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§1. Introduction.

In [1], J. Baumgartner introduced the class of partial orderings for Axiom A
which includes c.c.c. p.o. sets, w;-closed p.o. sets and various notions of forc-
ing which add new subsets of w. If partial orderings which satisfy Axiom A
are iterated under countable support, then the iteration, regardless of its length,
satisfies the following covering property: If X is a countable subset of the
ordinals in the generic extension via the iteration, then there is XV (the
ground model) which is countable in V with XSX. This covering property
implies that w, is preserved. The main procedure involved in showing this is
to produce what we call a fusion sequence which has a lower bound. It is not
plausible, however, that the iteration itself satisfies Axiom A.

In this paper we generalize the class of partial orderings for Axiom A so
that our generalization is iterable under countable support. The difference be-
tween these two classes is that: When we construct a nice descending sequence
(fusion sequence) {PnYar<e, the choice of p,., depends only on p, for Axiom A
and depends on p,, -+, p, for our generalization.

Let us begin with a quick review of definitions.

§2. Preliminaries.

A binary relation (P, <) is a preordering if (P, <) is reflexive and transi-
tive. A preordering (P, <) satisfies Axiom A if there is a sequence <{Z;)n<o
such that

(1) (P, £,) is a preordering for all n<w,

(2) if p=<a.g, then p=g,

@) if p=<nsg, then p=,g,

4) if <{pnDu<w iS a sequence of conditions from P with p,.,<,p. for each
n<w, then there is a condition p in P such that p=<,p, for all n<e,

(5) for any z in w, any p in P and any dense subset D of P below p (i.e.
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for any 7 in P, if »<p, then there is a condition d in D with d<7), there are
g in P and a countable subset D’ of D such that ¢<,p and ¢<V D’ (i.e. for
any condition » with r<gq, there are d in D’ and ¢ in P with a<r and a=d).

An infinite game G for a preordering P is played by two players I and IL
I initiates a play by choosing a condition p, in P, then II follows by choosing
a condition p, with p,<p,, then I picks a condition p, with p,<p,, and II picks
ps with p;<p,, --- etc. This way, they finish the play {pda<e. If the play
had a lower bound, then II wins, otherwise I wins the play. By a winning
strategy o for II, we mean a function from the collection of finite sequences of
P into P such that any play of the form:

Do = 0(Do) = P = (Do, P2) = s = -+

has a lower bound.

For a regular uncountable cardinal 6, H(#) denotes the collection of sets
which are hereditarily of size less than #. For each countable ordinal g, let
S(0, H(@)) be the collection of sequences <a;>;5p such that

(1) =5,

(2) for each 7<pB a; is a countable subset of H(#) and

(3) <@:>isp is continuously increasing. (i.e. j<i<pB implies a;Ea; and if
i< B is a limit ordinal, then a;=\U;«a;.)

A sequence {N;);<s is nice if

(1) for each i<d (N;, €)is a countable elementary substructure of (H(8), €),
which we denote by N;<<H(@),

(2) for each :<d, {N;>jsi=N;., and

(3) <N;>igs is continuous.

Note that since N;=N;,; and N; is countable, N;S N;,, holds. For a condition
g in P and a set N, g is (P, N)-generic if for each dense subset D of P in N,
¢=V(DNN) holds.

For any uncountable set A4, let [A] be the collection of subsets of A which
has size w. A subset D of [A]“ is closed unbounded if D is closed (i.e. for
{XpYn<o With X,€D and X,S X,,, for all n<w, U,<oX2ED) and cofinal (i.e.
for any Xe[A]®, there is YD s.t. X&Y).

A preordering (P, <) is d-proper if there are a regular uncountable cardinal
6 with P=H(#) and a function C from S(d, H(#))U{@} into the collection of
closed unbounded sets of [H(#)]® such that for any nice sequence {N;)>ics With
NyeC(@) and N;.,,€EC(KNj)jg) for all ;<6 and for any p=N,NP, there is a
condition ¢ in P such that ¢<p and ¢ is (P, N;)-generic for all /<ad.

