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1. Introduction.

Let $\{\mathfrak{M}, G, \gamma\}$ be a covariant system, that is, $G$ is a locally compact group
and $\gamma:G\rightarrow Aut(\mathfrak{M})$ is a homomorphism of $G$ into the group of $*$-automorphisms
of a von Neumann algebra $\mathfrak{M}$ with the following continuity: $G\ni t\rightarrow\gamma_{t}x\in \mathfrak{M}$ is
continuous for each $x\in \mathfrak{M}$ with respect to the $\sigma$ -weak topology on M. By

definition in [4], a Hilbert space in $\mathfrak{M}$ is a closed subspace $\mathfrak{K}$ of $\mathfrak{M}$ such that
(i) $y^{*}x$ is a scalar multiple of the identity for every $x,$ $y\in \mathfrak{K}$ and
(ii) for every non-zero $a\in \mathfrak{M}$ , there exists an $x\in \mathfrak{K}$ with $ax\neq 0$ .
The inner product $(x|y)$ in $\mathfrak{K}$ is given by $y^{*}x$ . If a Hilbert space $\mathfrak{K}$ in $\mathfrak{M}$

is globally invariant under $\gamma,$
$\gamma_{t}(\mathfrak{K})\subseteqq \mathfrak{K}$ for all $t\in G$ , we have

$(\gamma_{t}x|\gamma_{t}y)=\gamma_{t}(y^{*}x)=y^{*}x=(x|y)$ for every $x,$ $y\in \mathfrak{K},$ $t\in G$ .

Hence the restriction of $\gamma$ to $\mathfrak{K}$ is a unitary representation of $G$ . We denote
it by $\pi fl$ . Let $\mathcal{H}_{r}(\mathfrak{M})$ be the collection of all Hilbert spaces in $\mathfrak{M}$ globally
invariant under $\gamma$ . Let $\mathfrak{M}^{\gamma}$ denote the fixed point algebra { $x\in \mathfrak{M};\gamma_{t}(x)=x$ for
all $t\in G$ } of $\mathfrak{M}$ under $\gamma$ and $Aut(\mathfrak{M}|\mathfrak{M}^{\gamma})=$ { $\rho\in Aut(\mathfrak{M});\rho(x)=x$ for all $x\in \mathfrak{M}^{\gamma}$ }.

Under the above situation the following Roberts-Tannaka duality theorem
was obtained and was used as a basic tool in [1].

THEOREM 1. Assume that $\mathfrak{M}^{\gamma}$ is Properly infinite and $G$ is compact. If each
irreducible subrepresentatjOn of $\{\gamma, \mathfrak{M}\}$ is unitarily equivalent to some $\pi_{\theta},$

$\mathfrak{K}\in$

$\mathcal{H}_{\gamma}(\mathfrak{M})$ , then every $\sigma\in Aut(\mathfrak{M}|\mathfrak{M}^{\gamma})$ leaving every member $\mathfrak{K}\in \mathcal{H}_{\gamma}(\mathfrak{M})$ globally
invariant must be of the form $\gamma_{s}$ for some $s\in G$ .

In this short note we generalize the above theorem to the case of arbitrary
locally compact groups. This problem is suggested in [3].

The author would like to thank Dr. Nakagami for his encouragement.

2. A duality theorem.

Before stating the theorem, we show the following lemma.
LEMMA. If $\sigma\in Aut(\mathfrak{M}|\mathfrak{M}^{\gamma})$ and $\mathfrak{K}\in \mathcal{H}_{\gamma}(\mathfrak{M})$ which is globally invariant under

$\sigma$ , each globally $\gamma$-invariant closed subspace $\mathfrak{K}^{\prime}$ of $\mathfrak{K}$ is also globally invariant
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under $\sigma$ .
PROOF. Let $\{e_{i}\}_{i\in I^{\prime}}$ be an orthonormal basis of $\mathfrak{K}^{\prime}$ which is extended to

those $\{e_{i}\}_{i\in I}(I^{\prime}\subseteqq I)$ , of $\mathfrak{K},$ $i.e.,$ $efe_{j}=\delta_{ij}\cdot 1$ and $\sum_{i\in I}e_{i}ef=1$ . Put $p=\sum_{i\in I}e_{i}ef$ .
Since $\mathfrak{K}^{\prime}$ is globally $\gamma$-invariant, we have

$\gamma_{t}(p)\pi_{J?}(t)a=\gamma_{t}(pa)$

$=\pi_{\Re}(t)(pa)$

$=p\pi_{R}(t)a$ for every $a\in \mathfrak{K},$ $t\in G$ .
This implies that $\gamma_{t}(p)=p$ for every $t\in G,$ $i$ . $e.,$ $p\in \mathfrak{M}^{\gamma}$ . Hence we have

$\sigma(\mathfrak{K}^{\prime})=\sigma(p\mathfrak{K})=p\sigma(\mathfrak{K})\subseteqq p\mathfrak{K}=\mathfrak{K}^{\prime}$ . Q. E. D.

