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1. Introduction.

The index theory ([19]) for II,-factors was initiated by Jones about ten
years ago. Since then tremendous progress has been made in the subject
matter. Especially, classification of subfactors with small indices in the AFD
(I1,) factors is of particular interest (see [41, 42, 45, 467 and also [18, 21]), and
this makes it possible to study automorphisms for factor-subfactor pairs in
details (see for example [22, 33, 47]).

On the other hand, the notion of an index has been generalized to wider
classes of operator algebras (for example [25, 37, 52]). In Longo’s approach on
index theory ([37, 38]) for factors of type /I, the notion of a sector plays a
fundamental role. This notion originally occurred in Quantum Field Theory,
and it has been proved extremely useful by recent works of Izumi and Longo
([14, 15, 16, 39, 407).

In our previous papers [1, 28], we saw that sectors are also useful to
analyze automorphisms for factor-subfactor pairs. Let M=2N be a factor-
subfactor pair (with finite index), and # = Aut(M, N) be an automorphism for
the pair. Let {M4}s=0.1.5.. be the Jones tower, and we assume that @ is
already extended to the tower in the canonical way. Then, 6 is called strongly
outer ([1]) if, for x&M,, the commutation relation yx=x6(y) for all yeN
forces x=0, and in ([28]) we saw that the strong outerness is characterized by
making use of relevant sectors. Namely, @ is strongly outer if and only if it
does not appear (as an irreducible component) in | 1,(0op)*, where p is a sector
(or an endomorphism) satisfying N=p(M) (see §3 for details). In terms of
bimodules naturally attached to the inclusion M2N in the Ocneanu approach
([41, 42]), this condition means that the M— M bimodule canonically determined
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by € does not appear in L1, yL?*(M.)y. Note that, when M=N, this notion
reduces to the usual outerness. This concept was independently considered by
Popa and played an important role in his analysis on group actions ([47]). It
should be also mentioned that this concept is closely related to Kawahigashi’s
work on X(M, N) ([22]).

The purpose of the present article is to obtain further applications of the
sector technique to the study of automorphisms for pairs. The first two sections
§2 and §3 are preliminaries on sectors and strongly outer automorphisms
respectively. In §4 we will determine when extended modular automorphisms
in the sense of Connes-Takesaki ([2]) appear in |I.(0p)?. Note that for factors
of type III; (A#0) an extended modular automorphism simply means a modular
automorphism and that the containment of such an automorphism in L[ ,(0p)*
is very important for analysis on subfactors ([16]). In §5 we consider strongly
free automorphisms (for pairs) in the sense of Winslgw ([54]). The strong
freeness means that a similar property to the strong outerness is required at
the level of the von Neumann algebras of type /. (appearing in the structure
analysis for factors of type III). This algebraic property is important when
one deals with automorphisms for pairs in the type II] setting. In fact, as
was shown in [54], this property corresponds to the non-central triviality ([24,
517) or the non-pointwise innerness ([9, 10, 11]) in the analysis on automorphisms
on a single factor. We show that the strong freeness is stronger than the
above strong outerness. Therefore, it is plain to see that the composition of
an extended modular automorphism and a non-strongly outer automorphism is
non-strongly free. In §6 we prove the converse in type I/I; (A+#0) case.
Therefore, in this case, an automorphism is non-strongly free exactly when it
is the composition of a modular automorphism and a non-strongly outer auto-
morphism. This result may be considered as a “subfactor version” of [10].

Basic facts on index theory can be found in [6, 19, 25, 37, 38, 431 while our
basic reference for the modular theory and structure analysis on factors of type
IIT is [50]. Results in the present article were announced in [28, 29].

ACKNOWLEDGEMENT. The author is grateful to M. Izumi and Y. Kawa-
higashi for communications on automorphisms and sectors at various stages of

the present research. He is also grateful to the referee for careful reading of
the manuscript.

2. Sectors.

In this section we briefly recall basic facts on sectors, and further details
can be found for example in [14, 15, 38, 40].
Throughout the article, let M be a properly infinite factor with a subfactor
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N, and E: M— N be a normal conditional expectation with Ind E<co ([25, 37]).
In the rest of the article we will also assume that M and N are isomorphic
factors so that one can find an endomorphism p (€End(M), the unital normal
x-endomorphisms of M) satisfying N=p(M). As was pointed out for example
in Remark (iii) after [Theorem 3, [28], the assumption that M2N are isomorphic
properly infinite factors can be removed by standard tricks. Consequently, our
main results below of course remain valid without this assumption.

Let Sect(M)=End(M)/Int(M), the sectors, and we denote the class of pe
End(M) by [p]. However, in most cases below, no confusion occurs and we
will simply write p instead of [p]. For a sector p we define its statistical
dimension dp by

do = ~VIM: p(M)],,

where [-: -], means the minimal index ([12, 13, 37]). Notice that dp=1 if and
only if p is an automorphism of M. Throughout the article we will deal with
sectors with finite statistical dimension. In the usual way, one can define the
sum and the product of sectors:

Pl@PZ’ 0102 .

The latter is just (the class of) the composition of endomorphisms while the
former is the composition of

. ‘ol(x> 0 M

xe M- ( 5 pzm) e MQOM,(C)
followed by the usual isomorphism MQM,(C)= M. (Notice that the class of the
composition does not depend upon the choice of isometries realizing the second
isomorphism.) The additivity of the square root ([37]) and the multiplicativity
([30, 39]) of the minimal index mean:

d(0.Pp:) = dpi+dp., d(p,p,) = dp.dp:.

