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\S 1. Introduction.

An Hadamard matrix $H$ of order $n$ is a $\{-1,1\}$ -matrix of degree $n$ such
that $HH^{t}=H^{t}H=nI$, where $t$ denotes the transposition. It is known that $n$

equals one, two or a multiple of four. In this paper we assume that $n$ is greater
than eight. For the basic fact on Hadamard matrices see [1] or [7]. Let $P$ be
the set of $2n$ points 1, 2, $\cdots$ , $n,$ $1^{*},$ $2^{*},$ $\cdots$ , $n^{*}$ . Then we define an n-subset $\alpha_{i}$

of $P$ as follows: $\alpha_{i}$ contains $j$ or $j^{*}$ according as the $(i, j)$-entry of $H$ equals
+1 or $-1(1\leqq i, j\leqq n)$ . Let $\alpha_{i}^{*}=P-\alpha_{i}$ . We call $\alpha_{i}$ and $\alpha_{i}^{*}$ blocks $(1\leqq i\leqq n)$ .
Let $B$ be the set of $2n$ blocks $\alpha_{1},$ $\alpha_{2},$

$\cdots$ , $\alpha_{n},$
$\alpha_{1}^{*},$ $\alpha_{2}^{*},$ $\cdots$ , $\alpha_{n}^{*}$ . Then $M(H)=(P, B)$

is called the matrix design of $H$. By definition each point belongs to exactly $n$

blocks. By the orthogonality of columns of $H$ each point pair not of the shape
$\{a, a^{*}\}$ belongs to exactly $n/2$ blocks, and each point trio not containing a point
pair of the shape $\{a, a^{*}\}$ belongs to exactly $n/4$ blocks. $\{a, a^{*}\}$ does not belong
to any block. Similarly by the orthogonality of rows of $H$ each block pair not
of the shape $\{\alpha, \alpha^{*}\}$ intersects in exactly $n/2$ points, and each block trio not
containing a block pair of the shape $\{\alpha, \alpha^{*}\}$ intersects in exactly $n/4$ points.

We assume that $a^{**}=a$ . Then $\alpha^{**}=\alpha$ . Let $\mathfrak{G}$ be the group of all permuta-
tions $\sigma$ on $P$ such that $\sigma$ leaves $B$ as a whole. Then we call $\mathfrak{G}$ the automor-
phism group of $M(H)$ . Obviously $\mathfrak{G}$ is isomorphic to the automorphism group of
$H$. Since $\zeta=\prod_{a=1}^{n}(a, a^{*})=\prod_{i=1}^{n}(\alpha_{i}, \alpha_{i}^{*})$ belongs to the center of $\mathfrak{G},$

$\mathfrak{G}$ is imprimitive

on $P$. For the basic facts on permutation groups see [9] or [10]. Now let $\overline{P}$

and $\overline{B}$ be the set of point pairs $\overline{a}=\{a, a^{*}\}$ and block pairs $\overline{\alpha}=\{\alpha, \alpha^{*}\}$ , where
$a\in P$ and $\alpha\in B$ , respectively. Then $\mathfrak{G}$ may be considered as permutation groups
on $\overline{P}$ and on $\overline{B}$ . We notice that $\zeta$ is trivial on $\overline{P}$ and on $\overline{B}$ , and that there is
no apparent incidence relation between $P$ and $\overline{B}$ . In this paper we assume that
$\mathfrak{G}$ on $\overline{P}$ is doubly transitive and that $\mathfrak{G}$ on $\overline{P}$ contains a regular normal subgroup
$\mathfrak{N}$ on $\overline{P}$. Then $\mathfrak{N}$ on $\overline{P}$ is an elementary Abelian 2-group of order $n$ , and so $n$
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is a power of 2; $n=2^{m}(m\geqq 4)$ . For the case where $\mathfrak{G}$ on $\overline{P}$ is a doubly transitive
permutation group not containing a regular normal subgroup see [3] and [4].

EXAMPLE 1. Let $V$ be an $(m+1)$-dimensional vector space over $GF(2),$ $M$ a
maximal subspace of $V$ and $v$ a vector of $V$ outside $M$. Then $V$ contains $2^{m}$

maximal subspaces $N$ not containing $v$ (including $M$ ). Let $\mathfrak{N}$ be the set of all
$N’s$ . Now we consider the following incidence matrix $H(m)$ : Columns and rows
of $H(m)$ are labeled by vectors of $M$ and elements of $\mathfrak{N}$ , respectively. The
$(N, w)$-entry of $H(m)$ equals +1 or $-1$ according as $w\in N$ or $w\not\in N$, where $N\in$

$\mathfrak{N}$ and $w\in M$. We may assume that the first column and row correspond to $O$

and $M$ respectively. Then the first column and row are all 1 vectors respec-
tively. Let $N_{i}$ be any three distinct elements of $\mathfrak{N}(i=1,2,3)$ . Then, since $N_{i}$ does
not contain $v$ , we have that dim $(N_{1}\cap N_{2}\cap N_{3})=m-2$ . So it is easy to check that
$H(m)$ is an Hadamard matrix of order $n=2^{m}$ . Let $M(m)$ be the matrix design of
$H(m)$ . Then the set $P(m)$ of points of $M(m)$ equals $V=\{w, w+v;w\in M\}$ and the
set $B(m)$ of blocks of $M(m)$ equals $\{N, N+v;N\in \mathfrak{N}\}$ . Let $\mathfrak{G}(m)$ be the automorphism
group of $M(m)$ . For $x\in V$ define the mapping $\sigma_{x}$ by $w\sigma_{x}=w+x,$ $w\in V$. Then
$N\sigma_{x}=N$ or $N+v$ , and so $\sigma_{x}$ belongs to $\mathfrak{G}(m)$ . Let %(m) be the subgroup of all
$\sigma_{X}’ s,$ $x\in V$. We notice that if we put $w^{*}=w+v,$ $w\in M$, then it is easy to see
that $\sigma_{v}$ coincides with $\zeta$, and that if we put $\overline{N}=\{N, N+v\}$ and $\overline{B(m)}=\{\overline{N};N\in$

