J. Math. Soc. Japan
Vol. 43, No. 3, 1991

Complete metrics of negative Ricci curvature
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Gao and Yau have constructed metrics of negative Ricci curvature on every
compact 3-manifold ([1], [2], [3]). They however used techniques peculiar to
3-manifolds and it is hard to see how their method is applicable to general
higher dimensional manifolds. In this paper we use simple triangulation argu-
ment to construct metrics of negative Ricci curvature on the complement of a
point, which will be a partial evidence for affirmative answer to the question
whether every manifold with dimension = 3 can admit a metric with negative
Ricci curvature (Problem 24 of [4]).

THEOREM. For any connected closed manifold M of dimension =2 and a
point p of M, M~{p} admits a complete metric of negative Ricci curvature.

Note that the conclusion is false if Ricci curvature is replaced by sectional
curvature. For example, take M=RP", n=3.

§1. Preliminaries

LEMMA. Let g and § be metrics on an n-manifold which are conformaly
related as g=e~*"g for some smooth function u. Then,

1) Ric(g) = (n—2)V*u+(Au)g+Ric(g),

where Hessian etc. in the right side are taken with respect to g. Assume further
that n=2, u=u(t) for some other function t and that ii=(d/dt*u<0. Then,

(2) Ric(g) = ildt|*g+u((n—2)V*+(At)g)+Ric(g) .

PrROOF. Both inequalities follow immediately from the formula; Ric(g)=
(n—2)V?u+(Auw)g+(n—2)duRdu— |du|?g)+Ric(g).

PROPOSITION 1. Let D be a d-dimensional disk in R™ and g a metric of R™.
Suppose n>d, n=2 and Ric(g)<0 in a neighborhood of dD. Then, there exists
another metric g such that g=g near 0D and Ric(g)<0 in a neighborhood of D.

PROOF. Put D(r)={(x, O)cR*XR" %; |x|<r}CR", where | x| =(Z%.(x,)")"2
We may assume D=D(3) and Ric(g)<0 on D~D(L).
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Define ve C*(R™")=C*(R*xX R" %) as v(x, y)=|y|?=37%»,)?. Since dv=0
on D, V*v|p is independent of the choice of the metric. The Hessian of v with
respect to the Euclidean metric is = and #0. Therefore, V?2v=0 on D, and
Av=a>0 on D for some constant a.

Let we C*(R™) be a nonnegative function such that w(x, y)=0 if |x|=2,
and w(x, y)=>b if |x|<1, where b is a constant such that Ric(g)<abg on D.

Now put u(x, y)=—uv(x, y)w(x, ) and g=e ?*g. Note that v=0 and dv=0
on D, and we have from (1) of

Ric(g) £ —(n—2)wVPv—(wAv)g+Ric(g) £ —awg+Ric(g) on D.

Therefore, Ric(g)<0 on D\D(1) since Ric(g)<0 on D\D(1). Also Ric(g)<0 on
D(1) since w=b on D(1). Thus g has negative Ricci curvature in a neightbor-
hood of D. Clearly g=g in a neighborhood of D\D(2).

REMARK. If the proposition is true in the case when n=d =3, our theorem

implies the existence of negatively Ricci curved metrics on any compact mani-
fold of dimension =3.

PROPOSITION 2. Let N be a compact manifold with boundary N and g a
metric of N with Ric(g)<0. Then there is a u= C>(N~\ON) such that e *“g is
a complete metric of NNON with negative Ricci curvature.

PrOOF. Let dNX[0, 1)CN be a collar neighborhood of N, and ¢: dNX[0, 1)
—[0, 1) be the projection. Let a>0, b>0and 0<e<1/2 be constants such that
a<|dt]?, (n—2)Vt+(At)g<bg on dNXx[1/2, 1JC N and e<a/b.

Define ue C*(N~0N) as

u(x) = —22/555 Louesmods it x2aNX(0, )N

tcx) S
0 otherwise.

It is easy to see that u is smooth and ¢ “®>¢/2f(x) if t(x)<e/2, which implies
that ¢™**g is a complete metric of NNoN. On the other hand, #=du/dt>0 and
<0 on ONX(0, ¢). Hence, it follows from (2) of Lemmal that

Ric(e**g)<(aii+bn)g< —;ezfeel/“‘”(—% +b)g<0 on oNX(0, ¢).

Therefore Ric(e™**g)<0 on N\oN because Ric (e™?*g)=Ric(g)<0 on NNaNX [0, ¢).

§2. Proof of Theorem

We fix a triangulation of A and denote its d-skeleton by M,; M,CM,C -
CM,=M, n=2. Obviously we have a metric g, of M which has negative
curvature in a neighborhood of M, Suppose that d<n and g,., is a metric
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of M with Ric(gs.,)<0 on M,_,. We apply [Proposition I/ to each d-dimensional
simplex to get a metric g, of M with Ric(g,)<<0 on M,;. Thus, by induction,
we get a metric g=g,., whose Ricci curvature is negative in a neighborhood
U of M,_,. We may assume U=M\disjoint open n-balls. Removing further a
neighborhood of curves each of which connects one of the removed balls with
every other ball, we have NCU such that N=AM\an open n-ball. Applying
to (V, gln), we have a complete metric of N\9N with negative
Ricci curvature. Clearly, N\oN is diffeomorphic to M>a point, and the proof
is completed.
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