(P, =<8, 18)8sas (éﬁ, L B> iﬁ)ﬁ<a) is a countable support iteration of length
a-+1 if
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(1) the elements of P; are sequences of length 8 and (P, <) is a pre-
ordering with a greatest element 1,

(2) H—Pﬁ “(é s, <p) is a preordering with a greatest element iﬁ”,

() Py S {p™c>: p=Ps and ey,

4) if Pl-pgrEQs, then there is a condition ¢ in P4, such that ¢[ =5 and
Pl-pga(B)=r,

(6) if pePg and g Pp,y, then p~g(B)>E Ppyy,

6) p<punqiff pTA<pql B and pT Pl-r,p(B)X59(B),

(7) 15+1:1ﬁa<1ﬁ>-
If B is a limit ordinal, then

(8) P is the collection of sequences of length 8 such that for each p<f
pT p=P, holds and supp(p)={p<B: p(p)#1,} is countable,

9) p=pq iff for all p<B pT p=,qT p and

(10) 1p=<i,>p<s-

If G is a Pg-generic filter over V (the ground model) and 7z is a Ps-name,
then the object decided by 7 and G; is denoted by 7[Gz]. We simply write
(Pﬁ, Qﬂ)ﬂsa.ﬁ(a for an iteration.

§3. The Axiom C.

DEFINITION 1. A preordering (P, <) satisfies Axigm C if there is a subset
R of the collection of finite sequences of P such that

(1) R(p) for all p in P,

(2) R(po, -+, pa) implies po= -+ 2 py,

(3) for any n<w and any sequence of conditions <{p:drco from P if
R(po, 5 Dny =+, Pus+s) holds for all ;<w, then there is a condition p in P such
that R(po, .-+, pi, p) holds for all i=zn—1,

4) if R(pe, -+, p») and D is dense below p,, then there are a condition
pn1EP and a countable subset D’ of D such that R(po, -+, Pn, DPns+r) and Dpiy
<V D’ hold.

We call the sequence {p:>r<, appeared in (3) a fusion sequence and the con-
dition p, a fusion of the fusion sequence.

PROPOSITION 2.

(0) (4) in Definition 1 is equivalent to: If R(pe, *+-, Dn) and p.l-p“t is an
ordinal”, then there are a condition D,., in P and a countable collection of ordinals
X such that R(be, >+, Dn, Pns1) a0d DnmlprEX.

1) If (P, £) satisfies Axiom A, then (P, £) satisfies Axiom C.

(2) If (P, £) satisfies Axiom C, then (P, £) is 0-proper for all 6<w;.

(3) Countable support iterations of Axiom A of arbitrary length satisfy
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Axiom C.

(4) Countable support products of perfect set forcing satisfy Axiom C.

(5) If the player W has a winning strategy in the game G for P, then the
preovdering P satisfies Axiom C.

ProOOF. (0) Suppose (4) in Definition 1. Suppose R(po, -+, p») and pal-“z
is an ordinal”. Define D={p<P: there is an ordinal a s.t. plr=a}. D is
dense below p,. Thus by (4) in Definition I, we have p,,, in P and a counta-
ble subset D’ of D such that R(po, ***, Dn, Pns1) and P <V D' hold. Let X=
{a:3deD’ di-r=a}. X works.

Conversely, assume R(p,, -+, p») and D is dense below p,. We want to
show that the conclusion of (4) in holds. Let {d:¢<, be an enu-
meration of D. Since D is dense below p,, we have a P-name & s.t. pnl-d;
€6, where G is the canonical name for a P-generic filter. Therefore there is
a condition p,,, in P and a countable collection of ordinals X such that
R(po, =, Dny Pnsr) and ppo-é=X. Let D'={d;: é&XNp}. D’ works.

(1) Suppose (P, <) satisfies Axiom A with (<, n<e. We define R as fol-
lows: R(p) if and only if p=P; and for po, -+, Pns1 in P, R(po, -+ Do) if
and only if p, <, <:0:Z.pe. This R works.

(2) Suppose (P, <) satisfies Axiom C with R. Take a regular uncountable
cardinal § with P=H(#) and define the function C with the domain S(d, H(8))
U{@} such that C(@)={N<H(0): N is countable and P, <, RN} and for any
0<=S(0, H(8)), C(e)={N<H(0): N is countable}. Let <N;>;<; be a nice sequence
with Ny,eC(@®) and N;.,=C(KN,>;<;) for all 7<d. It suffices to show that

(@) For any p in PN\N,, there is a condition p, such that p,<p and p, is
(P, Ny)-generic.

(b) For all @, B with a<B<4, if R(po, -+, pa) With po, -+, PnENs+; and
pn is (P, Ny)-generic for all i<a, then there is a condition p,, such that
R(po, =+, Dny Dns1) and payq is (P, Ny)-generic for all 7<B.