When MNp(M)' =C1, p is called irreducible. If p is not irreducible (but
dp <o), by using minimal projections in the finite dimensional algebra M\ p(M)’,
the intertwiners, one can obtain the irreducible decomposition

0 = 0:B0:D - Dpn.

This is completely analogous to the situation in the representation theory of
(finite) groups, and for example the Frobenius reciprocity remains valid for
sectors (see for example [3, 5, 8, 28, 40, 56, 57, 581).

The conjugate sector [p]=[5] is defined as

-1

o=07"r,
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where y (=Ad(J~/x)) is the Longo canonical endomorphism attached to M2N
([36]). In the bimodule (or equivalently, correspondence, see [44]) picture,
considering conjugate sectors corresponds to looking at contragredient bimodules
while the product of sectors corresponds to the relative tensor product ([48]) of
relevant bimodules. One of the reasons why the notion of a conjugate sector
is important is that this is related to the Jones tower of M2N=p(M). Namely,

M2 pM) (=N)2ppM) (=71M)) 2 pppM) 2 -

is exactly a downward Jones tunnel. In particular, the irreducible components
in Ll,(op)*, L(pp)"p, Lis(pp)", and Ll.(pp)"5 correspond to M—M, N—M,
N—N, and M—N bimodules respectively in the Ocneanu picture ([41, 42]).

3. Strongly outer automorphisms.

In this section we consider strongly outer automorphisms for pairs intro-
duced in [I], and results in this section were announced in [28].

Let d=Aut(M, N)={ac Aut(M) ; «(N)=N} be an automorphism for the pair
M2N=p(M), and E: M—N be the minimal conditional expectation ((dp)*=
Ind E<oco). The uniqueness of a minimal conditional expectation guarantees
f-E=E-f. Hence, # can be uniquely (subject to the condition f(e;)=e;, where
e; are the Jones projections) extended to the Jones tower:

NgM:MonggMngng4g'“~

DEFINITION 1 ([1]). An automorphism 0 e Aut(M, N) is called strongly outer
when the following condition is satisfied for each 7:

If xeM; satisfies nx=x0(n) for all n=N, then we must have x=0.

In this property is called the proper outerness and plays an important
role in Popa’s analysis on actions for inclusions. (See also for related
topics.) In [23], a more “quantized” version than the notion of the above strong
outerness is considered by Kawahigashi to analyze “paragroup actions”.

We would like to have a handy criterion for the strong outerness, and for
this purpose automorphisms appearing in [ J,(pp)* will play important roles.
Notice that, even if an irreducible sector 8 with df=1 (i.e., an automorphism
of M) appears in (pp)**!, we may not be able to find a unitary ueU(M) such
that Adu-6<=Aut(M, N). As was remarked in [28], the Haagerup subfactor
with index (5+4/13)/2 is an example where this phenomenon occurs. It is also
possible to construct an abundance of such examples by looking at pairs M# 2 M¢
of fixed point algebras for suitable (finite) group-subgroup pairs G2H ([32]).
The next result was proved in [28]. Since [28] may not be widely circulated,
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we repeat the proof here for the reader’s convenience.

PROPOSITION 2. An automorphism 0< Aut(M) can be adjusted to an auto-
morphism in Aut(M, N) as above if and only if there exists an automorphism
as Aut(M) satisfying 0-p=p-a (as sectors). Furthermore, if 0<(pp)" (n=1)
and M2N is irreducible, then a<(pp)".

PROOF. When 6 belongs to Aut(M, N), we obviously have
G-0(M)=0(N)=N.

Therefore, one can find an automorphism a<Aut(M) satisfying G-p=p-a.
Conversely, when @-p=p-a as sectors, one can find a unitary u=M satisfying
Adu-0-p(m)=p-a(m), meM. Hence, the adjusted Adu-f obviously leaves N
invariant.

We now assume that p satisfies f-p=p-a. The assumption 6 <(pp)"
implies id < (0p)"-0=((0p)"*p)(@-p). Notice that §-p is irreducible because

(B0(M)'NM = 6(p(M)' M)
is one dimensional. Therefore, the Frobenius reciprocity implies

G-0<(0p)" 0.

We thus conclude
a<ﬁp°a:ﬁc00p<p(pp)n‘1p:<ﬁp)n. D

In the second half of the above proof, the irreducibility of p was essential.
But, without this assumption, 6 <(pp)" still implies a<(pp)"*'. In fact, we
have

a<ppea=p-0-p<p(0p)"0 = (po)"*.

For two properly infinite factors M, N (no inclusion is assumed for a
moment), we can define the notion of an M—N sector. Let End(M, N) be the
unital normal *-endomorphisms from M to N, and we say that two endomor-
phisms are equivalent if they are related by a unitary in N in the obvious way.
The quotient space is denoted by Sect(M, N) (Sect(M, M)=Sect(M) in §2), and
each class in Sect(M, N) is called an M—N sector. This notion is sometimes
more convenient than that of an (M—M) sector in § 2 because one has to deal
with four kinds of bimodules in the index theory, and everything in §2 goes
through for M—N sectors with suitable modifications ([15]). Actually, this
notion will be also used in the proof of the theorem below. For example, for
neSect(M, N), its conjugate p<Sect(N, M) is defined as

-1

ﬁ:y) oy
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with the canonical endomorphism y attached to the inclusion N227(M), and for
niESect(M, N) and p,&Sect(P, M) we have

Ni1N2 = a1 (& Sect(N, P)).

