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\S 1. Introduction.

Concerning the value distribution of the Gauss maps of complete minimal
surfaces in $R^{m}$ , there have been several results obtained by R. Osserman, S.S.
Chern, F. Xavier and others ([10], [2], [7], [13]). Recently, the author proved
that the Gauss map of a complete minimal surface in $R^{m}$ is necessarily degenerate
if it omits more than $m^{2}$ hyperplanes in $P^{m-1}(C)$ located in general position ([4]).

The purpose of this paper is to give several improvements of these results.
Let $f$ be a holomorphic map of an open Riemann surface $M$ into $P^{n}(C)$ and

$H$ a hyperplane in $P^{n}(C)$ with $f(M)\not\subset H$. For an arbitrarily fixed positive integer
$\mu_{0}$ we define the non-integrated defect of $H$ for $f$ by

$\delta_{\mu_{0}}^{f}(H):=1-\inf$ { $\eta\geqq 0$ : $\eta$ satisfying condition $(*)$ }.

Here, condition $(*)$ means that there exists a non-negative smooth function $v$ on
$M$ such that log $v$ is subharmonic, log $v\leqq\eta$ log $\Vert f\Vert$ and, in a neighborhood of each
point $p\in f^{-1}(H)$ ,

log $v(\zeta)$ –min $(\nu^{f}(H)(p), \mu_{0})\log|\zeta-\zeta(p)|$

is subharmonic, where $\Vert f\Vert$ $:=(|f_{1}|^{2}+\cdots+|f_{n+1}|^{2})^{1/2}$ for a reduced representa-
tion $f=(f_{1}$ : $\cdots$ : $f_{n+1}),$ $\zeta$ is a holomorphic local coordinate around $P$ and $\nu^{f}(H)(p)$

denotes the intersection multiplicity of $f(M)$ and $H$ at $f(p)$ . We note that

(1.1) $\delta_{\mu_{0}}^{f}(H)=1$

if $f(M)\cap H=\emptyset$ , or more generally, if there is a bounded holomorphic function $g$

on $M$ such that $g$ has zeros of order $\nu^{f}(H)(p)$ at each point $p\in f^{-1}(H)$ . More-
over, we can show that
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$\delta_{\mu_{0}}^{f}(H)\geqq 1-\frac{\mu_{0}}{\mu}$

if $\nu^{f}(H)(p)\geqq\mu$ for every point $p\in f^{-1}(H)$ .
We now consider a minimal surface $M$ in $R^{m}$ , which we regard as a Rie-

mann surface with a conformal metric. For the Gauss map $G$ of $M$, the con-
jugate $f$ of $G$ is a holomorphic map of $M$ into $P^{m-1}(C)$ , and the image $f(M)$ is
included in the complex quadric $Q_{m- 2}(C)$ (cf., [8], p. 110). We shall prove the
following

THEOREM 1.2. If $M$ is complete and $f$ is non-degenerate, then for arbitrarily

given hyPerplanes $H_{1},$ $\cdots$ , $H_{q}$ in general $po\alpha tion$ we have

$\sum_{i=1}^{q}\delta_{m- 1}^{f}(H_{j})\leqq m^{2}$

This is an improvement of Main Theorem of [4] by virtue of (1.1).

For the case $m=3$ , there is a canonically defined biholomorphic map $\varphi$ of
$Q_{1}(C)$ onto the Riemann sphere $P^{1}(C)$ . Instead of the Gauss map into $P^{2}(C)$ we
shall study the holomorphic map $g=\varphi\cdot f$ : $Marrow P^{1}(C)$ . We shall give the follow-
ing improvement of a result of F. Xavier ([13]).

THEOREM 1.3. Let $M$ be a non-flat complete minimal surface in $R^{3}$ . Then,

for arbitrarily given distinct numbers $\alpha_{1},$
$\cdots$ , $\alpha_{q}$ we have

$\sum_{j=1}^{q}\delta_{1}^{g}(\alpha_{j})\leqq 6$ .

For the case $m=4$ , there is a biholomorphic map $\psi=\psi_{1}\cross\psi_{2}$ of $Q_{2}(C)$ onto
$P^{1}(C)\cross P^{1}(C)$ . Instead of the Gauss map into $P^{3}(C)$ , we shall study two mero-
morphic functions $g_{i}=\psi_{i}\cdot f(i=1,2)$ . We shall give the following improvement
of a result of R. Osserman ([10], p. 362).

THEOREM 1.4. Let $M$ be a non-flat complete minimal surface in $R^{4}$ . Then,
at least one of the above-mentioned functions $g_{1}$ and $g_{2}$ , say $g_{1}$ , has the Property
that, for arbitrarily given distinct numbers $\alpha_{1},$

$\cdots$ , $\alpha_{q}$ ,

$\sum_{j=1}^{q}\delta_{1}^{g_{1}}(\alpha_{j})\leqq 6$ .

To prove these results, we shall give a variant of defect relation, called
non-integrated defect relation, for holomorphic maps of an open Riemann surface
into the space $P^{n_{1}}(C)\cross\cdots\cross P^{n_{k}}(C)$ satisfying a certain growth condition.

We shall show some preliminary properties on value distributions of mero-
morphic functions on the unit disc in $C$ in \S 2 and prove a basic inequality in
\S 3. After these preparations, we shall give the non-integrated defect relation,
which will be stated in \S 4 and proved in \S 5. In the last section, we shall
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prove the above-mentioned results related to the Gauss maps as its applications.

\S 2. An estimate for logarithmic derivatives.

For later use, we give an estimate for logarithmic derivatives of meromor-
phic functions on the unit disc $\Delta:=\{|z|<1\}$ in $C$. We first recall some ter-
minology on Nevanlinna theory.

Let $\varphi$ be a nonzero meromorphic function on $\Delta$ . The counting function, the
proximity function and the characteristic function of $\varphi$ are defined respectively by

$N(r, \varphi);=\int_{0}^{r}\frac{n(t,\varphi)-n(0,\varphi)}{t}dt+n(O, \varphi)\log r$

$m(r, \varphi):=\frac{1}{2\pi}\int_{0}^{2\pi}\log^{+}|\varphi(re^{\sqrt{- 1}\theta})|d\theta$

and
$T(r, \varphi):=N(r, \varphi)+m(r, \varphi)$ ,

where $0<r<1,$ $\log^{+}x=\max(\log x, 0)$ and $n(t, \varphi)$ denotes the number of poles of
$\varphi$ in $\{z:|z|\leqq t\}$ , each pole of order $m$ being counted $m$ times. The well-known
First Main Theorem is stated as

(2.1) $T(r, 1/\varphi)=T(r, \varphi)+0(1)$ .
The object of this section is to prove the following
PROPOSITION 2.2. Let $\varphi$ be a nonzero meromorphjc function on $\Delta,$ $1$ be a

Positive integer and $p,$ $p’,$ $r_{0}$ be real numbers with $0<pl<p’<1$ and $0<r_{0}<1$ .
Then, there exists a positive constant $K$ such that, for $r_{0}<r<R<1$ ,

(2.3) $\frac{1}{2\pi}\int_{0}^{2\pi}|\frac{d^{l-1}}{dz^{l- 1}}(\frac{\varphi’}{\varphi})(re^{J- 1\theta})|^{p}d\theta\leqq K(\frac{T(R,\varphi)}{R-r})^{p’}$

For the proof, we give two lemmas.
LEMMA 2.4. Let $\varphi$ be a nonzero meromorphic function on $\Delta$ and 1 be a posi-

tive integer. We denote all zeros and Poles of $\varphi$ by $a_{\mu}(\mu=1,2, \cdots)$ and $b_{\nu}(\nu=$

$1,$ 2, ) respectively, being repeated $m$ times if they are of order $m$ . Then, if
$|z|=r<\rho<1$ and $\varphi(z)\neq 0,$ $\infty$ , we have

$\frac{d^{l-1}}{dz^{l-1}}(\frac{\varphi’}{\varphi})(z)=\frac{l!\rho}{\pi}\int_{0}^{2\pi}\frac{\log|\varphi(\rho e^{\sqrt{- 1}\phi})|e^{\sqrt{- 1}\phi}}{(\rho e^{\sqrt{}\overline{- 1}\phi}-z)^{l+1}}d\phi$

$-(l-1)$ ! $\sum_{|a_{\mu}|<\rho}\{\frac{1}{(a_{\mu}-z)^{l}}-\frac{\overline{a}_{\mu}^{l}}{(\rho^{2}-\overline{a}_{\mu}z)^{l}}\}$

$-(l-1)$ ! $\sum_{|b_{\nu}|<\rho}\{\frac{1}{(b_{\nu}-z)^{l}}\frac{\overline{b}_{\nu}^{l}}{(\rho^{2}-\overline{b}_{\nu}z)^{l}}\}$ .
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This is easily obtained by differentiating the well-known Poisson-Jensen’s
formula. See [5], p. 22.

