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The purpose of this paper is to give an affirmative answer for the follow-
ing conjecture of Kunz® ;

Let R be a regular local ring of characteristic p>0 and let R’ be a regular
subring of R such that R’ contains R? and such that R is a finite R’-module.
Does R have a p-basis over R’?

First, we prove the conjecture for the case that R is a finite R?-module. In
this case, we have a technical lemma (see in §2) which asserts that
R has a p-basis over R’ if and only if R’is regular and R’ has a p-basis over
R?, where R and R’ are the same as stated in the above conjecture. There-
fore, to prove the conjecture in this case, it is sufficient to show that R” has a
p-basis over RP.

On the other hand, S. Yuan defined the inseparable Galois extension
as follows;

DEFINITION. Let A be a ring of characteristic p. An A-algebra C is called
a Galois extension of A provided

(i) C is finitely generated projective as A-module,

(ii) A for all teC,

(ili) Given any prime ideal q in C, then C, admits a p-basis over A n,.

With this definition, he proved the following;

If ACBCC is a tower of rings such that C is a Galois extension both over
A and B, then B is a Galois extension over A (cf. Theorem 11 of [10]).

However, the proof does not depend on the assumption that C, admits a p-
basis over Bpn,. If R is a regular local ring such that R is a finite R?-module
and if R’ is an intermediate regular local ring between R and R?, then R is
a Galois extension of RP? (cf. Corollary 3.2 of [6]) and R is a finite free R’-
module (cf. Theorem 46 of [6]). Hence, Yuan’s proof can be used to prove the
assertion that R’ has a p-basis over R?. For convenience, we restate Yuan's
proof with our notations in our proof (see § 3).

The general case of the conjecture is reduced to the case that R is a finite

*) Professor H. Matsumura has kindly communicated to us that he had dropped the
assumption R’ DRP for the conjecture of Kunz described in § 38 of by mistake.
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R?.module by the completion and the immersion to a power series ring over
an algebraically closed field (see § 3).

The authors would like to express their hearty thanks to Professor H. Ma-
tsumura for his encouragement and helpful suggestions.

§1. Notations and preliminaries.

In this paper, p is always a prime number and all rings are commutative
with identity. A ring is called a local ring if it is noetherian and has only one
maximal ideal. Let S be a ring of characteristic p and let S? denote the sub-
ring {x?|x=S}. Let S’ be a subring of S. A subset I'CS is said to be p-
independent over S’, if the monomials b$1--- bin, where by, ---, b, are distinct
elements of /" and 0=<e¢;<p—1, are linearly independent over S?[S’]. [is called
a p-basis of S over S’ if it is p-independent over S’ and S?[S’, I']=S.

From now on throughout this paper, R will denote (except in [Lemma 1)) a
local domain of characteristic p, m the maximal ideal of R, 2 the residue field
of R and K the quotient field of R. We denote the Krull dimension of R by
dim R and we put dim R=r. We set m®={m?|mem}. Since mN\R?=m®,
the natural map R?/m‘® — R/m=kFk is injective and its image is equal to (R/m)?
=kP={a?|a=k}. In view of the above injection, the residue field R?/m‘® of
R? can be identified with the subfield £? of 2. R’ will denote an intermediate
local ring between R and R?, m’ the maximal ideal, %’ the residue field and K’
the quotient field. It is clear that R dominates R’, that is, mN\R’=m’. Since
we may identify the residue field 2’ of R’ with the corresponding subfield of
k, we assume that k?Ck’Ck. For any subset A of R, we denote by A the
set of residue classes of the elements of A modulo m. When we say “4 is a
p-basis” we tacitly assume that A maps injectively to A.

§2. Purely inseparable extension of a local ring.

