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Abstract. This article continues the asymptotic analysis of a nonlinear
Schrodinger-Poisson system which models in a far from equilibrium regime the quan-
tum transport in electronic devices like resonant tunneling diodes. Within the re-
duction to an h-dependent linear problem with uniform regularity estimates for the
potential already established in the first part, explicit computations of the asymptotic
finite dimensional nonlinear system are derived. They rely on an accurate (phase-
space) analysis of the tunnel effect which relies on some kind of Breit-Wigner formula
and Fermi golden rule.

1. Introduction.

We complete the asymptotic analysis started in [BNP1] of some out-of-
equilibrium 1D Schrédinger-Poisson system arising from the modelling of resonant
tunelling diodes. This problem is a nonlinear problem whose functional framework
was considered in [BDM], [Ni3] within a Landauer-Biittiker approach accord-
ing to [BuLa], [ChVi|, [Lan] (see also [NiPa], [Pat], [JLPS], [PrSj], [BNP],
[BNP1]). The final aim is to derive as generally as possible a finite dimensional
asymptotic model which allows to compute all the possible steady state solutions
of the nonlinear problem. It is known after the heuristic arguments developed
in [JLPS], [PrSj] that such nonlinear Schrédinger-Poisson systems can produce
hysterisis phenomena with respect to the variations of the applied bias, due to mul-
tiple solutions to the nonlinear problem. In [BNP] before the theoretical analysis
was finished, numerical applications of the asymptotic model were used in realistic
cases coming from semiconductor physics. Two facts were observed in [BNP]:
firstly, the numerical results showed a good agreement with other numerical simu-
lations in [LKF] for similar quantum systems; secondly, more complex bifurcation
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diagrams appeared by taking into account the possible interaction of resonant
states localized in two different wells. Although the problem is one-dimensional
several difficulties arise:

e The idea that only a finite number of resonant states govern the nonlinear
phenomena, leads naturally to the asymptotic regime of quantum wells in a
semiclassical island, detailled below. Hence it is not exactly a semiclassical
problem.

e The problem is initially nonlinear which means that the potentials involved
in the Schrodinger operators and their asymptotic spectral analysis have a
limited regularity.

e The problem models a far from equilibrium quantum system.

In [BNP1] the analysis has been reduced to an h-dependent linear problem after
providing uniform estimates for the initial semilinear problem. In this article
we shall consider this spectral linear problem while handling theses difficulties
and the constraints brought by the nonlinear initial problem. The asymptotic
regime of a few quantum wells in a semiclassical island which is detailed below
leads to a finite number of resonant states within a finite energy interval. The
final writing of the asymptotic nonlinear system is encoded with the values of
the asymptotic occupation numbers of these quantum resonant states. After a
rescaling they are parametrized by weights t? € [0,1], j denotes the j-th well while
A stands for the energy variable. Here comes the difficulty, arising from the far
from equilibrium modelling, which is analyzed in this article. Far from equilibrium
steady states which can be presented with the Landauer-Biittiker approach are
better understood within a general “phase space” picture presented in [Ni3]: they
can be pictured as steady flows prescribed in the incoming phase space region.
Hence the occupation number of resonant states can be determined after a good
phase space (or microlocal) analysis of the tunnel effect. For example in our 1D
problem with a single well, when the steady states describes a beam of particles
arriving from the left-hand side, the coefficient ¢; is 0 when the quantum well
is on the right-hand side of the island because the escaping tunnel effect on the
right-hand side is easier than the incoming one from the left-hand side, and it
is 1 when the quantum well is on the left-hand side. Actually the situation is
even more complex when resonant states can interact, a case which cannot be
removed a priori in the nonlinear problem. A complete analysis of interacting
resonances is known to be difficult, due to the non self-adjoint framework and
the possibility of non trivial Jordan blocks. Nevertheless as it will appear, several
reasonable geometrical assumptions allow a complete analysis in numerous relevant
cases, with non trivial results. Hopefully, this accurate asymptotic linear spectral
analysis can be carried out completely with exactly the Lipschitz regularity of the
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semiclassical island potential a priori provided in [BNP1] by the study of the
nonlinear problem.

With the small parameter h > 0 going to zero and for some fixed interval
I = [a,b], consider the Schrédinger operator on the real line,

> .
Phi=—p—— VW A= B+ (Vo + V)1 (),

dz?
Ve W (a,b), (1.1)
where
r—a
HB(x) = _Bml[a,b] () = B 1j 100)(7) (1.2)

and Vy > 0 and B > 0 are constant. The potential & simply models the applied
bias. The family of potentials (V") he(0,ho) has uniformly bounded second deriva-
tives 92V = 929" in ., ([a,b]), the space of bounded measure on [a,b], which
converge weakly to some measure ;0 € #([a,b])!, with the additional boundary
conditions

Via) = V"(b) = 0.
Recall that this makes a bounded family of functions ¥ in W1 (a,b) and which
converges in €%%(I), a < 1, to a function ¥, 33”//(0)|(a b = u0|(a b We assume

that

inf  ¥Y"(z)=:Ag > 0. 1.3
he(o,lfrzlo),mel (x) 0 ( )

Finally, the potential —W" describes quantum wells according to

Wh(z) = Zw(xzc) (1.4)

i=1

where ¢; < -+ <cy are N given points in (a,b) and the functions w; are

I Taking the closed interval [a, b] or open inteval (a, b) makes no difference while working with
Vh or 9,V". Meanwhile our assumption written with [a,b] takes into account the possible
pointwise mass or asymptotic concentration at the boundaries a and b of the h-dependent second
derivative.
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continuous? positive functions supported in [—k, x] for some fixed x > 0. We shall
use the convention ¢y = a and c¢y41 = b. The Hamiltonian H h'is the self-adjoint
realization of P" on the real line with domain H?(R)

Vu € D(H") = H*(R), H"u:= P"u. (1.5)

Recall that the notation P is used for the differential operator while H is reserved
for some closed non necessary self-adjoint realization as an unbounded operator
on L2

The potentials w;, ¢ = 1,..., N, is chosen so that the spectrum o(H;) of the
Hamiltonians H; = —A — w; satisfies

”/ﬂb(ci) + infa(Hi) > kr; >0,

with x; independent of h. With such an assumption the operator H” has a purely
continuous spectrum equal to [—B, 00).

Due to the applied bias B > 0, the dispersion relation associated with the
Hamiltonian H" reads

k2 if k>0,
>\k = (16)
k*— B ifk<0.

For k € R such that A\, € (=B, +0c0) \ {0}, the incoming scattering state ¢" (k, x)
is the solution of

Phdj}i (kv ) = Akw’i (ka ')a (17)

with the normalization

ikz _jkz
e'n +rpe ' n for x<a,
for k>0 "k x)=
d)—( ? ) i(>‘k+B)1/21'
h

k€ for = > b,

O/
tre "R for = < a,

for k<0 " (k,z) =
e et for x> b.

2In [BNP1], the nonlinear analysis was carried out with only w; € L>(I).
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The square root z'/2 is chosen with the ramification along the half-line iR_ in

order to ensure that e_i(’\k)l/2

(=B,0).
This can be reduced to k-dependent transparent boundary conditions

* decays exponentially as * — —oco when )\ €

ke [hd, + iny 0 (k, a) = 2iket, s

or .
[h0y — i(Ax + B)Y2] 9" (k,b) = 0,
[h8, + i\ *)¢" (k,a) = 0,

for k<0 (1.9)
(W — (A + B)Y/2]" (k,b) = 2ike! "

The coefficients ¢ and 7 are the transmission and reflexion coefficients and satisfy
for A, >0

2
1.10
el -+ 2 el = (1.10)
Denote, for i = 1,..., N by o; the set of negative eigenvalues of the Hamiltonian
o; = {eirex, C (—00;0), K, C N, i=1,...,N. (1.11)
The set of asymptotic resonant energies is defined as
N ~
&y = U &, & =0 +7°c). (1.12)

i=1
Let us recall as well the notion of asymptotic resonant wells associated with A € &p:
Jyi={ie{l,...,N} s. t. A€ &;}.
The multiplicity m) of the asymptotic resonant energy A is given by
my = #Jx.