LEMMA 2.5. Let $r>0$ and $0<p<1$ . For arbitrary $a\in C$ we have

$\int_{0}^{2\pi}\frac{r^{p}}{|rd^{\overline{-1}\theta}-a|^{p}}d\theta\leqq\frac{\pi(2-p)}{1-p}$ .

PROOF. There is no loss of generality in assuming that $a$ is real and posi-
tive. Then, if $|\theta|\leqq\pi/2$ , we have

$|re^{\sqrt{-}1\theta}-a|\geqq r$ lsin $\theta|\geqq\frac{2}{\pi}r|\theta|$

and, if $\pi/2<|\theta|\leqq\pi$ , we have $|re^{\sqrt{- 1}\theta}-a|\geqq r$ . Therefore,

$\int_{0}^{2\pi}\frac{r^{p}}{|re^{\sqrt{}\overline{- 1}\theta}-a|^{p}}d\theta\leqq 2\int_{0}^{\pi/2}(\frac{\pi}{2\theta})^{p}d\theta+2\int_{\pi/2}^{\pi}d\theta$

$\leqq\frac{2^{1-p}\pi^{p}}{1-p}(\frac{\pi}{2})^{1- p}+\pi$

$= \frac{\pi(2-p)}{1-p}$ .

PROOF OF PROPOSITION 2.2. In the following, $K_{i}(i=1,2, \cdots)$ denote some
suitable constants. Since both sides of (2.3) are continuous functions of $r$, we
may assume that $\varphi$ has no zeros and no poles on $\{|z|=r\}$ . Using the H\"older’s

inequality, we have

$\frac{1}{2\pi}\int_{0}^{2\pi}|\frac{d^{l- 1}}{dz^{l- 1}}(\frac{\varphi’}{\varphi})(re^{\sqrt{- 1}\theta})|^{p}d\theta$

$\leqq(\frac{1}{2\pi}\int_{0}^{2\pi}|\frac{d^{l- 1}}{dz^{l-1}}(\frac{\varphi’}{\varphi})(re^{\sqrt{}\overline{-1}\theta})|^{p/p\prime}d\theta)^{p^{r}}$

To evaluate the right hand side of this inequality, we set $\rho=(R+r)/2$ and apply
Lemma 2.4. For $|z|=r$ , we have

$| \frac{d^{l- 1}}{dz^{l-1}}(\frac{\varphi’}{\varphi})(z)|\leqq\frac{l!\rho}{\pi}\int_{0}^{2\pi}\frac{|\log|\varphi(\rho e^{\sqrt{- 1}\theta})||}{|\rho e^{\sqrt{- 1}\phi}-z|^{l+1}}d\phi$

$+(l-1)$ $[ \sum_{|a_{\mu}|<\rho}\{\frac{1}{|a_{\mu}-z|^{l}}+\frac{|a_{\mu}|^{l}}{|\rho^{2}-\overline{a}_{\mu}z|^{l}}\}$

$+(l-1)$ ! $\sum_{|b_{\nu}1<\rho}\{\frac{1}{|b_{\nu}-z|^{l}}+\frac{|b_{\nu}|^{l}}{|\rho^{2}-\overline{b}_{\nu}z|^{l}}\}$

and then
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$| \frac{d^{l-1}}{dz^{l-1}}(\frac{\varphi’}{\varphi})(re^{\sqrt{-1}\theta})|^{p/p’}\leqq(\frac{l1\rho}{\pi}\int_{0}^{2\pi}\frac{|\log|\varphi(\rho e^{\sqrt{}\overline{-1}\phi})||}{|\rho e^{\sqrt{- 1}\phi}-re^{\sqrt{}\overline{-1}\theta}|^{l+1}}d\phi)^{p/p’}$

$+ \frac{(l-1)1}{r^{pl/p^{i}}}\sum_{|a_{\mu}|<\rho}\{|\frac{r}{a_{\mu}-re^{\sqrt{- 1}\theta}}|^{pl/p’}+|\frac{r}{(\rho^{2}/\overline{a}_{\mu})-re^{\sqrt{-1}\theta})}|^{pl/p^{r}}\}$

$+ \frac{(l-1)!}{r^{pl/p^{r}}}\sum_{|b_{\nu}|<\rho}\{|\frac{r}{b_{\nu}-re^{\sqrt{- 1}\theta}}|^{pl/p’}+|\frac{r}{(\rho^{2}/\overline{b}_{\nu})-re^{\sqrt{-}1\theta}}|^{pl/p’}\}$ .

Integrating each term with respect to $\theta$ and using Lemma 2.5, we obtain

$\frac{1}{2\pi}\int_{0}^{2\pi}|\frac{d^{l-1}}{dz^{l-1}}(\frac{\varphi’}{\varphi})(re^{\sqrt{}\overline{- 1}\theta})|^{p}d\theta$

$\leqq K_{1}(\int_{0}^{2\pi}d\theta(\int_{0}^{2\pi}\frac{|\log|\varphi(\rho e^{\sqrt{- 1}\phi})||}{|\rho e^{\sqrt{-1}\phi}-re^{\sqrt{}-1\theta}-|^{l+1}}d\phi)^{p/p’})^{p’}$

$+K_{2}(n(\rho, \varphi)+n(\rho, 1/\varphi))^{p^{r}}$

$\leqq K_{3}(\int_{0}^{2\pi}d\theta\int_{0}^{2\pi}\frac{|\log|\varphi(\rho e^{\sqrt{}- 1\phi}-)||}{|\rho e^{\sqrt{}\overline{- 1}\phi}-re^{\sqrt{-1}\theta}|^{l+1}}d\phi)^{p}$

$+K_{2}(n(\rho, \varphi)^{p’}+n(\rho, 1/\varphi)^{p’})$ .
On the other hand, we have

$\int_{0}^{2\pi}\frac{d\theta}{|\rho e^{\sqrt{}- 1\phi}--re^{\sqrt{- 1}\theta}|^{l+1}}\leqq\frac{1}{(\rho-r)^{l-1}}\int_{0}^{2\pi}\frac{d\theta}{|\rho-re^{\sqrt{- 1}\theta}|^{2}}$

$= \frac{2\pi}{(\rho-r)^{l-1}(\rho^{2}-r^{2})}$

and, by (2.1)

$\frac{1}{2\pi}\int_{0}^{2\pi}$ llog $|\varphi(\rho e\sqrt{}^{--}- 1\phi)||d\phi=m(\rho, \varphi)+m(\rho, 1/\varphi)$

$\leqq 2T(\rho, \varphi)+K_{4}$ .
Therefore, we can conclude

$\frac{1}{2\pi}\int_{0}^{2\pi}d\theta\int_{0}^{2\pi}\frac{|\log|\varphi(\rho e^{\sqrt{-}1\phi})||}{|\rho e^{\sqrt{- 1}}\emptyset-re^{\sqrt{-}1\theta}|^{l+1}}d\phi$

$= \int_{0}^{2\pi}|\log|\varphi(\rho e^{\sqrt{- 1}\phi})||d\phi\frac{1}{2\pi}\int_{0}^{2\pi}\frac{d\theta}{|\rho e^{\sqrt{- 1}\phi}-re^{\sqrt{}\overline{- 1}\theta}|^{l+1}}$