$\Re\}$ , then $\mathfrak{T}(m)$ is trivial on $\overline{B(m)}$ . Now let $\sigma\in \mathfrak{G}(m)$ such that $0\sigma=O$ . Since
$O^{*}=v,$ $v\sigma=v$ . Now we show that $\sigma$ is linear. In fact, first let $a,$ $b\in M$ and
consider $N\in B(m)$ such that $a,$ $b\in N$. Then the intersection of such $N’ s$ equals
$\{0, a, b, a+b\}$ and that of $N\sigma’ s$ equals $\{0, a\sigma, b\sigma, a\sigma+b\sigma\}$ . So we can conclude
that $(a+b)\sigma=a\sigma+b\sigma$ . Secondly if $a\in M$ and $b\not\in M$, then we consider $\{a, b^{*}\}$

and get $(a+b^{*})\sigma=a\sigma+b^{*}\sigma=a\sigma+b\sigma+v$ . Since $(a+b^{*})\sigma=(a+b+v)\sigma=((a+b)^{*})\sigma$

$=(a+b)\sigma+v$, we get $a\sigma+b\sigma=(a+b)\sigma$ . The rest is similar. Now it is easy to
see that $\mathfrak{T}(m)$ is a normal elementary Abelian 2-group of $\mathfrak{G}(m)$ . Thus $\mathfrak{G}(m)$ is
a subgroup of the split extension $\mathfrak{T}(m)GL(V)$ of $\mathfrak{T}(m)$ by $GL(V)$ , the general
linear group on $V$. It is not difficult to see that $\mathfrak{G}(m)$ is the centralizer of $\sigma_{v}$

in $\mathfrak{T}(m)GL(V)$ . Put $\overline{w}=\{w, w+v\}$ and $\overline{P(m)}=\{\overline{w}, w\in M\}$ . Then $\mathfrak{G}(m)$ on $\overline{P(m)}$

is the split extension of $\mathfrak{T}(m)/\langle\sigma_{v}\rangle$ by $GL(V/\langle v\rangle)$ . Thus $\mathfrak{G}(m)$ on $\overline{P(m)}$ is triply
transitive and $\mathfrak{T}(m)/\langle\sigma_{v}\rangle$ is a regular normal subgroup.

Now W. M. Kantor characterized $H(m)$ as follows [5]; If $\mathfrak{G}$ on $\overline{P}$ is not
faithful on $\overline{B}$ , then $H$ is equivalent to $H(m)$ . So from now on we assume that
$\mathfrak{G}$ on $\overline{P}$ is faithful on $\overline{B}$ .

NOTATION. Let $\mathfrak{X}$ be a permutation group on $\Omega$ . Then for $W\subset\Omega,$ $\mathfrak{X}_{W}$ denotes
the stabilizer of $W$ in $\mathfrak{X}$ . Let $Y$ be a finite set. Then $|Y|$ denotes the number
of elements in $Y$ . Let $\Re$ be a finite group and $\mathfrak{S}$ a subgroup of $\Re$ . If $\chi$ is a
character of $\Re$ , then $\chi|\mathfrak{S}$ denotes the restriction of $\chi$ to $\mathfrak{S}$ . If $\phi$ is a character
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of $\mathfrak{S}$, then $\phi^{\Re}$ denotes the character of $\Re$ induced by $\phi$ . $1_{\Re}$ denotes the trivial
character of $\Re$ . Let $\chi$ and $\xi$ be characters of $\Re$ . Then $(\chi\xi)$ denotes the inner
product $\sum_{X\in\Re}\chi(x)\xi(x)$ .

\S 2. Some results on $H$.
LEMMA 1. Let $\mathfrak{K}$ be the kernel of $\mathfrak{G}$ on F. Then $\mathfrak{K}$ is an elementary Abelian

2-group containing $\zeta$ . If $\mathfrak{K}\neq\langle\zeta\rangle$ , then $H$ is equivalent to $H(m)$ .
PROOF. Since every non-identity element of $\mathfrak{K}$ has order two, $\mathfrak{K}$ is an ele-

mentary Abelian 2-group. Assume that $\mathfrak{K}\neq\langle\zeta\rangle$ . Let $\sigma\in \mathfrak{K}-\langle\zeta\rangle$ . Then $\sigma$ has
a fixed point and transfers some point $a$ to $a^{*}$ . Hence $\alpha\sigma\neq\alpha,$

$\alpha^{*}$ for any $\alpha\in B$ .
Let $\alpha$ be a fixed block. Then $(\alpha\cap\alpha\sigma)\cup(\alpha^{*}\cap\alpha^{*}\sigma)$ is the set of fixed points of
$\sigma$ and $|\alpha\cap\alpha\sigma|=|\alpha^{*}\cap\alpha^{*}\sigma|=n/2$ . So $\sigma$ has $n$ fixed points. Let $F(\sigma)=\{\overline{a}\in\overline{P}$ ;
$a\sigma=a\}$ . Then $|F(\sigma)|=n/2$ . Clearly $\sigma$ is uniquely determined by $F(\sigma)$ . So the
number $x$ of distinct $F(\sigma)s$ equals $|\mathfrak{K}|-2$ . Let $\overline{a}$ and $\overline{b}$ be distinct elements of
$\overline{P}$ and $y$ the number of distinct $F(\sigma)s$ containing $\overline{a}$ and $\overline{b}$ . Since $\mathfrak{G}$ on $\overline{P}$ is 2-

transitive, we have that $x(\begin{array}{l}n/22\end{array})=y(\begin{array}{l}n2\end{array})$ . This implies that $x(n/2-1)=2(n-1)y$ .
Since $\sigma$ is uniquely determined by $\alpha\sigma,$ $x\leqq 2(n-1)$ . So we have that $x=2(n-1)$ .
Then every block $\beta\neq\alpha,$ $\alpha^{*}$ can be expressed as $\beta=\alpha\sigma$ for some $\sigma\in \mathfrak{K}-\langle\zeta\rangle$ .
Now we have that $\alpha\cap\beta\cap\gamma=\alpha\cap\beta\cap\gamma\sigma$ for any $\gamma\neq\alpha,$ $\alpha^{*},$ $\beta,$ $\beta^{*}$ . So by a theorem
of C. Norman [6, Theorem 6] it is easy to see that $H$ is equivalent to $H(m)$ .