Like in [BNP1], we focus on positive energies: We fix an energy domain (A, A*) C
(0,Ap), and we consider the functions
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0 € €°((As,A%)), 0>0, (1.13)
and g(k) = 0(\)1r, (k). (1.14)

The function of the asymptotic momentum is the operator with (continuous in
1D) kernel

— dk

oK) = [ a0 (k)07 ) 5 (1.15)

and we are interested in the asymptotic of the particle density n"(z) defined by

b
/ o(x) dn"(z) = Te[g(KM) ()], Vi € €0((a,b)),

or equivalently

an'(@) = [ ol (ko) 5

The result of [ BNP1, Theorem 1.6] states that, possibly after extracting a subse-
quence, the measure dn” converges weakly to dn® in .#((a,b)) with

dn® =" Y"1 0(N) baee,, 1) €[0,1]. (1.16)

AEEy i€

Our aim here is the accurate determination of the coefficients ¢} according to the
geometry of the potential.

Recall that this result, [ BNP1, Theorem 1.6], is essentially obtained by check-
ing that the t}’s are equal to 1 when the function g(k) is replaced by 0(\;)
and g(K") by 0(H"). In this article, we focus on the anisotropic case when
g(k) = 0(A\x)1R, (k) cannot be written as a function of the energy. Note that due
to the decomposition

O(H") = g_(K") + g4 (K"),
9-(k) = 1k<o - 0(Ak),  g4(k) = Lrso - O(Ak), (1.17)

the result can be tranformed into a result for functions g_ supported on negative
momentum and even carries over to more general combination.
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2. Assumptions and results.

Since (1.16) is a local result on the energy axis while the set of asymptotic
resonant energies &y is finite, the analysis can be partly simplified after the next
assumption.

ASSUMPTION 1. Suppose that the support of function 6 and therefore of
g(k) = 1p>o - 0(A\g), contains only one asymptotic resonant energy

supp 0 N &y = { Ao}

The next assumptions are technically more serious. Some specific configura-
tions allow to handle accurately and quite simply the discussion with respect to
the geometry in terms of the Agmon distance.

DEFINITION 2.1.  With an energy A € R and a potential V € L*(I), is
associated the Agmon (possibly degenerate) distance d(.,.; V, A) defined by:

Vo,y eI, d(z,y;V,\) = ’/wymdt‘. (2.1)

NoOTATION 1. The Agmon distance associated with the asymptotic potential

#% and the asymptotic resonant energy ) is denoted by dy. It is defined by

do(,y) = ’/:mdr

)

With this distance, let

So = do(Uies, {ci},0I), Sy = max do(ci,cj), Sr:=do(a,b) (2.2)

,J€JIxg
be respectively the distance between the Ag-resonant wells and the boundary 01 =
{a, b}, the diameter of the union of the resonant wells, and the diameter of the

island.
It is sometimes convenient to introduce the set

U={c1,...,en}

Finally, introduce for 79 > 0 the quantity
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Sy := max ”/70(7') +n0 — Ao leny — e,

TE[c1,en]

which measures the diameter of the area which contains all the wells.

Notice that Sy is written in terms of some L°-norm of the potential instead
of an integral. The parameter 7 is introduced in order to ensure Sy > Sy. It can
be chosen arbitrarily small.

DEFINITION 2.2.  We say that the Ap-resonant wells are gathered (resp.
strongly gathered) if and only if

So+SU<S]/2 (resp. So+m)\OSU<S[/2). (23)

As Sy + Sy is the greatest distance from the boundary of the island to the
resonant wells; the condition Sy + Sy < S7/2 expresses that the resonant wells are
gathered in one of the halves of the island. This explains the terminology. Here
is an example: Assume S; = dy(a,b) = 1 with two wells such that dy(a,c;) =1/4
and do(a,c3) = 1/4+ 1/16. Then the quantities Sy, Sy and Sy satisfy Sy = 1/4,
Sy = ]./].6 and Sy + 25y = 1/4+ 1/8 < 1/2 = 51/2

DEFINITION 2.3.  We say that the wells are isolated if and only if
Sy >8Sy and my, = N. (2.4)

Inequality (2.4) means that the wells are confined in the central part of the
island.

THEOREM 2.4. Make Assumption 1. Suppose that the \g-resonant wells are
strongly gathered, or suppose that the wells are isolated (my, = N) and gathered
with N = my,. Then the two next statements hold:

i) The coefficients tl’»\”, i € Jx,, are all equal to 1 if do(a,c;) < do(cq,b) for all
1€ JAO'

il) The coefficients tf‘o , 1 € Jy,, are all equal to 0 if do(a,c;) > do(cs, b) for all
1€ J>\0.

In the first case the wells are confined in the left-hand half of the island,
whereas in the second case the wells are confined in the right-hand side of the
island, this partition being done in terms of the Agmon distance dy. This result
can be interpreted in terms of tunneling effect: in case i) the tunneling effect is
easier from a to the wells than from the wells to b, the particles coming from —oo
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(remember g4 (—|k|) = 0) are trapped by the wells; in case ii), the particle escape
more easily from the wells to b than they get into the wells from a.

THEOREM 2.5. Assume that the wells are isolated according to Definition

2.3 (my, = N). Let \p < --- < )\ZUO be the eigenvalues of the Dirichlet Hamilto-

nian Hh on I = [a,b] converging to Ao as h — 0 with the normalized eigenvectors

b ¢k . Fize € (0,1/2ming<izy < N1 |ci—co|) and let " (k,-) be the gener-

alized ezgenfunctions of H" = H" + W". Then the coefficient t?o, i=1,...,mx,,
is obtained as the limit of the quantity

ci+e
/ | (2 ydx
c,—€

L V(e writ (AR
T | (o wei (/A7)

(2.5)

-

as h — 0 (after possibly extracting a subsequence).

From this result non trivial cases for which not all the ¢ belong to {0, 1} will
be exhibited in Section 8, in particular in Proposition 8.5 and Proposition 8.6.

When N = 1, we will establish that, the coefficient #;° belongs to (0,1) only
if do(a, Cl) = do(cl, b)

In the case of two wells N = 2, the values of £;° and 3° have to fulfill the
next rules

1. 13° =1 and £5° € [0,1] if do(a, 1) < do(ca, b);
2. 179 € 0,1] and £5° = 0 if do(a, ¢1) > do(ca, b);
3.1 >0 >0 > 0if do(a, c1) = do(ca, b).

All these rules which were proved only for isolated wells and especially the general
condition ti\o > tg‘“ have a very natural interpretation within the probabilistic
presentation of quantum mechanics. They are probably valid in all cases although
our proof requires some specific assumptions. They were taken as granted in
the numerical applications treated in [BNP]. Although there are some technical
difficulties, the completely general analysis of interacting resonances when my, >
1 would definitely be valuable. Nevertheless, our results provide essentially a
complete understanding of what is going on when there is no interaction between
resonances, or when the interaction of resonant states involves only two wells. In
the final nonlinear problem presented in [BNP], [BNP1], the coefficients ¢} play
the role of Lagrange multipliers which have an arbitrary value in [0, 1] when the
associated constraint for the asymptotic resonant energy or the Agmon distances
is saturated.
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Finally note that the assumption my, = N in the second case of Theorem 2.4
(isolated and gathered wells) is not crucial. It is assumed here in order to avoid
some unessential technicalities which have already been considered in [BNP1] and
are treated in the slightly simpler first case.

3. Reduction of the relevant energy interval.

In [BNP1], a small h-dependent energy domain around Ag has been intro-
duced. Let H? denote the Dirichlet realization of P" on the interval I = [a,b] and

let {Af,..., A}, } be the ordered eigenvalues converging to A° as i — 0. Set
Qp:={2€C st Re(z)€ Ky, Im(z)e[-4h,4n]} (3.1)
with K, := [Ag — @™, Ao + ] (3.2)
and o ::4max{h,|)\0—)\?|,j:1,...,mA0}. (3.3)

The Proposition 6.4 of [BNP1] yields the next energy interval reduction.

PRrROPOSITION 3.1.  Under Assumption 1, the convergence

lim Tr[g(K" o)) = 9(v/30) Tr{Lac, (H") 10 0y (K" ()] = 0

holds for any ¢ € €°((a,b)).

Hence we will mainly focus on the energies lying in K and on the spectral
parameters lying in 2 in the sequel.