$\leqq\frac{1}{(\rho-r)^{l}(\rho+r)}\int_{0}^{2\pi}|\log|\varphi(\rho e^{\sqrt{}\overline{-1}}\emptyset)||d\phi$

$\leqq\frac{K_{5}}{(R-r)^{l}}T(R, \varphi)$ ,
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because $\rho=(R+r)/2<R,$ $\rho-r=(R-r)/2$ and $T(r, \varphi)$ is a non-decreasing function
of $r$ . Concerning the terms $n(\rho, \varphi)^{p’}$ and $n(\rho, 1/\varphi)^{p’}$ , we can conclude easily
from the definition of counting function

$n( \rho, \varphi^{\pm 1})\leqq\frac{R}{R-\rho}(N(R, \varphi^{\pm 1})+K_{6})$

$\leqq\frac{R}{R-\rho}(T(R, \varphi)+K_{6})$

$\leqq\frac{2}{R-r}(T(R, \varphi)+K_{6})$

(cf., [5], p. 37). We have thus

$\int_{0}^{2\pi}|\frac{d^{l-1}}{dz^{l-1}}(\frac{\varphi’}{\varphi})(re^{\sqrt{}\overline{-1}\theta})|^{p}d\theta$

$\leqq K_{7}\frac{T(R,\varphi)^{p}}{(R-r)^{pl}}+K_{8}(\frac{T(R,\varphi)}{R-r})^{p’}$

$\leqq K_{9}(\frac{T(R,\varphi)}{R-r})^{p’}$

\S 3. A basic inequality.

Let $f$ be a holomorphic map of the unit disc $\Delta$ into $P^{n}(C)$ . Choosing homo-
geneous coordinates $(w_{1}$ : $\cdots$ : $w_{n+1})$ on $P^{n}(C)$ arbitrarily, we take a reduced repre-
sentation $f=(f_{1}$ : $\ldots$ : $f_{n+1})$ , where $f_{i}$ $(1\leqq i\leqq n+1)$ are holomorphic functions
which have no common zeros on $\Delta$ . After H. Cartan [1], we set $u(z)$

$:= \max_{1\leqq i\leqq n+1}\log|f_{i}(z)|$ and define the characteristic function of $f$ by

$T(r, f)= \frac{1}{2\pi}\int_{0}^{2\pi}u(re^{\sqrt{}- 1\theta}-)d\theta-u(O)$ $(0\leqq r\leqq 1)$ .

With each nonzero meromorphic function $\varphi=g/h$ on $\Delta$ we can associate the
holomorphic map $\tilde{\varphi}$ $:=(g:h)$ : $\Deltaarrow P^{1}(C)$ . Note that

(3.1) $T(r,\tilde{\varphi})=N(r, \varphi)+m(r, \varphi)+0(1)$ .

A bounded term in the characteristic function is not essential. We may identify
$T(r,\tilde{\varphi})$ with the characteristic function for $\varphi$ defined in \S 2.

For a holomorphic map $f=(f_{1}$ : $\cdots$ : $f_{n+1}):\Deltaarrow P^{n}(C)$ , consider a meromorphic

function $\varphi=\sum_{i=1}^{n+1}a_{i}f_{i}/\sum_{i=1}^{n+1}$ bifi, where $n+1 \sum b_{i}f_{i}\not\equiv 0$ . Then, we see easily
$i=1$

(3.2) $T(r, \varphi)\leqq T(r, f)+O(1)$ .
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Take hyperplanes

$H_{j}$ : $a_{j1}w_{1}+\cdots+a_{jn+1}w_{n+1}=0$ $(1\leqq j\leqq q)$

in general position such that $f(\Delta)\not\subset H_{j}$ . We define holomorphic functions

$F_{j}=a_{j1}f_{1}+$ $+a_{jn+1}f_{n+1}$ $(1\leqq]\leqq q)$

and denote by $W(f_{1}, \cdots , f_{n+1})$ the Wronskian of $f_{1},$ $\cdots$ , $f_{n+1}$ . The purpose of
this section is to prove the following

PROPOSITION 3.3. In the above situation, take positive numbers $t,$ $P’,$ $r_{0}$ with
$0<n(n+1)t/2<p’<1$ and $0<r_{0}<1$ . Then there is a constant $K$ such that, for
$r_{0}<r<R<1$ ,

$\int_{0}^{2\pi}|\frac{W(f_{1},\cdot\cdot.\cdot.’.f_{n+1})}{F_{1}F_{2}F_{q}}|^{t}\Vert f\Vert^{t(q-n-1)}(re^{\sqrt{-}1\theta})d\theta\leqq K(\frac{T(r,f)}{R-r})^{p’}$

where $\Vert f\Vert=(|f_{1}|^{2}+\cdots+|f_{n+1}|^{2})^{1/2}$ .
For the proof, we first recall two lemmas which were shown in the previous

paper [4].

LEMMA 3.4. There is a constant $K_{1}$ such that

$| \frac{W(f_{1},\cdot\cdot.\cdot.’.f_{n+1})}{F_{1}F_{2}F_{q}}|\Vert f\Vert^{q-n- 1}\leqq K_{1}(\sum_{1\leqq i_{1}<\cdot\cdot\prec i_{n+1}\leqq q}|\frac{W(F_{i_{1}},..\cdot.\cdot\cdot,F_{i_{n+1}})}{F_{i_{1}}F_{t_{n+1}}}|)$ .

LEMMA 3.5. Let $F_{1},$ $\cdots$ , $F_{n+1}$ be nonzero holomorphic functions on $\Delta$ and set
$\varphi_{j}$ $:=F_{j}/F_{n+1}(1\leqq j\leqq n)$ . Then, there is a polynomial $P(\cdots, u_{jl}, \cdots)$ with real posi-
tive coefficients not depending on each $F_{1},$ $\cdots$ , $F_{n+1}$ such that

$| \frac{W(F_{1},\cdot.\cdot.\cdot.’ F_{n+1})}{F_{1}F_{2}F_{n+1}}|\leqq P(\cdots,$ $|( \frac{\varphi_{j}’}{\varphi_{j}})^{(l-1)}|,$ $)$ .

More precisely, with each indeterminate $u_{jl}$ associating weight $l$ , we can choose
$P$ so as to be isobaric of weight $n(n+1)/2$ .

We need another lemma.
LEMMA 3.6. Let $\varphi_{1},$

$\cdots$ , $\varphi_{k}$ be nonzero meromorphjc functions on $\Delta,$ $l_{1},$ $\cdots$ , $l_{k}$

be positive integers and $0<r_{0}<1,0<t(l_{1}+\cdots+l_{k})<p’<1$ . Then, there exists a
$po\alpha tive$ constant $K_{2}$ such that for $r_{0}<r<R<1$

$\int_{0}^{2\pi}|(\frac{\varphi_{1}’}{\varphi_{1}})^{(l_{1}-1)}(re^{\sqrt{}- 1\theta})\cdots(\frac{\varphi_{k}’}{\varphi_{k}})^{tl_{k^{-1)}}}(re^{\sqrt{}\overline{- 1}\theta})|^{t}d\theta$

$\leqq\frac{K_{2}}{(R-r)^{p^{l}}}T(R, \varphi_{1})^{p’s_{1}}\cdots T(R, \varphi_{k})^{p’s_{k}}$ ,

where $s_{f}$ $:=l_{j}/(l_{1}+ +l_{k})(1\leqq j\leqq k)$ .
PROOF. By the generalized H\"older’s inequality, we obtain
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$\int_{0}^{2\pi}|(\frac{\varphi_{1}’}{\varphi_{1}})^{(l_{1}-1)}(re^{\sqrt{-}1\theta})$ $( \frac{\varphi_{k}’}{\varphi_{k}})^{(l_{k}- 1)}(re^{\sqrt{- 1}\theta})|^{t}d\theta$

$\leqq\prod_{j=1}^{k}(\int_{0}^{2\pi}|(\frac{\varphi_{j}’}{\varphi_{j}})^{(l_{j}-1)}(re^{\sqrt{-}1\theta})|^{\iota/s_{j}}d\theta)^{s_{j}}$ .