This is seen via a bijective correspondence between M—N sectors and M—N
bimodules ({15, 38]).

When M2N and N=p(M) (oEnd(M) or Sect(M)) as usual, one can also
regard p as a (trivial) M—N sector. As an M—N sector the conjugate of p is
o '&Sect(N, M), the canonical endomorphism attached to N2p(M)=N being
the identity. The conjugate of p '=Sect(N, M) is of course p&Sect(M, N).

The next characterization for strongly outer automorphisms is useful.

THEOREM 3. For an automorphism 0 in Aut(M, N), the following two state-
ments are equivalent :

(i) The strong outerness breaks at the n-th extension M, (i.e., some x+0&M,
satisfies nx=x0(n) for all nEN).
(ii) The automorphism a in Proposition 2 appears in (pp)**.

Furthermore, when M2N is irreducible, the above two conditions are also equiv-
alent to

(iii) The automorphism @ appears in (op)"*'.

Therefore, 0 is strongly outer if and only if 6 does not appear in |_1,(0p)* (even
without the irreducibility --- see the paragraph after the proof of Proposition 2).

PRrOOF. (Equivalence between (i) and (ii)) Let N_;, be a downward basic
extension of M2N. Notice that M, can be considered as the (n--1)-st basic
extension of N2N_,. Since N_,=pp(M), we have N_,=p-p-p '(N). Let us
consider the first p (resp. the third p™') as an M—N (resp. N—M) sector while
the middle pe&Sect(M) should be understood in the usual way. We set 5=
pepept (€Sect(N)). Then, below applied to (N29(N)=N_y, 0|y)
guarantees that (i) is equivalent to

01y <(p7)"*

as N—N sectors. (As usual after an inner perturbation we may and do assume
that 0 leaves N_, invariant.) Recall that the conjugate (N—M) sector of
p&Sect(M, N) is simply p~'. Therefore, we compute

-1

=0 "ePop = popep”,
77 = p(pp)p™,
(nﬁ)n+1 — P°(,—0"0>n+1°(0_1-

I

ol



Automorphisms for factor-subfactor pairs 433

For p7'<0|xyep&Sect(M, N)XSect(N)x Sect(M, N)=Sect(M), we compute

p‘loﬁ | Nop = l()—lopoa =
(see [Proposition 2). Therefore, the containment 8|y <(y7)"*' (as N—N sectors)

is obviously equivalent (ii).

(Equivalence between (ii) and (iii)) says that (ii) implies (iii).
Since @-p=p-0, the converse follows from again where {p, 0, a}
is replaced by {p, @, 6}. 0

As mentioned in (without a proof) we also have:

PROPOSITION 4. Let 0= Aut(M) (not necessarily in Aut(M, N)) be an auto-
morphism of M. Then there exists a non-zero x in the n-th extension M, satis-
fving mx=x0(m) for all meM if and only if 6<(pp)".

PROOF. Let us assume that n=2k and a non-zero x =M, satisfies mx=x0(m).
By applying 7* to the both sides, we get

(pP)*(m)r*(x) = r*(x)(op)* = 0(m).

This means that the two sectors (0p)* and (pp)*-6 admit a non-zero intertwiner
7*(x)eM and hence they are not disjoint (i.e., they contain a common irreducible
component). We thus get

id < (pp)*(0)*0 = (pp)**~0 .
Hence, we conclude
0 <(pp)* and 6 < (0p)".
On the other hand, when n=2k-+1, by applying 7**' we get
()" (m)y* "X (x) = p** 1 (x)(pp)* =0 (m).

Notice that y**'(x) is a non-zero element in N. Therefore, by setting ¥=p '
r#*(x)#0=M and by applying p~* to the above both sides, we get

(o) p(mi = %(pp)*p-0(m).
Therefore, (pp)*p and (pp)*p-0 are not disjoint and as above we get
id <(pp) o(pp)*p-0 = (0p)** -0

and 0 <(pp)".
When 6 <(pp)", we can obviously reverse the arguments so far. 7

It is also possible to prove the results in this section by making use of
bimodules ([41, 42, 44, 48, 577) instead of sectors (see [7]).



434 H. Kosaxki

4. Extended modular automorphisms.

From now on we will assume that M2N=p(M) are factors of type I1] and
that M2N is irreducible. The irreducibility assumption is actually superficial,
and all the results below remain valid (sometimes with trivial modifications).
We choose and fix a faithful normal semi-finite weight ¢ on N and we set

M:MxogboERQ]\Nf:Nx,,goR.

This is an inclusion of von Neumann algebras of type I/ (which does not
depend upon the choice of ¢ thanks to Connes’ Radon-Nikodym theorem). The
algebras M2 N may have different centers. However, as was clarified in [26],
analysis on inclusions of type /[ factors is more or less reduced to that in the
case that M and N have the identical center. Therefore, in the rest we will
further assume that Z(JV[ ):Z(Z\N/). (Notice that this assumption is automatic in
the type III, case.)