4. Lower bound for the imaginary parts of the resonances.

In this simple one-dimensional problem where the potential is piecewise con-
stant outside a compact interval, the resonances are easily introduced after an
explicit complex deformation of the transparent boundary conditions (1.8)—(1.9).
The operator H ? is defined for a complex ¢ lying in a neighborhood of A € (—B,0)
by

(RO, + iCl/Q]u(a) =0,
D(H}) = qu e H*(I), , (4.1)
(RO, —i(¢ + B)Y2]u(b) = 0

Hlu=Phu=[—hA+7"(@)u, Yue D(H}), (4.2)
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W1 xTr) = 2 xXr)— xX).
ith ¥ s wh

The resonances are then exactly the complex values z for which the operator
(H! — 2) is not injective (see [BNP1] for this specific case and [BaCo], [HeSj1],
[HiSi] for more general versions of the complex deformation).

It was proved in [BNP1] that the resonances converging to Ag lie in a
O (e=25/M)_neighborhood of the Dirichlet eigenvalues (see [BNP1, Proposition
5.2]). Hence we get the usual result that the imaginary part of resonances con-
verging to Ag are exponentially small

25

Im (") = 5(6_T).

Remember that f(h) = €(g(h)) means that for any fixed but arbitrarily small
n >0, f(h) = O(erg(h)) as h — 0.

Providing a lower bound for the imaginary part of resonances is a standard
result within the semiclassical analysis of resonances (see [HeSj1]). We check it
with a more pedestrian approach for our 1D problem where the potential does not
fit exactly with the semiclassical setting and has a limited regularity. Note that
the lower bound can be much smaller than the upper bound in the multiple well
case.

PRroOPOSITION 4.1.  For any n > 0, there ewists a positive constant C;, > 0

h

such that for any resonance z" converging to \g, one has

_2S9—n 1 _2(So+Sy)tn
h h

Cye > —Im(z") > C

- n

(4.3)

PROOF. Let 2" be such a resonance and let u” be an associated normalized
resonant state, that is an element in the kernel of H fh — 2z with L2 (I)-norm equal
to 1. It satisfies

—h2 A" + “//h(x)uh =Ml ||uh||Lz(1) =1,
with the boundary conditions provided by u" € D(H fh) By taking the imaginary
part of the identity (A.1) applied with V = #" uy =u; = v, 2 = 2" and ¢ =0
one gets

—Im (") = hRe(V/ 2" + B)[u"(b)* + hRe(V2h)[u" (a)|?. (4.4)

If the imaginary part of 2" is too small, u” satisfies a Cauchy problem in z = a
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with small datas because of the resonant boundary conditions and limy_.g 2h =
Ao € (Ai, A*). We next check that such a smallness is limited by the normalization
assumption ||u"||z2 = 1. In order to get this, set

F(2) ( ) ) (4.5)

x) = L duh . .5
ih4 ()

F’ satisfies the ODE on [

0 1
h—yhoQ

ihﬁ = A" )F(z), AM(z):= (

= yh = yh _Wwh 4.
dz )7 (4.6)

Endow C? with the standard hermitian norm. If p"(x) denotes the spectral

radius of A"(z)A"(2)T, one gets the estimate

\h‘flf < o @) F@)P. (47)

By Gronwall’s lemma this yields
|F(2)| < min <|F(a)\e% [ =y ()12 dr, \F(b)le% Sy d‘r>7 (4.8)
for all € I. The transparent conditions given by u" € D(H f,) imply
[F(a)]* = [u" (@) (1 +|2"]),  |[FO)* = [u"(0)*(1 + |2" + BI). (4.9)

Apply now the Agmon estimate technique like in [DiSj] in order to check that
the resonant wave function concentrates in the wells: Taking the real part of the
identity (A.1) with V = 7" 2 = 2" u; = up = u" and p(z) = d(z,supp W";
Y — g9, Re z") with g9 > 0 leads to

b
0:/ |h8m(e%uh)|2dx+so/ |e%uh’2da:
a I

\supp W

+ / (“/7h(x) — Wh(z) — Rez")|u"Pdx
supp Wh

+ hIm [(z") 2] 255 [uh (a) 2 + hIm [(2" + B)Y/2] 25 [uh (b) 2.
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Since limy, o 2" = Ao > 0 and Im (") = &(e=2%/") and from (4.4) we deduce the
estimate

/\ ) ’h@z(e%uh)|2+ao‘e%uh|2dx
I\supp WhH

< 0P ma{ Y - [ 0= W) - Reul
supp Wh

Owing to ¢(a) < do(a,U) and ¢(b) < do(b,U) for h > 0 small enough and to
lul||z2 = 1 we get

/ |00, (5 )2 + eoleFulPdz < C
I\supp W"

for some constant independent of A > 0 (small enough). Let x be a cut-off function
which cancels around the boundary of I. Then, yu” is close to an eigenfunction
for the Dirichlet operator H?. Using [Hel, p.30-31] (or [HeSj2]), we can prove
that u" has asymptotically no mass in the non-resonant wells.

From this we conclude that the constant x; > 0 can be chosen so that there
exists i € Jy, such that the L2-norm of u" on [¢; — k1h, c; + K1 k] is greater than
1_L_for h > 0 small enough. Using (4.8) and integrating on [c; — k1h, ¢; + K1h],

§m,\0’

one obtains from (4.8) and (4.9)

ci+r1h

o < min <uh(a)2(1+ |Zh‘)/ e%f,ﬂzhf"j/h(r)llmdrdx;
m)\o

Cifﬁlh

Cj,+/‘€1h/

" (B)P(1 + [z" + BY) / ef 212" =712 dex). (4.10)

ci—k1h

In the integral with respect to 7, one can replace ¥” by Y modulo O (h), since
each well is of diameter kh. Fix now ¢; > 0. For h > 0 small enough we can
assume

|7;h(x) - 770(:13)‘ <ep

and |zh — )\0| <eq.

This leads finally to
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1
4 mio

2dg(a,ci)+Ceq
h

< %" min (2h|uh(a)|2(1 + [2"])e ;

2h|u"(b)|2(1 + |z + Bl)e

2d0(ui,b)+Cal>
D

2dg(c;,00)+C'eq
h

< O'|Tm 2" e

The lower bound of (4.3) appears as a necessary condition owing to do(¢;, 1) <
So + Sy by taking C'e; < e. O

REMARK 4.2.

e Note that in the single well case N = 1, Sy = 0, one recovers a logarithmic
equivalent to |Im z"|.

e Note that the lower bound of (4.3) can be improved slightly by noticing
do(c;, 0I) is less than min{Sy + Sy, S1/2}.

5. Resolvent estimates around an asymptotic resonant energy.

In this section, we play with the explicit expression of the determinant and the
inverse of finite dimensional matrices after the Grushin reduction of the resonance
problem, in the spirit [TaZw].

The next expression of the resolvent was derived in [BNP1] after introducing
a Grushin problem:

(B —2) 11 = (H! = 2) ' = F(z) - B*()(EH) "B (), (5.1)

for all z € ;, and where F' is a holomorphic trace class operator-valued function.
For any compact set K C (a,b), there exists cx such that the estimate

Vo € €°(K), |Tr(F(2)¢)|= ﬁ’g,(e_cK/h)7 h—0, (5.2)

holds uniformly for z € Qj, and h € (0, hg). The meromorphic part is of finite rank
with poles located exactly at the resonances 27, ..., szo of P*.

The labelling of the resonances is done according to the labelling of the Dirich-
let eigenvalues A2, ..., )\ZMO with \zjh - )\?| = (e 250/,

Moreover, the approximated expansions

Et(2) = diag[(z = M1),..., (= AL )]+ ﬁ(efi”) (5.3)

m>\0

= diag[(z — 21), ..., (z = 2 )] +ﬁ~(e’T), (5.4)

m>\0
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~ s
E~(2)=Egv + ﬁ(e*ﬁ), (5.5)

E*(2) = xEf + ﬁ(e*%). (5.6)

hold with ||Ef || and ||Ey | uniformly bounded and where ¢ and y are cut-off
functions (see [BNP1, Section 5 and Section 6.2]).

PROPOSITION 5.1.  The estimate

_ [ 20my,-DSy , 1
e+ = (] i a2 )

i=1,...,mx,

holds for any real A € Qy, N R, when || || denotes any fized norm on My, (C).