Since $l_{j}(t/s_{j})=t(l_{1}+\cdots+l_{k})<p’<1$ by the assumption, we can apply Proposition
2.2 to show

$( \int_{0}^{2\pi}|(\frac{\varphi_{j}’}{\varphi_{j}})^{(l_{j}- 1)}(re^{\sqrt{-}1\theta})|^{t/s_{j}}d\theta)^{s_{j}}\leqq K_{3}(\frac{T(R,\varphi_{j})}{R-r})^{p^{r}s_{j}}$

for each $j=1,2,$ $\cdots$ , $k$ . This gives Lemma 3.6 because $s_{1}+\cdots+s_{k}=1$ .
PROOF OF PROPOSITION 3.3. Since $t<1$ , Lemma 3.4 implies that

$| \frac{W(f_{1},\cdot\cdot.\cdot.’.f_{n+1})}{F_{1}F_{2}F_{q}}|^{t}\Vert f\Vert^{t(q- n-1)}\leqq K_{4}(\sum_{1\leqq i_{1}<\cdot\cdot<\iota_{n+1\leqq q}}|\frac{W(F_{i_{1}},..\cdot.\cdot\cdot,F_{i_{n+1}})}{F_{t_{1}}F_{t_{n+1}}}|^{t})$ .

For our purpose, it suffices to show that

$\int_{0}^{2\pi}|\frac{W(F_{i_{1}},..\cdot.\cdot\cdot,F_{t_{n+1}})}{F_{i_{1}}F_{i_{n+1}}}|^{t}(re^{\sqrt{-}1\theta})d\theta\leqq K_{\overline{o}}(\frac{T(r,f)}{R-r})^{p’}$

for arbitrary $i_{1},$ $\cdots$ , $i_{n+1}$ with $1\leqq i_{1}<\ldots<i_{n+1}\leqq q$ . For brevity, we set $\varphi_{j}$ $:=$

$F_{i_{j}}/F_{i_{n+1}}$ and $\psi_{j.l}$ $:=(\varphi_{j}’/\varphi_{j})^{(l-1)}$ . By virtue of Lemma 3.5, we can estimate

$| \frac{W(F_{i_{1}},..\cdot.\cdot\cdot,F_{i_{n+1}})}{F_{i_{1}}F_{i_{n+1}}}|$ from above by a positive constant multiple of the sum of

some functions of type

(3.7) $\psi=|\psi_{j_{1},l_{1}}\psi_{j_{2},l_{2}}\cdots\psi_{j_{k},l_{k}}|$ ,

where $1\leqq j_{1},$ $j_{2},$ $\cdots$ , $j_{k}\leqq n$ and $l_{1}+l_{2}+\cdots+l_{k}=n(n+1)/2$ . We now apply Lemma
3.6 to the functions $\varphi_{j_{1}},$

$\cdots$ , $\varphi_{J_{k}}$ . For the function $\psi$ given by (3.7), we have

$\int_{0}^{2\pi}|\psi(re^{\sqrt{-}1\theta})|^{t}d\theta\leqq\frac{K_{6}}{(R-r)^{p’}}T(R, \varphi_{1})^{p’\iota_{1}}\cdots T(R, \varphi_{k})^{p’s_{k}}$ .

On the other hand, the right hand side of this inequality can be replaced by

$K_{7}( \frac{T(R,f)}{R-r})^{p’}$ because of (3.2) and $s_{1}+\cdots+s_{k}=1$ . This completes the proof of

Proposition 3.3.

\S 4. Non-integrated defect relation.

Let $M$ be an open Riemann surface and $f$ a non-constant holomorphic map
of $M$ into $P^{n}(C)$ . For arbitrarily chosen homogeneous coordinates $(w_{1}$ : $\cdots$ : $w_{n+1})$

we take a reduced representation $f=(f_{1}$ : $\cdots$ : $f_{n+1})$ . Consider a hyperplane
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$H:a_{1}w_{1}+\cdots+a_{n+1}w_{n+1}=0$

with $f(M)\not\subset H$. Using the holomorphic function

(4.1) $F=a_{1}f_{1}+\cdots+a_{n+1}f_{n+1}$ ,

we define the intersection multiplicity of $f(M)$ and $H$ at $f(p)$ by

$\nu^{f}(H)(p)=\{\begin{array}{ll}0 if F(p)\neq 0m if F has a zero of order m at p.\end{array}$

DEFINITION 4.2. For an arbitrarily fixed positive integer $\mu_{0}$ we denote by
$\alpha_{\mu_{0}}^{f}(H)$ the largest lower bound of nonnegative number $\eta$ satisfying the condition
that there is a subharmonic function $u$ such that $e^{u}$ is of class $C^{\infty}$,

(4.3) $u\leqq\eta$ log $\Vert f\Vert$ , and

(4.4) for each point $p\in f^{-1}(H)$ , if we choose a holomorphic local coordinate
$\zeta$ around $p$ , then

$u(\zeta)$ –min $(\nu^{f}(H)(p), \mu_{0})\log|\zeta-\zeta(p)|$

is subharmonic, where $\Vert f\Vert=(|f_{1}|^{2}+\cdots+|f_{n+1}|^{2})^{1/2}$ .
We now define the non-integrated defect of $H$ by

$\delta_{\mu_{0}}^{f}(H):=1-\alpha_{\mu_{0}}^{f}(H)$ .

As is easily seen, $\delta_{\mu_{0}}^{f}(H)$ depends on $f,$ $H,$
$\mu_{0}$ only. For the reason why we

call $\delta_{\mu_{0}}^{f}(H)$ non-integrated defect, see the proof of Proposition 4.7 below.
PROPOSITION 4.5. If there is a bounded nonzero holomorphjc function $g$ on

$M$ such that $g$ has zeros of order at least min $(\nu^{f}(H)(p), \mu_{0})$ for each point $p\in$

$f^{-1}(H)$ , in particular, if $f(M)\cap H=\emptyset$ , then $\delta_{\mu_{0}}^{f}(H)=1$ .
PROOF. Take a constant $K$ with $|g|\leqq K$ and set $\eta:=0,$ $u:=\log|g/K|$ .

$They_{\wedge}^{\tau}satisfy$ conditions (4.3) and (4.4), whence we have Proposition 4.5.
PROPOSITION 4.6. If there is a positive integer $\mu>\mu_{0}$ such that $\nu^{f}(H)(p)\geqq\mu$

for each point $p\in f^{-1}(H)$ , then $\delta_{\mu_{0}}^{f}(H)\geqq 1-\mu_{0}/\mu$ .
PROOF. Consider the function $F$ defined by (4.1) and set $\eta$

$:=\mu_{0}/\mu,$ $u:=$

$(\mu_{0}/\mu)\log|F/K|$ , where $K$ is a constant with $|F|\leqq K\Vert f\Vert$ . They satisfy condi-
$|_{h}$ tions (4.3) and (4.4). For, in a neighborhood of each point $p\in f^{-1}(H)u$ can be

written as

$u( \zeta)=u_{0}(\zeta)+\frac{\mu_{0}\nu^{f}(H)(p)}{\mu}$ log $|\zeta-\zeta(p)|$

with a subharmonic function $u_{0}$ and

$\frac{\mu_{0}\nu^{f}(H)(\beta)}{\mu}\geqq\mu_{0}\geqq\min(\nu^{f}(H)(p), \mu_{0})$
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by the assumption. This implies Proposition 4.6.
For a holomorphic map $f$ of the set $\Delta(R_{0})=\{|z|<R_{0}\}(R_{0}\leqq+\infty)$ into $P^{n}(C)$

with $\lim_{rarrow R_{0}}T(r, f)=\infty$ and a hyperplane $H$ in $P^{n}(C)$ with $f(\Delta(R_{0}))\not\subset H$, the defect

of $H$ is usually defined to be $\lim_{rarrow R}\inf_{0}(1-N(r, H)/T(r, f))$ . We consider here the

modified defect

$\delta_{\mu_{0}}^{*}(H):=\lim_{rarrow R}\inf_{0}(1-\frac{N_{\mu_{0}}(r}{T(r,f}\frac{H)}{)})$ ,

where $N_{\mu_{0}}(r, H)$ is defined by

$N_{\mu_{0}}(r, H):= \int_{0}^{r}\frac{n_{\mu_{0}}(t)-n_{\mu_{0}}(0)}{t}dt+n_{\mu_{0}}(0)\log r$

with the number $n_{\mu_{0}}(t)= \sum_{|z|\leqq t}$ min $(\nu^{f}(H)(z), \mu_{0})$ .
PROPOSITION 4.7. For every $po\alpha tive$ integer $\mu_{0}$ , we have

$0\leqq\delta_{\mu_{0}}^{f}(H)\leqq\delta_{\mu_{0}}^{*}(H)\leqq 1$ .