So from now on we assume that $\mathfrak{K}=\langle\zeta\rangle$ .
Let ee be a subgroup of $G$ . Then let $\overline{\mathfrak{X}}=\mathfrak{X}\langle\zeta\rangle/\langle\zeta\rangle$ .
LEMMA 2. $N$ is elementary Abelian.
PROOF. Deny. Let $\sigma$ be an element of $\mathfrak{N}$ of order 4. Then since $\overline{\mathfrak{N}}$ is

elementary Abelian, $\sigma^{2}=\zeta$ . Since $\overline{\mathfrak{G}}$ is 2-transitive and St is a regular normal
subgroup of $\overline{\mathfrak{G}}$ , all the non-identity elements of St are conjugate with $\langle\zeta\rangle\sigma$ .
Hence $\zeta$ is the unique involution of $\mathfrak{N}$ . So $\mathfrak{N}$ is a quaternion group and $n=4$ .
This is against our assumption that $n>8$ .

LEMMA 3. $\overline{\mathfrak{N}}$ is regular on $\overline{B}$ and $\overline{\mathfrak{G}}$ is 2-transitive on $\overline{B}$ .
PROOF. Since $\overline{\mathfrak{N}}$ is faithful on $\overline{B},\overline{\mathfrak{N}}$ moves some a in $\overline{B}$ . Then $|\overline{\mathfrak{N}}_{\overline{\alpha}}|=2^{f}$

$<|\Re|=2^{m}$ . Now we show that $|\overline{\mathfrak{G}}_{\overline{\alpha}}|\leqq 2^{l}y|\overline{\mathfrak{G}}_{\overline{a}.\overline{b}}|$ , where $\overline{a}$ and $\overline{b}$ are two distinct
elements of $\overline{P}$ and $y$ divides $2^{l}-1$ . Let $|\overline{\mathfrak{G}}_{\overline{a}}|=2$ “ $($ 2

$)_{\prod_{p>2}p^{a(p)}}$ and $|\overline{\mathfrak{G}}_{\overline{a},\overline{b}}|=$

$2^{b(2)} \prod_{p>2}p^{b(p)}$ be the prime power decomposition of $|\overline{\mathfrak{G}}_{\overline{a}}|$ and $|\overline{\mathfrak{G}}_{\overline{a}.\overline{b}}|$ . If $a(p)\leqq b(p)$

for all odd $p$ , then, since $|\overline{\mathfrak{G}}|=n(n-1)|\overline{\mathfrak{G}}_{\overline{a},\overline{b}}|=[\overline{\mathfrak{G}} : \overline{\mathfrak{G}}_{\overline{\alpha}}]|\overline{\mathfrak{G}}_{\overline{a}}|,$ $n-1$ divides [ $\overline{\mathfrak{G}}$ :
a $\overline{\alpha}$]. Since $[\overline{\mathfrak{G}} : \overline{\mathfrak{G}}_{\overline{\alpha}}]\leqq n$ , we have that $[\overline{\mathfrak{G}} : \overline{\mathfrak{G}}_{\overline{a}}]=n-1$ . So $\overline{\mathfrak{G}}_{\overline{\alpha}}$ contains a
Sylow 2-subgroup of $\overline{\mathfrak{G}}$ . Since $\overline{\mathfrak{N}}$ is normal in $\overline{\mathfrak{G}},\overline{\mathfrak{N}}=\overline{\mathfrak{N}}_{\overline{a}}$ . This is a contradic-
tion. So there exists an odd prime $p$ such that $a(P)>b(P)$ . Let $p$ be such an
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odd prime and $\mathfrak{S}$ a Sylow $p$-subgroup of $\overline{\mathfrak{G}}_{\overline{\alpha}}$ . Since $p$ is odd, $\overline{\mathfrak{S}}$ fixes some
element $\overline{a}$ of $\overline{P}$. Now $\overline{\mathfrak{S}}\overline{\mathfrak{N}}_{\overline{\alpha}}$ is a subgroup where $\overline{\mathfrak{N}}_{\overline{a}}$ is normal. We consider
$\mathfrak{S}$-conjugacy class decomposition of $\overline{\mathfrak{N}}_{\overline{\alpha}}$ . Notice that every $\mathfrak{S}$-conjugacy class
consists of a power of $p$ (possibly 1) elements. Let $\Lambda$ be an $\overline{\mathfrak{S}}$-conjugacy class
$\neq\langle\zeta\rangle$ consisting of fewest elements. Let $\overline{g}$ be an element of $\Lambda$ . Then $|\overline{\mathfrak{S}}|=$

$|\Lambda||C_{\mathfrak{S}}(\overline{g})|$ . Let $\overline{a}\overline{g}=\overline{b}$ . Then, since $\overline{g}\neq\langle\zeta\rangle,\overline{a}\neq\overline{b}$ . Since $a(P)>b(P),\overline{S}$ fixes
no other point than $\overline{a}$ . Since $C_{\mathfrak{S}}(\overline{g})\subseteqq\overline{\mathfrak{G}},\overline{b},$ $\mathfrak{S}\neq C_{\mathfrak{S}}(\overline{g})$ . So $|\Lambda|>1$ and $|\Lambda|$

divides $2^{l}-1$ . Thus $|\overline{\mathfrak{S}}|$ divides $(2^{l}-1)|\overline{\mathfrak{G}}.\overline{b}|$ . The same argument holds for
$\overline{\mathfrak{S}}\overline{\mathfrak{N}}$ and we have that $|\overline{\mathfrak{S}}|$ divides $(2^{m}-1)|\overline{\mathfrak{G}}_{\overline{a},\overline{b}}|$ . This is true for every odd
prime $P$ such that $a(p)>b(p)$ . Let $x= \prod_{p>2}p^{\min(a(p),b(p))}$ . Then $|\overline{\mathfrak{G}}_{\overline{\alpha}}|=2^{a(2)}xy$ ,

and $y$ divides $2^{l}-1$ and $2^{m}-1$ . So $y$ divides $2^{m-l}-1$ . Let $\overline{\mathfrak{T}}$ be a Sylow 2-
subgroup of $\overline{\mathfrak{G}}_{\overline{\alpha}}$ . Then $\overline{\mathfrak{N}}\overline{\mathfrak{T}}=\overline{\mathfrak{N}}(\overline{\mathfrak{N}}\overline{\mathfrak{T}}\cap\overline{\mathfrak{G}}_{\overline{a}})$ . Since $\overline{\mathfrak{N}}_{\overline{\alpha}}\overline{\mathfrak{T}}\cap\overline{\mathfrak{G}}_{\overline{a}}$ is a 2-group and $|\overline{P}|$