As was clarified in modular automorphisms sometimes appear as irre-
ducible components in _1,(pp)" in the type I1I;, A#0, case, and this information
is essential for analysis on inclusions of type III factors. In this section we
will determine when extended modular automorphisms ([2]) appear in Ll,(pp)".
Recall that in [27, 317 typical inclusions of factors of type I1I, with this prop-
erty were constructed. Also our experience shows that (when one wants to
include the type II], case) an extended modular automorphism is a more natural
object to investigate. (See for example [10, 24, 51].) In the second half of the
section we will also show that certain inclusions with different type I/ and
type III graphs can be expressed as simultaneous crossed products (by Z.- or
T-actions) of pairs with the same type II and type II] graphs.

Let {6.}.er be the dual action on M=~ so that thanks to the Takesaki
duality the original inclusion M2N can be identified with

MX@RQﬁXgR.

Let ¢ be the canonical trace on M scaled in the usual way under the dual
action. (tr|y is the canonical trace on N.) After the above identification we
may and do assume that the dual weights fr and (tr|%)" are ¢-F and ¢ respec-
tively. The modular action ¢%°* being dual to 6, we have M:M¢OE, the
fixed-point algebra. (Similarly Z\Nf:N¢.) Let e={c:}:cr be a f-cocycle with values
in the unitary group of the center cU(Z(ZVI))zCZJ(.%(ZV)) (i.e., ¢;0,(cs)=c;,s) and
g,—0d¢°f be the associated extended modular automorphism (on M). From the
definition of o, ([2]), we have

0.(A1) = ¢ At), 0.lq =1d,



Automorphisms for factor-subfactor pairs 435

where A(t) is the usual generator in M=Mx,R corresponding to K. (In partic-
ular, o, Aut(M, N).) To determine if ¢, appears in Ll,(0p)" (see [Theorem 3J),
we set

H={x &= M,; yx = xa,y) for all y & N}.

Let M, be the n-th extension of M2N (and hence Mn:Mnx,,R). We have
{x € ]\Nln[\Nﬁ; 0. (x)=rcx} S 4.

In fact, let us assume that xeﬂnmz\NJ’gﬁngMn satisfies §,(x)=c,x as above.

For yeN we have g y)=y and yx=x0o,(y) since x came from the relative
commutant M,NN". On the other hand, for y=A(f), we have

AB)x = 0.(x)A) = cxA(t) = x¢,4() = x0,(A1)),

where the first equality is just the covariance. Since N and A(R) generate N,
we conclude that x is in 4.

We now start proving the reverse inclusion. Notice that 4 is the space of
intertwiners between two (finite index) sectors. In particular, 4 is a finite
dimensional linear space. Notice also that the obvious commutativity o¢,c0%°F
=0%F.¢, implies the invariance ¢%°%(4)=J(, tcR.

LEMMA 5. There exists a linear space basis {x;}j= o .. m for K such that
o %°E(x;)=exp(is;t)x; (tER) with some s;ER.

PROOF. Let m be a translation invariant mean on R, and we set
G, vy = |7 e B dme) = tmt(atF o)

with a faithful normal state we=Mj. Obviously <{-,-> defines an inner product
on the space 4, and we have the invariance {c¢%°E(x), ¢%°%(y)>={x, y> from
the construction. Hence, {0%°%|4}:cr gives rise to a one-parameter family of
unitaries (relative to the inner product <-,->) on J(. By diagonalizing the
unitaries, we get a basis with the desired property. O

In the rest we will show that each eigenvalue s; is zero by looking at
type [III,, IIl,, and I[II; (0<A<1) cases separately. Since 0% F(A(—s;)=
exp(—is;)A(—s;), z;=x,A(—s;) satisfies ¢4°5(z;)=z; and z,&(M,)ger=M,. Con-
sequently we have

X; = Zjl(Sj\) with Z; & Mn
Since x;= 4, for ye]\Nf;N we compute

VZiA(8;5) = z;A(8;)0y) = 2;A(8;)y = 2;05(¥)A(s;)

and hence
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(1) yz;=z;0,y), ve N

At first, when M2N are of type I, M2N are factors of type Il.. We
remark that the conditional expectation between these factors of type [l.
(arising from the unique trace) is minimal as was shown in [30]. If s; were
non-zero, Hs]EAut(]VI, N) would scale a unique (up to a scalar multiple) trace
by exp(—s;)#1 and hence we would conclude that 6§, is strongly outer (see
1.6 of [47]). Therefore, (1) would imply z;=0 and x;=0, a contradiction.

Secondly, let us assume that M2XN are of type IIl, and s;#0. Let
({F}} 1er, £) be a point-map realization of the restriction of {f.}.cr to the center
(i.e., the flow of weights of M). We set

Q= {we 2; F;(0) = o}.

The set £, is obviously invariant under {F,}.cr. Hence, the ergodicity of the
flow of weights shows that £, must have measure zero. Therefore, we have
seen that 0, is centrally free. Thus, we would conclude z;=0, a contradiction.
In fact, if z;#0, then the central support c(z;) majorizes a non-zero central
projection p such that p16,(p). However, because of

b= c(pz;) = clz,0,,(p) = 0,,(),

pLOs (D) is impossible. L

Finally, we deal with the type III; (0<A<1l) case. In this case M 2N can
be identified with M,QL=([0, —log A)2N,KXL>([0, —log 4)) in a very explicit
way. Here, M,2N, are factors of type Il. appearing in the discrete decom-
position picture. Basic facts on this identification are proved in [9], and for
the reader’s convenience we summarize them in Appendix.