PROOF. Let $F$ be the function dePned by (4.1). Then, there is a constant
$K$ with $|F|\leqq K\Vert f\Vert$ . If we choose $\eta:=1$ and $u;=\log|F/K|$ , they satisfy the
conditions (4.3) and (4.4). This shows that $\delta_{\mu_{0}}^{f}(H)\geqq 0$ . To show $\delta_{\mu_{0}}^{f}(H)\leqq\delta_{\mu_{0}}^{*}(H)$ ,

take a number $\eta\geqq 0$ and a subharmonic function $u$ satisfying the conditions (4.3)

and (4.4) arbitrarily. We integrate both sides of (4.3) and get

$\frac{1}{2\pi}\int_{0}^{2\pi}u(re^{\sqrt{-}1\theta})d\theta\leqq\frac{\eta}{2\pi}\int_{0}^{2\pi}\log\Vert f(re^{\sqrt{}\overline{- 1}\theta})\Vert d\theta$ $(0<r<R)$ .

On the other hand, we see easily

$\frac{1}{2\pi}\int_{0}^{2\pi}$ logll $f(re^{\sqrt{}\overline{- 1}\theta})\Vert d\theta\leqq T(r, f)+O(1)$

and, moreover

$N_{\mu_{0}}(r, H) \leqq\frac{1}{2\pi}\int_{0}^{2\pi}re^{\sqrt{}^{-}\theta})d\theta+O(1)$

by the use of the condition (4.4) (cf., [6], p. 120). Therefore,

$\lim_{rarrow R}\sup_{0}\frac{N_{\mu_{0}}(r}{T(r,f}=\lim_{rarrow R}\sup_{0}\frac{\eta T(r,f)+O(1)}{T(r,f)}\leqq\eta H\underline{)})$

Taking the largest lower bound of $\eta’ s$, we can replace the right hand side of
this inequality by $\alpha_{\mu_{0}}^{f}(H)$ . This gives the desired conclusion. Another relation
$\delta_{\mu_{0}}^{*}(H)\leqq 1$ is obvious and so we have Proposition 4.7.

We now consider an open Riemann surface $M$ with a conformal metric $ds^{2}$
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and a holomorphic map $f=(f_{1}, f_{2}, \cdots , f_{k})$ of $M$ into $P^{n_{1}\cdots n_{k}}(C):=P^{n_{1}}(C)\cross\cdots$

$\cross P^{n_{k}}(C)$ .
DEFINITION 4.8. We shall call $f$ to be non-degenerate if each component $f_{i}$

of $f$ is non-degenerate, namely, $f_{i}(M)$ is not contained in any hyperplane in
$P^{n_{i}}(C)$ .

Take a reduced representation $f_{i}=(f_{i1}$ : $\cdots$ : $f_{in_{i}+1})$ for each component $f_{i}$ of
$f$ and set $\Vert f_{i}\Vert=(|f_{i1}|^{2}+\cdots+|f_{in_{i}+1}|^{2})^{1/2}$ .

DEFINITION 4.9. For positive numbers $\rho_{1},$
$\cdots$ , $\rho_{k}$ we shall say that $f$ satisfies

condition $(C_{\rho_{1}\cdots\rho k})$ if there exists a subharmonic function $u$ on $M$ such that $e^{u}$ is
of class $C^{\infty}$ and

$\lambda e^{u}\leqq\Vert f_{1}\Vert^{\rho_{1}}\cdots\Vert f_{k}\Vert^{\rho k}$ ,

where $\lambda$ is a positive real-valued function on $M$ with $ds^{2}=\lambda^{2}|dz|^{2}$ for a global
holomorphic function $z$ with $dz\neq 0$ on $M$.

As is easily seen, this condition does not depend on particular choices of
representations of $f_{1},$ $\cdots$ , $f_{k}$ and $ds^{2}$ .

We can prove the following non-integrated defect relation.
THEOREM 4.10. Let $M$ be an $opm$ Riemann surface with a complete conformal

metnc $ds^{2}$ which has infinite area and $f:Marrow P^{n_{1}\cdots n_{k}}(C)$ be a non-degenerate holo-
morphic map satisfying cmdition $(C_{\rho_{1}\cdots\rho k})$ . For each $i(1\leqq i\leqq k)$ take hyPerplanes
$H_{i1},$ $\cdots$ , $H_{iq_{i}}$ in $P^{n_{i}}(C)$ located in general $po\alpha tion$ . Then, if

$\sum_{j=1}^{q_{i_{0}}}\delta_{n_{i_{0}}}^{f_{i_{0}}}(H_{i_{0}j})>n_{i_{0}}+1$

for every $i(1\leqq i\leqq k)$ , we have

$\sum_{i=1}^{k}\frac{\rho_{i}n_{i}(n_{i}+1)}{\delta_{n_{i}}^{f_{l}}(H_{i1})+\cdots+\delta_{n_{i}}^{f_{i}}(H_{iq_{i}})-n_{i}-1}\geqq 1$ .

The proof will be given in the next section.
REMARK 4.11. The only property of $(M, ds^{2})$ which we need for the proof

of Theorem 4.10 is that $\int_{M}e^{u}d\sigma=\infty$ for any smooth subharmonic function $u$

$(\not\equiv-\infty)$ on $M$. As was shown by S. T. Yau ([14]), this follows from the assump-
tion that $(M, ds^{2})$ is complete and has infinite area.

\S 5. Proof of non-integrated defect relation.

To prove Theorem 4.10, we first recall some results in value distribution
theory.

THEOREM 5.1. Let $f$ be a non-degenerate holomorphic map of $\Delta(R_{0})=\{z$ :
$|z|<R_{0}\}(R_{0}\leqq+\infty)$ into $P^{n}(C)$ and $H_{1},$ $\cdots$ , $H_{q}$ hyperplanes in general position. (i)
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If $R_{0}=\infty$ , or (ii) if $R_{0}<\infty$ and $\lim_{rarrow R}\sup_{0}T(r, f)/-$ log $(R_{0}-r)=\infty$ , then

$\sum_{j=1}^{q}\delta_{n}^{*}(H_{j})\leqq n+1$ .

For the proof, see H. Cartan [1].

REMARK 5.2. By virtue of Proposition 4.7, the terms $\delta_{n}^{*}(H_{j})$ in the above
conclusion can be replaced by the non-integrated defects $\delta_{n}^{f}(H_{j})$ .

PROPOSITION 5.3. Let $f$ : $\Delta(R_{0})arrow P^{n}(C)$ be a non-degenerate holomorphic map
with a reduced representation $f=(f_{1}$ ; $\cdots$ : $f_{n+1})$ and consider the functions $F_{1},$

$\cdots,$
$F_{q}$

defined by (4.1) for hyPerplanes $H_{1},$ $\cdots$ , $H_{q}$ in general position. Then, for every

point $p$ the order of poles of the meromorphic function $\frac{W(f_{1},\cdot\cdot.\cdot.’.f_{n+1})}{F_{1}F_{2}F_{q}}$ at $P$ is

not larger than $\sum_{j=1}^{q}$ min $(\nu^{f}(H_{j})(p), n)$ .