$=2^{m}$ , it fixes another element $\overline{b}(\neq\overline{a})$ of $\overline{P}$. Thus $\overline{\mathfrak{N}}\overline{\mathfrak{T}}\cap\overline{\mathfrak{G}}\overline{=}\overline{\mathfrak{N}}\overline{\mathfrak{T}}\cap\overline{\mathfrak{G}}_{\overline{a},\overline{b}}$ . Now
$|\overline{\mathfrak{N}}\overline{\mathfrak{T}}\cap\overline{\mathfrak{G}}_{\overline{a}.\overline{b}}|=|\overline{\mathfrak{N}}\overline{\mathfrak{T}}/\overline{\mathfrak{N}}|=|\overline{\mathfrak{T}}/\overline{\mathfrak{N}}_{\overline{a}}|=2^{a(2)- l}$ . Thus we obtain that $|\overline{\mathfrak{G}}_{\overline{a}}|\leqq 2^{l}y|\overline{\mathfrak{G}}_{\overline{a},\overline{b}}|$ .
Now we have that

$2^{m} \geqq\frac{|\overline{\mathfrak{G}}|}{|\overline{\mathfrak{G}}_{\overline{\alpha}}|}=\frac{2^{m}(2^{m}-1)|\overline{\mathfrak{G}}_{a,\overline{b}}|}{2^{l}y|\overline{\mathfrak{G}}_{a,\overline{b}}|}\geqq\frac{2^{m}(2^{m}-1)}{2^{l}(2^{m-l}-1)}$ .

This implies that $l=0$ . So St is regular transitive on $\overline{B}$ , and $\overline{\mathfrak{G}}=\overline{\mathfrak{N}}\overline{\mathfrak{G}}_{\overline{\alpha}}$ .
Now $\overline{\mathfrak{G}}$ is 2-transitive on $\overline{P}$ (or $\overline{B}$ ) if and only if $\overline{\mathfrak{G}}$ decomposes into exactly

two double cosets of $\overline{\mathfrak{G}}_{\overline{a}}$ (or $\overline{\mathfrak{G}}_{\overline{\alpha}}$ ). Since $\overline{\mathfrak{N}}$ is normal in $\overline{\mathfrak{G}}$ , and $\overline{\mathfrak{G}}=\overline{\mathfrak{N}}\overline{\mathfrak{G}}_{\overline{a}}=\overline{\mathfrak{N}}\overline{\mathfrak{G}}_{\overline{\alpha}}$

and $\overline{\mathfrak{N}}\cap\overline{\mathfrak{G}}_{\overline{a}}=\overline{\mathfrak{N}}\cap\overline{\mathfrak{G}}_{\overline{\alpha}}=\langle\overline{1}\rangle$ , the latter holds if and only if all the non-identity
elements of $\overline{\mathfrak{N}}$ are conjugate in $\overline{\mathfrak{G}}_{\overline{a}}$ (or $\overline{\mathfrak{G}}_{\overline{\alpha}}$ ). Since $\overline{\mathfrak{N}}$ is elementary Abelian, all
the non-identity elements of $\overline{\mathfrak{N}}$ are conjugate in $\overline{\mathfrak{G}}_{\overline{\alpha}}$ if and only if they are con-
jugate in $\overline{\mathfrak{G}}\overline{.}$ Since $\overline{\mathfrak{G}}$ is 2-transitive on $\overline{P},\overline{\mathfrak{G}}$ is 2-transitive on $\overline{B}$ .

LEMMA 4. Let $\mathfrak{M}$ be a maximal subgroup of $\mathfrak{N}$ not containing $\zeta$ . Let $\Delta$ be

an M-orbit on P. Then for every block $\alpha$ of $B$ we have that $| \Delta\cap\alpha|=\frac{n+\sqrt{n}}{2}$

or $\frac{n-\sqrt{n}}{2}$ . In particular, $n$ is a perfect square.

PROOF. Put $x=|\Delta\cap\alpha|$ and $y=|\Delta\cap\alpha^{*}|$ . By Lemma 3, $N$ is regular on $B$ .
So for every involution $\sigma$ of $M$ we have that $\alpha\sigma\neq\alpha^{*}$ and $|\alpha^{*}\cap\alpha\sigma|=n/2$ . Since
$|\Delta\cap\alpha^{*}\cap\alpha\sigma|=|\Delta^{*}\cap\alpha\cap\alpha^{*}\sigma|=|\Delta^{*}\cap\alpha^{*}\cap\alpha\sigma|$ , we have that $|\Delta\cap\alpha^{*}\cap\alpha\sigma|=n/4$ .
Thus the cycle structure of every involution of $\mathfrak{M}$ has $n/4$ transpositions of the
form $(a, b^{*})$ , where $a\in\alpha\cap\Delta$ and $b^{*}\in\alpha^{*}\cap\Delta$ . Since $\mathfrak{M}$ is regular on $\Delta,$ $\mathfrak{M}$ con-
tains a unique element $\sigma$ such that $a\sigma=b^{*}$ for $a\in\Delta\cap\alpha$ and $b^{*}\in\Delta\cap\alpha^{*}$ . There-

fore we have that $x+y=n$ and $xy= \frac{n(n-1)}{4}$ . So the lemma follows.