PRrROOF. We start to prove that there exists a function f" such that

mxg
o —+() — _ hyrh cesocl ok
VzeQy, detE~T(z)= ]1:[1(2 27 ) [ (2), ilgfolsrzlhf [f*(z)] > c¢>0. (5.7)

Fix any norm on .#,,, (C). The function iz det E=1(2) HT;IO (z — z}l)*l
is meromorphic on €2, does not cancel, and has removable singularities at z = z?
We apply then the maximum modulus principle to the matrix elements. Because

of (5.4) and the location of the resonances we have

mxg

det E=F(2) = H (z— z?) + 5(67%), (5.8)

Jj=1

and on the boundary of Qp, |z — z§L| > Ch, C > 0. Consequently, f is bounded by
below by 1/2 for h sufficiently small. This proves (5.7).
In order to evaluate the norm of (E~7(2))~!, we use the representation

1
Et(2) ' = ————comE T(z)" 5.9
(B = g eomE @) (59)
where I'(z) := com E~"(2)T denotes the transpose matrix of the cofactors. Let
us make more explicit the form of the general element I';;(z) in order to get the
estimate. In general, by denoting ¢(z) the residual matrix in (5.4) the entry I';;(2)
is a sum of (my, — 1)! homogeneous monomials of order my, — 1 in the matrix
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elements of E~1(2), among which there are  diagonal elements (0 < r < my, —1).
Such a monomial writes

r m>‘0_1
H (Z — Z;Lk + gikyik) H €o(i)iis O € Gm,\o—l' (5.10)
k=1 1¢{1,...r}

The estimate of ||(E~T(z))7!| is then derived from an upper bound of quantities
like

r mag—1
H (Z - Zjhk + Eikvik) H € (ir) in
thiz) =" e . 0<r<my -1  (5.11)
(2 — )

1

<.
Il

For any fixed r € {0,...,my, — 1} and X € R, the inequality

B 2(mx, —r1-1)S0 N 2(mx, —71-1)S0
ey ooy
|th(/\)’ < C, max < C, max
" 0<r <r  Mxp—71 0<ri<r Mxg—T1
h h
H |25, = A |25, — Al H |Tm 2, |
k=1 k=2

combined with the lower bound (4.3) yields

0;(62(mxo *;1*1)SU ) 0;(62(7%0}:1)511 )
}tff()\)| < C, max C . O

- n <G - n
0<r1 < m1n|)\—z-‘ mln’)\—z-|
j J ] J

6. Case of strong gatherness.
We prove Theorem 2.4 under the strong gatherness assumption (see Definition
2.2) that we recall here:
So + ma,Su <S[/2. (61)

Actually the result will be proved under the simplifying assumption that all the
wells are Ag-resonant, my, = N. The Lemma 6.1 given in the end of this Section
will make clear that this assumption is not restrictive.
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PROOF OF THEOREM 2.4 UNDER THE STRONG GATHERNESS ASSUMPTION.
First note that the two statements i) and ii) can be deduced one from the other
with a complementary argument provided by the relation (1.17) with the functions
of the energy for which t;‘ = 1 was proved in [BNP1].

Hence we want to prove

. h _
Jim Tr [g(K")p] =0

in the case ii). According to Proposition 3.1, it is equivalent to

: h h —
lim Tr [¢" (K2 )] =0,

with g" (k) = 1(0,4o0) ()11, (Ak)-

Let " (k,2) (A, € K}) be the generalized eigenfunction defined by (1.8)(1.9)
for the potential #" and ¢ (k, ) be the generalized eigenfunction associated with
the filled potential ¥ = ¥" + Wh. Set

ul(k,-) = " (k, ) — O (ko) = (HJs — k)" WP (k, ). (6.2)
so that

0" (k)| < 2" (k, )| + 20ul (k, 2) 2. (6.3)

If we denote by K" the asymptotical momentum for H”, we get for any p €

@2 ((a,b); Ry):

dk

0< T (g" (K" )p) < Tr (9" (K" )o) + 2ol / e e, )2 5 (69

k>0, AK€
If we come back to the expression (5.1) of the resolvent (H]> — k*)~!, we get
ul(k, ) = F(EH)W"" (k, ) — BT (K*)(E~T (k%) E~(K)W"" (k,-),  (6.5)

and finally

[l (ks ) |[52 < 2 FR2WPEE (ke )||* + 2| T2 W8 (k||

, (66)

by setting
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T(k*) := EY(K*)(E~T (k%) B~ (k). (6.7)

The first term of (6.6) uniformly goes to 0 when h — 0, because F' is bounded in

dg(a,U™)

the operator-norm and Whﬁﬁ(k, -) is 5)(67 n ), according to the Proposition
6.2 in Section 6.1 of [BNP1]. By Proposition 5.1, it follows that the second term
is bounded by

2d(a,U) 4(N-1)Sy
- h e h

TR W (k,)|)* = 6 | ——5—— | - (6.8)
min |k* — z/|
j=1,..,N
But, for any resonance 2z € {20, ... 2%}, writing 2" = E? —il'" E" = Re ("),
' = —Im (2"), gives
1 1 Iy

‘kQ _ Zh|2 = ﬁ(kZ _ Eh)2 +Fh2' (69)

The latter factor is uniformly bounded in L' (Ry,), while the first factor is estimated
owing to (4.3) by

1 ~
—
Ty

< 2(So+Sy) )
€ h .

By putting all the inequalities together, the integral in (6.4) is dominated by
~ (a,U) 4(N=1)S ~ / 2(S0+5y)
ﬁ(e_m%e%> X ﬁ(e%)

We conclude by recalling the assumptions

d(a,U) = S; — (So + Sv)
95, + 4(So + NSy) < 0. 0

The next arguments show that the assumption my, = N is easily removed.
Let H:

k2 nr
potential

be the operator with the same domain as H ,?2 and associated with the

- T —cj
T=7"+ D “’j( h J)’

JEJI N
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where all the resonant wells are filled. In [BNP1] such an Hamiltonian was de-
noted by Hy2(\o) and it was proved (see Proposition 4.3) that it satisfies the same
resolvent estimate as Hy2. Hence the previous proof carries over to the case when
my, < N as soon as the generalized eigenfunctions " nr (K, ) corresponding to
the partially filled wells share the same properties as the 1[)& (k,z). This is given
by the next Lemma.

LEMMA 6.1.  For k > 0 such that A\, € K}, the pointwise estimate

dg(a, Ul ) +do (UL, @) )
- r

z/;ﬁ,nr(kax) = iﬁ(k,l‘) + é’(e_

holds for any x € I = [a,b] with a uniform control of the constants with respect to

x € 1. The set Ul is supp W}l with W), = Wh =37, w;(52).
0

Proor. The function 5( ) = P (k) — Y" (k,-) is in the domain of
H}, . and, since Ph W = it follows that

7177

iﬁ,nr(ka ) = 1;}1 (k’ ) - (H]?2,717' - k2)_1W7];r1;}—L(k7 ) (610)
It was shown that wh( ,x) = O(h~1)e%(®) yniformly w.r.t k, whereas the
kernel of (HfY, , — k)~ is é( —do(@.)), O

7. Isolated wells.
We assume in this section my, = N.

7.1. Preliminary results.

In the case of isolated wells, the geometric assumption ensures that the res-
onances are simple. More precisely, the gaps between the Dirichlet eigenvalues
converging to \g are much larger than the imaginary parts of all the correspond-
ing resonances. This does not correspond exactly to the case my, = 1 because the
energy domain K5 = €, N R has to be splitted into exponentially small energy
intervals with a refined analysis which was not really carried out in [BNP1]. This
will lead in particular in Section 7.2 to a refined version of the Breit-Wigner type
formula for the local density of states already considered in [BNP1] after [GeMa],
[GMR].

The first result which is an application of the universal lower bound of gaps
given in [KiSi], introduces the quantity Sg.

PROPOSITION 7.1.  Let At < ... < )"};“o be the eigenvalues of HY, the
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Dirichlet realization of P" on I converging to \g. There exists a constant Cyy > 0
such that for h > 0 sufficiently small

Vi#k, M- > Cpte (7.1)
When the wells are isolated, each disc centered on )\? with radius (SCU)_le_SU/h
contains therefore only one resonance of P for h > 0 small enough.