LEMMA 1. Let R be a local ring of characteristic p and let R’ be an in-
termediate local ring between R and R®. Assume that R is a finite R’-module
and R has a p-basis over R’. Then there exists a p-basis I' of R over R’ which
is of the form I'=B\U{z, -, zs}, where B is a system of representatives of a
p-basis of the residue field k of R over k', {z,, -+, zs} is a subset of a minimal
system of generators for m and s=rank,m/m’'R-+m’

ProoF. Let A be a p-basis of R over R’. Then we can choose a subset
B of A such that B is a p-basis of & over k’, where B is the set of residue
classes of the elements of B modulo m (cf. Exercises of §8, [1]). Then R'[B]
is a local ring with maximal ideal mz=m’R’[B] by Lemma 2.2 of [5]. Set G
=/A—B. Then G isa p-basis of R over R’'[B]. Since R=R’[B]+m, we may
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assume that GCm. Therefore, we can choose a minimal system of generators

for m from m"UG. Let {zy, -+, 25, X541, -+, X}, 2:€G6, x;€M (=1, -+, s, j=
s+1, .-, ) be an arbitrary minimal system of generators for m chosen from
m’UG. Suppose that {z, ---, z;} &G. Then there is an element w,=G such
that w,=z; (=1, ---, s). Since w,=m, we have

wy= 2 azi+ 2 Bix; (ai, B;ER).
i=1 j=s+1
Since G—{z, ---, zs} is a p-basis of R over R'[B, z;, -, z:], we have that

aiz(eZ)ampr‘f’ (ai(el)ER/[B; zy, vy 2], W EG—{zy, -+, z5})
L

and
[8]': (ezl) ‘Bj(el)]_—[w‘il (‘BJ(el)ER,[Br 21y " ZS]} leG— {217 Tty ZS}) .

From these three relations and p-independence of G — {z, ---, zs} over
R'[B, zy, -+, z;], we have an equality 1= a;c;z;+2 Bjepx;. This is a con-
tradiction. That is, G={zy, --, z}.

On the other hand, the sequence of k-module

0 — m/m"R+m* —> Qpip Qb —> 241 —> 0

is exact (cf. Rangsatz of and of [8]). Since R has a p-basis
consisting of s+ |B| elements, 2/ is a free module of rank s+ |B| (cf. 38. A
of [6]). Similarly, rank;Q;/» =|B|. Therefore we have

rank ym/m’ R+m?=rank .2z X k—rank 2,
=s.

LEMMA 2. Let R be a regular local ring of characteristic p with dim R=r
and let R’ be an intermediate regular local ring between R and RP. If there is
a system of representatives C of a p-basis of k' over kP such that [K’: K?(C)]
=p"%, where s=rank,m/m'R+m?, then R’ has a p-basis over RP?,

ProOF. By Lemma 2.4 and Lemma 2.5 of [5], R?[C] is a regular local ring
with maximal ideal m,=m® R?[C]. Put s=rank,m/m’R+m? Then, there is a

minimal system of generators {zi, ---, 2s, Xs4+1, ***, X,; for m, where z;, -, z,&
mand x4, -+, x,em’. Suppose that we could choose y;, -+, y, ((<r—s) in such
a way that

(@) yi=Xs4s OF y;=u;xsy; for i=1, ---, [, where u; is a unit in R’ (and
therefore {y, ---, y;} is a subset of a minimal system of generators for m),

() {y, -+, v} is p-independent over K?(C), and

() R=RP[C, yi, -+, y,] is a regular local ring with maximal ideal m,=
mNAR, =m.+(vy, -, ¥R
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Then we will prove that there exists an element y,;;& R’ which satisfies the
following three properties;