PROPOSITION 1. If $n$ is not a square, then $H$ is equivalent to $H(m)$ .
PROOF. This is a corollary to Lemma 4.
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LEMMA 5. Let $n=2^{m}$ . Then there exists no prime factor of $(|\mathfrak{G}|, 2^{m-1}-1)$

which does not divide $2^{i}-1$ for every $i$ such that $1\leqq i\leqq m-2$ .
PROOF. Deny. Let $p$ be such a prime factor and $\mathfrak{S}$ a Sylow p-subgroup of

G. Since $\mathfrak{S}$ acts on St by conjugation, $\mathfrak{S}$ may be considered as a subgroup of
$GL(m, 2)$ . By the assumption on $p$ we have that $|C_{\overline{\mathfrak{N}}}(\mathfrak{S})|=2$ . So we have that
$|C_{\mathfrak{N}}(\mathfrak{S})|=4$ . Thus $p$ divides $n-4$ . Since $n-4=2(2^{m-1}-1)-2$ , this is a con-
tradiction.

PROPOSITION 2. If $\overline{\mathfrak{G}}$ is 3-transitive on $\overline{P}$, then $H$ is equivalent to $H(m)$ .
PROOF. If $\overline{\mathfrak{G}}$ is 3-transitive on $\overline{P}$, then $n-2$ divides the order of G.

By a theorem of Zsigmondy [11] there exists a prime factor $p$ of $(|\mathfrak{G}|,$ $\frac{n-2}{2})$

which does not divide $2^{i}-1$ for every $i$ such that $1\leqq i\leqq n?-2$ . It is against
Lemma 5.

\S 3. Further analysis.

Let $\overline{a}$ and $\overline{b}$ be two distinct elements of $\overline{P}$. Then we have the following
diagram where $e=1$ or 2.

$\mathfrak{G}$

$|n$

LEMMA 6. The rank of $\mathfrak{G}$ on $P$ equals three or four according as $e=2$ or 1.
PROOF. If $e=2$ , then the orbits of $\mathfrak{G}_{a}$ on $P$ are $\{a\},$ $\{a^{*}\}$ and $P-\overline{a}$ . If $e$

$=1$ , then $P-\overline{a}$ decomposes into two orbits of $\mathfrak{G}_{a}$ of length $n-1$ .
We assume that the rank of $\mathfrak{G}$ on $P$ equals three. So the permutation

character $1_{\mathfrak{G}_{a}}^{\mathfrak{G}}$ decomposes into the sum of three characters:

$1_{\mathfrak{G}_{a}}^{\mathfrak{G}}=1_{\mathfrak{G}}+\chi+\phi$ ,

where $\chi$ is the irreducible character of $\mathfrak{G}$ of degree $n-1$ in the 2-transitive per-
mutation representation of $\mathfrak{G}$ on $\overline{P}$ and the degree of $\phi$ equals $n$ .

LEMMA 7. $\mathfrak{G}_{\alpha}$ is iransitive on $\alpha$ and on $\alpha^{*}$ , where $\alpha\in B$ .
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PROOF. If $\mathfrak{G}_{\alpha}$ is not transitive on $\alpha,$
$\mathfrak{G}_{\alpha}$ has at least four orbits on $P$. So

the permutation character $1_{\mathfrak{G}_{a}}^{\mathfrak{G}}$ has degree at least $1+3(n-1)$ . Since $[\mathfrak{G}:\mathfrak{G}_{a}]$

$=2n$ by Lemma 3, this is a contradiction.
From Lemma 7 it follows that $\mathfrak{G}_{\overline{\alpha}}$ is transitive on $\overline{P}$. Thus we have the

following diagram, where $\overline{a}$ and $\overline{b}$ are two distinct elements of $\overline{P}$ such that $\alpha$

contains $a$ and $b$ :

$/^{\mathfrak{G}}n\backslash n$

$\mathfrak{G}\sim_{c}$

$\mathfrak{G}_{t\overline{l}}$

$\mathfrak{G}_{\alpha}\nearrow 2$

$\backslash ^{n}$
$\nearrow^{n}$

$\backslash _{\mathfrak{G}_{\overline{a}.\overline{b}}}n-1$

$\mathfrak{G}_{\alpha.\alpha}=\mathfrak{G}_{\overline{\alpha},a}\backslash n/^{\mathfrak{G}-}2\overline{\alpha}\backslash n_{2}-1\nearrow n\backslash n-1/^{\mathfrak{G}_{\tilde{\alpha}.\overline{a}.\overline{b}}}$

$\mathfrak{G}_{\alpha,a,b}=\mathfrak{G}_{\alpha,a.\overline{v}}$

So $\mathfrak{G}_{a}$ is 2-transitive on $\alpha$ . Since all 2-transitive permutation groups not contain-
ing a regular normal subgroup are known, by [3, Proposition 2] $\mathfrak{G}_{\alpha}$ contains a
regular normal subgroup $\mathfrak{L}$ . Then $\mathfrak{R}\mathfrak{L}$ is a normal 2-subgroup of $\mathfrak{G}$ such that
$\mathfrak{N}\cap \mathfrak{L}=1$ . Since $\overline{\mathfrak{N}}$ is a minimal normal subgroup of $\overline{\mathfrak{G}}$ , St is contained in the
center of $\overline{\mathfrak{N}\mathfrak{L}}$ . Since $\overline{\mathfrak{N}}$ is transitive on $\overline{P}$, this implies that $\overline{\mathfrak{L}}=\langle\zeta\rangle$ . This is a
contradiction.

So the rank of $\mathfrak{G}$ on $P$ equals four.
Since $\mathfrak{G}$ has rank 4 on $P$, the permutation character $1_{\mathfrak{G}_{a}}^{\mathfrak{G}}$ decomposes into the

sum of four irreducible character of $\mathfrak{G}$ :

$1_{\mathfrak{G}_{a}}^{\mathfrak{G}}=1_{\mathfrak{G}}+\chi+\phi_{1}+\phi_{2}$ .