PRrROOF. Consider the Hamiltonian H” on the whole line R with domain
H?(R) and defined by

Vu € H*(R), H"u:= P"u, P":=—h?d*/dz*+ V", (7.2)

P =1 oy V(@) + 10" 4 L) - V(D). (7.3)

The potential ¥ is a continuous function constant outside I and coinciding with
#" on I. By construction, one has

inf oess (H") > Ag > A*. (7.4)

Besides, the number of eigenvalues of H" is bounded w.r.t. h > 0. Apply then the
Theorem 2 from [KiSi] given in Appendix B with [axs,bxs] = [c1 — kh, cn + KR]
and a%s = Ay (the gg index refers to Kirsch and Simon’s notations). This
provides a lower bound for the splitting of the eigenvalues of H", lying around A,
namely

Y,

Sy
“Th

> Ce (7.5)

Now, if A" is one of the eigenvalues of H in this interval with ¢" a corresponding
L?-normalized eigenfunction, one has with the exponential decay estimates (see
[BNP1, Proposition 3.3])

Sg—cn

H'xo" = N'xg + [P" x]6",  ||[P" x]8"]| . < Cpe™ "7, (7.6)

for a smooth cut-off function x supported in (a,b) and equal to 1 outside an 7-
neighborhood of its boundary 0I = {a, b}. Since H? is self-adjoint, an orthonormal
basis of m,, eigenvectors ¢"’s associated with eigenvalues A" converging to Ao
can be considered. The exponential decay of these eigenvectors (see [BNP1,
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Proposition 3.3]) ensures that the Gram matrix of the y¢"’s is exponentially close
the unit matrix. According to [Hel], [HeSj2] (see also [BNP1, Appendix CJ),
H" has at least m, eigenvalues converging to Ag.

Conversely, if A is an eigenvalue of H" with eigenfunction qgh, one has in
L*(I)

HM oM = Nxo" + (PP, x]o", (7.7)

with the same estimate of the remainder term [P”, x]¢" as in (7.6) owing to the
exponential decay of qASh (Use again the Agmon estimate). A first application of
the results of [Hel], [HeSj2| (see also [BNP1, Appendix C]) ensures that there
is a bijection between the eigenvalues of H and the eigenvalues of H" converging
to Ao, with variations of order &(e~50/") which are much smaller than the gaps
(7.5). O

The previous localization of resonances can be combined with the Grushin
formulation (5.1). Unfortunately this does not produce an accurate enough infor-
mation. We now want to use the lower bound on the gaps in order to consider
separately every pair ()\?, zf) made of a Dirichlet eigenvalue with the associated
resonance, although this still allows interacting wells. Improved resolvent esti-
mates and a better description of the generalized wave function is needed. In
[BNP1] the kernel of the resolvent (HJ —z)~! was studied when dist(z, o(H})) is
larger than h¢ (or e~%1/" with the notations of [BNP1]). Here we have to work
with only dist(z, )\?) > (C’/lOO)eng/h, that is much closer to the Dirichlet eigen-
value A" (e=Su/h = o(e=Su/h) = o(e=51/M)). Let us start with a lemma about the
Dirichlet realization which completes the results of [BNP1].

LEMMA 7.2. Let H! be the Dirichlet realization on the interval I of the
operator P". Let 2" belong to Q, with h € (0,hg), ho small enough. Set

r(h) = dist (2", 0(H})),
and assume r(h) > 0. The kernel of the resolvent (H} — z")~1 satisfies

~( _do(=v)—-Sy
ﬁ(e 2 )

A P
(Hr =) sl = — e

with uniform constants with respect to x,y € I, when dy denotes the Agmon dis-
tance d(-,; 7%, \o).
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PROOF. We already proved in [BNP1, Proposition 3.7 and Corollary 3.8]
the estimate

(H} - zh)_l[:n,y] = ﬁ(e‘w) when r(h) > h°; (7.8)
and in [BNP1, Proposition 3.9] the estimate
60 (@)] + .0l ()] = (e 77, (7.9)

which holds for any normalized eigenfunction gbh associated with an eigenvalue /\h
jeA{l,...,my,}, converging to A\g as h — 0. Recall that U gathers all the Wells

U=A{c,...,en}

Consider the spectral projector

mxg

1 -1
H’;_Id—/mh (= — HY) dz=1d—;|¢?><¢?|

2

Write for z € Qj, \ U(H}L)

(=)™ = (#) =)' 4 (117 ) (1 - T0)
m,\o

= (Hf —=2)" H’%+ZM 6751,

j=1

where the first term is holomorphic with respect to z € ;. In terms of Schwartz
kernels one gets

(H} =) Wiloy) = (1]~ ) o) = Y 57— b @)
j=1 "3

The maximum principle combined with the estimate (7.8) for z € 9Q and the
decay estimate (7.9) imply

Vz e, |(Hf —2) ) < 6(eTFE),
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An obvious estimate of the polar term derived again from (7.9) yields the result.
O

Below are two results for the filled wells potential ¥’ The first Lemma is a
specific case of Proposition 4.3 in [BNP1]. The second one is a consequence of
Proposition 6.2 in [BNP1].

LEMMA 7.3. For z € Q}, the resolvent estimate

(72— 2) " fag)| = 6252

holds with uniform constant with respect to x,y € I.

LEMMA 7.4.  For )\ € K, = QuNR, the generalized wave functions 1[)&(\&, 2
and " (—/ X+ B, .), which solve (1.7)~(1.8) with W" = 0, satisfy

&ﬁ(ﬁ, ) = ﬁ(e—do(}‘j’z)) and 1/;’1(—\/)\—5—737 1') = é(e_W)7

with uniform constants with respect to x € [a,b].

7.2. Breit-Wigner formulas.

We provide here an accurate information on the resolvent (HY — \)71 =
1;(H" — X\)~!1y, for X\ € K}, in terms of resonances.

The domain

Sy

Kp % [— (20Cy) te (200U)—1e—7]

Sy

= {z € Qp, |Im 2| < (QOCU)*le*T}

will be covered by N, = &/(e57/")-open discs with radius (10Cy)~te=Sv/h cen-
tered on the real axis. They are labelled so that the m), first ones are centered
around the Dirichlet eigenvalues )\?

w? = {z €eC, |z- )\ﬂ < (1OCU)7167§TU},

and the notation w;? with j > my, is used for all the other ones.
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Ole=H)
AL Ay A
O (e )
PROPOSITION 7.5. For j € {1,...,m),}, let z? be the resonance of H"
associated with the Dirichlet eigenvalue )\?, |z§1 - )\;‘| = O(e 2%/, For any

j€{l,..., Ny} the resolvent (H" — 2)~! is decomposed in wg? as

_ L1y, (9)
(1 =) = gi(a) + C5el
zp—z
where gf(z) is a holomorphic operator-valued function of z € w;? with the next

properties:

1. For j € {1,...,mx,}, the operator A;? is close to the Dirichlet spectral
projector |¢§L><¢?\

(7.10)

_ S0—65y )

R G

2. If x1 and x1/2 are two 65°((a,b)) cut-off functions such that x, =1 on U
and Oyx, s supported in {x € (a,b), 0So —n < do(z,U) < pSo + n} with
o € {1/2,1} and n > 0, then there is a constant C,, > 0 and a constant
¢ > 0 independent of n > 0, such that the difference

Diz) = gl(z) — |(H! —2) 7 (1= x1p0)

_ L1y, ()
+xu(H] —2) Xy — 7[;“]2 Al (7.11)
i

satisfies

SO—GS'U—CT/

Vzedw), |Diz)||<Cpe . (7.12)
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PrOOF. The proof of this result relies on two leading ideas. One is the
Laurent expansion (with the exact poles z?) of the meromorphic function (H" —
2)~! which is handled like in the proof of Lemma 7.2. The other one is the
approximation of the resolvent (H" — z)~! by

Rh = (‘Hg_z)il(l_X1/2)+X1(H?—Z)71X1/2, (7.13)

already considered in [BNP1, Proposition 4.3].
We focus on the case j € {1,...,my),}, since the other case j > my, will be
deduced easily from this one by taking A? = 0. The expression (7.13) leads to

Vzewl \{\I}, (HI—2)R'=1-e=1-¢g—2
with g9 = Wh(ﬁ? — 2)_1(1 - X1/2)
and &1 = *[Pha)a](H? - 2)71X1/2~
Lemma 7.3 and Lemma 7.2 provide the estimates

Sg—cn

leoll < Cye™ ™=,

e_w _ Sg—en—45y
and ||51|| S 077 T S C77 (].OCU)e 2h s

for any z € ﬁw;? with r(h) = |z — )\ﬂ = (IOC’U)’le’gU/h. Hence the assumption
Sy < So /4 and taking n > 0 small enough ensure the convergence of the series

(H' —2) ' =RMY P = RN RM STk for 2 € 0wl (7.14)
k=0 k=1

We now consider the Laurent expansion of (H? — 2)~1 in w;»’

-1 1
(HE —2)" =gl () + 5—— A, (7.15)

zZ; —Z

where zjh is the resonance of H" lying in w? according to Proposition 7.1. Com-

puting the residue of (H" — 2)71, equal to (7.14) with Ry, given by (7.13), along
the contour &ujh provide the estimates
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oo

RhZEk

k=1

|45 = e} (@] | <77 + sup

zeﬁw].

after using
|Rall < Cl[(H = )7+ C[(H; - )7 = 0 F).