To show (a), let p be a condition in PN\N, and let <D,>,<, enumerate the
dense subsets of P which belong to N,. By (1) and (4) in we have
a condition a, and a countable subset D; of D, such that R(p, a,) and a, <V D}
hold. Since p, R, <, D, and P are all in N,, there are ¢, and D§ in N, as such.
Since Dj is countable, D; is a subset of N,. Therefore, we have a,< V(Do N\Ny).
We repeat this argument for D,, D,, D, and so forth to get {@,>n<o and <D})>n<s
such that R(p, a,, -, a,) and a,<V(D,NN,) for all n<ew. By (3) in Defini-
tion 1, we have a condition p, such that R(p, a, -, Ga-1, Do) for all n<w.
By (2) in we have a,=p, for all n<w. Thus p,<V(D,.NN,) for
all n<w, and so p, is (P, Ny)-generic. Note that we can retake such a p, in
N, if 1<6.
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To show (b), we proceed by induction on B (for all @<B). Notice that if
x<y and y is (P, M)-generic, then so is x. Also notice that if x is (P, M;)-
generic for all j<7, then x is (P, \U;«;M;)-generic. We use these facts. The
rests are similar to the above argument.

(3) We assume that the reader is familiar with Lemmas 7.2 and 7.3 in [1].
Let (P,, éa)as,,a@ be a countable support iteration of preorderings such that
ll—Pa“Qoa satisfies Axiom A with <(£%).<,” for all a<v. For each p,gcP,
n<w and a finite subset F of v, we define as in g=r.np if g=p and for
any a in F prall—pa“p(a)éﬁq(a)” holds. For each p in P,, let us fix a func-
tion f, from @ such that v2f, “w2supp(p). (Here we assume v+0.) We de-
fine Fp...0,=fp, (n+1DU - Ufp, “(n+1) for each p,, -, poEP, and define
inductively a subset R of the finite sequences of P,.

(@) R(p)if pEP.

(®) R(po, ', Pusr) if R(po, -, pn) and pu=p,npas holds, where F=
Fpooipge
This R works.

(4) Similar to (3) using Lemma 1.6 and Corollary 1.10 in [2].

(5) Let ¢ be a winning strategy for the player II. We define R as follows:
R(p) if and only if p in P; and for po, -, Pns1 in P R(Po, =+, Pny1) if and
only if po=a(po)=p1=20(pe, p1)= - 26(Po, =+, Prn)ZPn+1- This R works.

Q.E.D.

It is known concerning Axiom A:

THEOREM (J. Baumgartner, unpublished). Let (P,, éa)asy,a@ be a countable
support iteration such that |-p,“Qa satisfies Axiom A” for all a<y. If v<o,
then we may show that P, satisfies Axiom A.

PROOF. Since v is countable, we may fix a sequence of finite sets <{F, D<o
such that F,EF,..Sv for all n<e and \U,<.F,=v. Suppose that [}_Pa“éa
satisfies Axiom A with (£%>,<,” for all a<v. For p, g=P, define ¢<,p if and
only if ¢g<p and for any a in F, ¢l ali—pa“q(a)éz pla)’. This is the same as
(3) in The difference is that the choice of the F, is this time
independent of p, g=P,. This {(<,)n<» Works. Q.E.D.

THEOREM 3. Let (P,, éa)asv, o<y be a countable support iteration such that
I}—Pa“éa satisfies Axiom C” for all a<yv. We can show that P, satisfies Axiom C.

To show we fix a countable support iteration (P, Qu)asy, acs
and a sequence of names {R,da<, such that |-p, “Q, satisfies Axiom C with
R,” for each a<y. We first observe the following fusion lemma:

LEMMA 4. Given a sequence {E,)>n<s, 0f disjoint finite subsets of 0 with 6=y
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and a sequence of conditions {PpnD>n<w from Ps;. If we assume that:

1) i<o,

2) Vn<w pn = Pusi,

(3) Un<w SUDD(Pn) S Un<wEn; .

4) Vn=i Ye<n YacE, p.l al-R.(prla), ---, pula)), then there is a con-
dition p in Ps such that

B) Vn<w p.=p,

6) Vnzi Ve<n YacE: plakRu(pe@), -, pas(@), pa)).