LEMMA 6. If M2N are factors of type IIl;, then s;=0.

PROOF. In this case the flow of weights is periodic with period —log 4.
Hence, if s; is not in (—log A)Z, then @, is centrally free, and the identical
argument as in the type II], case shows z;=0.

Therefore, let us assume s;=nX(—log 1) (n*0=Z) (to show the result by
contradiction). Recall that ¢%°f is periodic with the period ¢,—=—27/log 4 and
hence one can construct the natural isomorphism

U Mr—> (M go5(R/t, Z)QL([0, —log 2)

(see Appendix). Everything here is compatible with the basic extension, etc.,
the isomorphism being constructed by just the Fourier analysis. Let 8, be the
dual automorphism of the torus action {6%°%},5:1<;,. The formula (8) in Appendix
shows that @, corresponds to 03&id e, —10g 2>, Via ¥. Via this isomorphism,
z; corresponds to an (M, X ,¢-e(R/t,Z))-valued function on [0, —log 4), and the
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commutation relation (1) simply means
y()zi(w) = z;(@)08 (y(w) ae. o

for each y(w)&eN X ,o(R/t, Z). Since 6} is trace-scaling (by A*) and the relevant
conditional expectation between the factors of type /. is minimal (see Proposi-
tion 3.1, [33]), 07 is strongly outer. Therefore, once again we conclude z;(@)=0
a.e. w, and z;=0, a contradiction. 7

Summing up the arguments so far, we have seen s;=0 (for each ;) in all
the cases. Therefore, x;,=z; and 4 S(M,)4.e=M,. Since ¢.|y=id, we actually
have £ EM,NN’'. Since x< 4 satisfies

0.(x)A() = At)x = x0,(A(t)) = ¢, xAt),
we have

[x €M, yx =x0,y), y €N} = {x € MuAN'; 0,(x) = c.x}.
From this fact and we obtain :

THEOREM 7. Assume that MEN=p(M) is an inclusion of type III factors
such that the associated inclusion M2N (with the dual action {0.}.cr) of von
Neumann algebras of type Il has the identical center. Let e={c,}.cr (EZ}R,
CU(%(]\ZI)))) be a cocycle. The corresponding extended modular automorphism o,
appears in (pp)**' if and only if there exists a non-zero element x in M,NN'
satisfying 0.(x)=c,x, tER.

REMARK 8. (i) When involved factors are of type I/I; (A#0), a cocycle
e=1{c.}er is specified by just a real number s (due to the transitivity of the
flow of weights): c,=exp(ist) (a constant function) and ¢,=0¢%°f in this case.
Therefore, the above condition reduces to the “eigenvalue condition” &,(x)=
exp(ist)x, t=R. (See also the arguments in [16].)

(ii) The condition #,(x)=c,x is stable under the multiplication by a co-
boundary c;=u*0,(u) (uECU(Z(M))). In fact, one can replace x by ux+0.

(ili) When M=N, 6.x)=c,x means that ¢ is a coboundary, and hence o,
is inner (as expected).

In fact, the above (iii) can be seen as follows: In this case we have
M,"N'=20M). The condition 6,(x)=c,x implies 8.(|x|)=|x|, and the central
ergodicity of 8, shows that |x| is a constant (#0). By dividing the both sides
by this constant, we may and do assume that x is a unitary in the center.
Therefore, we have the desired expression ¢,—x*8,(x).

Let M2N be an inclusion of type III; factors with finite-depth, and let

M=Ax,Z2N=Bx,Z
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be the common discrete decomposition (see [33]). Here, A2B is an inclusion
of factors of type Il., and we will denote the corresponding Jones tower by
{A.} n=0.1,2... We also assume that the graph of M2N (the type /II graph)
and that of A2B (the type I graph) are different. (Cf. [16].) By repeating
almost the same arguments as in the first half of this section, we easily get

{x € My; yx =x0%%(y), ¥y €N} = {x € AxN\B'; 0o(x) = exp(@rit/to)x}

with ¢y,=—2x/log 4. In fact, x; in satisfies 0%°%(x;)=exp(is;t)x; as
before. Then, the periodicity shows ¢%;%(x;)=exp(is;t,)x;=x;, and hence s;=
2xn/t, i.e., 69°E(x;)=exp(2nint/t,)x;. Therefore, we conclude x;=z;I" (z;&A,),
where [ is the generator in the crossed product Mk:AkxgoZ corresponding
to Z.

LEMMA 9. The following conditions are equivalent :
(i) The modular automorphisms in L1,(0p)* are id, a%5fn, 0%k, =) O%GED)/n
(i) On the tower \J(AsN\B’), we have 0}=id and 0§+id (m=1, 2, ---, n—1).

PROOF. Assume (i). Since ¢%;f, appears in (pp)**!, by the above and
one can choose x #0=.A4,N\B’ satisfying 6,(x)=exp(2ri/n)x. There-
fore, 0% +id (m<n) on the tower \U,(A,N\B’) of relative commutants. Since
M2N has finite-depth, so does A2B. (See Corollary 3.2, [33].) Thus, &,
restricted to A, B’ (k, large enough) completely determines 6, on the whole
tower. It is easy to see that 6, on the tower is periodic. (Equip A, B’ with
the inner product determined by the canonical trace on the tower. Since this
trace comes from relevant conditional expectations, we can regard 6, as a
unitary matrix. If this unitary had an eigenvalue exp(2mis) with an irrational
s, then ¢%:¥ would appear in LJ,(pp)*, which contradicts the assumption that
M2N is of finite-depth.) Let n, be the minimal integer such that @%o=id on
the tower. We have already known n,=n. If #n,>n, then as above we find a
non-zero xA,N\B’ (for some k) such that 6,(x)=exp(2rni/n,)x. Hence,
0450, <L1e(0p)*, which contradicts (i).

