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1. Introduction.

Let {IM, G, 7} be a covariant system, that is, G is a locally compact group
and 7: G—Aut(M) is a homomorphism of G into the group of *-automorphisms
of a von Neumann algebra M with the following continuity: G=t—y,xeM is
continuous for each x=IMM with respect to the o-weak topology on M. By
definition in [4], a Hilbert space in M is a closed subspace & of M such that

(i) y*x is a scalar multiple of the identity for every x, ye& and

(i) for every non-zero a=IM, there exists an x=& with ax=+0.

The inner product (x]y) in & is given by y*x. If a Hilbert space & in WM
is globally invariant under 7, 7.(®) && for all te G, we have

Fex |7 =7(y*x)=y*x=(x|y)  for every =x, yER, teC.

Hence the restriction of 7y to & is a unitary representation of G. We denote
it by mg. Let 4, (M) be the collection of all Hilbert spaces in M globally
invariant under y. Let 9" denote the fixed point algebra {xeM; 7. (x)=x for
all t=G} of M under 7 and Aut(M|M"={p=Aut(M); p(x)=x for all x=M"}.

Under the above situation the following Roberts-Tannaka duality theorem
was obtained and was used as a basic tool in [T].

THEOREM 1. Assume that WM is properly infinite and G is compact. If each
irreducible subrepresentation of {y, M} is unitarily equivalent to some rmg, 8E
H,(M), then every o€Aut(M|IM7) leaving every member K& I,(M) globally
invariant must be of the form ys for some sG.

In this short note we generalize the above theorem to the case of arbitrary
locally compact groups. This problem is suggested in [3].
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2. A duality theorem.

Before stating the theorem, we show the following lemma.
LEMMA. If o€ Aut(M|M") and K< 4,(M) which is globally invariant under
o, each globally 7y-invariant closed subspace & of K is also globally invariant
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under o.
PROOF. Let {e;}ic;» be an orthonormal basis of & which is extended to

those {e;}ic; I'EI), of &, i.e., e¥e;=0d;;-1 and iéeie’i“:l. Put pzig,'eiei-".
Since & is globally y-invariant, we have
T(p)ms(H)a=7.(pa)
=na(t)(pa)
=pra(t)a for every a=®, teG.
This implies that 7,(p)=p for every t=G, i.e., p=IM’. Hence we have
o ®)=0(pR)=po(R)S pR=§". Q.E.D.

THEOREM 2. Let {M, G, 7} be a covariant system such that WM" is properly
infinite. If there exists 8 in I,(M) such that =g, is unitarily equivalent to the
left regular representation A of G, every o=Aut(M|M") leaving &, globally

invariant must be of the form ys for some s<G.
PrOOF. For each a, be&, R=4,.(M), let f, » be the function on G given by

(1) fas®O)=(alme)b)=7.(0%)a for every t<G.

Since mg, is unitarily equivalent to 4, the set {fq,; a, bE&} is nothing
but the Fourier algebra A(G) of G.[2] Since M’ is properly infinite, there
exist isometries wy, w, in M’ with w,w¥+w.,wF=1. Let a, b, ¢, d=8, as=C.
By direct computation we have the followings;

(2) Wi+ w8, K- -KcH,(M),
(3) fa O+ fe,aO)=Fwiatwse, wiprwyad),
(4) fao®)fe.a®)=Fac.0a(t) and
(5) Afa,ot)=faa )  for every teG.

Hence the sets {f, ,; x, yEw &+ w.R} and {f, ,; x, y=& K} are both
subsets of A(G).

Let o= Aut(MM|M") leaving &, globally invariant, then it is easily seen that
o leaves also w8+ w.8 and & -8, globally invariant.

Let &, 4%,(M) such that ¢(R)ER; (=1, 2) and q, b=y, ¢, dER,.

If fo.s(®)=f. 4@ for all t=G, then

(7‘t-1(wla —wsec) | wib+w.d)

:fwla— wgC, wlb+w2d(t)

=fa,s{)—fe, a(t)=0 for all t=G.
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Put ®=[{r:(w,a—w.c); t=G}], then & is a globally r-invariant closed
subspace of w,8,+w,R.. Since w8 +w.8 is an element of .4, (M) which is
globally invariant under ¢, it follows from that ¢(R)S R, especially
clw,a—w.c)eR’. Hence we have

b*o(a)—d*e(c)=(wib+w.d)*o(w,a—w,c)
=(o(w,a—wsc)| wib+w,.d)
=0,

If fe A(G) is of the form f,,, for some g, beR, R=4,(M) with ¢ ®)EK, by
the above argument we can define a functional & on A(G) as follows;

(6) 3(f)=06(fa.p)=b%c(a).

Since &, is globally invariant under o, the domain of & is the whole space
A(G). Leta, b, c, def, ac=sC. By (1)~(6) we have the followings;

G(favtfe.d)=08(fwiatwse wip+wya)
=(w:b+w.d)*(w,0(a)+w,o(c))
=b*g(a)+d*a(c)
=6(fa.)+8(fe.d),

G(afa.0)=06(faa.0)
=b*s(aa)
=ad(fq,») and

6(fa.v fe.a)=0(fac,a)
=(bd)*o(ac)
=6(fa,0)"8(fe.a) -

Therefore ¢ is a non-zero continuous character of A(G). From Eymard
duality theorem it follows that there exists uniquely s€G such that

6(fa0)=Ffars(s™®  for every a, beR,.

Since it holds that

(o(a)|b)=(;a|b) for every a, b8y,

we have

(7) o=7s; on &.
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Finally we shall show that 9" and &, generate M. For each k< K(G),
xeM put

(8) ran=|_r@rdadt,

where K(G) denotes the set of all continuous functions on G with compact
support and d¢ denotes a left invariant Haar measure on G. Let {V,}; be a
fundamental system of neighbourhoods of the unit of G and {k;}; a family of
functions such that

a) k;€eA(G)NK(G):, where K(G)+={k=sK(G); k(t)=0 for all t=G},
b) supp(k)EV; and

0 gGki(z‘)dt:I, for all 7.
Then for every o-weakly continuous linear functional ¢ of 9 it holds that
(9) 1¢(x—-)’ki(x))]§gslgzﬁ(x—n(x))lki(t)dt for each x<M.

Since each k; belongs to A(G), there exist a;, b;€8&, such that
ki)=fa; s, for all teG.

Then we have

I

10) Fi0)=T s,y 0=\ fapo O (0)d

7o(xbH)dt-a, €M -Ky.

I
I

Hence it follows from (9) that each x=IM is approximated o-weakly by the
elements of M’-K, and consequently M’ and K, generate M.

Since ¢ coincides with 7, on M" and &, by (7), we conclude that o=y;
on M. Q.E.D.

REMARK. It should be noticed that if the action y is faithful,
is reduced to the compact case of
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