(@ {yi, -, vi+1} is a subset of a minimal system of generators for m,

(b) {y1, -, yi+1} is p-independent over K?(C),

(¢) R;:1;=RP?[C, y,, -, vi+1] is a regular local ring with maximal ideal
mz+1=n1f\Rz+1:mc+(y1, o, YD R
Since C is a p-basis of k’ over k?, we have R'=R?[C]+m’, K’'=K?(C, m’) and
[K": K?(C, Vi1, * yz)]zp“s'lép- If xgrp e KP(C, Vi, " yl); we put ypu=
xs+1+1. Otherwise, we choose an element m’ em’ such that m’ e K?(C, vy, -+, o).
Let u;4;=1+m’. Then u;,; is a unit of R’ and u;,& K?(C, y;, -=-, y,). In this
case, we set y;41=U;+1Xs+141. 1D both cases, y;.;em’ and y,., € KP(C, y,,
-+, v,), that is, v,4; is p-independent over K?(C, y,, ---, y;). We claim that
R,+:=R?[C, vy, -+, y1+1] is a regular local ring with maximal ideal m;;;=
mmRL-H:mc_i_(yly oy VDR It is obvious that mz+1:mc+(y1, oy YR
To prove that R,;;=R,[y,;+:] is regular, it is sufficient to show yP.,<m} by
38.4 of [7]. Suppose that y?,,em}. Since m;=m,+(yy, -+, y)R,,

mi=m® )P RPLCI+mP(yy, =, y)Ri+(yy, =, y1)°R..
Then we have
y%’+122a‘Zn,>HC?’+E.3’2n,><ej)HC7‘Hy?erETIZn[)(fyHCZ“Hy’}f

where ¢, €C, @y €W, Bapep €M, TmyspER, Ze;=1 and Xf;=2. Regarding
the p-th powers of ¢, and y; as elements of R?, we have

y’i+1=277’2m,>H63“‘+251€m,><gj>1163"fHy%erEC‘im[mjaIICZ’“Hy?f
where ¢, €C, i, Em?, E(m{xgﬁem, Cm()(hj)eR and 0<m,, g;, h,=p—1. Since
2e;=1 and X f;=2, we have &uyyem?® and Cm(o)eg)lyil?. Because of p-
independence of {C, y4, -+, vy,} over K?, it follows that

Vis1=0w+Féww+Lwo o -

Set C(om):gdiyi, where d;=R. Then we have ym“ié d;y;=m®. This is a

contradiction because {yi, -, yi+1} iS a subset of a minimal system of genera-
tors for nt.

Thus we have proved that there exist y,, -+, y,-sR’ which satisfy the
following three properties;

(@) {yy, -+, y,-st is a part of a minimal system of generators for m,

(b) {y1, -+, y--s} is p-independent over K?(C) (that is, the field of quotients
of Rr-y=R?[C, 31, =+, yr-s] is K'),

(¢) R,-s=RP?[C, yy, -, y,-s] is a regular local ring with maximal ideal
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Meos=tme+(y1, =, Yr-s)Rros.

Since R,.; is normal and R’ is integral over R,_;, we have R'=R,.;. It
follows that {C, y,, -**, y,-st is @ p-basis of R’ over RP?.

LEMMA 3. Let R be a local ring of characteristic p such that R is a finite
R?-module and let R’ be an intermediate local ring between R and RP. Then, R’
is a finite RP-module and hence R’ is a finite R'P-module.

PrROOF. Since R? is a noetherian ring and R a finite R?-module, the sub-
module R’ of R is a finite R?-module.

LEMMA 4. Let R be a regular local ring of characteristic p such that R is
a finite RP-module. Let R’ be an intermediate local ring between R and RP.
Then the following conditions are equivalent :

(i) R has a p-basis over R’.

(ii) R’ is regular and [K: K']J=p'**, where [k : k’]J=p" and s=rank,m/m’'R
+m?.

(ili) R’ is regular and R’ has a p-basis over RP®.