This yields (7.10).
For the second estimate, notice the identity

1 o0
D"(2) = ¢"(2) — R" Al — ph k
O U

J J
J

and (7.12) is deduced from

REMARK 7.6. The estimates of the error terms could be improved by study-
ing more carefully the first terms of the series -, " in the spirit of [HeSj1] or
[BNP1, Proposition 4.3]. It is not an essential issue here.

Sg—cn—65

< C’T'?e* s for z € &u;?. O

oo
R" g ek
k=1

Below is the Breit-Wigner formula which will be used.

PROPOSITION 7.7.  Assume that the wells are isolated and take the notations
/\;-l, gi)g’, zjh and w;? introduced before for j € {1,...,mx,}. In w}‘ one has the next
equality of meromorphic functions

< h ( h ) 1 h> 1+5}(6_502:SU>
iy H — 2 - ¢ =
J z J

and the uniform estimate
~/ _So—8S
I @l =& ().

PrROOF. Let us write



Far from equilibrium steady states ... 91

1
(¢}, (HI —2)7'¢) = (4], 9?(Z)¢?>+ﬂ< 7 Ao

J

According to (7.10) the second term has the form

~ Sp—635y
1 h Aghh 1+ﬁ<e_ - )

—— (ol Al = .
Z;-I—z<¢j J¢J> z;l—z

The first term is holomorphic in wf and it suffices to find an estimate along 8w§‘.
We use the decompostion (7.11)

(o, gh(z)gl) = (8", [DI(2) + (HI — 2)7 (1 = x1/2)] 0})
1+ 5’(6_ SogﬁgU)
h

zZ; —Z

+ (o, xa(H —2) " (xay2)d)) —

This leads to

h A Vi _5So i S—63y
ho b\ b 5( —SozSSu 2= (e Qh) (e . )
rgn [ — ﬁ’( 2h ) + ,
AR e A P e I P I P
for all z € &ué‘ and the maximum principle yields the first result.

The estimate of ||g;’(z) || follows essentially the same lines. ]

We end this section with a reduction of the energy interval which is thiner
than the one of Proposition 3.1.

PROPOSITION 7.8.  With the previous notations, set for any j € {1,...,mx,}
Kin=wlNR. (7.16)

For any ¢ € €°((a,b)), the limit

lim 7 [g(K")p(a)] = 3 9(VA) Tr (L1, ()10 o0 (K )p@)]  (7.07)

is 0.
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Proor. We know from (1.16) and [BNP1] that the support of ¢ can
be assumed to be around U = {¢,...,cn}, for instance included in {x €
(a,b),do(x,U) < Sp/3}. By Proposition 3.1, the first term of (7.17) can be re-
placed with

9(VA)Tr [, (H")1(0 400) (K" )p].
Moreover we have for ¢ > 0,

Tr [lKh\UjSMAO Kjn (Hh)1(07+<>0) (Kﬁ)‘»o] <Tr [Wl/ZlKh\(Ujgmo Kjn) (Hh)‘Pl/Q]

Ny,
< D TPk, (HM)e!?,

Jj=mxg+1

by introducing K;, = w;-l N R for j € {my, +1,..., Ny} and where we recall
Ny = 5’(65"/'1). Proposition 7.5 and especially relation (7.11) give the identity

S01/2([{}1 W 7:0)_1801/2
-1
_ (pl/2(H§L _ )\) S01/2

~ -1 -1
_ s01/2(H/1\z _ )\) <p1/2 +¢1/2(H? . /\) <p1/2 _|_<)01/2D;;(>\)901/27

valid for all A € K, with j € {mx,41,...,Ny}. Indeed, our choices of supports

imply (1 — x1/2)9'/2 =0 and ¢/2x1 = 1/ 2x1 /5 = /2.
This leads to

%w? [(H" =X —i0)~! — (H" = X\ +i0)] /2

= %w? [(E} =)'+ D) — hee]p'?,
where “h.c.” stands for “hermitian conjugate”. The estimate (7.12) can easily be
transformed into a trace-class estimate because of the localization in x and A. We
use Stone’s formula for 1, , (HM). After integration w.r.t A € Kj 5, j > my,, and
after summing over j € {1,...,my,}, this leads to

Nh
o Te[p 1k, (HY)?] = o(eH),

Jj=mx,+1
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when the wells are assumed isolated. O

7.3. A Fermi-Golden rule.
An accurate determination of the coeflicients t?" in the case of isolated wells
can be done by first elucidating via a Fermi-Golden rule the contribution of positive
and negative momenta in the size of the imaginary part of a resonance z;‘ =
Ejh — zl";‘ We keep the same notations )\ , q’) z and w introduced before for
je{l,...,my}. The real and imaginary parts of the resonances 2

; are written
according to

=Bl it for je{l,...,my}.

PROPOSITION 7.9.  For any j € {1,...,mx,} the idendity

(WA e | [ VAE B ) o)

h _
L+ ol)) = I AT

(7.18)

holds for any X\ € w?.

PROOF. Let dE"()\) denote the infinitesimal spectral projection of the whole
line Hamiltonian H”, given by Stone’s formula:

i[(H—A—iO)—l — (H—X+1i0)""].

dE"(\) = o

We shall compute in two different ways and for a fixed j € {1,...,my,} the
spectral measure <11¢?, dEh(A)11¢§?> of 17(x)¢;.
First Stone’s formula and Proposition 7.7 lead to

(179", dE"(N)119})

= g6l 10— 27 = (- )l

21 J
o (e o) [ - ] o)
I (140 e~ gL ) s
} <<ri Egi \rhf)))w(e_shsu)’ o

forall A € Kjp.
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The second method uses the generalized wave functions:

(A o [ (VAT B ) o)

197, dE"(M1¢)) = +
(Lig, dEF(M1165) s PR

The relation
WM (k) = 0 (k) — (HE, = M)~ W (k) (7.20)

Proposition 7.5, the exponential decay of qi);? and 15@ (k,-) in Lemma 7.4 and Propo-
sition 7.7 lead to

(05, w2k, ) = (@5, ¥L(k)) + (5, of )W PL (K, ))

# oy (el AW )

=O0(R) 4 o(R) o ()

1_/\<¢?7 WL (k) + ﬁ(e_h|1f§€;| - ) (7.21)

—|—Zh
J

Owing to Proposition 4.1 and the conditions Sy > Sy and Sy > 8,S~’U7 the last
term is estimated by

5(e*%)é’(e*%) _ 0(h1/2 >

VT

J J

The equality of the two expressions (7.19) and (7.21) for A = EJ’?, and again the
assumption Sy > 85y imply

1 1 < bWt (VER, ) R\ 1P
prl1-+o(1) = - +o )
‘ ¢ Wh’(/NJ'i(—‘/E]h-f—B,'» N <h1/2> 2
4h\/Eh+B I \Vir

J

This yields the result for A = Eh For A € w”

u=19" (VX ) - wh(xﬁ -) in the form .

one writes the equation for
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(P'— BYu =6 )gh(VA, ),
hoyu(a) + iVEfu(a) = 6 (e~ ) + 6(e= % )ik (VA a),

Oe
ho,u(b) —iVE] + Bu(b) = 6 (e )" (VX,b),
With the Agmon identity (A.1) with ¢ = (1 — n)dg(a,z), n > 0, one gets

[0 (VER 2) = g A,@Fﬁ(;%)_ (7.22)

Note that the right-hand side is 0(\/@ ) when x € supp W" owing to Proposition
4.1 and the assumption Sy > Sy. A similar estimate can be obtained for the
momentum —4/ Ejh + A with the distance do(z,b) instead of dy(a,x). Hence the
result for A = E' implies

1+ 0(1)
4hv/X

b WA (VAT ) + o VAT

(o, Wit (VX)) + o(V AT [

I"(1+0(1)) =

for all A € w;‘, which yields the result. O

7.4. Values of the coefficients tf‘o.

In this paragraph all the previous intermediate results are gathered in order to
check that the coeffcients £} are the limits of the quantities (2.5), when the wells
are isolated. We shall prove Theorem 2.5 and the second statement of Theorem
2.4 about isolated wells will come as a corollary.

