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0. Introduction.

Lel: $E$ be an elliptic curve defined over the field $Q$ of rational numbers.
Throughout the paper, an elliptic curve defined over $Q$ means an abelian variety
of dimension one which is defined over $Q$ . Let $G$ be the Galois group of exten-
sion $\overline{Q}/Q$, where $\overline{Q}$ denotes an algebraic closure of $Q$ . Then the group $G$ , with
the Krull topology, is compact and totally disconnected. For each positive integer
$m$, we denote by $E_{m}$ the kernel of multiplication by $m$ . Let $p$ be a prime num-
ber. With the multiplication by $p:E_{p^{n+1}}arrow E_{p^{n}}$ , the sequence $\{E_{p^{n}}\}_{n=1,2},\ldots$ forms
a projective system. The Tate module $T_{p}(E)$ is defined as follows:

$T_{p}(E)= proi\lim E_{p^{n}}narrow\infty$

The module $T_{p}(E)$ is a free $Z_{p}$-module of rank 2, where $Z_{p}$ denotes a p-adic
completion of the ring $Z$ of rational integers, and $G$ acts on $T_{p}(E)$ . Fix a base
$(\xi_{0}, \xi_{1})$ of $T_{p}(E)$ over $Z_{p}$ . If $\sigma$ is an element of $G$ , then there exists a unique
element $\pi_{p}(\sigma)$ of $GL_{2}(Z_{p})$ such that

$(\sigma\xi_{0}, \sigma\xi_{1})=(\xi_{0}, \xi_{1})\pi_{p}(\sigma)$ .
The mapping $\piarrow\pi_{p}(\sigma)$ , which will be denoted by $\pi_{p}$ , is a continuous representa-
tion $Garrow GL_{2}(Z_{p})$ .

Serre [7] proved that if $E$ has no complex multiplication, then the image
group $\pi_{p}(G)$ is an open subgroup of $GL_{2}(Z_{p})$ . He also states that if $E$ is semi-
stable and $p\geqq 11$ , then the Galois group Gal $(Q(E_{p})/Q)$ is isomorphic to $GL_{2}(Z/pZ)$

(Theorem 5 in [8]), and therefore $\pi_{p}(G)=GL_{2}(Z_{p})$ . Put

$H^{(n)}=\{(\begin{array}{ll}a bc d\end{array})\in GL_{2}(Z_{p})|(\begin{array}{ll}a bc d\end{array})\equiv(\begin{array}{ll}1 00 1\end{array})$ mod $p^{n}\}$ .
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Then $\{H^{(n)}\}_{n=0,1}\ldots$ . is a fundamental system of neighbourhoods of unity in $GL_{2}(Z_{p})$ .
Therefore $\pi_{p}(G)\supset H^{(N)}$ , where $N$ is a non-negative integer depending on $E$ and
$p$ . Especially if $E$ is semi-stable and $p\geqq 11$ , then we can take $N=0$ .

In this paper we shall consider the case $p=2$ and prove:
THEOREM 1. Let the notations be as above. Assume that $E$ has no complex

multipljcatjOn, and the Points of order 2 of $E$ are all Q-rational. Then

$\pi_{2}(G)\supset H^{(7)}$

THEOREM 2. Assume that $E$ satisfies the con&tions of Theorem 1 and $m\prime re-$

over $E$ has a Q-rational pojnt of order 8. Then

$\pi_{2}(G)=\{(\begin{array}{ll}a bc d\end{array})\in H^{(1)}|(\begin{array}{ll}a bc d\end{array})\equiv(\begin{array}{ll}1 *0 *\end{array})$ mod $2^{3}\}$ ,

with a suitable $Z_{2}$-base of $T_{2}(E)$ . Especially $\pi_{2}(G)\supset H^{(3)}$ .
Our Theorem 1 asserts that for $p=2$, we can take $N=7$ independently of $E$

under the hypothesis of Theorem 1, and Theorem 2 asserts that the conjugate
class of $\pi_{2}(G)$ is uniquely determined under the hypothesis of Theorem 2.

The paper is divided into 3 parts as follows. Chapter 1 contains a number
of preliminary lemmas. Theorem 1 and Theorem 2 are proved in Chapter 2 and
Chapter 3 respectively.

1. Preliminary lemmas.

Let $k$ be a field, the characteristic of $k$ be not 2, and $K$ be a field extension
of $k$ which is algebraically closed. Let $E$ be the curve defined by:

$Y^{2}Z=X^{3}+AXZ^{2}+BZ^{3}$ , $A,$ $B\in k,$ $4A^{3}+27B^{2}\neq 0$ , (1.1)

in 2-dimensional projective space $P^{2}(K)$ . Then $E$ has the structure of an abelian
variety with (X, $Y,$ $Z$ ) $=(O, 1,0)$ as zero element. We denote this curve in the
affine form:

$Y^{2}=X^{3}+AX+B$ , (1.2)

and denote $(0,1,0)$ by $(\infty, \infty)$ . Then the addition formulas are expressed as
follows (cf. Cassels [2]). If $(X_{1}, Y_{1})+(X_{2}, Y_{2})=(X_{3}, Y_{3})$ , then

$\{\begin{array}{l}X_{3}=-X_{2}-X_{1}+(\frac{Y_{2}-Y_{1}}{X_{2}-X_{1}})^{2},Y_{3}=-(\frac{Y_{1}-Y_{2}}{X_{1}-X_{2}})X_{3}-\frac{X_{2}Y_{1}-X_{1}Y_{2}}{X_{2}-X_{1}} .\end{array}$ (1.3)

If $2(X_{1}, Y_{1})=(X_{3}, Y_{3})$ , then
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$\{\begin{array}{l}X_{3}=-2X_{1}+(\frac{3X_{1}^{2}+A}{2Y_{1}})^{2},Y_{3}=-(\frac{3X_{1}^{2}+A}{2Y_{1}})(X_{3}-X_{1})-Y_{1}.\end{array}$ (1.4)

The points of order 2 are $(e_{0},0),$ $(e_{1},0)$ and $(e_{2},0)$ , where $X^{3}+AX+B=(X-e_{0})$ .
$(X-e_{1})(X-e_{2})$ . Let $(x_{0}, y_{0})$ be a point on $E$ , and $(x_{1}, y_{1})$ be a 2-divisional point
of $(x_{0}, y_{0})$ . Put

$\{\begin{array}{l}(x_{2}, y_{2})=(x_{1}, y_{1})+(e_{0},0),(x_{3}, y_{3})=(x_{1}, y_{1})+(e_{1},0),(x_{4}, y_{4})=(x_{1}, y_{1})+(e_{2},0).\end{array}$ (1.5)

Then these three points and $(x_{1}, y_{1})$ are the 2-divisional points of $(x_{0}, y_{0})$ . From
(1.4) we have

$x_{0}=-2x_{i}+( \frac{3x_{i}^{2}+A}{2y_{i}})^{2}=-2x_{i}+\frac{(3x_{i}^{2}+A)^{2}}{4(x_{i}^{3}+Ax_{i}+B)}$ $(i=1,2,3,4)$

and $x_{1},$ $x_{2},$ $x_{3},$ $x_{4}$ are the four roots of

$X^{4}-4x_{0}X^{3}-2AX^{2}-(4Ax_{0}-8B)X+(A^{2}-4Bx_{0})=0$ . (1.6)

Since $x_{1}$ is a root of this equation and $y_{1}^{2}=x_{1}^{3}+Ax_{1}+B$ , we get

$x_{0}-e_{i}=( \frac{x_{1}^{2}-2e_{i}x_{1}-A-2e_{i}^{2}}{2y_{1}})^{2}$ $(i=0,1,2)$ . (1.7)

Put

$\{\begin{array}{l}4w_{0}=(x_{1}+x_{2})-(x_{3}+x_{4}),4w_{1}=(x_{1}+x_{3})-(x_{2}+x_{4}),4w_{2}=(x_{1}+x_{4})-(x_{2}+x_{3}).\end{array}$ (1.8)

From (1.3) and (1.5), we have

$\{x_{2}x_{3}==--x_{1}x_{1}--e_{0}e_{1}++\}_{\frac{y_{1}}{x_{1}-e_{2}}}^{\frac{y_{1}}{x_{1}-e_{0}}}\frac{y_{1}}{x_{1}-e_{1}}\}_{2}^{2}2=-x_{1}-e_{1}+=-x_{1}-e_{2}+\frac{()(}{}=-x1-e_{0}+\frac{(x_{1}-e_{1})(x_{1}-e_{2})}{\frac(x_{1}-e_{0})(x_{1}-e_{2}),x_{1}-e_{0}x_{1}-e_{1})x_{1}-e_{2}x_{1}-ex_{1}-e_{1}0}.$

’

(1.9)

Substituting (1.9) to (1.8) and noting $y_{1}^{2}=(x_{1}-e_{0})(x_{1}-e_{1})(x_{1}-e_{2})$ , we have
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$\{w_{0}w_{2}w_{1}===\{\frac{}{x_{1}^{2}-2e_{0}x_{1}-A-2e_{0}^{2}2y_{1}})(\frac{x^{2}-2ex_{2y_{1}}-A-2e^{2}x_{1}^{2}-2e_{0}x_{1}-A-2e_{0}^{2}}{x_{1}^{2}-2e_{1}x_{1}-A-2e_{1}2y_{1}})\frac{}{2y_{1}})(\frac{2}{2y_{1}})\frac{x_{1}^{2}-2e_{1}x_{1}-A-2e_{1}^{2}}{x_{1}^{2}-2e_{2}x_{1}-A-2e_{2}^{2}2y_{1}})(\frac{1212}{}),,$

.

(1.10)

Comparing (1.7) and (1.10), we get

$\int w_{1}^{2}=(x_{0}-e_{2})(x_{0}-e_{0})w_{0^{=}}^{2}(x_{0}-e_{1})(x_{0}-e_{2})$

,

$|X_{0}x_{0}x_{0}$

.

(1.11)

Since $x_{1},$ $x_{2},$ $x_{3},$ $x_{4}$ are the four roots of (1.6), we have $x_{1}+x_{2}+x_{3}+x_{4}=4x_{0}$ .
From this and (1.8),

$\{\begin{array}{l}x_{1}=x_{0}+w_{0}+w_{1}+w_{2},x_{2}=x_{0}+w_{0}-w_{1}-w_{2},x_{3}=x_{0}-w_{0}+w_{1}-w_{2},x_{4}=x_{0}-w_{0}-w_{1}+w_{2}.\end{array}$ (1.12)

From (1.5) and (1.8), we have
LEMMA 1. Let the notations be as above, and $e_{i}\in k(i=0,1,2)$ . SuPpose that

there exists an automorphism $\sigma$ of $K$ over $k$ such that

$(x_{1}^{\sigma}, y_{1}^{\sigma})=(x_{1}, y_{1})+(e_{i}, 0)$ .
Then $w_{i}^{\sigma}=w_{i}$ and $w_{j}^{\sigma}=-w_{j}$ for $j\neq i$ .

Let $p$ be a prime number. For any positive integer $h,$ $r_{h}$ denotes the ca-
nonical homomorphism of $GL_{2}(Z_{p})$ to $GL_{2}(Z/p^{h}Z)$ . Let $n$ be a positive integer.
For any integer $h$ such that $1\leqq h\leqq n,$ $r_{n.h}$ denotes the canonical homomorphism
of $GL_{2}(Z/p^{n}z)$ to $GL_{2}(Z/p^{h}Z)$ . For any integer $h$ such that $0\leqq h\leqq n$ , we
define

$H_{n}^{(h)}=\{(\begin{array}{ll}a bc d\end{array})\in GL_{2}(Z/p^{n}Z)|(\begin{array}{ll}a bc d\end{array})\equiv(\begin{array}{ll}1 00 1\end{array})$ mod $p^{h}\}$ .

Then we have obviously the following lemma.
LEMMA 2. Let $V$ be a subgroup of $GL_{2}(Z/p^{n}Z)$ . Then

$|V|= \prod_{h=1}^{n}|r_{n,h}(V)\cap H\}_{\iota}^{h- 1)}|$ .
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Let $2\leqq h\leqq n-2$ , and $\sigma\in H_{h}^{(h)}$ . Then there exist elements $a,$ $b,$ $c$ and $d$ of
$Z/p^{n}Z$ such that

$\sigma\equiv(\begin{array}{ll}1+ap^{h} bp^{h}cp^{h} 1+dp^{h}\end{array})$ mod $p^{h+1}$ .

Then

$\sigma^{p}\equiv(\begin{array}{ll}1+ap^{h+1} bp^{h+1}cp^{h+1} 1+dp^{h+1}\end{array})$ mod $p^{h+2}$ .

Hence we have:
LEMMA 3. Let $2\leqq h\leqq n-1$ .
(1) If a subgroup $V$ of $GL_{2}(Z/p^{n}z)$ satisfies $r_{n,h+1}(V)\supset H_{h+1}^{(h)}$ , then $V\supset H_{n}^{(h)}$ .
(2) If a subgroup $V$ of $SL_{2}(Z/p^{n}z)$ satisfies $r_{n,h+1}(V)\supset Ht_{+1}^{h)}\cap SL_{2}(Z/p^{\hslash+1}z)$ ,

then $V\supset H_{n}^{(h)}\cap SL_{2}(Z/p^{n}z)$ .
LEMMA 4. Let $A$ be a closed subgroup of $GL_{2}(Z_{p})$ and $h$ be an integer such

that $h\geqq 2$ . If $r_{h+1}(A)\supset Hh_{+1}^{h)}$ , then $A\supset H^{(h}$ ‘.
PROOF. Since $A$ and $H^{(h)}$ are closed, it is sufficient to show that $A\cap H^{(h)}$

is dense in $H^{(h)}$ . Since $r_{h+1}(A)\supset H_{h+1}^{(h)}$ ,

$r_{h+1}(A\cap H^{(h)})\supset Hh_{+1}^{h)}$ .