PrROOF. (i)= (ii). By Theorem 51 of [6], R’ is regular. [K: K']J=p'**
follows from Lemma 1. (ii) = (iii). We have only to show that R’ has a p-
basis over R?. Let B be a subset of R such that B is a p-basis of £ over k’
and let C be a subset of R’ such that C is a p-basis of &’ over k?. Since
|B|=I, we have [K: K'(B)]=p%. On the other hand, it holds that [K:
KP]=p'BuCi+r by Theorem 3.1 of [5]. Then we have [K’: K?(C)]=p""°. Thus
R’ has a p-basis over R? by (iii) > (i). R’ is a finite R’P-module
by We have already proved (i) = (iii). Replacing R?, R’ and R by
R’?, R? and R’ respectively, it follows from the implication (i) = (iii) that R?
has a p-basis over R’?, Then obviously R has a p-basis over R’. This
completes the proof.

§3. Proof of the conjecture.

THEOREM. Let R be a regular local ring of characteristic p>0 and let R’
be a regular subring of R such that R contains R? and such that R is a finite
R’-module. Then R has a p-basis over R’.

PROOF FOR THE CASE WHERE R IS A FINITE R?-MODULE. In this case, it
is sufficient to show that R’ has a p-basis over R? by The assertion
that R’ has a p-basis over R? follows from the same argument that S. Yuan
used in the proof of Theorem 11 of [10]. We restate it below for convenience.

For simplicity of notations, we put B’=R’/m® R’ and R=R/m®R. In view
of Theorem 46 of [6], R is a finite free R’-module, so that R is a finite free
R’-module. Let by, -, b, be a basis for the free R’-module, Let 0 be a k®-
derivation on B. For any xeﬁ’, 0x may be expressed in the form (0;x)b;+ ---
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+(0,x)b, with 9;x=R’. It is easily seen that the map x — d;x is a kP-deriva-
tion on K’ for each ;. Now, since R has a p-basis over R? (cf. Corollary 3.2
of [5]), R is a Galois extension over R?. Then we have Homgr(R, R)=R[D]
by Theorem 9 of [10], where D=Dergs(R). Hence, we have Hom,»(R, B)=
ﬁ[ﬁ], where ﬁ:D/m“’)D. So no nontrivial ideal in B is stable under D. Let
I be a nonzero proper ideal in #’. Then there is a kP-derivation 9 on R such
that B(Iﬁ) is not contained in IR. This means 9;/ cannot be contained in I
for some 7. Thus R’ is a differentiably simple ring. And so by Corollary 2.8
of [9], R’ has a p-basis over k?. Let A be a set of representatives in R’ of a
p-basis of B’ over k?. Then R’=RP[A] by the lemma of Nakayama. Since
R’ is a free R?-module, every minimal basis of R’ is linearly independent over
R?. Hence A is a p-basis of R’ over R? (cf. [2], Chap. II, §3, Corollaire 1 of
Proposition 5). This completes the proof.

PROOF FOR THE GENERAL CASE. We first prove the following lemma.

LEMMA 5. Let R be a regular local ring of characteristic p and let R’ be
an intermediate local ring between R and R? such that R is a finite R’-module.
If R’ is regular, then m'=m® R’ or m’Cm?

PrOOF. First we assume that R is a finite R?-module. If R’ is regular,
then R has a p-basis over R’ by the above proof. By [Lemma 1|, there exists a
p-basis of R over R’ which is of the form I=B\U/{z, -, z;}, where B is a

system of representatives of a p-basis of residue field 2 of R over &', {z,, ---, zs}
is a subset of a minimal system of generators for m and s=rank,m/m'R-t+m?.
If s<r, there is a minimal system of generators for m, {z1, -=*, 25, X541, ', X4},

where x,em’ (j=s-+1, -+, 7). Thenm'am?. If s=r, log,[K": K*]=log,[k’: k7],
because we have log,[K: K?]=|C|+|B|+r by Theorem 3.1 of [5], where C
is a system of representatives of a p-basis of &’ over 2?. By Lemma 2.4 and
Lemma 2.5 of [5], R?’[C] is regular. Then, R?[C]=R’. Therefore we have
m'=m® R’ by Lemma 2.2 of [5].