Let $f_{i}$ be the degree of $\phi_{i}(i=1,2)$ . Then $f_{1}+f_{2}=n$ . Let $F$ be the family of
maximal subgroups of $\mathfrak{N}$ not containing $\zeta$ . Then $|F|=n$ . Let $\mathfrak{M}$ be an element
of $F$ and let $\Gamma$ and $\tau*$ be orbits of $M$ on $P$. Then exactly one of $\phi_{1}|M$ and
$\phi_{2}|M$ contains $1_{\mathfrak{M}}$ with multiplicity 1. We say that $M$ is of type $i$ if $\phi_{i}|\mathfrak{M}$

contains $1_{\mathfrak{M}}(i=1,2)$ .
LEMMA 8. $\mathfrak{N}$ consists of four $\mathfrak{G}_{a}$-conjugacy classes: {1}, $\{\zeta\},$ $\mathfrak{C}_{1}$ and $\mathfrak{C}_{2}=\zeta \mathfrak{C}_{1}$ ,

where $|\mathfrak{C}_{1}|=n-1$ .
PROOF. $\mathfrak{G}$ has four orbits on $P:\{a\},$ $\{a^{*}\},$ $\Omega_{1}$ and $\Omega_{2}$ , where $|\Omega_{i}|=n-1$

$(i=1,2)$ . $\mathfrak{G}$ has two orbits on $\overline{P}$. So we have that $\Omega_{2}=\Omega_{1}^{*}$ . For any $b$ in $\Omega_{1}$

there exists a unique element $\rho(b)$ of $\mathfrak{R}$ such that $a\rho(b)=b$ . Let $b_{1}$ and $b_{2}$ be
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two elements of $\Omega_{1}$ . Then there exists an element $\sigma$ of $\mathfrak{G}_{a}$ such that $b_{1}\sigma=b_{2}$ .
Now we have that $a\rho(b_{1})\sigma=a\rho(b_{2})$ . So there exists an element $\tau$ of $\mathfrak{G}_{a}$ such
that $\rho(b_{1})\sigma\rho(b_{2})^{-1}=\zeta$. Then $\sigma^{-1}\rho(b_{1})\sigma=\sigma^{-1}\tau\rho(b_{2})$ . Since $\mathfrak{N}\cap \mathfrak{G}_{a}=1$ and since $\mathfrak{N}$

is normal in $\mathfrak{G}$, we have that $\sigma=\zeta$ . So $\rho(b_{1})$ and $\rho(b_{2})$ are conjugate in G.
Since the argument may be reversed, we get the lemma.

LEMMA 9. Let $\mathfrak{M}_{1}$ be an element of Fof type 1. Put $|M_{1}\cap \mathfrak{C}_{i}|=x_{i}(i=1,2)$ .
Then we have the following:

$f_{1}+x_{1}\phi_{1}(c_{1})+x_{2}\phi_{1}(c_{2})=n$ , (1)

$f_{2}+x_{1}\phi_{2}(c_{1})+x_{2}\phi_{2}(c_{2})=0$ , (2)

$\phi_{i}(\zeta)=-f_{i}$ , and $\phi_{i}(c_{1})+\phi_{i}(c_{2})=0$ , (3)

where $c\in \mathfrak{M}_{1}\cap \mathfrak{C}_{i}$ .
PROOF. Since $( \phi_{1}|M_{1},1_{\mathfrak{M}_{1}})=1,\sum_{u\in \mathfrak{M}_{1}}\phi_{1}(u)=\sum_{u\in \mathfrak{M}_{1}}1_{\mathfrak{M}_{1}}(u)=n$ . This proves (1).

Since $(\phi_{2}|M_{1},1_{\mathfrak{M}_{1}})=0$, we have (2). Put $\phi_{i}|\langle\zeta\rangle=d_{i1<\zeta>}1+d_{i2}\eta$ , where $d_{ij}$ are
integers and $\eta$ is the non-trivial linear character of $\langle\zeta\rangle$ . Then $\phi_{i}(1)=d_{i1}+d_{i2}$

and $\phi_{i}(\zeta)=d_{i1}-d_{i2}$ . Since $\phi_{1}(\zeta)+\phi_{2}(\zeta)=(1_{\mathfrak{G}_{a}}^{\mathfrak{G}}-1_{\mathfrak{G}_{\overline{a}}}^{\mathfrak{G}})\langle\zeta\rangle=-n=-\phi_{1}(1)-\phi_{2}(1),$ $d_{i1}$

$=0$ . Thus $\phi_{i}(\zeta)=-f_{i}$ . Since $d_{i1}=0,$ $\phi_{i}|\langle c_{1}, \zeta\rangle$ does not contain a trivial
character of $\langle c_{1}, \zeta\rangle$ . Thus $\phi_{i}(1)+\phi_{i}(c_{1})+\phi_{l}(c_{1}\zeta)+\phi_{i}(\zeta)=0$ . This proves (3).

LEMMA 10. For $i=1,2$ there exists an element $M_{i}$ of type $i$.
PROOF. Assume that all elements of $F$ are of type 1. We notice that each

element of $\mathfrak{N}-\{1, \zeta\}$ appears exactly $n/2$ elements of $F$. So if we sum up the
equation (1) for all elements of $F$, then we have that $f_{1}n=n^{2}$, which is a con-
tradiction.

LEMMA 11. $[\mathfrak{G}:N(M_{i})]=f_{i}(i=1,2)$ . In particular, $F$ consists of two con-
jugacy classes.

PROOF. Let $\Gamma_{i}$ and $\Gamma_{i}^{*}$ be orbits of $\mathfrak{M}_{i}$ on $P(i=1,2)$ . Then $[N(\mathfrak{M}_{i}):\mathfrak{G}_{\Gamma_{i}}]$

$=2(i=1,2)$ . Since $1_{\mathfrak{G}_{\Gamma_{\dot{t}}}}^{N(\mathfrak{M}_{i})}=1_{N(\mathfrak{M}_{i})}+\epsilon_{i}$ , where $\epsilon_{i}$ is a non-trivial linear character
of $N(M_{i}),$ $\phi_{i}$ appears in $\epsilon?(i=1,2)$ . This shows that $[\mathfrak{G}:N(M_{i})]\geqq f_{i}(i=1,2)$ .
Since $[\mathfrak{G}:N(\mathfrak{M}_{1})]+[\mathfrak{G}:N(\mathfrak{M}_{2})]=f_{1}+f_{2}=n$ , we have the lemma.