Let $n$ be any integer with $n>h$ . Then by Lemma 3,

$r_{n}(A\cap H^{(h)})\supset H_{n}^{(h)}$

This shows that $A\cap H^{(h)}$ is dense in $H^{(h)}$ .
In the rest of this paper, we consider the case $p=2$ .
LEMMA 5. Let $V$ be a subgroup of $SL_{2}(Z/2^{6}Z)$ . Supp0se that $V$ includes

$\sigma=(\begin{array}{ll}a bc d\end{array})$ and $\tau=(\begin{array}{ll}e fg h\end{array})$ such that

$a\equiv d\equiv 1$ , $b\equiv 2$ mod $2^{2}$ , $c\equiv 0$ mod $2^{3}$ , (1.13)

$(\begin{array}{ll}e fg h\end{array})\equiv(\begin{array}{ll}1+4 08 1-4\end{array})mod 2^{4}$ . (1.14)

Then $V\supset SL_{2}(Z/2^{6}Z)\cap H_{6}^{(5)}$ .
PROOF. Without loss of generality we may assume

$c=0$ , $b=2$ , $f=0$ . (1.15)

In fact by (1.13) $c\equiv 0$ or 8 mod $2^{4}$ . In the latter case we may assume $c\equiv 0$ mod $2^{4}$

by adopting $\tau\sigma$ for $\sigma$ . Then $c\equiv 0$ or 16 mod $2^{5}$ . In the latter case we may
assume $c\equiv 0$ mod $2^{5}$ by adopting $\tau^{2}\sigma$ for $\sigma$ . Then $c=0$ or 32. If $c=32$, then
we adopt $\tau^{4}\sigma$ for $\sigma$ . Consequently we may assume $c=0$ . By the same process
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$(\begin{array}{ll}1 320 1\end{array})$ , $(\begin{array}{ll}1+32 00 1+32\end{array})\}=SL_{2}(Z/2^{6}Z)\cap H_{6}^{(5)}$

we see that $(\sigma^{2})^{m}\sigma=(\begin{array}{ll}* 20 *\end{array})$ and $(\sigma^{8})^{n}\tau=(\begin{array}{ll}* 0* *\end{array})$ for some integers $m$ and $n$ .
$(\sigma^{2})^{m}\sigma$ and $(\sigma^{8})^{n}\tau$ satisfy (1.13) and (1.14) respectively, because $\sigma^{2}\equiv(\begin{array}{ll}1 00 1\end{array})$ mod $2^{2}$

and $\sigma^{8}\equiv(\begin{array}{ll}1 00 1\end{array})$ mod $2^{4}$ . Hence we may assume (1.15). We can put $\sigma=(\begin{array}{ll}a 20 a^{-1}\end{array})$ ,

and $\tau=(\begin{array}{ll}e 08+16i e^{-1}\end{array})$ , where $a\equiv a^{-1}\equiv 1$ mod $2^{2},$ $e\equiv 1+4,$ $e^{-1}\equiv 1-4$ mod $2^{4}$ and $i\in$

$Z/2^{6}Z$. Set $\gamma=\sigma\tau\sigma^{-1}\tau^{-1}$ . Then we have

$\gamma=(\begin{array}{ll}v_{1} v_{2}v_{3} v_{4}\end{array})$ ,

where we have set

$v_{1}=1+2ae(8+16i)+2a^{-1}e^{-1}(8+16i)(1-a^{2})$ ,

$v_{2}=2a(1-e^{2})-4(8+16i)e$ ,

$v_{3}=e^{-1}(8+16i)(a^{-2}-1)$ ,

$v_{4}=1-2a^{-1}e(8+16i)$ .
Since $a^{2},$ $a^{-2}\equiv 1$ mod23 and $e^{2}\equiv 1-8mod 2^{5}$ , we have

$\gamma=(\begin{array}{ll}1+16+32j -160 1-16+32i\end{array})$ .

Since $\sigma^{8}=(\begin{array}{ll}a^{8} 160 a^{-8}\end{array})$ and $a^{8}=a^{-8}=1+32j$ , where $j\in Z/2^{6}Z$, we obtain

$\sigma^{8}\gamma=(\begin{array}{ll}1+16+32i+32j 00 1-16+32i+32j\end{array})$ ,

and therefore

$\tau^{4}\sigma^{8}\gamma=(\begin{array}{ll}1+32i+32j 032 1+32i+32j\end{array})$ .

Therefore $V$ includes $\sigma^{16}=(\begin{array}{ll}1 320 1\end{array}),$ $\tau^{8}=(\begin{array}{ll}1+32 00 1+32\end{array})$ and

$\tau^{4}\sigma^{8}\gamma=(\begin{array}{ll}1+32i+32j 032 1+32i+32j\end{array})$ .

Hence we have

$V\supset\{(\begin{array}{ll}1 032 1\end{array})$ ,
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$(\begin{array}{ll}1 320 1\end{array})$ , $(\begin{array}{ll}1+32 00 1+32\end{array})\}=SL_{2}(Z/2^{6}Z)\cap H_{6}^{(5)}$ .

LEMMA 6. Let $V$ be a subgroup of $SL_{2}(Z/2^{6}Z)$ . SuPpose that $V$ includes $\sigma$

and $\tau$ such that

$\sigma\equiv(\begin{array}{ll}1 40 1\end{array})$ or $(\begin{array}{ll}1+4 40 1+4\end{array})$ mod23

and

$\tau\equiv(\begin{array}{ll}1 08 1\end{array})$ or $(\begin{array}{ll}1+8 08 1+8\end{array})$ mod $2^{4}$ .

Then $V\supset SL_{2}(Z/2^{\epsilon}Z)\cap H_{6}^{(5}$ ‘.
PROOF. In the same way as in the proof of Lemma 5, we may assume that

$\sigma=(\begin{array}{lll}a 4 0 a -1\end{array})$ , and $\tau=(\begin{array}{ll}e 08 e^{-1}\end{array})$ , where $a\equiv 1$ mod22 and $e\equiv 1$ mod23. Then

$\sigma\tau\sigma^{-1}\tau^{-1}=(\begin{array}{ll}1+32a^{-1}e^{-1}+32ae-32ae^{-1} 4a(1-e^{2})8e^{-1}(a^{-2}-1) 1-32a^{-1}e\end{array})$ .

Since 32 $a^{-1}e^{-1}\equiv 32ae\equiv 32ae^{-1}\equiv 32a^{-1}e\equiv 32$ mod $2^{6},1-e^{2}\equiv 0$ mod $2^{4}$ and $a^{-2}-1\equiv 0$

mod $2_{l^{1}}^{3}$ we have

$\sigma\tau\sigma^{-1}\tau^{-1}=(\begin{array}{ll}1+32 00 1+32\end{array})$ .

From this and the assumption, we have

$V\supset\{(\begin{array}{ll}1 032 1\end{array})$ ,

The following lemma is well known (cf. Dickson [3]).

LEMMA 7. Let $a,$ $b\in Q$ .
(1) If $a$ and $b$ satisfy one of the following equations:

$\pm a^{2}-b^{4}=1$ ; $-2a^{2}-b^{4}=1$ ; $\pm a^{2}-4b^{4}=1$ ;

$\pm 2a^{2}-4b^{4}=1$ ; $\pm a^{2}+4b^{4}=1$ ; $\pm 2a^{2}+4b^{4}=1$ ,
then $b=0$ .

(2) If $a$ and $b$ satisfy one of the following equations:

$2a^{2}-b^{4}=1$ ; $\pm 2a^{2}+b^{4}=1$ ,
then $b^{4}=1$ .

(3) If $a$ and $b$ satisfy one of the following equations:

$\pm a^{2}+b^{4}=1$ ,

then $b=0$ or $b^{4}=1$ .
LEMMA 8. (1) The Q-rational points on the curve $Y^{2}=X^{3}-X$ are (X, $Y$ ) $=$

( $\infty,$
$\infty 1,$ $(0,0),$ $(1,0)$ and $(-1,0)$ .
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(2) The Q-rational points on the curve $Y^{2}=X^{3}-4X$ are (X, $Y$ ) $=(\infty, \infty)$ ,
\langle $0,0$)

$,$

$(2,0)$ and $(-2,0)$ .
(3) The Q-rational points on the curve $Y^{2}=X^{3}+X$ are (X, $Y$ ) $=(\infty, \infty)$ and

$(0,0)$ .
(4) The Q-rational points on the curve $Y^{2}=X^{3}+4X$ are (X, $Y$ ) $=(\infty, \infty)$ ,

$(0,0),$ $(2,4)$ and $(2, -4)$ .
PROOF. From Table 3 and Table 4 in Birch and Swinnerton-Dyer [1], it

follows that free rank of the group of the Q-rational points on each one of
curves $Y^{2}=X^{3}-X,$ $Y^{2}=X^{3}-4X,$ $Y^{2}=X^{3}+X$ and $Y^{2}=X^{3}+4X$ is zero. Therefore
Q-rational points on these curves are of finite order. Here we use Theorem 22.1
in Cassels [2]: If $(x, y)$ is a point of finite order defined over $Q$ on $Y^{2}=$

$X^{3}+AX+B(A, B\in Z)$ , then $x,$ $y\in Z$ and either $y=0$ or $y^{2}|(4A^{3}+27B^{2})$ . Let
$(x, y)$ be a Q-rational point on $Y^{2}=X^{3}-X$, and $y\neq 0$ . Then $x,$ $y\in Z$ and $y^{2}|4$ .
Therefore $y$ is prime to 3, and $x^{3}-x=y^{2}\equiv 1$ mod 3. This is a contradiction, and
(1) is proved. In the same way, (2) is proved. Let $(x, y)$ be a Q-rational point
on $Y^{2}=X^{3}+X$, and $y\neq 0$, Then $x,$ $y\in Z$, and $y^{2}|4$ . Therefore $y$ is prime to 5,
and $x^{3}+x=y^{2}\equiv 1$ mod 5. This is a contradiction, and (3) is proved. Let $(x, y)$

be a Q-rational point on $Y^{2}=X^{3}+4X$, and $y\neq 0$ . Then $x,$ $y\in Z$, and $y^{2}|4^{4}$ .
Therefore $y^{2}$ is one of 1, $2^{2},2^{4},2^{6}$ and $2^{8}$ . But $x^{3}+4x$ mod13 is not any of
1, $2^{2},2^{6}$ and $2^{8}$ . Hence $y^{2}=2^{4}$ , and (4) is proved.

LEMMA 9. Let $x$ be transcendental over $Q$, and $f(x),$ $g(x)\in Q(x)$ . Let $n$ be
an integer $\geqq 3$ , and $\zeta_{2^{n}}$ be a Pnmitive $2^{n}$ -th root of 1. Let $a=\mathcal{F}2$ or $\sqrt{-2}$ .
Then

$Q(x, \zeta_{2^{n}}, \sqrt{f(x)})\neq Q(x, \zeta_{2^{n}}, \sqrt{ag(x)})$ .

PROOF. Assume that

$Q(x, \zeta_{2}n\sqrt{f(x)})=Q(x, \zeta_{2^{n}}, \sqrt{ag(x)})$ .
We may assume that $f(x),$ $g(x)\in Q[x]$ , and they have no multiple roots as poly-
nomials in $x$ . Then there is an element $c$ of $Q(x, \zeta_{2^{n}})^{\cross}$ such that $c^{2}f(x)=ag(x)$ .
Since $f(x)$ and $g(x)$ do not have multiple roots, $c\in Q(\zeta_{2^{n}})^{\cross}$ . Comparing the co-
efficients of the highest terms, we have $c^{2}=ac’$ , where $c’\in Q^{\cross}$ . This contradicts
that $\sqrt{ac’}\not\in Q(\zeta_{2^{n}})$ .