THEOREM 2. Let $\{\mathfrak{M}, G, \gamma\}$ be a covariant system such that $\mathfrak{M}^{\gamma}$ is ProPerly
infinite. If there exists $\mathfrak{K}_{0}$ in $\mathcal{H}_{\gamma}(\mathfrak{M})$ such that $\pi_{R_{0}}$ is unitarily equivalent to the
left regular representatjOn $\lambda$ of $G$ , every $\sigma\in Aut(\mathfrak{M}|\mathfrak{M}^{\gamma})$ leaving $\mathfrak{K}_{0}$ globally
invariant must be of the form $\gamma_{s}$ for some $s\in G$ .

PROOF. For each $a,$ $b\in \mathfrak{K},$ $\mathfrak{K}\in \mathcal{H}_{r}(\mathfrak{M})$ , let $f_{a,b}$ be the function on $G$ given by

(1) $f_{a,b}(t)=(a|\pi_{R}(t)b)=\gamma_{t}(b^{*})a$ for every $t\in G$ .
Since $\pi_{R_{0}}$ is unitarily equivalent to $\lambda$ , the set $\{f_{a,b} ; a, b\in \mathfrak{K}_{0}\}$ is nothing

but the Fourier algebra $A(G)$ of G. [2]. Since $\mathfrak{M}^{\gamma}$ is properly infinite, there
exist isometries $w_{1},$ $w_{2}$ in $\mathfrak{M}^{\gamma}$ with $w_{1}w_{1}^{*}+w_{2}w_{2}^{*}=1$ . Let $a,$ $b,$ $c,$

$d\in \mathfrak{K}_{0},$ $\alpha\in C$ .
By direct computation we have the followings;

(2) $w_{1}\mathfrak{K}_{0}+w_{2}\mathfrak{K}_{0}$ , $\mathfrak{K}_{0}\cdot \mathfrak{K}_{0}\in \mathcal{H}_{\gamma}(\mathfrak{M})$ ,

(3) $f_{a.b}(t)+f_{c.d}(t)=f_{w_{1}a+w_{2}c,w_{1}b+w_{2}d}(t)$ ,

(4) $f_{a,b}(t)\cdot f_{c,d}(t)=f_{ac,bd}(t)$ and

(5) $\alpha f_{a.b}(t)=f_{aa.b}(t)$ for every $t\in G$ .

Hence the sets $\{f_{x,y} ; x, y\in w_{1}\mathfrak{K}_{0}+w_{2}\mathfrak{K}_{0}\}$ and $\{f_{x,y} ; x, y\in \mathfrak{K}_{0}\cdot \mathfrak{K}_{0}\}$ are both
subsets of $A(G)$ .

Let $\sigma\in Aut(\mathfrak{M}|\mathfrak{M}^{\gamma})$ leaving $\mathfrak{K}_{0}$ globally invariant, then it is easily seen that
$\sigma$ leaves also $w_{1}\mathfrak{K}_{0}+w_{2}\mathfrak{K}_{0}$ and $\mathfrak{K}_{0}\cdot \mathfrak{K}_{0}$ globally invariant.

Let $\mathfrak{K}_{i}\in \mathcal{H}_{\gamma}(\mathfrak{M})$ such that $\sigma(\mathfrak{K}_{i})\subseteqq \mathfrak{K}_{i}(i=1,2)$ and $a,$ $b\in \mathfrak{K}_{1},$
$c,$

$d\in \mathfrak{K}_{2}$ .
If $f_{a,b}(t)=f_{c,d}(t)$ for all $t\in G$ , then

$(\gamma_{t^{-1}}(w_{1}a-w{}_{2}C)|w_{1}b+w_{2}d)$

$=f_{w_{1}a-w_{2}c.w_{1}b+w_{2}d}(t)$

$=f_{a,b}(t)-f_{c.d}(t)=0$ for all $t\in G$ .
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Put $\mathfrak{K}^{\prime}=[\{\gamma_{t}(w_{1}a-w{}_{2}C);t\in G\}]$ , then $\mathfrak{K}^{\prime}$ is a globally $\gamma$-invariant closed
subspace of $w_{1}\mathfrak{K}_{1}+w_{2}\mathfrak{K}_{2}$ . Since $w_{1}\mathfrak{K}_{1}+w_{2}\mathfrak{K}_{2}$ is an element of $\mathcal{H}_{r}(\mathfrak{M})$ which is
globally invariant under $\sigma$ , it follows from Lemma that $\sigma(\mathfrak{K}^{\prime})\subseteqq \mathfrak{K}^{\prime}$ , especially
$\sigma(w_{1}a-w{}_{2}C)\in \mathfrak{K}^{\prime}$ . Hence we have