Proor. We construct the condition p by induction on a<d. Suppose we
have constructed p [ a such that

() Vn<o p.Tazpla,

®) Vnzi Vesn YBEE:Na pT BERaDe(B), -, bu-s(B), D).
It suffices to get pla): If a is not in any of E,, then we put pla)=1,. If a
is in some E;, let us fix such a unique k.. If < holds, then for all n=7 and
for all B in E: pal BI-Rp(ps(B), -+, pa(8)) holds. But by (7) we have
pTal-Ra(pu(@), -, pa(a)) for all nzi. Applying fusion inside the forcing re-
lation, we have p(a) such that p[ al-R.(pe(@), -+, pa-s(@), p(a)) for all n=i.
And so it is easy to see p[ al-p.(a)=p(a) for all n<w. If i<k holds, then
this time for all n>% and for all 8 in E; p,[ ,Bu—f?ﬁ(pk(ﬂ), -+, pa(B)) holds.
But by (7) again, we have p[ al-R (pu(a), -+, pn(a)) for all n>k. Therefore
as in the previous case there is p(a) such that p T al}—f?a(;bk(a), ceoy D), pla))
holds for all n>% and so p[ al-pr.la)=p(a) for all n<w. Note that supp(p)
S Un<oExr. Q.E.D.

LEMMA 5. Suppose {E;>i<n is a sequence of disjoint finite subsets of p with
p=v and <{p:Di<n ¢S a sequence of conditions from P, such that

1) po=+ = Pa,

2) Vk<n Ya€E; pal al-Ru(pi(a), -+, pula)).

If E, is a finite subset of p disjoint from E, through E,-, and D is a dense
subset of P, below pn, then there are a condition pn4, in P, and a countable sub-
set D’ of D such that

3) Pa = DPusy,

@) VE<n+1VasEy panl al-Ru(pila), -, prula)),

®) pan=sVD.

Proor. We show by induction on p<y. There are two cases:
Case 1. Ui E; is bounded below p, say by d<p:

Since D is dense below p,, we may fix a subset E of D such that
6) VYesE e = pa,

(7) Ve, ¢'=E (if e+e’, then e[ 6 and ¢’ [ § are incompatible in Pj),
8 pal dZV{eld:e=E}.
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Applying the induction hypothesis to <E;Di<n, <p: [ 0Disn and {b=P;: JecE
b<el 9}, we have a condition p,., [ (a notational abuse) and a countable
subset D’ of E such that (4) and p,4+:[ 0<V{e[ d: e=D’}. Since D’ is counta-
ble we have a condition p,, in P, such that p,=pn.; and e<e[ 8 Paw [ [0, p)
and exze[ 0"pasi [ [J, p) for each ¢ in D’. Now it is easy to check p,4; and
D’ work.

Case 2. p=0+1 and 0=E, for some 0 and some k with 0<k<n:

Since D is demse below p,, we have p,[ d~“D={d(0)[Gs]: d=D and
dT[ 0=G;} is dense below p,(8)”. Thus we may fix P;names p,.(d) and D’
such that p,[ 0 forces:

©9) Pan(® = VD,

(10) 11n+1(5)§17n(5), 3

(11) D’ is a countable subset of D,

(12) Ro(54(@), =+, 2a(d), Drsi())- ]

Since D’ is countable, we may fix a sequence of Psnames <dm>m<s Such
that for each Pj-generic filter G; over V with p, [ 6=Gs:

(13) Vm<w (dnl[G;]eD and d.[Gs1T 6=Gs) and

(14) D'[Gs]= {dn[Gs1O)[Gs]: m<w} hold.

And so for each m<w Dnp={¢=P;: dd<D qll—c?,,,:d} is dense below p,T d.
By applying the induction hypothesis to <E;M\0Di<n, <DiT 0icn and {Dundm<eo
repeatedly and by Lemma 4, we take a sequence <{D,>m<, and a condition
Prel 0 in Pj; such that

(15) Vm<w (D}, is a countable subset of D),

(16) Vm<w panl 0= VDy,

(A7) pal 0= panl 0,

(18) VI<n+1l YVaSEING paul al-Ra(pi(@), -+, Pasla)).

Let prei=pne1 [ 0°{Pr+:1(0)), then it is easy to check that p,,<V{d=D:
Im<o gD} ghdn=d} and p,.T al-Ru(pia), -+ , Drs(e)) holds for all I<
n+1 and for all a=E,. Q.E.D.

ProOF OF THEOREM 3. For each p in P, let us fix a function f, from w
with v2 f,“@2supp(p). For each p in P, let E,=f,“l and for each p,, -,
Dani€Poy 16t Epyo ey =L 042U o Uf g 42T =L 5o (10U -+ Uf p,
“(n+1)]. We define a subset R of the collection of finite sequences of P, such
that

(a) R(p,) for all p,=P, and

(b)) R(po, =+ 5 Pawr) if po= - ZPasr and ppyl a"—ﬁa(pk(a), oy pan(a))
holds for all k<n+1 and for all asE,,...p,.

It is easy to check that this R works using Lemmas 4 and 5. Q.E.D.

QUESTION. [ do not know any example which is Axiom C but not Axiom A.
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