2. Proof of Theorem 1.

Let $E$ be an elliptic curve defined over $Q$ , and $\underline{0}$ be the zero element of $E$ .
We assume that $E$ is the elliptic curve:

$Y^{2}=X^{3}+AX+B$ , $A,$ $B\in Q$ , $4A^{3}+27B^{2}\neq 0$ ,

and $\underline{0}=(\infty, \infty)$ (cf. Cassels [2]). Assume that $E$ has no complex multiplication.
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Then $j=12^{3}(4A^{3})/(4A^{3}+27B^{2})$ is neither $0$ nor $12^{3}$ , and $AB\neq 0$ . Put $a=$

$27j/4(j-12^{3})$ . Then the invariant of the elliptic curve $E’$ :

$Y^{2}=X^{3}-aX-a$

is $j$ . Therefore there is an isomorphism $\lambda$ of $E$ to $E’$ defined over $\overline{Q}$ . From
Theorem 7.1 in Cassels [2], there is an element $\mu\in\overline{Q}$ such that $-a=\mu^{4}A,$ $-a$

$=\mu^{6}B$ , and

$\lambda(x, y)=(\mu^{2}x, \mu^{3}y)$

for $(x, y)\in E$ . Since $ABa\neq 0,$ $\mu^{2}\in Q^{\cross}$ . Hence the points of order 2 on $E’$ are
all Q-rational, if and only if the points of order 2 on $E$ are all Q-rational. Let
$N$ be a positive integer, and $(u_{0}, u_{1})$ be a base of $E_{N}$ over $Z/NZ$, where $E_{N}$

denotes the kernel of the multiplication by $N$ on $E$ . Then $(\lambda u_{0}, \lambda u_{1})$ is a base
of $E_{N}’$ . By $Q(E_{N})$ and $Q(E_{N}’)$ we denote the fields which are generated by the
coordinates of all elements of $E_{N}$ and $E_{N}’$ respectively. We identify $Ga1(Q(E_{N})/Q)$

and Gal $(Q(E_{N}’)/Q)$ with subgroups of $GL_{2}(Z/NZ)$ having $(u_{0}, u_{1})$ and $(\lambda u_{0}, \lambda u_{1})$

as bases respectively.
PROPOSITION 1. Let the notations be as above. Then

Gal $(Q(E_{N})/Q)\{\pm 1_{2}\}=Ga1(Q(E_{N}’)/Q)\{\pm 1_{2}\}$ ,

where $1_{2}=(\begin{array}{ll}1 00 1\end{array})\in GL_{2}(Z/NZ)$ .
PROOF. Let $\sigma_{0}\in Ga1(Q(E_{N}’)/Q)(\subset GL_{2}(Z/NZ))$ , and $\sigma$ an extension of $\sigma_{0}$ to

an automorphism of $\overline{Q}$ . By $\sigma_{1}$ we denote the restriction of $\sigma$ on $Q(E_{N})$ . Then
$\sigma_{1}\in Ga1(Q(E_{N})/Q)(\subset GL_{2}(Z/NZ))$ . We view $\sigma_{0}$ and $\sigma_{1}$ as automorphisms of
$E_{N}’$ and $E_{N}$ respectively. For $(x, y)\in E_{N}$ ,

$\lambda^{-1_{O}}\sigma_{0}\circ\lambda(x, y)=\lambda^{-1_{O}}\sigma_{0}(\mu^{2}x, \mu^{3}y)$

$=\lambda^{-1}(\mu^{2}x^{\sigma}, (\mu 9^{\sigma}y^{\sigma})$

$=(x^{\sigma}, \mu^{-3}(\mu^{3})^{\sigma}y^{\sigma})$ ,

since $\mu^{2}\in Q^{\cross}$ . Then $\lambda^{-1_{\circ}}\sigma_{0}\circ\lambda=\pm\sigma_{1}$ . Therefore $\sigma_{0}\in Ga1(Q(E_{N})/Q)\{\pm 1_{2}\}$ , and

Gal $(Q(E_{N}’)/Q)\{\pm 1_{2}\}\subset Ga1(Q(E_{N})/Q)\{\pm 1_{2}\}$ .
In the same way, we have

Gal $(Q(E_{N})/Q)\{\pm 1_{2}\}\subset Ga1(Q(E_{N}’)/Q)\{\pm 1_{2}\}$ .
PROPOSITION 2. Let $n$ be an integer $\geqq 6$ . Let $V$ be a subgroup of $GL_{2}(Z/2^{n}Z)$

such that
det $(V)=$ { $the$ determinant of $\sigma|\sigma\in V$ } $=(Z/2^{n}Z)^{\cross},$ (2.1)
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$-1_{2}\in V\subset H_{n}^{(1)}$ , (2.2)

$V\not\supset H_{n}^{(5)}\cap SL_{2}(Z/2^{n}Z)$ . (2.3)

Then $V$ is conjugate to a subgroup of a group $A$ , where $A\subset H_{n}^{(1)}$ , det $(A)=$

$(Z/2^{n}Z)^{\cross}$ , and $A$ satisfies one of the following:
(1) $A\supset H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z)$,

$r_{n.3}(A\cap SL_{2}(Z/2^{n}Z))=\{(\begin{array}{ll}1+4 00 1+4\end{array}),$ $(\begin{array}{ll}1 24 1\end{array})\}\{\pm 1_{2}\}$ ;

(2) $A\supset H_{n}^{(4)}\cap SL_{2}(Z/2^{n}Z)$ ,

$r_{n,4}(A\cap SL_{2}(Z/2^{n}Z))=\{(\begin{array}{ll}a bc d\end{array})\in SL_{2}(Z/2^{4}Z)\cap H_{4}^{(1)}|c=0\}$ ;

(3) $A\supset H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z)$ ,

$r_{n.3}(A\cap SL_{2}(Z/2^{n}Z))=\{(\begin{array}{ll}1 04 1\end{array}),$ $(\begin{array}{ll}1+4 00 1+4\end{array})\}$ $\{\pm 1_{2}\}$ .

PROOF. By (2.3) and Lemma 3 it follows that

$r_{n.6}(V\cap SL_{2}(Z/2^{n}Z))\not\supset H_{6}^{\langle 5)}\cap SL_{2}(Z/2^{6}Z)$ . (2.4)

By (2.2) we get $2\leqq|r_{n.2}(V\cap SL_{2}(Z/2^{n}Z))|\leqq 2^{3}$ . We show that

$|r_{n.2}(V\cap SL_{2}(Z/2^{n}Z))|=2^{2}$ or 2. (2.5)

Indeed, suppose $|r_{n,2}(V\cap SL_{2}(Z/2^{n}Z))|=2^{3}$ . Then $r_{n,2}(V\cap SL_{2}(Z/2^{n}Z))=$

$H_{2}^{(1)}\cap SL_{2}(Z/2^{2}Z)$ . There are two elements $\sigma$ and $\tau$ of $V\cap SL_{2}(Z/2^{n}Z)$ such

that $\sigma\equiv(\begin{array}{ll}1 20 1\end{array})$ mod $2^{2}$ and $\tau\equiv(\begin{array}{ll}1 02 1\end{array})$ mod $2^{2}$ . Then $\sigma^{2}\equiv(\begin{array}{ll}1 40 1\end{array})$ mod $2^{3}$ and $\tau^{4}\equiv$

$(\begin{array}{ll}1 08 1\end{array})$ mod $2^{4}$ . This contradicts (2.4) by Lemma 6. Hence (2.5) is proved.

(I) Suppose $|r_{n.2}(V\cap SL_{2}(Z/2^{n}Z))|=2^{2}$ . In this case, we see that $r_{n.2}(V\cap$

$SL_{2}(Z/2^{n}Z))$ is one of the groups:

$\{(\begin{array}{ll}-1 00 -1\end{array}),$ $(\begin{array}{ll}1 20 l\end{array})\}:\{$ $(\begin{array}{ll}-1 00 -1\end{array}),$ $(\begin{array}{ll}1 22 1\end{array})\};((\begin{array}{ll}-1 00 -1\end{array}),$ $(\begin{array}{ll}1 02 1\end{array})\}$

(2.6)

by (2.2). The second group and the third group are conjugate to the first one
by the inner automorphisms given by $(\begin{array}{ll}l 01 1\end{array})$ and $(\begin{array}{ll}0 1-1 0\end{array})$ respectively. There-

fore we may assume that

$r_{n.2}(V\cap SL_{2}(Z/2^{n}Z))=\{(\begin{array}{ll}-1 00 -1\end{array}),$ $(\begin{array}{ll}1 20 1\end{array})\}$ .

Here we have two cases:
(I. I) There is an element $\sigma$ of $V\cap SL_{2}(Z/2^{n}Z)$ such that
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$\sigma\equiv(\begin{array}{ll}1 20 1\end{array})$ mod22 and $\sigma\equiv(\begin{array}{ll}* *4 *\end{array})mod 2^{3}$ ; (2.7)

(I. II) There is an element $\sigma$ of $V\cap SL_{2}(Z/2^{n}Z)$ such that

$\sigma\equiv(\begin{array}{ll}1 20 1\end{array})$ mod $2^{2}$ and $\sigma\equiv(\begin{array}{ll}* *0 *\end{array})$ mod $2^{3}$ . (2.8)

Let us consider the case (I. I). Let $\gamma_{0}$ be an element of $SL_{2}(Z/2^{n}Z)$ such that

$\gamma_{0}\equiv(\begin{array}{ll}1+4 00 1+4\end{array})mod 2^{3}$ and $N_{\gamma_{0}}$ denote the normal subgroup of $H_{n}^{(1)}$ generated

by $U$ $\tau^{-1}\gamma_{0}\tau$ . We show that
$\tau\in H_{n}^{(1)}$

$r_{n,3}(V\cdot N_{\gamma_{0}}\cap SL_{2}(Z/2^{n}Z))\not\supset H_{3}^{(2)}\cap SL_{2}(Z/2^{3}Z)$ . (2.9)

Indeed conversely let us suppose $r_{n,3}(V\cdot N_{\gamma_{0}}\cap SL_{2}(Z/2^{n}Z))\supset H_{3}^{(2)}\cap SL_{2}(Z/2^{3}Z)$ .
Then there are $\tau\in Vand\gamma\in N_{\gamma_{0}}$ such that $\tau\gamma\in SL_{2}(Z/2^{n}Z)$ and $\tau\gamma\equiv(\begin{array}{ll}1 04 1\end{array})$ mod23.

Since $N_{\gamma_{0}}\subset SL_{2}(Z/2^{n}Z)$ and $r_{n.3}(N_{\gamma_{0}})=\langle(\begin{array}{ll}1+4 00 1+4\end{array})\rangle$, we have that $\tau\in$

$V\cap SL_{2}(Z/2^{n}Z)$ and

$\tau\equiv(\begin{array}{ll}1 04 1\end{array})$ or $(\begin{array}{ll}1+4 04 1+4\end{array})$ mod $2^{3}$ .

Therefore $r_{n.6}(V\cap SL_{2}(Z/2^{n}Z))$ includes $\sigma^{2}$ and $\tau^{2}$ and satisfies the assumption
of Lemma 6. This contradicts (2.4). Hence (2.9) is proved. (2.9) implies that

$r_{n.3}(V\cdot N_{\gamma_{0}}\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}=\{(\begin{array}{ll}1+4 00 1+4\end{array}),$ $(\begin{array}{ll}1 40 1\end{array})\}$ .

Therefore

$r_{n.3}(V\cdot N_{\gamma_{0}}\cap SL_{2}(Z/2^{n}Z))=\{(\begin{array}{ll}1+4 00 1+4\end{array}),$ $(\begin{array}{ll}1 24 1\end{array})\}\{\pm 1_{2}\}$ .

Put $A=V\cdot N_{\gamma_{0}}\cdot(H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z))$ . Then det $(A)=\det(V)=(Z/2^{n}Z)^{\cross},$ $H_{n}^{(1)}\supset A$

$\supset V,$ $A\supset H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z)$ , and $r_{n,3}(A\cap SL_{2}(Z/2^{n}Z))=r_{n.3}(V\cdot N_{\gamma_{0}}\cap SL_{2}(Z/2^{n}Z))$

$=\langle(\begin{array}{ll}1+4 00 1+4\end{array}),$ $(\begin{array}{ll}1 24 1\end{array})\rangle$ $\{\pm 1_{2}\}$ . Hence $A$ satisfies (1) and $A$ is a required group.

Next let us consider the case (I. II). Let $\sigma\in V\cap SL_{2}(Z/2^{n}Z)$ , and $\sigma$ satisfy (2.8).

If $\sigma\not\equiv(\begin{array}{ll}* *\mathbb{O} *\end{array})mod 2^{4}$ , then $\sigma\equiv(\begin{array}{ll}1+4a 2+4b8 1+4d\end{array})$ mod24. Since det $\sigma=1$ , we have

$4a+4d\equiv 0$ mod $2^{4}$ , so that $(\begin{array}{ll}1 02 1\end{array})\sigma(\begin{array}{ll}1 02 1\end{array})\equiv(\begin{array}{ll}* *0 *\end{array})$ mod $2^{4}$ . Therefore, by tak-

ing $(\begin{array}{ll}1 02 1\end{array})V(\begin{array}{ll}1 02 1\end{array})$ in place of $V$ we may assume that $\sigma\equiv(0*$ $**$) mod 24.

Let $\gamma_{1}1_{D}e$ an element of $SL_{2}(Z/2^{n}Z)$ such that $\gamma_{1}\equiv(\begin{array}{ll}1+4 00 1-4\end{array})mod 2^{4}$, and $N_{\gamma_{1}}$
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denote the normal subgroup of $H_{n}^{(1)}$ generated by
$\bigcup_{r\in H_{n}^{(1)}}\tau^{-1}\gamma_{1}\tau$

. We show that

$r_{n.4}(V\cdot N_{\gamma_{1}}\cap SL_{2}(Z/2^{n}Z))\not\supset H_{4}^{(3)}\cap SL_{2}(Z/2^{4}Z)$ . (2.10)

In fact, conversely let us suppose $r_{n.4}(V\cdot N_{\gamma_{1}}\cap SL_{2}(Z/2^{n}Z))\supset H_{4}^{(3)}\cap SL_{2}(Z/2^{4}Z)$ .
Then there exist $\tau\in V\cap SL_{2}(Z/2^{n}Z)$ and $\gamma\in N_{\gamma_{1}}$ such that $\tau\gamma\equiv(\begin{array}{ll}1 08 1\end{array})mod 2^{4}$ .

We see that $r_{n,4}(N_{\gamma_{1}})=\langle(\begin{array}{ll}1+4 00 1-4\end{array})\rangle$ . Therefore $\tau\equiv\tau_{0}mod 2^{4}$ , where $\tau_{0}$ is one of

$(\begin{array}{ll}1+4 08 1-4\end{array}),$ $(\begin{array}{ll}1-4 08 1+4\end{array}),$ $(\begin{array}{ll}1 08 1\end{array})$ and $(\begin{array}{ll}1+8 08 1+8\end{array})$ .