The converse can be proved by almost the identical argument. O

Assume that the type II] and type II graphs of M2N are different, and let
id’ G%SFM otggf/n; ) p(/(';llzl)toln

be the modular automorphisms in L1,(pp)*. We set f=0%F,. This is an auto-
morphism in Aut(M, N) with period n. As was clarified in [16], the above
modular automorphisms in Ll,(0p)* are responsible for the difference of the

two graphs. Therefore, it is natural to investigate the inclusion

P:MXﬁanQ:NXﬂZn.
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Notice that this inclusion is conjugate to the pair of the fixed point algebras
(under the Z,-action B):

M%n 2 N%»,
Since '
B(x) = 047 (x) = 3 amexp@rim/n)i™ for x=anl™ € M = Ax,y Z,
the above pair of the fixed point algebras are actually
(2) A)dgngBxggZ.

Hence, P2Q are factors of type III;» (since 67 scales the unique trace by 4"),
and (2) shows that the type II graph is the one for the pair A2B (i.e., the
type II graph of M2N). The type II] graph of P2 can be computed as
the fixed point of A,N\B’ under the automorphism #%. However, the n-th
power of 8, being trivial on the tower (Lemma 9), the type III graph of P20Q
is the same as the type II graph.

Let B be the dual action of 8. By the Takesaki duality we have:

PROPOSITION 10. The pair M2N can be expressed as a pair of simultaneous
crossed products PX 3 Z,20Q X sZ,. Here, P2Q are factors of type Ill;n. The
inclusion P2Q has the same type III and type Il graphs (=the type II graph
of M2N).

A similar phenomenon with n=2 (in the type I/, setting) was pointed out
in §4 of (see also Remark 13).

It is also possible to show the above result from the following: Recall
P=MxZ,=(AXq,Z)"pZ,. Since § acts trivially on A and B())=exp(2ri/n)I,
this double crossed product can be expressed as (A®A(Z,)")X37,Z, with
50(a®10):00(a)®exp(2ni/n)lo (a= A) for the generator [, (/[f=1) in the group
ring A(Z,). Therefore, by performing the Fourier transform on [*(Z,), we
end up with

P = (ARQI™(Z) X5 ,Z .

Here, 6, is the tensor product §,QAd S, and S is the nXn shift matrix

01000
00100
000 1--0].
.................... 1
10 coevreneenns 0

Of course the same expression (with B instead of A) is valid for Q.
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Actually this approach is more fitting especially when one deals with
factors of type III, (see below). In fact, in this case Z-actions are around, and
a crossed product by a Z-action is easier to handle than a fixed point algebra
under a T-action for our purpose.

We now assume that M2N are factors of type III, with different type II]
and type I graphs (so that (type III) graph has infinite-depth, [16]) and that
the type Il graph is of finite-depth. (A typical example is a locally trivial
inclusion with index 4 coming from a modular automorphism ([49]).)

Set

o) = 0t|uk(ﬂkm\7') .

(This is a “flow of weights” for the purpose of subfactor analysis, which played
an important role in [22, 33, 34, 35, 47, 53, 54].) Since the type I/ graph is of
finite-depth, @(¢) is completely determined by @, restricted to the finite-dimen-
sional algebra M kﬂ[\Nl’ (for k large enough). We further assume that the kernel
of the continuous homomorphism @ :t= R~ 6(t) is of the form Ker O®=tZ for
some t>0 ([35]).

LEMMA 11. The following conditions are equivalent :
(i) The modular automorphisms in | 1,(0p)* are {6%E; neZ}.
(i) Ker O=2r/sy)Z.

PROOF. Assume Ker O=2r/s,)Z, and let k, be the depth of M2N. Being
an R-action, #, cannot move each of the minimal central projections in M kuf\[\Nf’.
In each direct summand (i.e., a full matrix algebra) here, #, i$ inner. Since
Ker @=2n/s,)Z, one can find a non-zero xeﬁkomﬁ’ satisfying 6,(x)=exp(isyt)x.
Therefore, %% (and hence all of ¢%¥ (n<Z)) appears in [ 1,(pp)* (Theorem 7).
On the other hand, if ¢%* (0<s,<s,) appeared in L 1,(0op)*, we would have a
non-zero x with 6,(x)=exp(is;t)x and @s./s,(x)=exXp(27is,/$y)x # x, a contradiction.

The converse can be proved similarly. O

Assume Ker O=(2n/s))Z. Let f=0% < Aut(M, N) and we set
P=MxgZ20Q =NxgZ.
With the dual action 5 (T-action), we get:

PROPOSITION 12. The pair M2N can be expressed as a pair of simultaneous
crossed products PX 3T 2Q x;T. Here, P2Q are factors of type III; with A=
exp(—2m/s,). The inclusion P20 has the same type III and type II graphs
(=the type II graph of M2N).

