s by
assumption, and so R, S R,.,=R,+K,. Hence R, ;.,=R,+R,K,. Evidently
R K.SK,,. Hence R,+K, ,=R,_s4;. Since R, ,+R,K,;CSK, , and R,NK,,
=R,_; (Proposition €), we obtain K, =R, ,+R,K,. In particular, if s> then
R,K;=K,_,, because R, ;=0. (ii), (iii) Assume 0=<s=<r. Then, by
R.+K,=R,,. Then, by (), R,.s+R, K=K, .. But, since K2R, .., we
have R,K,2R,R,_,_,. Thus R, K=K, ,, if s<r—1. On the other hand, if
s=r then K+R,K,=K,.,. (iv) Since K,SR, &R, we have K=K,NR,=
R,-1-s=0 by (v) By R,PK=R,_;, and s0 R,,,=
R.9(R,..NK;). Hence R, .;N\K; is a monic K-bisubmodule of degree r-+1.
Since K, .2K,, R, N\K;-1=(R,+K)NK,_,.=(R.NK;-)PK,. But, since r<s,
R,NK;.;=R._s=0 by Hence R, ,NK,..=K, that is, R(R,_sN
K )EK,-;. Then Rop i f(RrsiNKs ) ERnrogos(RrseNBRso) € -+ S Ry(RposoiN
K, )ER,.;N\K;.1=K;, and s0 R,_,_«(R,s1"\K;s;-1)ERK;S M, that is, R,..N\K;_,
CSKproi. Since R.yNKs-12K,_ .-, is evident, we obtain K, ,.,=R. . NK;_ ..
Hence R,, =R, DR, . NK,)=R,PK,_,_;, as desired.

§ 2. Examples.

ExAMPLE 1. Let K be a (commutative) field, ¢ an automorphism of K
such that o#id and ¢°=id. Take an element a of K such that o(a)#a. We
consider the skew polynomial ring R=K[X; o] defined by Xb=0(b)X (beK).
Put y=a-+X* and y*=g(a)+X®. Then Xy*=yX, and Xy=y*X. It is easy to
see that RyS K-+y*R, and similarly y*RSK+Ry. Hence K+4Ry=K-+y*R.
But K+Ry+K-+yR, because o(a)+a.

ExaMPLE 2. Let K be a field of characteristic 2, and D a derivation from
K to K such that D=0 and D?*=0. We consider the skew polynomial ring
R=K[X; D] defined by Xb=bX+D(b)b=K). Take an element a of K with
D(a)#+0. Put W=a+X% Then, as D*=0, we have bW=Wb for all b= K, and
it is easy to see that RWE K-+WR, and similarly WRSK+RW. But XWe&
WR, because D(a)+0. Hence RWEWR.

ExaMPLE 3. Let K be a field of characteristic 3, and D, a derivation
from K to K such that D;#0 and D}=0. Then X°u=aX® for all ¢€K, in
K[X; D,). Put M=RP(X’+X*)K, where R,=K-+XK. Then M is a K-
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bisubmodule of R;. Assume that M=R,PU for some K-bisubmodule U. Then,
as in easily seen, U is a monic K-bisubmodule of degree 3, and so U is
generated by a monic polynomial f(X) of degree 3 such that f(X)a=af(X)
for all a=K, because U=R;/R,~K as K-bimodules. It is easy to see that
f(X)=a,+X® for some a, in K. Then M=R,+f(X)K=R,PX°K. But X*+X?
does not belong to R,PDX°*K, a contradiction.
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