In any case, we see that $r_{n.6}(V\cap SL_{2}(Z/2^{n}Z))$ satisfies the assumption of Lemma
5 or the assumption of Lemma 6. This contradicts (2.4). Hence (2.10) is proved.

Since $r_{n.4}(\sigma^{4})=(\begin{array}{ll}1 80 l\end{array})$ and $r_{n,4}(\gamma_{1}^{2})=(\begin{array}{ll}1+8 00 1+8\end{array}),$ $(2.10)$ implies

$r_{n.4}(V\cdot N_{\gamma_{1}}\cap SL_{2}(Z/2^{n}Z))\cap H_{4}^{(3)}=\{(\begin{array}{ll}1 80 1\end{array}),$ $(\begin{array}{ll}1+8 00 1+8\end{array})\}$ .

Since

$r_{n,3}(\sigma^{2})=(\begin{array}{ll}1 40 1\end{array})$ and $r_{n.3}(\gamma_{1})=(\begin{array}{ll}1+4 00 1+4\end{array})\in r_{n,3}(V\cdot N_{\gamma_{1}}\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}$ ,

we have

$r_{n.3}(V\cdot N_{\gamma_{1}}\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}=\{(\begin{array}{ll}1 40 1\end{array}),$ $(\begin{array}{ll}1+4 00 1+4\end{array})\}$ .

Therefore

$r_{n.4}(V\cdot N_{\gamma_{1}}\cap SL_{2}(Z/2^{n}Z))=\langle r_{n.4}(\sigma), r_{n.4}(\gamma_{1})\rangle\{\pm 1_{2}\}$

$=\{(\begin{array}{ll}a bc d\end{array})\in SL_{2}(Z/2^{4}Z)\cap H_{4}^{(1)}|c=0\}$ .

Put $A=V\cdot N_{\gamma_{1}}\cdot(H_{n}^{(4)}\cap SL_{2}(Z/2^{n}Z))$ . Then we see that $A$ satisfies (2) and $A$ is a
required group.

(II) Suppose that $|r_{n,2}(V\cap SL_{2}(Z/2^{n}Z))|=2$ . The assumption (2.2) yields
$r_{n,2}(V\cap SL_{2}(Z/2^{n}Z))=\{\pm 1_{2}\}$ . If $r_{n.3}(V\cap SL_{2}(Z/2^{n}Z))\supset H_{3}^{(2)}\cap SL_{2}(Z/2^{3}Z)$ , then
$r_{n.6}(V\cap SL_{2}(Z/2^{n}Z))\supset H_{6}^{(5)}\cap SL_{2}(Z/2^{6}Z)$ by Lemma 3, and this contradicts (2.4).

Therefore $r_{n.3}(V\cap SL_{2}(Z/2^{n}Z))\not\supset H_{3}^{(2)}\cap SL_{2}(Z/2^{3}Z)$ , so that $|r_{n,3}(V\cap SL_{2}(Z/2^{n}Z))$

$\cap H_{3}^{(2)}|\leqq 2^{2}$ . If $|r_{n,3}(V\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}|=2^{2}$, then $r_{n,3}(V\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}$

is one of the following 7 groups:

$U_{1}=\{(\begin{array}{ll}1 04 1\end{array}),$ $(\begin{array}{ll}1 40 1\end{array})\}$ : $U_{2}=\{$ $(\begin{array}{ll}1 04 1\end{array}),$ $(\begin{array}{ll}1+4 40 1+4\end{array})\}$ ;
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$U_{3}=\{(\begin{array}{ll}1 40 1\end{array}),$ $(\begin{array}{ll}1+4 04 1+4\end{array})\}$ ; $U_{4}=\{$ $(\begin{array}{ll}1+4 04 1+4\end{array}),$ $(\begin{array}{ll}1+4 40 1+4\end{array})\}$ ;

$W_{1}=\{(\begin{array}{ll}1 04 1\end{array}),$ $(\begin{array}{ll}1+4 00 1+4\end{array})\}$ ; $W_{2}=\{$ $(\begin{array}{ll}1 40 1\end{array}),$ $(\begin{array}{ll}1+4 00 1+4\end{array})\}$ ;

$W_{3}=\{(\begin{array}{ll}1 44 1\end{array}),$ $(\begin{array}{ll}1+4 00 1+4\end{array})\}$ .

If $r_{n,3}(V\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}$ is one of $U_{i}(i=1,2,3,4)$ , then $r_{n.6}(V\cap SL_{2}(Z/2^{n}Z))$

$\supset H_{6}^{(5)}\cap SL_{2}(Z/2^{6}Z)$ by Lemma 6. This is a contradiction to (2.4). Therefore
$r_{n.3}(V\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}$ is one of $W_{i}(i=1,2,3)$ . If $|r_{n.3}(V\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}|$

$\leqq 2$, then $r_{n,3}(V\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}$ is included in one of the groups $W_{1},$ $W_{2}$ and

$W_{3}$ . Since $W_{2}$ and $W_{3}$ are conjugate to $W_{1}$ by $(\begin{array}{ll}0 11 0\end{array})$ and $(\begin{array}{ll}1 10 1\end{array})$ respectively,

we may assume that
$r_{n,3}(V\cap SL_{2}(Z/2^{n}Z))\cap H_{3}^{(2)}\subset W_{1}$ .

Then
$r_{n,3}(V\cap SL_{2}(Z/2^{n}Z))\subset W_{1}\cdot\{\pm 1_{2}\}$ .

Let $\gamma_{2}$ and $\gamma_{3}$ be elements of $SL_{2}(Z/2^{2}Z)$ such that $\gamma_{2}\equiv(\begin{array}{ll}1+4 00 1+4\end{array})mod 2^{3}$ and

$\gamma_{3}\equiv(\begin{array}{ll}1 04 1\end{array})mod 2^{3}$ . By $N_{\gamma_{i}}(i=2,3)$ we denote the normal subgroup of $H_{n}^{(1\rangle}$

which is generated by
$r\in H_{n}U_{(1)}\tau^{-1}\gamma_{i}\tau$

. Then we have

$r_{n,3}(V\cdot N_{\gamma_{2}}\cdot N_{\gamma_{3}}\cap SL_{2}(Z/2^{n}Z))$

$=r_{n,3}((V\cap SL_{2}(Z/2^{n}Z))\cdot N_{\gamma_{2}}\cdot N_{\gamma_{3}})=W_{1}\cdot\{\pm 1_{2}\}$ .
Put $A=V\cdot N_{\gamma_{2}}\cdot N_{\gamma_{3}}\cdot(H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z))$ . Then we see that $A$ satisfies (3), and $A$

is a required group.
PROPOSITION 3. Let $E$ be an elliptic curve defined over Q. Assume that $E$

has no complex multipljcation and the points of order 2 of $E$ are all Q-rational.
Identify Gal $(Q(E_{2^{n}})/Q)$ with a subgroup of $GL_{2}(Z/2^{n}Z)$ by taking a base of $E_{2^{n}}$

over $Z/2^{n}Z$. Then

Gal $(Q(E_{2}n)/Q)\{\pm 1_{2}\}\supset H_{n}^{(5)}\cap SL_{2}(Z/2^{n}Z)$ ,

for any integer $n\geqq 6$ .
PROOF. By Proposition 1, we may assume that $E$ is the curve $E(a)$ : $Y^{2}=$

$X^{3}-aX-a$ , where $a\in Q$ and $a(4a-27)\neq 0$ . Let $Q(\alpha)$ be a rational function field
of one variable $\alpha$ over $Q$ . Let $E(\alpha):Y^{2}=X^{3}-\alpha X-\alpha$ be an elliptic curve defined
over $Q(\alpha)$ with zero element $\underline{0}=(\infty, \infty)$ . By $\mathfrak{Q}$ we denote the specialization ring
of the specialization $\alphaarrow a$ over $Q$ and $\mathfrak{p}$ denotes the maximal ideal of $\mathfrak{Q}$ . Since
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$a\in Q,$ $\mathfrak{Q}/\mathfrak{p}\cong Q$ . We denote by $Q(\alpha, E(\alpha)2^{n})$ the field which is generated by $\alpha$

and the coordinates of all elements of $E(\alpha)2^{n}$ Let $\mathfrak{S}$ be the integral closure of
$\mathfrak{Q}$ in $Q(\alpha, E(\alpha)_{2^{n}})$ , and $\mathfrak{P}$ a maximal ideal of $\mathfrak{S}$ lying above $\mathfrak{p}$ . Then we regard
$\mathfrak{Q}/\mathfrak{p}$ as $Q$ and $\mathfrak{S}/\mathfrak{P}$ as a subPeld of $\overline{Q};Q=\mathfrak{Q}/\mathfrak{p}\subset \mathfrak{S}/\mathfrak{P}\subset\overline{Q}$ . If $(x, y)\in E(\alpha)_{2^{n}}$ and
$(x, y)\neq(\infty, \infty)$ , then $x,$ $y\in S$, $(\overline{x},\overline{y})\in E(a)_{2}n$ and $(\overline{x},\overline{y})\neq(\infty, \infty)$ , where “-,,

indicates the reduction mod $\mathfrak{P}$ . Therefore the reduction mod $\mathfrak{P}$ induces the
homomorphism: $E(\alpha)_{z^{n^{arrow E(a)}}2^{n}}$ whose kernel is trivial. Since $|E(\alpha)_{2^{n}}|=|E(a)_{2^{n}}|$ ,
this homomorphism is an isomorphism. Let $V_{\mathfrak{P}}$ be the decomposition group of
$\mathfrak{P}$ : $V_{\mathfrak{P}}=\{\sigma\in Ga1(Q(\alpha, E(\alpha)_{2^{n}})/Q(\alpha))|\mathfrak{P}^{\sigma}=\mathfrak{P}\}$ . Then for each $\sigma\in V_{\mathfrak{P}}$ , we can
associate an automorphism $\overline{\sigma}$ of $\mathfrak{S}/\mathfrak{P}$ over $\mathfrak{Q}/\mathfrak{p}$ in the natural way, and the map
given by $\sigmaarrow\overline{\sigma}$ induces a homomorphism $\phi:V_{\mathfrak{P}}arrow Ga1((\mathfrak{S}/\mathfrak{P})/(\mathfrak{Q}/\mathfrak{p}))$ . We know
that $\phi$ is surjective (cf. Lang [5], Chapter 1). Assume that $(u_{0}, u_{1})$ is a base
of $E(\alpha)2^{n}$ over $Z/2^{n}Z$. Let $\sigma\in V_{\mathfrak{P}}$ , and

$(\sigma u_{0}, \sigma u_{1})=(u_{0}, u_{1})(\begin{array}{ll}a bc d\end{array})$ ,

where $(\begin{array}{ll}a bc d\end{array})\in GL_{2}(Z/2^{n}Z)$ . Then

$(\overline{\sigma}\overline{u}_{c},\overline{\sigma}\overline{u}_{1})=(\overline{u}_{0},\overline{u}_{1})(\begin{array}{ll}a bc d\end{array})$ .

Therefore $\phi$ is an isomorphism and $\mathfrak{S}/\mathfrak{P}=Q(E(a)_{2^{n}})$ . If we denote by $L$ the
fixed subfield of $Q(\alpha, E(\alpha))2^{n}$ under $V_{\mathfrak{P}}$ , then $(L\cap \mathfrak{S})/(L\cap \mathfrak{P})=\mathfrak{Q}/\mathfrak{p}=Q$ (cf. Lang
[5], Chapter 1). Identify Gal $(Q(\alpha, E(\alpha)2n)/Q(\alpha))$ (respectively Gal $(Q(E(a)2^{n})/Q)$ )

with a subgroup of $GL_{2}(Z/2^{n}Z)$ by taking the base $(u_{0}, u_{1})$ (respectively $(\overline{u}_{0},\overline{u}_{1})$ ).