PRrOOF. Notice

P=MxsZ=MxR)xsZ=(MRAINZ))x3R
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with 5,(m®l)=0t(m)®exp(isot)l since B(A(t))=exp(is,t)A(t) and B|z=id. There-
fore, after the Fourier transform, we have

P= (MQL>(T)%;R,

where §, is 0, tensored with the translation by s,t/27 on the torus T=R/Z
(hence the flow of weights has period 2z/s,). We also have the similar
expression for Q (with N instead).

The type II graph of P2@ can be seen from the inclusion A7I®L°°(T)2
N®QL=(T). Since tensoring with L>=(T) does not do anything, the type /I graph
is the one determined by M2N. On the other hand, the type III graph of
P2@Q can be determined from

(M@ L(THNNQLT) )i = (M NYQL=(T)); .

Since @zns,=id on Us(M NN ([Cemma 11) and the flow has period 2x/s, on
the center L=(T), it is plain to see that the type I/l graph is also the one
determined by M2 N. O

The assumption Ker ®=tZ (t>0) is actually essential in the above argument,
and the author thanks F. Hiai for pointing out this fact.

ExAMPLE. Let P be a factor of type IIl,, and we consider the locally
trivial inclusion

M= PQRMC)2 N = {

x 0 0
0 ayx) O ); x € P},
0 0 o(x)

where ¢ denotes the modular action as usual and » is irrational. It is elementary
to see that the type II inclusion is given by

x 0 0
M=PRM,C)2N=1{0 6:x) 0 |; x<P)
0 0 &.(x)

with the dual action 8#=60P®Id. Here, 5, means the canonical extension (to
the Il.-factor P) of ¢, so that

6= AdI(1) and 6, = AdI(r).
Therefore, M2k is conjugate to
PeM, ) 2 PrCl

by the inner conjugation
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1 0 0
Ad| 0 I(1)* 0 |.
0 0 inr*

Under this conjugation, the dual action 8¥QId is transformed to

1 0 0
0PRAd| 0 expGt) 0
0 0 exp@rt)

Since r is irrational, we obviously have Ker @={0}. On the other hand, it is
plain to see that (when N=p(M))

pp = 1P1Po, Do,
as a sector. The group G of all one dimensional sectors in LI,(op)* is
G={0minr; n,me Z}

(which is isomorphic to a dense subgroup in R). As before, M2N can be
identified with
(MXG)XG 2(NXG)XG.

However, MX G (and NXG) is no longer a factor of type III;. (It is of type
IIT, and its flow of weights has pure point spectrum.)

Propositions [0, dealt with type III; and type III, cases respectively,
but we have not touched the type IIl, case. In this case, we are probably
forced to deal with “modular endomorphisms” in the sense of Izumi ([I7]). In
fact, a recent important result by Izumi says that (in the II], case) a graph
change occurs if and only if a modular endomorphism appears in L,(pp).

However, when the index is less than 4, enables us to deal
with the type III, case.

REMARK 13. Let MDON be a pair of type I/l, factors with the type II]
graph A,... and the type I/ graph D,,. By the presence of the two end-points
in the Dy, graph, (1—e,VeV-Vesm-) Moms"\N') can be identified with
L=(2x {0, 1}). Since the type IIl and type II graphs are different, the dual
action {6.}.cr restricted to (l—eo\/el\/"'\/em_g)(l\;fzm_gﬂﬁ’) gives rise to the
two-to-one ergodic extension (Ff, 2x {0, 1}) of (F;, ), the flow of weights of
M (=that of N): .
Fi(w, 1) = (F(®), ¢u,:?)).

Here, ¢: (0, heRXR— ¢, :=S,={+1} is an F;-cocycle. We set
W) = @o,: € {1},

x = Xoxom—Xoxm € LM(QX {0,1}) (& MZm—smﬁ') .
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It is elementary to see @,(x)=c,x. Notice that e={c;}.cr is a ‘U(%(M ))-valued
#.-cocycle, and hence by the associated extended modular automor-
phism B=ga, (of period 2) appears in Ll.(pp)*. We set

Then, the type III and type II graphs of the new pair are both D,,. In fact,
this fact can be seen based on the arguments in §4 and Appendix A of [31],
and details are left to the reader. As above M22N can be identified with
Px3Z,2Q x3Z, by the Takesaki duality.

5. Strong freeness and strong outerness.

In Winslgw studied automorphisms for pairs of factors of type III;.
To do so, he considered a certain algebraic property (corresponding to the
(non-)central triviality ([24, 51]) or the non-pointwise innerness ([9, 10, 11]) in
the study of automorphisms on single factors) for such automorphisms or actions.
This property was called the strong freeness, and he obtained some classification
results for non-strongly free actions of groups with certain properties. In this
section we will show that the strong freeness is stronger than the strong
outerness.

As in the previous section, let M2 N=p(M) be an inclusion of factors of
type III such that the associated inclusion M2N of von Neumann algebras of
type Il. has the identical center. Let a (€ Aut(M, N)) be an automorphism for
the pair in question, and we assume that « is already extended to the tower as
was explained in § 3 (i.e., all the Jones projections are fixed).