Let M2 be an element of $F$ of type 2. Put $|\mathfrak{M}_{2}\cap \mathfrak{C}_{i}|=\tau_{i}(i=1,2)$ . Then we
have that

$f_{2}+(y_{1}-y_{2})\phi_{2}(c_{1})=n$ (4)

and
$f_{2}+(x_{1}-x_{2})\phi_{2}(c_{1})=0$ . (5)
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By the equalities (2) and (5) we have that

$(y_{1}-y_{2}-x_{1}+x_{2})\phi_{2}(c_{1})=n$ . (6)

Now let $\mathfrak{G}_{i}$ be the class sum of $\mathfrak{C}_{i}$ in the group ring $C[\mathfrak{G}]$ over $C$ , the field
of complex numbers. Put

$\mathfrak{C}_{1}^{2}=(n-1)1+z_{1}\mathfrak{C}_{1}+z_{2}\mathfrak{C}_{2}$ .
Then we have that

$(n-1) \frac{\phi_{i}(c_{1})^{2}}{f_{i}^{2}}=1+(z_{1}-z_{2})\frac{\phi_{i}(c_{1})}{f_{i}}$ (7)

for $i=1,2$ . Since $c_{1}$ has no fixed points on $\overline{P}$ and on $P$, we have that $\phi_{1}(c_{1})+$

$\phi_{2}(c_{1})=0$ . So from (7) we have that

$(n-1)\phi_{1}(c_{1})^{2}=f_{1}f_{2}$ . (8)

Since $f_{1}+f_{2}=n$ , we may put $f_{i}=2^{r}g_{i}$ with odd $g_{i}(i=1,2)$ . So by (6) and (8)

we have that $g_{1}g_{2}=n-1$ and $|\phi_{1}(c_{1})|=2^{r}$ . Thus we may state the following
lemma.

LEMMA 12. We may put $f_{i}=2^{r}g_{i}$ with odd $g_{i}$ . Moreover we have that $g_{1}g_{2}$

$=n-1$ and $|\phi_{1}(c_{1})|=2^{\gamma}$ .

LEMMA 13. It holds that $\{f_{1}, f_{2}\}=\{n-1,1\}$ or $\{\frac{n+\sqrt{n}}{2},$ $\frac{n-\sqrt{n}}{2}\}$ .
PROOF. Since $g_{1}+g_{2}=2^{m-r}$ and $g_{1}g_{2}=2^{m}-1$ , we have that $x^{2}-2^{m-r}x+2^{m}$

$-1=0$ for $x=g_{1}$ and $g_{2}$ , which implies that $(x-2^{m-r-1})^{2}=2^{2(m-r-1)}-2^{m}+1$ . Put
$t=|x-2^{m-r- 1}|$ . Then we have that $(t-1)(t+1)=2^{m}(2^{m-2r-2}-1)$ . If $t=1$ , then

$m=2r+2,$ $(x-2^{r+1})^{2}=1$ and $\{g_{1}, g_{2}\}=\{2^{r+1}+1,2^{r+1}-1\}$ . Since $2^{r}= \frac{\sqrt{n}}{2}$, we have

that $\{f_{1}, f_{2}\}=\{\frac{n+\sqrt{n}}{2},$ $\frac{n-\sqrt{n}}{2}\}$ . So we assume that $t>1$ . If $t\equiv 1(mod 4)$ ,

then $t-1=2^{m-1}s$ with $s$ an odd integer. Then we have that $s(2^{m-2}s+1)=2^{m- 2r-2}$

$-1$ . Obviously this is a contradiction. So $t\equiv 3(mod 4)$ and $t+1=2^{m- 1}s$ with $s$

an odd integer. Then we have that $s(2^{m-2}s-1)=2^{m-2r-2}-1$ , which implies that
$s=1$ and $r=0$ . So $f_{i}=g_{i}(i=1,2),$ $f_{1}+f_{2}=2^{m}$ and $f_{1}f_{2}=2^{m}-1$ . Thus we have
that $\{f_{1}, f_{2}\}=\{n-1,1\}$ .

LEMMA 14. For $\alpha$ in $B\mathfrak{G}_{a}$ has four orbits on $P$.
PROOF. First we show that $\mathfrak{G}_{\overline{a}}$ is not transitive on $\overline{P}$. Assume that $\mathfrak{G}_{\overline{\alpha}}$ is

transitive on $\overline{P}$. Then for $a\in\alpha\cap\beta(\alpha\neq\beta)$ we have the following diagram:
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This contradicts $|\alpha\cap\beta|=n/2$ . Since $[\mathfrak{G}:\mathfrak{G}_{\overline{\alpha}}]=n$ , we have that $1_{\mathfrak{G}_{\overline{\alpha}}}^{\mathfrak{G}}=1+\chi$ . So
$\mathfrak{G}_{\overline{a}}$ has two orbits on $P$. Therefore $\mathfrak{G}_{\alpha}$ has four orbits on $P$. Since $[\mathfrak{G}:\mathfrak{G}_{\alpha}]$

$=2n$ , we have that $1_{\mathfrak{G}_{a}}^{\mathfrak{G}}=1+\chi+\phi_{1}+\phi_{2}$ .
We may add a little more information. If $\{f_{1}, f_{2}\}=\{n-1,1\}$ , then we may

assume that $f_{1}=n-1$ and $f_{2}=1$ . There exists exactly one maximal subgroup
$M_{n}$ of type 2. $M_{n}$ is normal in G. We may assume that $\mathfrak{M}_{n}=1+\mathfrak{C}_{2}$ in $C[\mathfrak{G}]$ .
So we have that $\mathfrak{C}_{2}^{2}=(n-1)1+(n-2)\mathfrak{C}_{2}$ . Furthermore, $\phi_{2}(c_{2})=1$ for $c_{2}\in \mathfrak{C}_{2}$ . If
$\{f_{1}, f_{2}\}=\{\frac{n+\sqrt{n}}{2},$ $\frac{n-\sqrt{n}}{2}\}$ , then we may assume that $f_{1}= \frac{n+\sqrt{n}}{2}$ and $f_{2}$

$= \frac{n-\sqrt{n}}{2}$ . Moreover we may assume that $\phi_{1}(c_{1})=2^{r}$ . Then from (7) we get

$\mathfrak{C}_{1}^{2}=(n-1)1+\frac{n-4}{2}\mathfrak{C}_{1}+\frac{n}{2}\mathfrak{C}_{2}$ .