Then $V_{\mathfrak{P}}=Ga1(Q(E(a)_{2^{n}})/Q)$ . Let $\zeta_{2^{n}}$ be a primitive $2^{n}$-th root of 1. It is well
known (cf. Shimura [9], Chapter 6) that

Gal $(Q(\alpha, E(\alpha)_{2^{n}})/Q(\alpha))=GL_{2}(Z/2^{n}Z)$ ,

$Q(\alpha, E(\alpha)_{2^{n}})_{\cap}\overline{Q}=Q(\zeta_{2^{n}})=fix(SL_{2}(Z/2^{n}Z))$ ,

$Px(\{\pm 1_{2}\})=Q(\alpha, \{x\}_{(x,y)\in E(\alpha)_{2}n})$ ,

where fix $(*)$ denotes the fixed field of $Q(\alpha, E(\alpha)_{2^{n}})under*$ . We denote $V_{\mathfrak{P}}\{\pm 1_{2}\}$

by $V$ . Since $\zeta_{2^{n}}\in Q(E(a)_{2^{n}})$ and $\zeta_{2^{n}}^{\sigma}=\zeta_{2^{n}}^{\det(\sigma)}$ for $\sigma\in Ga1(Q(E(a)_{2^{n}})/Q)(=V_{\mathfrak{P}})$, we
have det $(V)=(Z/2^{n}Z)^{\cross}$ . Since the points of order 2 of $E(a)$ are all Q-rational,
we have $VcH_{n}^{(1)}$ . Assume that the consequence of Proposition 3 is false, namely

$V=Ga1(Q(E(a)_{2^{n}})/Q)\{\pm 1_{2}\}\not\supset H_{n}^{(5)}\cap SL_{2}(Z/2^{n}Z)$ .
We shall prove that this assumption derives a contradiction. By Proposition 2,
$V$ is conjugate to a subgroup of a group $A$ in $GL_{2}(Z/2^{n}Z)$, where $A\subset H_{n}^{(1)}$ ,
det $(A)=(Z/2^{n}Z)^{\cross}$ , and $A$ satisfies one of (1), (2) and (3) in Proposition 2. Then
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we may assume $V\subset A$ by selecting a suitable base $(u_{0}, u_{1})$ . It follows that

$L=fix(V_{\mathfrak{P}})\supset fix(V)\supset fix(A)=F\supset Q(\alpha)$ .
Since the residue class field $(L\cap \mathfrak{S})/(L\cap \mathfrak{P})$ is equal to $Q$,

$(F\cap \mathfrak{S})/(F\cap \mathfrak{P})=Q$ . (2.11)

We determine $F$ for $A$ of each type and deduce a contradiction to (2.11). Put

$(_{2^{n-3}u_{i}=(g_{i}}2^{n-4}u_{i}=(h_{i},$
$\sqrt{3}\frac{h^{3}-\alpha h-\alpha}{ii)}i^{-\alpha g_{\iota}-\alpha)}$

$|_{2^{n-1}u_{i}=(e_{i},0)}^{2^{n-2}u_{i}=(f_{i},\sqrt{f_{i}^{3}-\alpha f_{i}-\alpha)}}$

(2.12)

where $i=0,1$ , and
$(e_{0},0)+(e_{1},0)=(e_{2},0)$ .

By (1.11) and (1.12),

(2.13)

where $i=0,1$ . In the following, as a square root of $(e_{0}-e_{1})(e_{0}-e_{2}),$ $(e_{1}-e_{2})(e_{1}-e_{0})$ ,

$\ldots,$
$(g_{i}-e_{0})(g_{i}-e_{1})$ we use $\sqrt{(e_{0}-e_{1})(e_{0}-e_{2})},$ $\sqrt{(e_{1}-e_{2})(e_{1}-e_{0})},$

$\cdots,$
$\sqrt{(g_{i}-e_{0})(g_{i}-e_{1})}$

in (2.13) respectively. Since $A\subset H_{n}^{(1)}$ , we have
$F=fix(A)\supset fix(H_{n}^{(1)})=Q(\alpha, E(\alpha)_{2})=Q(\alpha, e_{0}, e_{1}, e_{2})$ . Put $s=1+2e_{1}/e_{0}$ . Then

$\{\begin{array}{l}e_{0}=-(s^{2}+3)/(s^{2}-1),e_{1}=-(s^{2}+3)/2(s+1),e_{2}=(s^{2}+3)/2(s-1),\end{array}$ (2.14)

so that $Q(\alpha, E(\alpha)_{2})=Q(s)$ . We have

$\{\begin{array}{l}e_{0}-e_{1}=(s^{2}+3)(s-3)/2(s^{2}-1),e_{0}-e_{2}=-(s^{2}+3)(s+3)/2(s^{2}-1),e_{1}-e_{2}=-(s^{2}+3)s/(s^{2}-1).\end{array}$ (2.15)

We divide the consideration into 3 parts (I), (II), and (III) corresponding to each
case that $A$ satisfies (1), (2), or (3).

(I) Suppose that $A$ satisfies (1) in Proposition 2. Put
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$F’=fix(A\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z)))$ .
Then by Lemma 2 we have

$[F’ : Q(s)]=[H_{n}^{(1)} : A\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z))]$

$=$ [ $\det(H_{n}^{(1)})$ : det $(A\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z)))$]

$\cross[H_{n}^{(1)}\cap SL_{2}(Z/2^{n}Z):(A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z))]$

$=1 \cross\frac{|H_{n\cap}^{(1)}SL_{2}(Z/2^{n}Z)|}{|(A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z))|}$

$=1 \cross\prod_{h=1}^{n}\frac{|r_{n.h}(H_{n\cap}^{(1)}SL_{2}(Z/2^{n}Z))\cap Hh^{\hslash- 1)}|}{|r_{n,h}((A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n\cap}^{(2)}SL_{2}(Z/2^{n}Z)))\cap H_{n}^{(h-1)}|}$

$=1 \cross 1\cross 2\cross\prod_{h=3}^{n}1=2$ . (2.16)

We obtain also

$[F’(\zeta_{2}n):Q(s, \zeta_{2}n)]$

$=[H_{n}^{(1)}\cap SL_{2}(Z/2^{n}Z):(A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z))]$

$=2$ . (2.17)

For any $\sigma\in(A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z))$ ,

$\sigma(2^{n- 2}u_{0})=2^{n- 2}u_{0}$ or $2^{n- 2}u_{0}+(e_{0},0)$ .
Therefore by Lemma 1,

$\sqrt{(e_{0}-e_{1})(e_{0}-e_{2})}\in fix((A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z)))$

$=F’(\zeta_{2^{n}})$ .

In the following, $\sqrt{\frac{e_{0}-e_{1}}{e_{0}-e_{2}}}$ denotes $\frac{\sqrt{(e_{0}-e_{1})(e_{0}-e_{2})}}{e_{0}-e_{2}}$ The equations (2.15) give

$\underline{e_{0}-e_{1}}=(-1)(s-3)/(s+3)$ and $F’(\zeta_{2}n)=Q(s, \zeta_{2}n’\sqrt{(-1)(s-3)(s+3)})$ , by (2.17).
$e_{0}-e_{2}$

On the other hand, by (2.16) there is an element $f(s)$ of $Q[s]$ with no multiple
roots such that $F’=Q(s, \sqrt{f(s)})$ . Then

$Q(s, \zeta_{2}n’\sqrt{f(s)})=Q(s, \zeta_{2}n\sqrt{(-1)(s+3)(s-3}))$ .
Therefore $f(s)=c^{2}(-1)(s+3)(s-3)$ , where $c\in Q(s, \zeta_{2^{n}})^{\cross}$ . Since neither $f(s)$ nor
$(-1)(s+3)(s-3)$ has any multiple root, we see $c\in Q(\zeta_{2^{n}})^{\cross}$ . Since $c^{2}\in Q$ , we may

assume that $c^{2}$ is one of 1, $-1,2$ and $-2$ . Put $t_{1}=\sqrt{\underline{e_{0}-e_{1}}}$

, $t_{2}=\sqrt{-1}t_{1},$ $t_{3}=$

$e_{0}-e_{2}$

$\sqrt{2}t_{1}$ and $t_{4}=\sqrt{-2}t_{1}$ . Then $F’$ is one of $Q(s, t_{i})(i=1,2,3,4)$ . By (2.15) we
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see $Q(s, t_{i})=Q(t_{i})$ . Therefore $F’$ is one of $Q(t_{i})(i=1,2,3,4)$ . Since $A$ satisfies
(1) in Proposition 2, $A\supset H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z)$ and

$r_{n.3}(A\cap SL_{2}(Z/2^{n}Z))=\{(\begin{array}{ll}1+4 00 1+4\end{array}),$ $(\begin{array}{ll}1 24 1\end{array})\}\{\pm 1_{2}\}$ .

Let $\sigma\in A\cap SL_{2}(Z/2^{n}Z)$ with $r_{n.3}(\sigma)=(\begin{array}{ll}1 24 1\end{array})$ , and $\gamma\in A\cap SL_{2}(Z/2^{n}Z)$ with

$r_{n.3}(\gamma)=(\begin{array}{ll}1+4 00 1+4\end{array})$ . Then we see

$\{\begin{array}{l}\gamma(2^{n- 3}u_{0})=2^{n- 3}u_{0}+(e_{0},0) ,\sigma(2^{n-3}u_{0})=2^{n- 3}u_{0}+(e_{1},0),\end{array}$

$\{\begin{array}{l}\gamma(2^{n-2}u_{1})=2^{n- 2}u_{1},\sigma(2^{n-2}u_{1})=2^{n-2}u_{1}+(e_{0},0).\end{array}$

Therefore by Lemma 1,

$\{\begin{array}{l}\sqrt{(f}\overline{0-e_{1})(f_{0}-e_{2})}^{\gamma}=\sqrt{(f_{0}-e_{1})(f_{0}-e_{2})},\sqrt{(f_{0}-e_{1})(f_{0}-e_{2})}^{\sigma}=-\sqrt{(f_{0}-e_{1})(f_{0}-e_{2})},\end{array}$ (2.18)

$\{\begin{array}{l}\sqrt{(e_{1}-e_{2})(e_{1}-e_{0})}^{\gamma}=\sqrt{(e_{1}-e_{2})(e_{1}-e_{0})},\sqrt{(e_{1}-e_{2})(e_{1}-e_{0}})^{\sigma}=-\sqrt{(e_{1}-e_{2})(e_{1}-e_{0})}.\end{array}$ (2.19)

Since $’\sqrt{(f_{0}-e_{1})(f_{0}-e_{2})}$ , $\sqrt{(e_{1}-e_{2})(e_{1}-e_{0})}\in Q(\alpha, \{x\}_{(x.y)\in E(\alpha)_{2}n})=fix(\{\pm 1_{2}\})$ and
$\sqrt{(f_{0}-e_{1})(f_{0}-e_{2})},$ $\sqrt{(e_{1}-e_{2})(e_{1}-e_{0})}\in Q(\alpha, E(\alpha)_{2^{3}})=fix(H_{n}^{(3)}),$ $(2.18)$ and (2.19) imply
that

$\sqrt{(f_{0}-e_{1})(f_{0}-e_{2})}\cross\sqrt{(e_{1}-e_{2})(e_{1}-e_{0})}\in fix(A\cap SL_{2}(Z/2^{n}Z))=F(\zeta_{2^{n}})$ .
In the same way as before, we see

$[F(\zeta_{2^{n}}):F’(\zeta_{2^{n}})]=[F:F’]=2$ . (2.20)

We have

$\frac{f_{0}-e_{1}}{f_{0}-e_{2}}=\sqrt{\frac{e_{0}-e_{1}}{e_{0}-e_{2}}}=t_{1}\in F’(\zeta_{2^{n}})$ ,

$\frac{e_{1}-e_{2}}{e_{1}-e_{0}}=\frac{2s}{s-3}=(t_{1}^{2}-1)/t_{1}^{2}$ .

Then, since $f_{0}-e_{2},$ $e_{1}-e_{0}\in F’(\zeta_{2^{n}})$ , we have

$F(\zeta_{2^{n}})\supset F’(\zeta_{2^{n}}, \sqrt{t_{1}(t_{1}^{2}-1}))=Q(t_{1}, \zeta_{2^{n}}, \sqrt{t_{1}(t_{1}^{2}-1)})$ .
By (2.20) we have $F(\zeta_{2^{n}})=Q(t_{1}, \zeta_{2^{n}}, \sqrt{t_{1}(t_{1}^{2}-1)})$ . On the other hand, by (2.20)

there exists an element $f(t_{i})$ of $Q[t_{i}]$ with no multiple root such that $F=$
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$Q(t_{i}, \sqrt{f(t_{i})})$ , where $F’=Q(t_{i})$ . In the case $F’=Q(t_{1})$ , we obtain

$F(\zeta_{2^{n}})=Q(t_{1}, \zeta_{2^{n}}, \sqrt{t_{1}(t_{1}^{2}-1)})=Q(t_{1}, \zeta_{2}n’\sqrt{f(t_{1})})$ .
In the same way as before, we may assume that

$f(t_{1})=c^{2}t_{1}(t_{1}^{2}-1)$ , where $c^{2}=\pm 1$ or $\pm 2$ .
Since $E(a)$ is elliptic, $t_{1}$ and $\sqrt{f(t_{1})}$ are integral over the specialization ring $\mathfrak{Q}$,
$i$ . $e.,$ $t_{1},$ $\sqrt{f(t_{1})}\in \mathfrak{S}$, so that $t_{1},$ $\sqrt{f(t_{1})}\in F\cap \mathfrak{S}$ . By (2.11) (X, $Y$) $=(\overline{t}_{1},\overline{\sqrt{f(t}1)})$ is a
finite Q-rational point on

$Y^{2}=c^{2}X(X^{2}-1)$ .
Then, by Lemma 8 $\overline{t}_{1}=0$ or $\overline{t}_{1}^{2}=1$ . If $\overline{t}_{1}=0$ , then $( \frac{e_{0}-e_{1}}{e_{0}-e_{2}})=0$ . If $\overline{t}_{1}^{2}=1$ , then

$( \frac{e_{0}-e_{1}}{e_{0}-e_{2}})=1$ , so that $\overline{e}_{1}=\overline{e}_{2}$ . These contradict that $E(a)$ is elliptic. If $F’=Q(t_{2})$ ,

then

$F(\zeta_{2^{n}})=Q(t_{2}, \zeta_{2^{n}}, \sqrt{t_{2}(t_{2}^{2}+1)})=Q(t_{2}, \zeta_{2}n’\sqrt{f(t_{2})})$ .