For the proof, see H. Cartan [1].

PROPOSITION 5.4. Let $T(r)(0\leqq r<1)$ be a continuous increasing function with

$T(r)\geqq 1$ . Then, we can find a set $E_{0}= \bigcup_{\nu=1}^{\infty}[r_{\nu}, r_{\nu}’](r_{\nu-1}’<r_{\nu}\leqq r_{\nu}’\leqq 1)$ such that

$\int_{E_{0}}\frac{dr}{1-r}\leqq 2$ and

$T(r+ \frac{1-r}{eT(r)})\leqq 2T(r)$

for every $r\not\in E_{0}$ .
For the proof, see Hayman [5], pp. 38-39.
PROPOSITION 5.5. SuPpose that a posrtive real-valued function $T(r)$ on $[0,1$ )

satisfies the condition that

$T(r) \leqq\frac{1}{(1-r)^{p}}$

for a set $E_{0}= \bigcup_{\nu=1}^{\infty}[r_{\nu}, r_{\nu}’](r_{\nu-1}’<r_{\nu}\leqq r_{\nu}’)$ with $\int_{E_{0}}\frac{dr}{1-r}<\infty$ and a Positive number $p$ .
Then there exists a Positive constant $K$ such that

$T(r) \leqq\frac{K}{(1-r)^{p}}$

for every $r\in[0,1$ ).

PROOF. We may replace $T(r)$ by $T^{*}(r)= \sup_{r’\leqq r}T(r’)$ . So, it may be assumed

that $T(r)$ is an increasing function. By the assumption, we see

$\sum_{\nu}\int_{r_{\nu}}^{r_{\nu}’}\frac{dr}{1-r}=\sum_{\nu}\log\frac{1-r_{\nu}}{1-r_{\nu}’}=K_{0}<\infty$ .
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If $r_{\nu}\leqq r\leqq r_{v}’$ , then

$T(r) \leqq\frac{1}{(1-r_{\nu}’)^{p}}=\frac{1}{(1-r_{\nu})^{p}}(\frac{1-r_{\nu}}{1-r_{\nu}’})^{p}$

$\leqq\frac{e^{pK_{0}}}{(1-r_{\nu})^{p}}\leqq\frac{e^{pK_{0}}}{(1-r)^{p}}$ .

It suffices to take $K=e^{pK_{0}}$ .
We now start to prove Theorem 4.10. Take an open Riemann surface $M$

with a conformal metric $ds^{2}$ , a holomorphic map $f=(f_{1}, \cdots , f_{k}):Marrow P^{n_{1}\cdots n_{k}}(C)$

and hyperplanes $H_{ij}(1\leqq i\leqq k, 1\leqq j\leqq q_{i})$ satisfying the assumption of Theorem
4.10. Consider the universal covering surface $\varpi:\tilde{M}arrow M$ with metric $d_{S^{2}}^{\sim}=\varpi^{*}ds^{2}$

and the map $\tilde{f}=(\tilde{f}_{1}, \cdots , f_{k}):\tilde{M}arrow P^{n_{1}\cdots n_{k}}(C)$ , where $\tilde{f}_{i}=\varpi\cdot f_{i}$ . Obviously, $(\tilde{M}, d_{S^{2}}^{\sim})$

and $\tilde{f}$ satisfy the assumption of Theorem 4.10 and $\delta_{n_{i}}^{f_{i}}(H_{ij})\leqq\delta_{n_{i}^{i}}^{f}(H_{ij})\sim$ . According
to these facts, we may assume that $M$ is simply connected. Then, $M$ is biholo-
morphic either to $C$ or to the unit disc $\Delta$ . If $M=C$, we have

$\sum_{j=1}^{q}\delta_{n_{i}}^{f_{i}}(H_{ij})\leqq n_{i}+1$

for every $i$ and, moreover, if $M=\Delta$ and

$\lim_{rarrow}\sup_{1}\frac{T(r,f_{i_{0}})}{\log\frac{1}{1-r}}=\infty$

for some $i_{0}$ , then we have

$\sum_{j=1}^{q}\delta_{n_{i_{0}^{0}}}^{f_{i}}(H_{i_{0}j})\leqq n_{i_{0}}+1$ ,

because of Remark 5.2.
Let us study the case $M=\Delta$ and

(5.6)
$\lim_{rarrow}\sup_{1}\frac{T(r,f_{i})}{\log\frac{1}{1-r}}<\infty$

for every $i=1,2,$ $\cdots$ , $k$ . The proof is given by reduction to absurdity. We
assume that

$\sum_{j=1}^{q_{i}}\delta_{n_{i}}^{f_{i}}(H_{ij})>n_{i}+1$

for every $i$ and

$\sum_{i=1}^{k}\frac{\rho_{i}n_{i}(n_{i}+1)}{\delta_{n_{i}^{i}}^{f}(H_{i1})+\cdots+\delta_{n_{i}^{i}}^{f}(H_{iq_{i}})-n_{i}-1}<1$ .

By the definition of non-integrated defect, we can choose nonnegative numbers
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$\eta_{ij}$ and subharmonic functions $u_{ij}$ such that $e^{u_{ij}}$ is of class $C^{\infty}$ and

(5.7) $\sum_{i=1}^{k}\frac{\rho_{i}n_{i}(n_{i}+1)}{(1-\eta_{i1})+\cdots+(1-\eta_{iq_{i}})-n_{i}-1}<1$ ,

(5.8) $e^{u_{i}}!\leqq\Vert f_{t}\Vert^{\eta ij}$ ,

and in a neighborhood of each point $p\in f^{-1}(H)$

$u_{if}(\zeta)-$ min $(\nu^{f_{i}}(H_{ij})(p), n_{i})$ log $|\zeta-\zeta(p)|$

is subharmonic, where $\Vert f_{i}\Vert=(|f_{i1}|^{2}+\cdots+|f_{in_{i}+1}|^{2})^{1/2}$ for reduced representations
$f_{i}=(f_{i1}$ : $\cdots$ : $f_{in_{i}+1})$ and $\zeta$ is a holomorphic local coordinate around $P$ . Set

(5.9) $v_{i}$ $:= \log|\frac{W(f_{i1},\cdot.\cdot.\cdot.’ f_{in_{i}+1})}{F_{i1}F_{iq_{i}}}|+\sum_{j=1}^{q_{i}}u_{ij}$ ,

where each $F_{ij}$ denotes the function dePned as (4.1) for a holomorphic map $f_{i}$

and a hyperplane $H_{ij}$ . As is easily seen by Proposition 5.3, each $v_{i}$ is subhar-
monic on $\Delta$ . On the other hand, by the assumption that $f$ satisfies condition
$(C_{\rho_{1}\cdots\rho k})$ , there exists a subharmonic function $w$ on $\Delta$ such that $e^{w}$ is of class
$C^{\infty}$ and

(5.10) $\lambda e^{w}\leqq\Vert f_{1}\Vert^{\rho_{1}}\cdots\Vert f_{k}\Vert^{\rho k}$ ,

where $ds^{2}=\lambda^{2}|dz|^{2}$ . Set

$t_{i}$ $:= \frac{2\rho_{i}}{q_{i}-n_{i}-1-(\eta_{i1}+\cdots+\eta_{iq_{i}})}$

$x_{i}$ $;= \frac{W(f_{i1},\cdots.’..f_{in_{l}+1})}{F_{i1}F_{i2}F_{iq_{i}}}$

and define a subharmonic function

$u;=2w+t_{1}v_{1}+$ $+t_{k}v_{k}$ .
Then, by (5.10), (5.9) and (5.8) we have

$e^{u}\lambda^{2}\leqq e^{t_{1}v_{1}+\cdots+t_{k}v_{k}}\Vert f_{1}\Vert^{2\rho_{1}}\cdots\Vert f_{k}\Vert^{2\rho k}$

$\leqq\prod_{i=1}^{k}|\chi_{i}|^{\iota_{i}}e^{t_{i}(u_{i1}+\cdots+u_{iq_{i}})}\Vert f_{i}\Vert^{2\rho i}$

$\leqq\prod_{i=1}^{k}|^{\chi_{i}|^{t_{i}}\Vert f_{i}\Vert^{t_{i}(\eta i1+\cdots+\eta tq_{i}})+2\rho i}$

$\leqq\prod_{i=1}^{k}|\chi_{i}|^{\iota_{i}}\Vert f_{i}\Vert^{t_{i}(q_{i}-n_{i}-1)}$ .