PROOF OF THEOREM 2.5. The formula (1.16) and the reduction of the en-
ergy interval stated in Proposition 7.8 imply that the coefficient (= tf‘“ here) is
the limit of the quantity

crte dk
1 h _
3L [ bl el

mko

2
= Z o7 hHlKJ h )\k ’m)HLZ(R+><[Ci—6,C¢+E])7
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for any fixed € > 0.
We use again the relation (7.20) between ¥ and 1" and the decomposition
of (Hy, — Ax) ! stated in Proposition 7.5 in order to write when \ € K

(k) = 0" (k) — gl ) W™ (K, )

1
Z?*)\k<

A} — [67)(¢5|
Sh

h,T.h
*)\k w 7/1_(]'47)

W (k)Y —

By referring to the decay of ¢ stated in Lemma 7.4 and the estimates for g ()
and Ag’ - |q§?)<¢?\ derived from Propositions 7.5 and 7.7, this leads to

H]-Kj,h(/\k) |:ql}}—L + h
z

J

(4, w%f:(k,wﬂ

- Ak L2(R+X[Ci—8,ci+8])

~( _So\ »( _Sq=68
—6(e W)%(e‘%)é’(e‘wﬁﬁ(e )ir(*i L

J

The assumptions Sy > Sy and Sy —8Sy > 0 combined with the lower bound (4.3)
for F? leads to

h71/2

=o(1).

h
zj = Ak L2(Ry x[c;—e,ci+e])

J

1Kj,h<Ak>[wﬁ - (", W’Lz/?’i(k,'>>¢?}

The inequality (7.22) provides a comparison between &ﬁ(k,) and " (v )\;-L, )
which leads to

h71/2

L) [ 91+ (ol W (VL))
Zj — Ak

P G Ll G

it

L2(R+ X [Ci—E,Ci+E])

Computing the integral
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K R CEDE
[ o @) drg
Ry Jei—e \x — BN+ |rh| “onh
W (VR )P et
_ |< J 7/} ]E hj )>| (/ |¢?($)‘2d$>(1+0(1)),
4hV/ NPT ci—e
and the Fermi golden rule (7.18) with A = )\? yields the result. O

PROOF OF THEOREM 2.4 FOR ISOLATED WELLS. Assume dg(a,c;) >
do(ck,b) for all k € {1,...,my, = N}. The coefficients #]° are obtained as the
limits as h — 0 of

a:)‘zdx.

i —€

S (o, WL R D e
; AhVNITh / 03

But the assumption dy(a,cr) > do(ck, b) for all k, implies
h Rk («/\h 2 S _S1
(05, WL (VAT )| :ﬁ(e h)>
while the lower bound (4.3) implies

),

The condition Sy + Sy < S;/2 yields t;\‘) =0, forallie{l,...,my,}. O

8. Explicit asymptotic values.

In this section we derive from an accurate asymptotic analysis of the quantities
(2.5) some explicit rules for the coefficients ¢} when the wells are not gathered like
in Theorem 2.4. In the two cases N = 1 or NV = 2 with isolated wells, this provides
a complete description of all the possible limits dno‘ (ab)? which was summarized
in the end of Section 2.

We first need a simple description of the Dirichlet eigenfunctions qﬁ?.

LEMMA 8.1. Assume N =my, =1 or N =my, =2. Foriec {1,2}, let u;
denote a normalized eigenvector (uz = 0 when N = 1) of —A —w; associated with
the eigenvalue Ao+ ¥°(c;). Then there exists o/ € R (o™ = 0 if N = 1) such that
the Dirichlet eigenvectors ¢? satisfy
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o cosal —sina® uy (5)
()=(550 )2 o
05 sina™ cosa us (52)
PrROOF. We know from Theorem 3.6 in [BNP1] that the eigenvector gb?
can be written

o) =D il +o(1),

where (p?j)léi,jémm is a unitary matrix and where every ¢! is a normalized
eigenvector for the one well problem around ¢;. By making use of the uniform
Wl estimate of #" in a small interval [ci — €, ¢; + €] with e > 0 independent of
h > 0 but arbitrarily small like in Theorem 3.4 of [BNP1], the exponential decay
of Dirichlet eigenvectors in the classically forbidden region allows to replace 1/)?
with u; with an arbitrarily small error. O

Another ingredient of this asymptotic analysis is an accurate description of the
generalized eigenfunctions of H" in the interval I = [a,b]. Introduce the Agmon
distance associated with the potential #" at the energy Aj:

dn(z,y) = d(m,y;“/h,)\k) = ‘/y VAR(t) — A dt]. (8.1)

The comparison with the first order WKB approximation has to be considered.
When #" is regular it is a classical result which has to be adapted in our case.

The first order approximation ¢gpp(k;, x) is defined according to
Case k> 0: @b (k,a) = (FM() =) [C- (k)e=d(@a)/hy O (k)edn(@n)/h]

where (C_(k), Cy(k)) solves the system

[= (7"(@) = M) + VAR O (k) = 2iket ™ (77 (a) = M),

[— (7"(b) = M)"? = i, T B]C_ (k) (8.2)
H[(PMB) = a) P =iV B (c+(/g)e2@> —0,

CASE k < 0: 9P (k,x)= (%h(x)—Ak)*l/“ [C_ (k)etn@0)/h 1 O (k)e=dn(@b)/]

app

where (C_(k),C1(k)) solves the system
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[~ (“/ﬂl(a)—i)\k)l/g Novi| (e (k)&@)
[(7/,1( ) l\/m@ (8.3)
[(Vh(b )1/2 \/m Cy(k) = — kel (“//h(b) )\k)l/4_

In our case, its rather technical proof which requires all the regularity and
convergence assumptions on ¥ namely 927" = pu° in .#,(I), has been done
separately in [Ni4].

PROPOSITION 8.2.  For any k € R such that A\, € [A.,A*], consider the
generalized wave function z/Jh(k: x) restricted to the interval I and given by (1.7)-
(1.8) with W" = 0. By introducing the Agmon distance dp, associated with the
potential ¥ and the energy A\ according to (8.1), take the function ¥"  defined

above. Then the difference converges to 0 with the weighted estimates

app

max e(ih(s’m) (1/~Jh(k z) =Y (k, x) ‘ =20 for k>0,
z€a,b] ’ app

dh(a‘ b)
m[eué] e (¢ (k,z) — app (k,x) ‘ =0 for k <0.
xreE|a,

We shall make the next simplifying assumption, which ensures that some
factors do not vanish asymptotically.

ASSUMPTION 2. Assume that the well potentials w;, i = 1 or 2, are even
and that the eigenvector wu; corresponds to the first or second eigenvalue.