Then we may assume that $f(t_{2})=c^{2}i_{2}(t_{2}^{2}+1)$ , where $c^{2}=\pm 1$ or $\pm 2$ . In the same
way as above, (X, $Y$ ) $=(\overline{t}_{2}, \sqrt{}\overline{f\overline{(t_{2})}})$ is a finite Q-rational point on

$Y^{2}=c^{2}X(X^{2}+1)$ .
Then, by Lemma 8 $\overline{t}_{2}=0$ or $\overline{t}_{2}^{2}=1$ . If $\overline{t}_{2}=0$, then $\overline{t}_{1}=0$ . If $\overline{t}_{2}^{2}=1$ , then $\overline{t}_{1}^{2}=-1$ , so
that $\overline{e}_{0}=0$ and $a=0$ . These contradict that $E(a)$ is elliptic. If $F’=Q(t_{3})$ , then

$F(\zeta_{2^{n}})=Q(t_{3}, \zeta_{2^{n}}, \sqrt{2^{-}t_{3}(t_{3}^{2}-2}))=Q(t_{3}, \zeta_{2^{n}}, \sqrt{f(t_{3})})$ .
This contradicts Lemma 9. If $F’=Q(t_{4})$ , then

$F(\zeta_{2^{n}})=Q(t_{4}, \zeta_{2^{n}}, \sqrt{\sqrt{-2}t_{4}(t_{4}^{2}+2)})=Q(t_{4}, \zeta_{2^{n}}, \sqrt{f(t_{4})})$ .
This contradicts Lemma 9.

(II) Suppose that $A$ satisfies (2) in Proposition 2. Put

$F’=fix(A\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z)))$ ,

$F’’=fix(A\cdot(H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z)))$ .
In the same way as in the first case, we see that $F’$ is one of $Q(t_{i})(i=1,2,3,4)$ ,
where $t_{i}(i=1,2,3,4)$ are the same as $t_{i}(i=1,2,3,4)$ in the first case. We have

$[F’ : F’]=[F’(\zeta_{2^{n}}) : F’(\zeta_{2^{n}})]=[F:F’]=[F(\zeta_{2^{n}}) : F’(\zeta_{2^{n}})]=2$ .

Let $\sigma\in A\cap SL_{2}(Z/2^{n}Z)$ with $r_{n,4}(\sigma)=(01$

$=(\begin{array}{ll}1+4 00 1-4\end{array})$ . Then

$21)$ , and $\gamma\in A\cap SL_{2}(Z/2^{n}Z)$ with $r_{n.4}(\gamma)$
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$\sigma(2^{n- 3}u_{0})=2^{n- 3}u_{0}$ ,

$\gamma(2^{n- 3}u_{0})=2^{n- 3}u_{0}+(e_{0},0)$ .
This implies that $\sqrt{}(\overline{f_{0}-e_{1})(f_{0}-e_{2})}\in fix((A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z)))=$

$F’’(\zeta_{2^{n}})$ , since $r_{n,3}(A\cap SL_{2}(Z/2^{n}Z))=\langle r_{n,3}(\sigma), r_{n,3}(\gamma)\rangle\{\pm 1_{2}\}$ . We saw that $\frac{f_{0}-e_{1}}{f_{0}-e_{2}}$

$=t_{1}$ . Put

$\sqrt{t_{1}}=\sqrt{\frac{f_{0}-e_{1}}{f_{0}-e_{2}}}=\frac{\sqrt{(f_{0}-e_{1})(f_{0}-e_{2})}}{f_{0}-e_{2}}$ .

Then, since $f_{0}-e_{2}\in F’(\zeta_{2^{n}})$ , we have

$F’’(\zeta_{2^{n}})=Q(t_{1}, \zeta_{2}n’\sqrt{r_{1}})$ .
If $F’=Q(t_{3})$ or $Q(t_{4})$ , then we have a contradiction to Lemma 9. Therefore $F’$

$=Q(t_{1})$ or $Q(t_{2})$ . Put

$\sqrt{t_{1}}=v_{1,1},$ $\sqrt{-1}v_{1,1}=v_{1.2},$ $\sqrt{2}v_{1,1}=v_{1,3},$ $\sqrt{-}2$ Vl.l $=v_{1,4}$ ,

$\sqrt{t_{2}}=v_{2,1},$ $\sqrt{-1}v_{2,1}=v_{2,2},$ $\sqrt{2}v_{2,1}=v_{2,3},$ $\sqrt{-2}v_{2,1}=v_{2,4}$ .
Then $F’’=Q(v_{i,j})$ , where $i$ is one of 1 and 2, and $j$ is one of 1, 2, 3 and 4. Next
we determine $F$. The genus of $F$ as a function field of one variable is 1 by an
easy computation (cf. Shimura [9]). Set

$B=\{(\begin{array}{ll}a bc d\end{array})\in SL_{2}(Z/2^{n}Z)\cap H_{n}^{(1)}|a\equiv 1$ mod $2^{3},$ $c\equiv 0$ mod $2^{4}\}$ .

We have

$r_{n,4}(B\{\pm 1_{2}\})=\{(\begin{array}{ll}1+8 00 1+8\end{array}),$ $(\begin{array}{ll}1 20 1\end{array})\}\{\pm 1_{2}\}$ .

Then $2=[A\cap SL_{2}(Z/2^{n}Z):B\{\pm 1_{2}\}]=[fix(B\{\pm 1_{2}\}):F(\zeta_{2}n)]$ and fix $(B\{\pm 1_{2}\})=$

$F(\zeta_{2^{n}}, \sqrt{(f_{0}-e_{2})(f_{0}-e_{0})})$ . We have

$- \frac{f_{0}-e_{0}}{f_{0}-e_{2}}=\frac{\frac{e-ee-e}{(01)(02)}}{e_{0}-e_{2}+\sqrt{}(\overline{e_{0}-e_{1}})(\overline{e_{0}-e}_{2})}=\frac{t_{1}}{1+t_{1}}$ .

Put

$\frac{\frac{-e-e}{(f_{02})(f_{00})}}{f_{0}-e_{2}}=\sqrt{}\frac{f_{0}\overline{-e_{0}}}{f_{0}-e_{2}}=\overline{\sqrt{}}^{\frac{\sqrt{t_{1}}}{t_{1}+1}}$

where $\mathcal{F}t_{1}=v_{1.1}$ . Since $F’(\zeta_{2^{n}})=Q(\zeta_{2^{n}}, \sqrt{t_{1}})\subset F(\zeta_{2^{n}})$ , we get

fix $(B\{\pm 1_{2}\})=F(\zeta_{2}n’\sqrt{(f_{0}-e_{2})(f_{0}-e_{0})})=F(\zeta_{2^{n}}, \sqrt{t_{1}+}1)$ .

We see $\sqrt{}(\overline{g_{0}-e_{1})(g_{0}-e_{2})}\in Px(B\{\pm 1_{2}\})$ . Noting $g_{0}-e_{2}\in fix(B\{\pm 1_{2}\})$ , we have
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$\sqrt{\frac{g_{0}-e_{1}}{g_{0}-e_{2}}}\in fix(B\{\pm 1_{2}\})=F(\zeta_{2^{n}}, \prime t_{1}+1)$ .

Therefore, there are two elements $q$ and $r$ of $F(\zeta_{2^{n}})$ such that

$\frac{g_{0}-e_{1}}{g_{0}-e_{2}}=(q+r\sqrt{t_{1}+1})^{2}$ . (2.21)

We have

$=\sqrt{t_{1}}-t_{1}+\sqrt{t_{1}}t_{1}+(\sqrt{t_{1}}-t_{1})\sqrt{t_{1}+1}$

$=q^{2}+r^{2}(t_{1}+1)+2qr\sqrt{t_{1}+1}$ . (2.22)

By (2.21) and (2.22),

$q^{2}+r^{2}(t_{1}+1)=\sqrt{t_{1}}-t_{1}+\sqrt{t_{1}}t_{1}$ , $2qr=\sqrt{t_{1}}-t_{1}$ ,

and so
$q^{2}=(\sqrt{t_{1}}-t_{1}+\sqrt{t_{1}}t_{1}\pm t_{1})/2$ .

If $q^{2}=(\sqrt{t_{1}}-t_{1}+\sqrt{t_{1}}t_{1}-t_{1})/2=\sqrt{t_{1}}(\sqrt{t_{1}}-1)^{2}/2$, then $F(\zeta_{2^{n}})=Q(\sqrt{t_{1}}, \zeta_{2^{n}}, \sqrt{\triangleleft\Gamma_{t_{1}}})$ ,

since $F’(\zeta_{2^{n}})=Q(\sqrt{t_{1}}, \zeta_{2^{n}})$ and $[F(\zeta_{2^{n}}):F’(\zeta_{2^{n}})]=2$ . Therefore the genus of
$F(\zeta_{2^{n}})isO$ . This contradicts that the genus of F $(\zeta_{2^{n}})$ is l. Hence q2 $=\sqrt{t_{1}}(t_{1}+1)/2$ ,
so that

$F(\zeta_{2^{n}})=Q(\sqrt{t_{1}}, \zeta_{2^{n}}, \sqrt{\sqrt t_{1}(t_{1}+1)})$

$=Q(v_{1,1}, \zeta_{2^{n}}, \sqrt{v_{1,1}(v_{1.1}^{2}+1)})$ .
Since $[F:F’’]=2$ and $F’’=Q(v_{i.j})$ , where $i$ is one of 1 and 2, and $i$ is one of 1,
2, 3 and 4, there is an element $f(v_{i,j})$ of $Q[v_{i,j}]$ with no multiple root such that

$F=Q(v_{i,j}, \sqrt{f(v_{i,j})})$ .
Then

$F(\zeta_{2^{n}})=Q(v_{i.j}, \zeta_{2^{n}}, \sqrt{f(v_{i.j})})$

$=Q(v_{i.j}, \zeta_{2^{n}}, \sqrt{v_{1.1}(v_{1,1^{2}}+1}))$ .

If $F’’=Q(v_{1,j})$ for a certain $j$ , then we have a contradiction in the same way as
in the first case. If $F’=Q(v_{2,1})$ , then

$Q(v_{21}, \zeta_{2^{n}}, \sqrt{f(v_{2.1})})=Q(v_{2,1}, \zeta_{2^{n}}, \sqrt{v_{21}(v_{2.1^{2}}+\sqrt{-J}1)})$ .
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Since $f(v_{2.1})$ and $v_{2,1}(v_{2,1^{2}}+\sqrt{-1})$ have no multiple roots, there exists $c\in Q(\zeta_{2^{n}})^{x}$

such that
$f(v_{2,1})=c^{2}v_{2.1}(v_{2.1}^{2}+\sqrt{-1})$ .

This contradicts that $f(v_{2,1})\in Q[v_{2,1}]$ . In the same way, if $F’’=Q(v_{2.j})$ for a cer-
tain $j$, then we have a contradiction.

(III) Suppose that $A$ satisfies (3) in Proposition 2. Let $\gamma=(\begin{array}{ll}1 20 1\end{array})\in SL_{2}(Z/2^{n}Z)$ .
By $N_{\gamma}$ we denote the normal subgroup of $H_{n}^{(1)}$ which is generated by

$\bigcup_{\tau\in H_{n}^{(1)}}\tau^{-1}\gamma\tau$
.

Put
$F’=fix(A\cdot N_{\gamma}\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z)))$ ,

$F’’=fix(A\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z)))$ .
Then we see

$[F:F’’]=[F’’ : F’]=[F’ : Q(s)]=[F(\zeta_{2^{n}}) : F"(\zeta_{2^{n}})]$

$=[F’’(\zeta_{2}n):F’(\zeta_{2}n)]=[F’(\zeta_{2}n):Q(s, \zeta_{2}n)]=2$ .
The genus of $F’’(\zeta_{2^{n}})$ is $0$ (cf. Shimura [9]), and therefore the genus of $F’(\zeta_{2}n)$

is $0$ . Since det $(A)=(Z/2^{n}Z)^{\cross},$ $F\cap\overline{Q}=F’\cap\overline{Q}=F’’\cap\overline{Q}=Q$ . Since

$r_{n.2}((A\cap SL_{2}(Z/2^{n}Z))\cdot N_{\gamma}\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z)))$

$=\{(\begin{array}{ll}-1 00 -1\end{array}),$ $(\begin{array}{ll}1 20 1\end{array})\}$

we have

$F’(\zeta_{2^{n}})=Q(s,$ $\zeta_{2^{n}},$
$\sqrt{\frac{e_{0}-e_{2}}{e_{0}-e_{1}}})$ .

Put $\frac{e_{0}-e_{2}}{e_{0}-e_{1}}=g(s)\{h(s)\}^{2}$, where $g(s)$ is an element of $Q[s]$ with no multiple

root and $h(s)$ is an element of $Q(s)$ . Since $[F’ : Q(s)]=2$, there is an element
$f(s)$ of $Q[s]$ with no multiple root such that $F’=Q(s, \sqrt{f(s)})$ . Then we may
assume that $c^{2}f(s)=g(s)$ , where $c^{2}=\pm 1$ or $\pm 2$ . Hence

Since the genus of $F’$ is $0$ and $(\overline{s}, \overline{\sqrt{(s})})$ is a Q-rational point on the curve
$Y^{2}=f(X)$ , there is an element $t\in F’$ such that $F’=Q(t)$ . Since

$r_{n.2}((A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n}^{(2)}\cap SL_{2}(Z/2^{n}Z)))=\{\pm 1_{2}\}$ ,

we have
$F’’(\zeta_{2^{n}})=Q(t,$ $\zeta_{2^{n}},$

$\sqrt{\frac{e_{1}-e_{2}}{e_{1}-e_{0}}})$ .
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Hence in the same way as above, we have

$F’’=Q(t, \nu_{0})=Q(v)$ ,

where $\nu_{0^{=(1/c’)}}^{\sqrt{\frac{e_{1}-e_{2}}{e_{1}-e_{0}}}}$, and $c^{\prime 2}=\pm 1$ or $\pm 2$ . Since

$r_{n,3}((A\cap SL_{2}(Z/2^{n}Z))\cdot(H_{n}^{(3)}\cap SL_{2}(Z/2^{n}Z)))$

$=\{(\begin{array}{ll}1 04 1\end{array}),$ $(\begin{array}{ll}1+4 00 1+4\end{array})\}\{\pm 1_{2}\}$ ,

we have

$F(\zeta_{2^{n}})=Q(v,$ $\zeta_{2^{n}},$
$\sqrt{\frac{f_{1}-e_{2}}{f_{1}-e_{0}}})$ ,

where $\frac{f_{1}-e_{2}}{f_{1}-e_{0}}=\sqrt{\frac{e_{1}-e_{2}}{e_{1}-e_{0}}}$ . On the other hand $\sqrt{\frac{e_{1}-e_{2}}{e_{1}-e_{0}}}=c’\nu_{0}$ , where $\nu_{0}\in Q(v)$ .