$b^{*}\sigma(a)-d^{*}\sigma(c)=(w_{1}b+w_{2}d)^{*}\sigma(w_{1}a-W{}_{2}C)$

$=(\sigma(w_{1}a-w{}_{2}C)|w_{1}b+w_{2}d)$

$=0$ .
If $f\in A(G)$ is of the form $f_{a.b}$ for some $a,$ $b\in \mathfrak{K},$ $\mathfrak{K}\in \mathcal{H}_{\gamma}(\mathfrak{M})$ with $\sigma(\mathfrak{K})\subseteqq \mathfrak{K}$ , by

the above argument we can define a functional \^a on $A(G)$ as follows;

(6) $\partial(f)=\partial(f_{a,b})=b^{*}\sigma(a)$ .
Since $\mathfrak{K}_{0}$ is globally invariant under $\sigma$ , the domain of $\hat{\sigma}$ is the whole space

$A(G)$ . Let $a,$ $b,$ $c,$
$d\in \mathfrak{K}_{0},$ $\alpha\in C$ . By (1) $\sim(6)$ we have the followings;

6 $(f_{a,b}+f_{c,d})=\partial(f_{w_{1}a+w_{2}c,w_{1}b+w_{2}d})$

$=(w_{1}b+w_{2}d)^{*}(w_{1}\sigma(a)+w_{2}\sigma(c))$

$=b^{*}\sigma(a)+d^{*}\sigma(c)$

$=\partial(f_{a,b})+\partial(f_{c.d})$ ,

\^a $(\alpha f_{a,b})=\partial(f_{\alpha a,0})$

$=b^{*}\sigma(\alpha a)$

$=\alpha\hat{\sigma}(f_{a.b})$ and

\^a $(f_{a,b}\cdot f_{c,d})=\partial(f_{ac.bd})$

$=(bd)^{*}\sigma(ac)$

$=\partial(f_{a.b})\cdot\partial(f_{c,d})$ .
Therefore a is a non-zero continuous character of $A(G)$ . From Eymard

duality theorem [2] it follows that there exists uniquely $s\in G$ such that

$\hat{\sigma}(f_{a,b})=f_{a,b}(s^{-1})$ for every $a,$
$b\in \mathfrak{K}_{0}$ .

Since it holds that

$(\sigma(a)|b)=(\gamma_{s}a|b)$ for every $a,$
$b\in \mathfrak{K}_{0}$ ,

we have

(7) $\sigma=\gamma_{s}$ on $\mathfrak{K}_{0}$ .
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Finally we shall show that $\mathfrak{M}^{\gamma}$ and $\mathfrak{K}_{0}$ generate M. For each $k\in K(G)$ ,
$x\in \mathfrak{M}$ put

(8) $\gamma_{k}(x)=\int_{G}k(t)\gamma_{t}(x)dt$ ,

where $K(G)$ denotes the set of all continuous functions on $G$ with compact
support and $dt$ denotes a left invariant Haar measure on $G$ . Let $\{V_{i}\}_{i}$ be a
fundamental system of neighbourhoods of the unit of $G$ and $\{k_{i}\}_{i}$ a family of
functions such that

a) $k_{i}\in A(G)\cap K(G)_{+}$ , where $K(G)_{+}=$ { $k\in K(G);k(t)\geqq 0$ for all $t\in G$ },
b) $supp(k_{i})\subseteqq V_{i}$ and

c) $\int_{G}k_{i}(t)dt=1$ , for all $i$ .

Then for every a-weakly continuous linear functional $\phi$ of $\mathfrak{M}$ it holds that

(9) $|\phi(x-\gamma_{k_{i}}(x))|\leqq\int_{G}|\phi(x-\gamma_{t}(x))|k_{i}(t)dt$ for each $x\in \mathfrak{M}$ .

Since each $k_{i}$ belongs to $A(G)$ , there exist $a_{i},$
$b_{i}\in \mathfrak{K}_{0}$ such that

$k_{i}(t)=f_{a_{i},b_{t}}(i)$ for all $t\in G$ .
Then we have

(10) $\gamma_{k_{i}}(x)=\gamma_{f_{a_{i},b_{i}}}(x)=\int_{G}f_{a_{i}.b_{i}}(t)\gamma\dot{.}(x)dt$

$=\int_{G}\gamma_{t}(xb_{l}^{*})dt\cdot a_{i}\in \mathfrak{M}^{\gamma}\cdot \mathfrak{K}_{0}$ .

Hence it follows from (9) that each $x\in \mathfrak{M}$ is approximated $\sigma$ -weakly by the
elements of $\mathfrak{M}^{\gamma}\cdot \mathfrak{K}_{0}$ and consequently $\mathfrak{M}^{\gamma}$ and $\mathfrak{K}_{0}$ generate $\mathfrak{M}$ .

Since $\sigma$ coincides with $\gamma_{s}$ on $\mathfrak{M}^{\gamma}$ and $\mathfrak{K}_{0}$ by (7), we conclude that $\sigma=\gamma_{s}$

on $\mathfrak{M}$ . Q. E. D.
REMARK. It should be noticed that if the action $\gamma$ is faithful, Theorem 1

is reduced to the compact case of Theorem 2.
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