Therefore, if we set
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$s_{i}$ $:= \frac{i_{i}n_{i}(n_{i}+1)}{2}=\frac{\rho_{i}n_{i}(n_{i}+1)}{q_{i}-n_{i}-1-(\eta_{i1}+\cdots+\eta_{tq_{i}}}$

)

$p_{i}$ $:= \frac{s_{i}}{s_{1}+\cdots+s_{k}}$

and $t_{i}’$ $:=t_{i}/p_{i}$ , we obtain by the generalized H\"older’s inequality

$\int_{0}^{2\pi}(e^{u}\lambda^{2})(re^{\sqrt{}-1\theta}-)d\theta\leqq\int_{0}^{2\pi}(\prod_{i=1}^{k}|\chi_{i}|^{t_{i}}\Vert f_{i}\Vert^{t_{i}(q_{i}- n_{i^{-1)}}})(re^{\sqrt{-}1\theta})d\theta$

$\leqq\prod_{i=1}^{k}(\int_{0}^{2\pi}(|\chi_{i}|^{c_{i}’}\Vert f_{i}\Vert^{t_{i}’(q_{i}- n_{i}- 1)})(re^{\sqrt{}\overline{-1}\theta})d\theta)^{p_{i}}$

By (5.7), $t_{0}$ $;=s_{1}+\cdots+s_{k}<1$ . Take $p’$ with $r_{0}<p’<1$ . Then, $t_{i}’n_{i}(n_{i}+1)/2=$

$t_{0}<p’<1t$ We now apply Proposition 3.3 to show

$\int_{0}^{2\pi}ii^{-n}i^{-1)}-$

for all $r,$ $R_{i}$ with $r_{0}<r<R_{i}<1$ , where $r_{0}>0$ and $K_{1}$ is a constant not depending
on each $r,$ $R_{i}$ . We choose here $R_{i}$ $:=r+(1-r)/eT(r, f_{i})$ . By virtue of Proposi-

tion 5.4, we can find a set $E_{0}= \bigcup_{\nu=1}^{\infty}[r_{\nu}, r_{\nu}’](r_{\nu-1}’<r_{\nu}\leqq r_{v}’<1)$ such that $\int_{E_{0}}1/(1-r)dr$

$<\infty$ and $T(R_{i}, f_{i})\leqq 2T(r, f_{i})$ for every $r\not\in E_{0}$ . Therefore, we get

$\int_{0}^{2\pi}(e^{u}\lambda^{2})(re^{\sqrt{-}1\theta})d\theta\leqq K_{2}\prod_{i=1}^{k}(\frac{T(r,f_{t})}{1-r})^{p_{i}p’}$

$\leqq K_{3}\frac{1}{(1-r)^{p^{l}}}(\log\frac{1}{1-r})^{p’}$

for all $r\not\in E_{0}$ , where we used (5.6). Take a number $P’’$ with $P’<p^{\nu}<1$ . After
a suitable change of a constant $K_{3}$ , we can conclude

$\int_{0}^{2\pi}- 1$ $(r\not\in E_{0})$ .

Moreover, we can omit here the restricted condition $r\not\in E_{0}$ by the help of Prop-
osition 5.5. Thus, we have

$\int\int_{\Delta}(e^{u}\lambda^{2})(re^{\sqrt{}-1\theta}-)rdrd\theta\leqq K_{4}\int_{0}^{1}\frac{rdr}{(1-r)^{p’}}<\infty$ .

On the other hand, by the result of S. T. Yau ([14]), we have necessarily

$\int\int_{\Delta}e^{u}d\sigma=\infty$
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(cf., Remark 4.11). This is a contradiction. So, the proof of Theorem 4.10 is
completed.

\S 6. The Gauss map of a complete minimal surface in $R^{m}$ .
The purpose of this section is to prove Theorems stated in \S 1. Let $x=$

$(x_{1}, \cdots , x_{m}):Marrow R^{m}$ be an oriented complete minimal surface in $R^{m}(m\geqq 3)$ . For
our purpose, we can replace $M$ by the universal covering surface. So, there is
no harm in assuming that $M$ is simply connected. By associating a holomorphic
local coordinate $z=u+\sqrt{-1}v$ with each positive isothermal local coordinates
$(u, v),$ $M$ is considered as a Riemann surface with a conformal metric $ds^{2}$ . Since
there is no compact minimal surface in $R^{m},$ $M$ is biholomorphically isomorphic
to $C$ or the unit disc. We note here that $M$ has infinite area because $M$ is of
non-positive curvature.

By definition, the Gauss map $G$ of $M$ is given by $G=\pi\cdot\partial X/\partial\overline{z}$, where $z$ is
a global holomorphic coordinate on $M$ and $\pi$ is the canonical projection of
$C^{m}-\{0\}$ onto $P^{m-1}(C)$ . Set $n:=m-1$ . The conjugate $f=\overline{G}$ of $G$ is represented
as $f=(f_{1}$ : $\cdots$ : $f_{n+1})$ , where $f_{i}=\partial x_{i}/\partial z$ $(1\leqq i\leqq n+1)$ . This representation is
reduced because $x$ is an immersion. As is well known, it holds that

(6.1) $f_{1}^{2}+\cdots+f_{n+1}^{2}\equiv 0$ .
This means that $f(M)\subseteqq Q_{m-2}(C)=\{w_{1}^{2}+\cdots+w_{n+1}^{2}=0\}$ $(\subset P^{m-1}(C))$ . Set $\Vert f\Vert$

$:=(|f_{1}|^{2}+\cdots+|f_{n+1}|^{2})^{1/2}$ . Then, the metric $ds^{2}$ on $M$ induced from the standard
metric on $R^{m}$ is given by

(6.2) $ds^{2}=2\Vert f\Vert^{2}|dz|^{2}$ .
This shows that the map $f$ : $Marrow P^{n}(C)(n=m-1)$ satisfies condition $(C_{1})$ . We
can apply Theorem 4.10 to the map $f$ and conclude

$\frac{n(n+1)}{\delta_{--1}^{q}\delta_{n}^{f}(H_{j})-n-1}\geqq 1$

for arbitrarily given hyperplanes $H_{1},$ $\cdots$ , $H_{q}$ in general position if $f$ is non-
degenerate. This gives Theorem 1.2.

We consider next the particular case $m=3$ . As is well-known, $Q_{1}(C)$ is
biholomorphically isomorphic to the Riemann sphere $P^{1}(C)=C\cup\{\infty\}$ by the map
$\varphi$ defined as

$\varphi(w)=\frac{w_{3}}{w_{1}-\sqrt{-1}w_{2}}$

for each $w=(w_{1} : w_{2} : w_{3})\in Q_{1}(C)$ . Instead of the map $f$ we study the map $g=$
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$\varphi\cdot f$ : $Marrow P^{1}(C)$ . Assume that $M$ is non-flat. Then $g$ is not a constant. Take
a nonzero holomorphic function $h$ such that $g_{1}$ $:=f_{3}/h$ and $g_{2}$ $:=(f_{1}-\sqrt{-1}f_{2})/h$

are both holomorphic and have no common zero. Then, $g$ has a reduced repre-
sentation $g=(g_{1} : g_{2})$ . We see easily by (6.1)

$f_{1}+ \sqrt{-1}f_{2}=-\frac{hg_{1}^{2}}{g_{2}}$ , $f_{1}-\sqrt{-1}f_{2}=hg_{2}$ .