Noting $[F:Q(v)]=[F:F’’]=2$, we obtain $c^{\prime 2}=\pm 1$ by Lemma 9. Then

$F(\zeta_{2^{n}})=Q(v, \zeta_{2^{n}}, \sqrt{c’\nu_{0}})=Q(v, \zeta_{2^{n}}, \sqrt{\nu_{0}})$ ,

so that
$F=Q(v, \nu)$ ,

where $\nu=(1/c’’)\sqrt{\nu_{0}}-$ , and $c^{\prime\prime 2}=\pm 1$ or $\pm 2$ . We have

$\omega^{2}=c^{-2}(\frac{e_{0}-e_{2}}{e_{0}-e_{1}})$ ,

$\nu^{4}=c^{\prime\prime- 4}\nu_{0}^{2}$

$=c^{n- 4}c^{\prime- 2}( \frac{e_{1}-e_{2}}{e_{1}-e_{0}})$ .

Since $\frac{e_{0}-e_{2}}{e_{0}-e_{1}}+\frac{e_{1}-e_{2}}{e_{1}-e_{0}}=1$ , we have $c^{2}\omega^{2}+c^{\prime\prime 4}c^{\prime 2}\nu^{4}=1$ , where $c^{2}=\pm 1$ or $\pm 2,$ $c^{\prime 2}$

$=\pm 1$ and $c^{n4}=1$ or 4. Since $\omega,$
$\nu\in F\cap \mathfrak{S}$, (X, $Y$ ) $=(\overline{\omega},\overline{\nu})$ is a finite Q-rational

point on the curve
$c^{2}X^{2}+c^{\prime\prime 4}c^{\prime 2}Y^{4}=1$ ,

where $c^{2}=\pm 1$ or $\pm 2$ , and $c^{\prime\prime 4}c^{\prime 2}=\pm 1$ or $\pm 4$ . If $c^{\prime\prime 4}c^{\prime 2}=\pm 4$, then $\overline{\nu}=0$ by

Lemma 7, and therefore $( \frac{e_{1}-e_{2}}{e_{1}-e_{0}})=0$ . This contradicts that $E(a)$ is elliptic. If

$c^{\prime\prime 4}c^{\prime 2}=\pm 1$ , then $\overline{\nu}=0$ or $\overline{\nu}^{4}=1$ by Lemma 7, and therefore $( \frac{e_{1}-e_{2}}{e_{1}-e_{0}})=0$ or 1. This

contradicts that $E(a)$ is elliptic. We deduced a contradiction in any case of (I),

(II), (III), and so complete the proof of Proposition 3.
By Proposition 3, we have obviously the following proposition.
PROPOSITION 4. Let $E$ satisfy the hypothesis of Theorem 1, and notations be
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as above. Then
Gal $(Q(E_{2^{n}})/Q)\supset SL_{2}(Z/2^{n}Z)\cap H_{n}^{(6)}$ ,

for any integer $n\geqq 7$ .
PROPOSITION 5. Let $E$ satisfy the hypothesis of Theorem 1, and notations be

as above. Then
Gal $(Q(E_{2^{n}})/Q)\supset H_{n}^{(7)}$ ,

for any integer $n\geqq 8$ .
PROOF. Let $n$ be an integer $\geqq 8$ . Put $V=Ga1(Q(E_{2^{n}})/Q)$ . Assume that

$V\not\supset H_{n}^{(m-1)}$ . By Proposition 4,

$V\cap H_{n}^{(6)}\supset H_{n}^{(6)}\cap SL_{2}(Z/2^{n}Z)$ .

By Lemma 3, $r_{n.\hslash+1}(V)\not\supset H_{h+1}^{(\hslash)}$ , for any $h$ such that $2\leqq h\leqq n-1$ . For any integer
$h$ such that $6\leqq h\leqq n-1$ , since $r_{n.\hslash+1}(V)\supset H_{h+1}^{(h)}\cap SL_{2}(Z/2^{h+1}Z)$ , we have

$r_{n.h+1}(V\cap H_{n}^{(6)})\cap H_{h+1}^{(h)}=H_{\hslash+1}^{(h)}\cap SL_{2}(Z/2^{\hslash+1}Z)$ .
Therefore by Lemma 2,

$|V\cap H_{n}^{(6)}|=|H_{n}^{(6)}\cap SL_{2}(Z/2^{n}Z)|$ .
Hence

$V\cap H_{n^{6)}}^{t}=H_{n}^{(6)}\cap SL_{2}(Z/2^{n}Z)$ .

On the other hand, $V\cap H_{n}^{(6)}=Ga1(Q(E_{2^{n}})/Q(E_{2^{6}}))$ . Let $\sigma\in V\cap H_{n^{6}}^{(}‘=H_{n\cap}^{(6)}$

$SL_{2}(Z/2^{n}Z)$ . Then $\zeta_{2^{n}}^{\sigma}=\zeta_{2^{n}}^{\det(\sigma)}=\zeta_{2^{n}}$ . So $\zeta_{2^{n}}\in Q(E_{2^{6}})$ . We have Gal $(Q(\zeta_{2^{n}})/Q)\cong$

Gal $(Q(E_{2^{6}})/Q)/Ga1(Q(E_{2^{6}})/Q(\zeta_{2^{n}}))$ . If $\sigma\in Ga1(Q(E_{2^{6}})/Q)/Ga1(Q(E_{2^{6}})/Q(\zeta_{2^{n}}))$ , then
$\sigma^{2^{5}}=1$ , since Gal $(Q(E_{2^{6}})/Q)\subset H_{6}^{(1)}$ . Since Gal ($(Q(\zeta_{2^{n}})/Q)\cong Z/2Z\oplus Z/2^{n-2}Z$, we
have $n-2\leqq 5$ . Therefore if $n\geqq 8$, then Gal $(Q(E_{2^{n}})/Q)\supset H_{n}^{(n-1)}$ . Let $n\geqq 8$ . Then

$r_{n,8}(Ga1(Q(E_{2}n)/Q))=Ga1(Q(E_{2^{8}})/Q)\supset H_{8}^{(7)}$

Hence, by Lemma 3,
Gal $(Q(E_{2^{n}})/Q)\supset H_{n}^{(7)}$

We can now complete the proof of our Theorem. We have

$r_{8}(\pi_{2}(G))=\pi_{2}(G)/(H^{(8)}\cap\pi_{2}(G))$

$=Ga1(Q(E_{2^{8}})/Q)$

$\supset H_{8}^{(7)}$ ,

by Proposition 5, where $G$ is the Galois group of $\overline{Q}/Q,$
$\pi_{2}$ is the 2-adic repre-

sentation attached to $E$ , and $r_{8}$ is the natural homomorphism from $GL_{2}(Z_{2})$ to
$GL_{2}(Z/2^{8}Z)$ . Since $\pi_{2}(G)$ is a closed subgroup of $GL_{2}(Z_{2})$ , we obtain $\pi_{2}(G)\supset H^{(7)}$ ,

by Lemma 4.
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3. Proof of Theorem 2.

Let $E$ be an elliptic curve defined over $Q$ , and $\underline{0}$ be the zero element of $E$ .
Assume that the points of order 2 are all Q-rational, and $E$ has a Q-rational point
of order 8. From Kubert [4], such elliptic curves are parametrized in the fol-
lowing way by variable $\alpha$ :

$E(\alpha):y^{2}+(1-c)xy-by=x^{3}-bx^{2}$ ,
where

$b=(2d-1)(d-1)$ ,

$c=(2d-1)(d-1)/d=b/d$ ,

$d=\alpha(8\alpha+2)/(8\alpha^{2}-1)$ ,
and

$d(d-1)(2d-1)(8d^{2}-8d+1)$

$(=2\alpha(4\alpha+1)(2\alpha+1)(8\alpha^{2}+4\alpha+1)(8\alpha^{2}+8\alpha+1)^{2}/(8\alpha^{2}-1)^{5})$

$\neq 0$ .
We consider $E(\alpha)$ as an elliptic curve with the zero element $(\infty, \infty)$ , defined

over the rational function field $Q(\alpha)$ of one variable $\alpha$ over $Q$ . Then we may
consider that $E=E(a)$ and $\underline{0}=(\infty, \infty)$ , where $a\in Q,$ $\Delta=2a(4a+1)(2a+1)(8a^{2}+4a$

$+1)(8a^{2}+8a+1)^{2}/(8a^{2}-1)^{5}\neq 0$, $i$ . $e.,$ $E(a)$ is the elliptic curve obtained through
the specialization $\alphaarrow a$ . We see that $(0,0)$ is of order 8, $-2(0, O)=(b, 0)$ and
$-2(b, O)=(d(d-1), d(d-1)^{2})$ on $E(\alpha)$ . Put

$e_{0}=d(d-1)=2\alpha(4\alpha+1)(2\alpha+1)/(8\alpha^{2}-1)^{2}$ ,

$e_{1}=(4\alpha+1)(8\alpha^{2}+4\alpha+1)/16\alpha^{2}(8\alpha^{2}-1)$ ,

$e_{2}=-2\alpha(2\alpha+1)(8\alpha^{2}+4\alpha+1)/(4\alpha+1)^{2}(8\alpha^{2}-1)$ .
Then the points of order 2 on $E(\alpha)$ are

$(e_{\ell}, -((1-c)e_{i}-b)/2)$ $i=1,2,3$ .
Let $2u_{0}=(0,0)$ and $8u_{1}=(e_{1}, -((1-c)e_{1}-b)/2)$ . Then $(u_{0}, u_{1})$ is a base of $E(\alpha)_{2^{4}}$

over $Z/2^{4}Z$. Let identify Gal $(Q(\alpha, E(\alpha)_{2^{4}})/Q(\alpha))$ with a subgroup of $GL_{2}(Z/2^{4}Z)$

by taking the base $(u_{0}, u_{1})$ . Then we can see easily that

Gal $(Q(\alpha, E(\alpha)_{2^{4}})/Q(\alpha))=\dagger(\begin{array}{ll}a bc d\end{array})\in H_{4}^{(1)}|a\equiv 1,$ $c\equiv 0$ mod $2^{3}\}$ ,

$\overline{Q}\cap Q(\alpha, E(\alpha)_{2^{4}})=Q(\zeta_{2^{4}})$ .
Put
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$B=\{(\begin{array}{ll}a bc d\end{array})\in H_{4}^{(1)}|a\equiv 1,$ $c\equiv 0$ mod $2^{3}\}$ .

PROPOSITION 6. Let $E$ be an elliptic curve defined over Q. Let the points
of order 2 on $E$ be all Q-rational, and $E$ have a Q-rational Point of order 8.
Then we have

Gal $(Q(E_{2^{4}})/Q)=B$

with a suitable base of $E_{2^{4}}$ .
PROOF. Let the notations be as above. Then we may assume that $E=E(a)$ ,

where $a\in Q$ . By $\mathfrak{Q}$ we denote the specialization ring of the specialization
$\alphaarrow a$ over $Q$ and by $\mathfrak{p}$ the maximal ideal of $\mathfrak{Q}$ . Let $\mathfrak{S}$ be the integral closure
of $\mathfrak{Q}$ in $Q(\alpha, E(\alpha)2^{4}),$ $\mathfrak{P}$ be a maximal ideal of $\mathfrak{S}$ lying above $\mathfrak{p}$ . In what
follows we regard $\overline{Q}\supset \mathfrak{S}/\mathfrak{P}\supset \mathfrak{Q}/\mathfrak{p}=Q$ . Let $V_{\mathfrak{P}}$ be the decomposition group of $\mathfrak{P}$

Then by the same reason as in the proof of Proposition 3 it is sufficient to
prove that $V_{\mathfrak{P}}=B$ . Assume that $V_{\mathfrak{P}}\neq B$ . Since $B$ is a 2-group, there exists a
subgroup $A$ of $B$ such that $A\supset V_{\mathfrak{P}}$ and $[B:A]=2$ . Put $F=fix(A)$ . Then by

the same reason as in the proof of Proposition 3, we have $(F\cap \mathfrak{S})/(F\cap \mathfrak{P})=Q$ .
Next we determine $F$. Since $[B:A]=2,$ $A\supset B^{2}$ , where $B^{2}$ is the group gener-
ated by $\{\sigma^{2}\}_{\sigma\in B}$ . We have easily

$B^{2}=\{(\begin{array}{ll}a bc d\end{array})\in H_{4}^{(2)}|a=1,$ $c=0,$ $d\equiv 1$ mod $2^{3}\}$ .