ProposiTION 8.3.  Tuake the same notations and conventions when N =1
as before. Let dj, denotes the Agmon distance for the h-dependent potential ¥ at
the energy Ax € Qp, and set fori =1 ori =2

P = C (Al/Q) w; U; d
= (e - )1/4/R i (y)ui(y) dy
+ CL ) () = 2o) ! /R ywi(y) us(y) dy. (8.4)

Then the equality
dp(a,c1)

(¢, Whﬁﬁ(k,» B cosal —sina® Y€ R —dy (eue1)
(¢4 Whaph (k ) ~ \sina® cosa® —dnla.cy) —|—o(e )
2> —\'v R

Y2,-€
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holds for k > 0, while the symmetric relation for k < 0 writes
(o, Whah (k, ) ( cosa —sina® > fyl#e_idh(;l'b) d, (ca.b)
- = - +O (67#> .
<¢’2L, Whaph (k, )> sina™  cosa® 727+6*7d"(;2’b)

PrOOF. Let us focus on the case k > 0. First the localization of the poten-
tial W and Proposition 8.2 imply

_dp(aser)

W (k)| = & (e 7).
Hence Lemma 8.1 reduces the problem to an accurate calculation of
N h,Th
<uz< ), w w_(k,')>
h
7 dy, (a,cq)
R

C_(k _dp(aerthy) _dplaey)
= [wtut = CE e ()
R (P (ci + hy) = Ar)

C_(k)(1 = (7(c) = M) %) dy 4 ofe-2552)
(”/7’1(6,' + hy) — /\k)1/4

_(ih(a,cl) _d_h(a,cl)
=e Ry, tole 2 .

dy, (a,cq)
= o BGe / wi(y)ui(y)
R

We used the Taylor expansion of dj, with the known uniform regularity of ¥" in
Whee (). O

REMARK 8.4. The Assumption 2 is not necessary in the previous proof but
it ensures that the coefficients 7; + do not vanish.

PRrROPOSITION 8.5.  Make the technical additional Assumption 2 with N =
my, = 1. The asymptotic of (2.5) can lead to values t}° € (0,1) when and only
when do(a,c1) = do(c1, b).

Proor. When N = m), = 1, the single well is isolated and Theorem 2.5
and Proposition 8.3 can be used. This leads to the value ¢ as the limit of
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1

_dp(asey) _dp(ascy)
ﬁ)\o Y1,—€ R +ofle R
\/ _dp(e1.b) _dp(e1.b)
Ao+ B V1€ R +0(e R )

2

1+

Y1, ,%(ar,cl);%(cl,h)

7,+

:(14—\/%

where dj, is the Agmon distance at the energy )\?. Any value in [0,1] can be
achieved depending on the convergence of Jh(a, ¢1) and dp (c1,b) to their asymp-
totic values dg(a, ¢1) and dy(c1,b). The discussion of the comparison of the asymp-
totic distances yields the result. O

PROPOSITION 8.6. Take N = my, = 2 and assume that the two wells are
isolated with the technical additional condition 2. Assume also |\§ — \P| = o(h).
Then the coefficients t;“’, i = 1,2 have to fulfill the rules

o 110 =1 and t5° € [0,1] if do(a, 1) < do(ca,b).
o 120 € [0,1] and t5° = 0 if do(a,c1) > do(cz, b).
e 1> >1° >0 if dola,c1) = do(ca,b).

REMARK 8.7.  When |\ — AF| > A2, there is no interaction between the
wells and the results for the gathered wells with my, = 1 can be adapted.

PrOOF. According to Theorem 2.5 and Proposition 8.3 we have to study
the limits of the two quantities

S cos? al
! n ,J;L(Zyb) . ,fiM}szb) ,J}L(Zzﬁ) 2
— 0
1+ \/)\70(1 +0(1)) COS & 71,4+€ smao y2 € +o(e )
v _dp(acr) . _dp(ase) _dp(acr)
Ao+ B cosahy _e R —sinahy, _e R —|—o(e n )
sin? o
+ 2

. n _dp(c1,b) n _dp(ca,b) _dp(ca,b)
h h h
ﬁ)\o(1_~_0(1)) sinQ yi,+€ +cosa Y2, t€ +o(e )

vV . _dp(a.cy) _dp(acy) _dp(acy)
Ao+ B gy aly _e R +cosalys _e R+ o(e 2 )

and
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h sin? o
Ty — - - - 3
dy, (c1,b) _dp(ca,b) _dp(ca,b)
+ole R

h - < h
h — h
1+ /)\0(1_|_0(1)) cCosS v " vY1,4¢€ s y2,4€
o + B _dp(acr) . _dp(a.ca) _dp(acr)
Ao+ B cosalvyi _e R —sinalys _e 2 +o(e Bz )

COS2 Oéh

dp(e1.,b) 2

ina” - h _ dp(ea,b) dp(ea,b)

14 V(1 +o(1) | sina"yee” TR eosalyppeT R+ o(e = )
1 _dplascy) _dp(aeg) _dp(a,cy)

M+ B sinaty e T +cosatag e T +0(6 2 )

The difference between this two numbers equals

1
h h 2 h 2 h
" — 75 = (cos” a — sin” «
rom T TR
1+ﬁg(cosa ,—sina™)
0
1
V(1 1 ’
1+ —0( +o(1)) Q(Sinah,cosah)2

VAo + B

where the coefficient g is given by

_dp(erb) _dp(egb) _dp(ea,d)
Bivi,ee” " 7+ Py e B+ 0(6 g )

Q(ﬁl’ 62) - dp(a,e1) dp (a,c) dp(a,er)
- - 7 + 0(6_ = )

Biv,—e o 4 Baye,—e

An easy computation of the main term of the numerator shows that the difference

h

o(sina®, cos a)? — p(cos o, — sin a)?

is a non negative number times

. _dp(a,e1)+dp (c2,b)
(71,4 Py, [? cos® P — g4 2,2 sin ah] e~ =t tuees
7‘ih(avcl)+d.h,(c2’b))
h .

—|—0(e

The expression (8.4) shows that the two products 2 _7v1 + and 1,72 4+ are equal.
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Hence the difference 7" — 7 is always non negative, which leads to

o > 10, (8.5)

in all cases.
It remains to check £}° = 1 when dy(a,¢;) < do(ca, b) because the second case
is obtained via a complement argument and the third one says nothing but (8.5).

Three possibilities have to be considered: cosa” — 0 as h — 0, sina” — 0 as
h — 0 or |sina”||cosa| > 6 > 0.

Assume limj,_,¢ cos & = 0. Then one has

1+ 0(1) h—0
h
Tl = 0(1> + Jh(cz,b)—c?h(a,cl) - 1
1+ ﬁ(e‘Z R )
The case lim,_q sin a” = 0 is the same as the previous one after replacing o with
T _ah.
2

Assume cos a” > § > 0. This leads to

cos? al sin? ol h—0

h
= . _ + _ - — 1. U
_odn(ea.b)—dp(aser) _odnlea,b)—dp(a,c1)
R e R T

A. Agmon energy identity.

Here we just give the basic energy identity.

LEMMA A1, Let Q := («,8) an open interval, V € L®(w), z € C and
@ a Lipschitz real function on Q. Denote by P the Schrédinger operator P :=
—h2d?/dz? + V. Then for any ui,uz in H*(Q), and setting v; := e®/"u; one has:

B B _ B
/ % (P — 2)uqtigde = / hv' hvbdr + / (V — 2z — @)1 09dx

(03

16

B
—|—/ he' (v} Dg — v1U4)dx

PRACI)

+h2(e nou s (o) —e” T h uluQ(ﬁ)). (A1)

This identity is obtained after conjugation of hd/dx by e?/" and integration
by parts.
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B. TUniversal lower bound for gaps.

LEMMA B.1.  Let (axs,bxs) be an interval and let V' be a real valued contin-
uous on R. Let E,, and E,,_1 be the (n+1)"" and n'* eigenvalues of —d?/dx®+V
and let

A= max |E—V(z)Y/2
E€[E,_1,E,], z€(aks,bks)

If V(z) > E, + a? on R\ [aks,bks| for some a > 0, then

-1
N B A
TEE 22N T 2 BN + |E,))

e~ Mbrxs—aks)

E, -

REMARK B.2. Note that the formulation of this result due to Kirsch
and Simon in [KiSi], is the reason why the quantity Sy is formulated with a
MaxX,cle, cy] - - - instead of an integral, like the Agmon distance. There is a variant
of it in [Nak] in the semiclassical limit which can be formulated exactly with the
Agmon distance. Note that here we need the universal lower bound of Kirsch-
Simon because the total potential "/7h(x) defined in (7.3) with which it is applied,
still contains the quantum wells. The semiclassical result of [Nak]| cannot be
applied directly although adapting it to this case seems realistic.
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