\S 4. Another presentation of $H(m)$ .
EXAMPLE 2. Let $V$ be a $(2r+1)$-dimensional vector space over $GF(2)$ ,

where $r$ is a positive integer, and $\{e_{i}, 0\leqq i\leqq 2r\}$ the standard basis for $V$.
Let $D(x)=x_{0}^{2}+x_{1}x_{1+r}+\cdots+x_{r}x_{2r}$ be a quadratic form on $V$, where $x= \sum_{i\Leftarrow 0}^{2r}x_{i}e_{i}$ .

Let $R=R(r)$ and $N=N(r)$ be the sets of zeros and non-zeros of $D(x)$ in $V$ respectively.
Since $D(x)=0$ if and only if $D(x+e_{0})=1$ , we have that $R+e_{0}=N$. Since

$V=R\cup N$ and $R\cap N=\emptyset$ , we have that $|R(r)|=|N(r)|=2^{2r}$ . Now $x\in R$ belongs
to $R+e_{1}$ if and only if $x_{r+1}=0$ . Moreover $|\{x\in R;x_{1}=x_{r+1}=0\}|=|\{x\in R;x_{1}$

$=0,$ $x_{r+1}=1$ } $|=|\{x\in R;x_{1}=1, x_{r+1}=0\}|=|R(r-1)|$ and $|\{x\in R;x_{1}=1, x_{r+1}=1\}|$

$=|N(r-1)|$ . Hence we have that $|R\cap R+e_{1}|=2|R(r-1)|=2^{2r-1}$ . Let $\mathfrak{G}(D)$ be
the orthogonal group corresponding to $D(x)$ . Then $\mathfrak{G}(D)$ is transitive on $R-\{0\}$

[2]. So we have that $|R+a\cap R+b|=2^{2r-1}$ for $a,$ $b\in V$ such that $R+b\neq R+a$ ,
$R+a+e_{0}$ . Now let $B$ be the family of all translates $R+a,$ $a\in V$, of $R$ . Then
we have a matrix design $M(D)=(V, B)$ of an Hadamard matrix $H(D)$ .
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Now let $R\neq R+a,$ $R+b,$ $R+a+e_{0},$ $R+b+e_{0}$ and $R+a\neq R+b,$ $R+b+e_{0}$ . If
$x\in R\cap R+a\cap R+b$ , then $D(x+a+b)=a_{1}b_{r+1}+b_{1}a_{r+1}+\cdots+a_{r}b_{2r}+b_{r}a_{2r}$ . Therefore
either $R\cap R+a\cap R+b\subseteqq R+a+b$ or $R\cap R+a\cap R+b\subseteqq R+a+b+e_{0}$ . So by a
theorem of Norman [6] $H(D)$ is equivalent to $H(2r)$ .

Let $R_{i}=R_{i}(r)$ be the set of elements $x$ of $R$ such that $x_{0}=i(i=0,1)$ . Then
we have that $|R_{0}(1)|-|R_{1}(1)|=2$ and that $|R_{0}(r)|=3|R_{0}(r-1)|+|R_{1}(r-1)|$ and
$|R_{1}(r)|=3|R_{1}(r-1)|+|R_{0}(r-1)|$ . So we have that $|R_{0}(r)|-|R_{1}(r)|=2(|R_{0}(r-1)|$

$-|R_{1}(r-1)|)=2^{r}$, which implies that $|R_{0}(r)|=2^{2r-1}+2^{r-1}$ and $|R_{1}(r)|=2^{2r-1}-2^{r-1}$ .
Now let $M_{1}=\langle e_{i}, 1\leqq i\leqq 2r\rangle$ and $\mathfrak{M}_{2}=\mathfrak{M}_{2}(r)=\langle e_{1}+e_{0}, e_{r+1}+e_{0}, e_{i}, e_{r+i}, 2\leqq i\leqq r\rangle$ .

Then we have that $\mathfrak{M}_{1}\cap R=R_{0}$ . On the other hand, we have that $\mathfrak{M}_{2}(1)\cap R=$

$\{0\}$ and $|M_{2}\cap R|=3|M_{2}(r-1)\cap R(r-1)|+|\mathfrak{M}_{2}(r-1)\cap N|=3(2^{zr-3}-2^{r- 2})+(2^{2r-3}+$

$2^{r-2})=2^{zr- 1}-2^{r-1}$ .
Let $[\mathfrak{G}(D):N_{\mathfrak{G}(D)}(M_{i})]=w_{i}$ and consider the orbit of $M_{i}\cap R$ of $\mathfrak{G}(D)$ for $i=$

$1,2$ . Since $\mathfrak{G}(D)$ has three orbits on $V-\{0\}$ , and since the family of maximal
subgroups of $V$ containing $e_{0}$ forms a union of orbits of $\mathfrak{G}(D)$ , we have that
$w_{1}+w_{2}=2^{2r}$ by [8, (2.2)]. Moreover we have that $w_{1}(2^{2r-1}+2^{r-1}-1)\equiv 0(mod 2^{2r}$

$-1)$ and $w_{2}(2^{2r-1}-2^{r-1}-1)\equiv 0(mod 2^{2r}-1)$ , which implies that $w_{1}\equiv 0(mod 2^{r}+1)$

and $w_{2}\equiv 0(mod 2^{r}-1)$ . Put $w_{1}=(2^{T}+1)y_{1}$ and $w_{2}=(2^{r}-1)y_{2}$ .
Let $y_{i}=2^{s}z_{i}$ with odd $z_{i}(i=1,2)$ . Then we have that $(2^{r}+1)y_{1}+(2^{r}-1)y_{2}$

$=2^{2r-S}$ , which implies that $y_{1}-y_{2}\equiv 0(mod 2^{r})$ . The last congruence implies that
$y_{1}=y_{2}=1$ and $s=r-1$ . So we have that $w_{1}=2^{2r-1}+2^{r-1}$ and $w_{2}=2^{2\gamma-1}-2^{r-1}$ .

Finally we notice that $\mathfrak{G}(D)_{0}=\mathfrak{G}(D)_{R},$ $i.e.$ , a point stabilizer coincides with
a block stabilizer.
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