In the general case, let B be a subset of R such that B is a p-basis of £
over k’. Since R'[B]is regular by Lemma 2.4 and Lemma 25 of [5], we may
assume that £=F%’. Since the completion R is faithfully flat over R and R’ is
faithfully flat over R’, in order to prove that m'=m® R’ or m’ ¢ m?, we may
assume that R and R’ are complete. That is, we assume that R=k[[Z,, ---,
Z.11 and R'=k[[Y,, -, Y,]] where {Z, ---, Z,} and {Y,, ---,Y,} are varia-
bles over k respectively and ZZ<R’ for ;=1, ---, r. Let k be the algebraic
closure of 2. Then we have

RILZ,, -y ZD/Zy oy Z=k@w(RILZy, -, Z,00/(Z0, -+, Z)Y).

It follows from Local criteria of flatness that 2[[Z,, ---, Z,]] is faithfully flat
over k[[Z,, -, Z,]]. Therefore, we may assume that R=E[[Z,, ---, Z,]] and
R'=K[Y,, ---,Y,]]. In this case, we have that m'=m®R or m’c¢m® by the
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finite case.

PROOF OF THE THEOREM. We prove the theorem by induction on dimR=r.
When »=0 the assertion is trivial. Assume »>0. We have either m'=m® R’
or m’cm? by the preceding lemma.

First, suppose that m’=m‘®R’. Let B be a subset of R such that B is a
p-basis of k2 over k’. Since R’[B] is regular by Lemma 2.4 and Lemma 2.5 of
[5], we may assume that k=£k’. Let {z, ---, z} be a regular system of para-
meters of R and let R and R’ be the m-adic and m’-adic completion of R and
R’ respectively. Since R is finite over R’, we have R=R®x R’. Hence we
have R=k[[Z,, ---, Z,]] and R’'=Ek[[Z2, ---, Z?]], where Z,, ---, Z, are inde-
terminates. Therefore, z;, ---, z, are p-independent over R’. If R'[z,, ---, 2,]
is regular, we have R=R'[z,, --, 2], because [K: K’]=»". In fact, the maxi-
mal ideal of R’[z, -, z-] is generated by » elements z, :--, z, and the Krull
dimension of R’[z, ---, z.] is r, hence R'[zy, -+, z-] is regular.,

Next, suppose that m’dcm?. We assume that it holds for the case of Krull
dimension »—1. Since m’dm? we may choose an element y, of m’ such that
y,&m?’. Then R/y,R and R’/y,R’ are regular local rings of Krull dimension
r—1. Since R is faithfully flat over R’, y,RNR’=y,R’ and so R/y,RDR’'/y.R’.
Therefore by the induction hypothesis R/y,R has a p-basis, say ]5, over R'/y,R’.
If Pis a set of representatives of P in R, then the same argument as at the
end of the proof for the finite case shows that P is a p-basis of R over R’.

COROLLARY 1. Let R be a regular local ring of characteristic p such that
R is a finite RP-module and let R’ be an intermediate local ring between R and
R?. Then R’ is regular if and only if R’ is generated over R? by a subset of
a p-basis of R over RP.

PrROOF. If R’ is regular, there exists a p-basis of R over R’ by
Then by there exists a p-basis of R’ over R?. The union of these
two p-basis is a p-basis of R over R?. Thus R’ is generated over R? by a
subset of a p-basis of R over R?.

Conversely, if R’ is generated over R? by a subset of a p-basis of R over
R?, then R has a p-basis over R’. Therefore, R’ is regular by Theorem 51
of [6].

Similarly, we have

COROLLARY 2. Let k be a field of characteristic p, let R=Pk[[X,, -+, Xn]]
and let R’ be an intermediate local ring between R and k[[ X3, ---, XE]]. Then
R’ is regular if and only if, after a suitable change of variables in R, R’ is of
the form R'=k[[ Xy, ---, X5, X84y, -+, XB]1.
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