Therefore,
$2\Vert f\Vert^{2}=|f_{1}+\sqrt{}--1f_{2}|^{2}+|f_{1}-\sqrt{-1}f_{2}|^{2}+2|f_{3}|^{2}$

$= \frac{|h|^{2}}{|g_{2}|^{2}}\Vert g\Vert^{4}$ ,

where $\Vert g\Vert=(|g_{1}|^{2}+|g_{2}|^{2})^{1/2}$ . Since $\Vert f\Vert\neq 0$ everywhere, we can easily conclude
that $g_{2}/h$ is holomorphic on $M$. So, $u=\log|g_{2}/h|$ is subharmonic. In view of
(6.2) this shows that the map $g:Marrow P^{1}(C)$ satisfies condition $(C_{2})$ . Applying
Theorem 4.10 to the map $g$ , we obtain Theorem 1.3.

Lastly, we consider the case $m=4$ . The quadric $Q_{2}(C)$ in $P^{3}(C)$ is biholo-
morphically isomorphic to $P^{1}(C)\cross P^{1}(C)$ by the map $\psi=\psi_{1}\cross\psi_{2}$ defined as

$\psi_{1}(w)=\frac{w_{3}+\sqrt{-1}w_{4}}{w_{1}-\sqrt{-1}w_{2}}$ , $\psi_{2}(w)=\frac{-w_{3}+\sqrt{-1}w_{4}}{w_{1}-\sqrt{-1}w_{2}}$

for each $w=(w_{1}$ : $\cdots$ : $w_{4})\in Q_{2}(C)$ , where for the point $w=(w_{1}$ : $\cdots$ : $w_{4})$ with $w_{1}=$

$\sqrt{-1}w_{2}\psi_{i}(w)$ are properly defined so as to be continuous on the totality of $Q_{2}(C)$

(cf., [7], p. 20). For the conjugate $f$ of the Gauss map of a given minimal
surface $M$, we consider the meromorphic functions $g_{1}=\psi_{1}\cdot f$ and $g_{2}=\psi_{2}\cdot f$ . In-
stead of Theorem 1.4, we shall give the following more precise result.

THEOREM 6.3. Let $x=(x_{1}, x_{2}, x_{3}, x_{4}):Marrow R^{4}$ be a non-flat complete minimal
surface and $g_{1},$ $g_{2}$ : $Marrow P^{1}(C)$ be the above-mentioned meromorphic functions.

(i) Assume that $g_{1}\not\equiv const$ and $g_{2}\not\equiv const$ . Then, for arbitrary numbers
$\alpha_{1},$

$\cdots$ , $\alpha_{q_{1}}$ and $\beta_{1},$ $\cdots$ , $\beta_{q_{2}}$ with $\alpha_{i}\neq\alpha_{j}$ if $i\neq j$ and $\beta_{k}\neq\beta_{l}$ if $k\neq l$ , we have at
least one of the following conclusions:

(a) $\sum_{j=1}^{q_{1}}\delta?^{1}(\alpha_{j})\leqq 2$ ,

(b) $\sum_{k=1}^{q_{2}}\delta_{1}^{g_{2}}(\beta_{k})\leqq 2$

(c)
$\frac{1}{\sum_{j=1}^{q_{1}}\delta_{1}^{g_{1}}(\alpha_{j})-2}+\frac{1}{\Sigma\delta_{1}^{g_{2}}(\beta_{k})-2q_{2}}\geqq\frac{1}{2}$

.

$k=1$

(ii) Assume that $g_{1}\not\equiv consi$ and $g_{2}\equiv const$ . Then, for arbitrary &stinct num-
bers $\alpha_{1},$

$\cdots$ , $\alpha_{q}$ , we have
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$\sum_{j=1}^{q}\delta_{1}^{g_{1}}(\alpha_{j})\leqq 4$ .

PROOF. As usual, we may assume that $M$ is simply connected. Take a
global coordinate $z$ on $M$ and set $f_{i}$ $:=\partial x_{i}/\partial z(i=1,2,3,4)$ . We choose holo-
morphic functions $g_{11},$ $g_{12},$ $g_{21},$ $g_{22}$ such that

$g_{2}= \frac{-f_{3}+}{f_{1}-}\frac{\Gamma-\overline{1}}{\sqrt{}-1f}=\frac{g_{12}}{g_{21}}\underline{f_{4}}2$

and $\Vert g_{1}\Vert^{2}$ $:=|g_{11}|^{2}+|g_{12}|^{2}\neq 0$, $\Vert g_{2}\Vert^{2}$ $:=|g_{21}|^{2}+|g_{22}|^{2}\neq 0$ everywhere. Then,
since

$(f_{1}, f_{2}, f_{8}, f_{4})= \frac{f_{1}-\sqrt{-1}f_{2}}{2}(1+g_{1}g_{2}, \sqrt{1}(1-g_{1}g_{2}),$
$g_{1}-g_{2},$ $-\sqrt{1}(g_{1}+g_{2}))$

(cf., [7], p. 20), we have

$2\Vert f\Vert^{2}=2(|f_{1}|^{2}+|f_{2}|^{2}+|f_{3}|^{2}+|f_{4}|^{2})$

$= \frac{|h|^{2}}{2}(|1+\frac{g_{12}g_{22}}{g_{11}g_{21}}|^{2}+|1-\frac{g_{12}g_{22}}{g_{11}g_{21}}|^{2}+|_{1}^{\frac{g_{1}}{g_{1}}}2-\frac{g_{22}}{g_{21}}|^{2}+|\frac{g_{12}}{g_{11}}+\frac{g_{22}}{g_{21}}|^{2})$

$= \frac{|h|^{2}}{|g_{11}|^{2}|g_{21}|^{2}}(|g_{11}|^{2}+|g_{12}|^{2})(|g_{21}|^{2}+|g_{22}|^{2})$ ,

where $h:=f_{1}-\sqrt{-1}f_{2}$ . Set $u:=\log(|g_{11}g_{21}|/|h|)$ , which is subharmonic on
$M$ because $\Vert f\Vert\neq 0$ everywhere. The above equation can be rewritten

(6.4) $\lambda e^{u}=\Vert g_{1}\Vert\Vert g_{2}\Vert$ ,

where $ds^{2}=\lambda^{2}|dz|^{2}$ . Consider Prst the case $g_{1}\not\equiv const$ and $g_{2}\not\equiv const$ . Then the
map $g=(g_{1}, g_{2}):Marrow P^{1}(C)\cross P^{1}(C)$ satisfies condition $(C_{11})$ by (6.4). Applying
Theorem 4.10 to the map $g$ , we have the conclusion (i) of Theorem 6.3. For
the case $g_{1}\not\equiv const$ and $g_{2}\equiv const$ , we can take $g_{21}$ and $g_{22}$ as nonzero constant
functions. It follows from (6.4) that the holomorphic map $g_{1}$ : $Marrow P^{1}(C)$ satisfies
condition $(C_{1})$ . By Theorem 4.10, we have the conclusion (ii) of Theorem 6.3.

PROOF OF THEOREM 1.4. By the assumption that $M$ is non-flat, either $g_{1}$

or $g_{2}$ is not constant. If one of $g_{1}$ and $g_{2}$ is constant, the conclusion of Theo-
rem 1.4 is true by the conclusion (ii) of Theorem 6.3. Assume that $g_{1}\not\equiv const$

and $g_{2}\not\equiv const$ and, for one of $g_{1}$ and $g_{2}$ , say $g_{2}$ , there exist distinct numbers
$\beta_{1},$ $\cdots$ , $\beta_{q_{2}}$ such that

$\sum_{k=1}^{q_{2}}\delta t^{2}(\beta_{k})>6$

We have necessarily conclusion (a) or (c) of Theorem 6.3 for arbitrary distinct
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numbers $\alpha_{1},$
$\cdots$ , $\alpha_{q}$ and the above $\beta_{1},$ $\cdots$ , $\beta_{q_{2}}$ . In each case, we can conclude

$\sum_{j=1}^{q}\delta_{1}^{g_{1}}(\alpha_{j})\leqq 6$

This completes the proof of Theorem 1.4.
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