Put $K=fix(B^{2})$ . Then $u_{0}$ and $2^{2}u_{1}$ are K-rational, where $2u_{0}=(0,0)$ and $2\cdot 2^{2}u_{1}$

$=(e_{1}, -((1-c)e_{1}-b)/2)$ . By the assumption that the points of order 2 on $E(\alpha)$

are all $Q(\alpha)$-rational, we see $\sqrt{0-e_{0}},$ $\sqrt{0-e_{1}},$ $\sqrt{e_{1}-e_{0}}$ and $\sqrt{e_{1}-e_{2}}\in K$, where

$-e_{0}=-2\alpha(4\alpha+1)(2\alpha+1)/(8\alpha^{2}-1)^{2}$ ,

$-e_{1}=-(4\alpha+1)(8\alpha^{2}+4\alpha+1)/16\alpha^{2}(8\alpha^{2}-1)$ ,

$e_{1}-e_{0}=-(4\alpha+1)^{2}/16\alpha^{2}(8\alpha^{2}-1)^{2}$ ,

$e_{1}-e_{2}=(8\alpha^{2}+4\alpha+1)^{2}(8\alpha^{2}+8\alpha+1)/16\alpha^{2}(4\alpha+1)^{2}(8\alpha^{2}-1)$ .

Since det $(B^{2})=\langle 1+8\rangle c(Z/2^{4}Z)^{\cross},$ $\zeta_{2^{3}}\in K$. Therefore $\sqrt{-1},$ $\sqrt{2}\in K$. Since
$[K:Q(\alpha)]=[B:B^{2}]=2^{8}/2^{3}=2^{5}$ , we have

$K=Q(\alpha,$ $\sqrt{-1}\sqrt{2},$ $\sqrt{\alpha(4\alpha+1)(2\alpha+1)}$ ,

$\frac{4\alpha}{(+}1\overline{)(8\alpha^{2}+4\alpha+1)(8\alpha^{2}-1)}$ ,

$\sqrt{}(\overline{8\alpha^{2}+8\alpha+1)(8\alpha^{2}-1}))$ .
Since $[B:A]=2$ and $A\supset B^{2}$ , we have $[F:Q(\alpha)]=2$ and $F\subset K$. Hence there is
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an element $\eta$ of $F$ such that $F=Q(\alpha, \eta)$ and $\eta^{2}$ is one of the following:

(0) $j(\neq 1)$ ;

(1) $i(8\alpha^{2}-1)(8\alpha^{2}+8\alpha+1)$ ;

(2) $i\alpha(4\alpha+1)(2\alpha+1)$ ;

(3) $i(8\alpha^{2}-1)(8\alpha^{2}+4\alpha+1)(4\alpha+1)$ ;

(4) $i(8\alpha^{2}-1)(8\alpha^{2}+4\alpha+1)\alpha(2\alpha+1)$ ;

(5) $i\alpha(4\alpha+1)(2\alpha+1)(8\alpha^{2}-1)(8\alpha^{2}+8\alpha+1)$ ;

(6) $i(8\alpha^{2}+8\alpha+1)(8\alpha^{2}+4\alpha+1)(4\alpha+1)$ ;

(7) $i(8\alpha^{2}+8\alpha+1)(8\alpha^{2}+4\alpha+1)(2\alpha+1)\alpha$ ,

where $i$ is one of 1, $-1$ , 2and $-2$ . Since det $(A)=\det(V_{\mathfrak{P}})=(Z/2^{4}Z)^{\cross},\overline{Q}\cap F=Q$ ,
so that $\eta^{2}$ is one of (1), (2), $\cdot$ .. , (7). Let $h$ be the image of $\eta$ by the canonical
map $\mathfrak{S}arrow \mathfrak{S}/\mathfrak{P}$ Then $(a, h)$ is Q-rational, since $\eta\in F\cap \mathfrak{S}$ . Next we shall prove
that $a$ is one of $0,$ $-1/4$ and $-1/2$, i.e., $\Delta=0$ , so that we have a contradiction.
In what follows, we suppose that $a$ is not zero and it has a description $a=t/s$ ,
where $s$ and $t$ are rational integers prime to each other with $s>0$ . We can see
easily that a common prime divisor of any two of $s,$ $t,$ $4t+s,$ $2t+s,$ $8t^{2}-s^{2},8t^{2}+$

$8ts+s^{2}$ and $8t^{2}+4ts+s^{2}$, if any, is 2.
(I) Suppose $\eta^{2}=(1)$ . Then $(x, y)=(a, h)$ is a finite Q-rational point of the

curve $C(1, i)$ :
$y^{2}=i(8x^{2}-1)(8x^{2}+8x+1)$ .

Assume that $i=1$ or $-1$ . By Mordell [6] Chapter 10 Theorem 2, $C(1,1)$ and
$C(1, -1)$ are isomorphic to the curve:

$Y^{2}=X^{3}-X$ .

Then by Lemma 8 we can determine the Q-rational points of the curves $C(1,1)$

and $C(1, -1)$ , and we obtain that $a$ is one of $-1/4$ and $-1/2$ . Assume that
$i=2$ . Then $2(64t^{4}+64t^{3}s-8ts^{3}-s^{4})$ is a square in $Q$ . Since

$2(64t^{4}+64t^{3}s-8ts^{3}-s^{4})\equiv-2s^{4}$ mod4,

we have $s=2s’$ , where $s’$ is a rational integer. Hence $2(4t^{4}+8t^{3}s’-4ts^{\prime 3}-s^{\prime 4})$ is a
square in $Q$ . Since

$2(4t^{4}+8t^{3}s’-4ts^{\prime 3}-s^{\prime 4})\equiv-2s^{\prime 4}$ mod4,

we have $s’=2s’$ , where $s’’$ is a rational integer. Hence $2(t^{4}+4t^{3}s’-8ts^{n3}-4s^{74})$

is a square in $Q$ . Since
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$2(t^{4}+4t^{3}s’-8ts^{W3}-4s^{\parallel 4})\equiv 2t^{4}$ mod4,

we have $2|t$ . This contradicts that $s$ and $t$ are prime to each other. By the
above method, we have also a contradiction for the case where $i=-2$ .

(II) Suppose $\eta^{2}=(2)$ . If $i=1$ , then $(a, h)$ satisfies the equation: $h^{2}=a(4a+1)$

$(2a+1)$ . Therefore ( $a,$
$h\rangle$ satisfies the equation: $(8h)^{2}=(8a+2)^{3}-4(8a+2)$ . By

Lemma 8, $8a+2$ is one of $0,2$ and $-2$ , so that $a$ is one of $-1/4$ and $-1/2$ .
This result is also obtained in the same manner when $i$ is one of $-1,2$ and $-2$ .

(III) Suppose $\eta^{2}=(5)$ . Then $(a, h)$ satisfies the equation:

$h^{2}=ia(4a+1)(2a+1)(8a^{2}-1)(8a^{2}+8a+1)$ ,

where $i$ is one of 1, $-1,2$ and $-2$ . Then

$s^{8}h^{2}=ist(4t+s)(2t+s)(8t^{2}-s^{2})(8t^{2}+8ts+s^{2})$ .
Hence we have

$i’st(4t+s)(2t+s)=h^{\prime 2}$ ,

where $i’$ is one of 1, $-1,2$ and $-2,$ $h’$ is a rational integer. Then

$h^{\prime 2}/s^{4}=i’(t/s)(4t/s+1)(2t/s+1)$

$=i’a(4a+1)(2a+1)$ .

In the same way as in the case where $\eta^{2}=(2)$ , we obtain that $a$ is one of $-1/4$

and $-1/2$ .
(IV) Suppose $\eta^{2}=(3)$ or (6). Then $(a, h)$ satisfies the equation:

$h^{2}=i(8a^{2}-1)(8a^{2}+4a+1)(4a+1)$ ,

or the equation:
$h^{2}=i(8a^{2}+8a+1)(8a^{2}+4a+1)(4a+1)$ .

Then
$s^{6}h^{2}=i(8t^{2}-s^{2})(8t^{2}+4ts+s^{2})(4t+s)s$

or
$s^{6}h^{2}=i(8t^{2}+8ts+s^{2})(8t^{2}+4ts+s^{2})(4t+s)s$ .

Hence $s=q^{2}$ or $2q^{2}$ , and $4t+s=\pm r^{2}$ or $\pm 2r^{2}$ , where $q$ and $r$ are rational integers.
Since $8t^{2}+4ts+s^{2}$ is positive, $8t^{2}+4ts+s^{2}=k^{2}$ or $2k^{2}$, where $k$ is a rational integer.
If $s=q^{2}$ and $4t+s=\pm r^{2}$, then $8t^{2}+4ts+s^{2}=(1/2)(q^{4}+r^{4})$ , so that $q^{4}+r^{4}=2k^{2}$ or
$(2k)^{2}$ . Then $2(k/q^{2})^{2}-(r/q)^{4}=1$ or $(2k/q^{2})^{2}-(r/q)^{4}=1$ . By Lemma7, $(r/q)^{4}=1$ or
$r/q=0$ . Therefore $4(t/s)+1=\pm 1$ or $0$ , so that $a=-1/2$ or $-1/4$ . If $s=q^{2}$ and
$4i+s=\pm 2r^{2},8t^{2}+4ts+s^{2}=(1/2)(4r^{4}+q^{4})$ , so that $4r^{4}+q^{4}=2k^{2}$ or $(2k)^{2}$ . Then $2(k/q^{2})^{2}$

$-4(r/q)^{4}=1$ or $(2k/q^{2})^{2}-4(r/q)^{4}=1$ . By Lemma 7, $r/q=0$ . Therefore $a=-1/4$ .
If $s=2q^{2}$ and $4t+s=\pm r^{2},8t^{2}+4ts+s^{2}=(1/2)(r^{4}+4q^{4})$ , ,so that $r^{4}+4q^{4}=2k^{2}$ or $(2k)^{2}$ .
Then $r=0$ or $q/r=0$ . Therefore $a=-1/4$ . If $s=2q^{2}$ and $4t+s=\pm 2r^{2}$ , then
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$8t^{2}+4ts+s^{2}=2q^{4}+2r^{4}$ , so that $q^{4}+r^{4}=2(k/2)^{2}$ or $k^{2}$ . Thus $a=-1/2$ or $-1/4$ .
(V) Suppose $\eta^{2}=(4)$ or (7). Then $(a, h)$ satisPes the equation:

$h^{2}=i(8a^{2}-1)(8a^{2}+4a+1)a(2a+1)$ ,

or the equation:
$h^{2}=i(8a^{2}+8a+1)(8a^{2}+4a+1)a(2a+1)$ .

Then
$s^{6}h^{2}=i(8t^{2}-s^{2})(8i^{2}+4ts+s^{2})(2t+s)t$

or
$s^{6}h^{2}=i(8t^{2}+8ts+s^{2})(8t^{2}+4ts+s^{2})(2t+s)t$ .

Hence $t=q^{2}$ or $2q^{2}$ , and $2t+s=\pm r^{2}$ or $\pm 2r^{2}$ , where $q$ and $r$ are rational integers.
Since $8t^{2}+4ts+s^{2}$ is positive, we have $8t^{2}+4ts+s^{2}=k^{2}$ or $2k^{2}$ , where $k$ is a
rational integer. If $t=q^{2}$ and $2t+s=\pm r^{2}$, then $8t^{2}+4ts+s^{2}=r^{4}+4q^{4}=k^{2}$ or $2k^{2}$ .
Then $r=0$ or $q/r=0$, by Lemma 7. Therefore $a=-1/2$ . If $t=q^{2}$ and $2t+s=\pm 2r^{2}$ ,

then $8t^{2}+4ts+s^{2}=4q^{4}+4r^{4}$, so that $q^{4}+r^{4}=(k/2)^{2}$ or $2(k/2)^{2}$ . Then $(r/q)^{4}=1$ or
$r/q=0$ , by Lemma 7. Therefore $a=-1/2$ or $-1/4$ . If $t=2q^{2}$ and $2t+s=\pm r^{2}$,
$8t^{2}+4ts+s^{2}=r^{4}+(2q)^{4}=k^{2}$ or $2k^{2}$ . Then $(r/2q)^{4}=1$ or $r/2q=0$ . Therefore $a=$

$-1/4$ or $-1/2$ . If $t=2q^{2}$ and $2t+s=\pm 2r^{2}$, then $8t^{2}+4ts+s^{2}=4r^{4}+(2q)^{4}=k^{2}$ or
$2k^{2}$ . We get $a=-1/2$, since $r/2q=0$ by Lemma 7. Hence we have that $a$ is
$-1/4$ or $-1/2$ . Consequently we obtain Proposition 6.

We can now complete the proof of Theorem 2. Let notations be as above.
Let $E=E(a)$ , and $(\xi_{0}, \xi_{1})$ be a base of $T_{2}(E)$ such that the projection of $\xi_{i}$ to
$E_{2^{4}}$ is $\overline{u}_{i}(i=0,1)$ . With the base $(\xi_{0}, \xi_{1})$ , we identify $\pi_{2}(G)$ as a subgroup of
$GL_{2}(Z_{2})$ . By Proposition 7,

$r_{4}(\pi_{2}(G))=Ga1(Q(E_{2^{4}})/Q)$

$=\{(\begin{array}{ll}a bc d\end{array})\in H_{4}^{(1)}|a\equiv 1,$ $c\equiv 0$ mod $2^{3}\}$

$\supset H_{4}^{(3)}$ .
Then $\pi_{2}(G)\supset H^{(3)}$ , by Lemma 4. These imply Theorem 2.
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