Let & be the canonical extension of a in the sense of Haagerup-Stgrmer
([9]), that is, & is the automorphism of M=Mx +ooER defined by

(T gpor(m)) = Togor(a(m)), me M (ie., @|y = a for M, M)
@A) = mapee((D(¢poEca™) 1 D(P-E))AE), tER

with the Connes Radon-Nikodym cocycle (D(-): D(-)),. Since the Radon-Nikodym
cocycle belongs to N in the present case, the automorphism & actually belongs
to Aut(l\7[, ﬁ). It is also straight-forward to see that this extension procedure
of an automorphism (for a pair) is compatible with the basic extension, etc..

DEFINITION 14 ([54, 55]). An automorphism e Aut(M, N) is called strongly
free if the following condition is satisfied for each %:

If xeﬁk satisfies yx=xa(y) for all ye]\71, then we must have x=0.
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Since the canonical extension @ commutes with the dual action {6} .cr, one
can further extend & to an automorphism of the second crossed product

M= MxoR=(Mx ,p:sR)x o R = M = mo(M), X'(R)>".
Namely, we define @< Aut(M) (actually &< Aut(M, N)) by
alpg=a,
&'(s) = (s) (s R).

The Takesaki duality says that the pairs M 2[\7 and MRB(L*(R)2NQB(L*R))
are conjugate via IT: M=(Mx ,¢-eR)X s R— MQB(L*R)) satisfying

(II(7wg o mopem(m))E)(r) = aLFmM)E(r),
(I (AENE)(r) = &(r—1),
(II(A"())8)(r) = exp(isr)&(r),

where & is a vector in LEM)QQLAR)=L*R; L*(M)). We now figure out how
a looks like under this isomorphism. From the definition of &, we obviously
have

(3) (L@ (7o oper(m))E)r) = 025Fa(m)(r),
(4) (L@ (7o (AENNENT) = oLF(D(Pe E-a™) : D(¢e EN)E(r—1),
(5) (L&' ())E)(r) = exp(isr)é(r).

Define the unitary v (acting on L*(M)QL*R)) by
WE)(r) = (D(¢eE-a™): D(P-E))_,&(r).

Notice that v commutes with an arbitrary element in M'QC1.24x,. Hence, v is
a unitary in MQB(L*R)) (actually in NQB(L2?(R))), and Ad v gives us an inner
automorphism. The operator given by (5) obviously commutes with v. It is also
elementary to see that the adjoint v* is given by

W*)(r) = (D(¢oE-a™): D(¢e EN%E(r).
Then, having (3) in mind, we compute
(D(g+Eoa™): D(gpe E))_0%Eoalm)(Dips Eva™) : Dghs E)E(r)
= o2F oa(m)&(r)
= a0 2F(m)é(r),

where the intertwining property of the Connes cocycle and the fact ¢%°F=a o
g% P l.q were used. Similarly, having (4) in mind, (thanks to the cocycle
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property) we compute

(D(@eE-a™): Do E))_,a¢E(D(peE-a™): D(g-E)),)
X(D(poEoa™): D(¢peE)*_1y&(r—s)
= D(@eEa™): D(E))_ri (Do Eca™) 1 D(po E))¥, 1 i&(r—s)
= &(r—t).

Therefore, we have shown :

LEMMA 15. Under the Takesak: duality, the second extension &eAut(Az/I, 1\7)
corresponds to Ad v¥-(aQidp2my))E Aut(MKB(LYR)), NQB(L*R))).

In the rest of the section, we will show that the strong freeness implies the
strong outerness (by repeating similar arguments as those in §4). To do so, we

assume that a< Aut(M, N) is not strongly outer. By (’ieAut(l\Z N)
is not strongly outer, and

ﬂ{:{xeﬂk;yx:x&(y) for allye]\?}

is’ a non-zero linear space (for some k). Let {6} :cr (EAut(]\z/I, ﬁ)) be the dual
action of {#:};cr. Since ¢.|i,=id and ¢.,(A'(s))=exp(ist)A’'(s), we easily observe
g.oad=a-ag,; (by applying the both sides to generators). Hence, we have the
invariance ¢,(9)=4 (tR). As was pointed out in §4, 4 is a finite dimen-
sional space and one can choose a basis {xi, x,, --*, x,} such that o¢,(x;)=
exp(@s;t)x; for some s;=R. Hence, we can express each x; as

x; = z;4'(s,) for some z; & (M,)* = M,.
Hence, the intertwining property shows that for each yeﬁ[ (Q_:.Z\Z) we have
vz;A'(s;) = z; A (spa(y)
= z;A'(sp)a(y)
= 2,00 &(9)A(s5),
and we have

(6) vz; = 2;0,,0&(y) for all y & M.
LEMMA 16. Each s; is zero.

PROOF. Since a is non-strongly outer, a appears in l,(op)™ (Theorem 3).
Therefore, mod(a)=1, i.e., alzun=1id ([16]). As in §3, by assuming s;+0,
we will get the contradiction z;=0.

At first we consider the type IIl, case. As in §4, (6) implies z;=0 by the
central freeness of 0;;-a.
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Secondly we consider the type III, case. Since the canonical trace f» on
M satisfies troa=tr (Proposition 12.2, [9]), we have tref,,oa=exp(—s;)ir and
(6) shows z;=0 as in §4.

Finally we consider the type III; case. If s; is not in (—log 1)Z, we have
z;=0 as in the type II], case. So let us assume s;=(—log )n (n+0=Z). Since
mod(a)=1 we can find a unitary N such that ¢eE-a=¢-E-Ad u (¢=domi-
nant weight). In fact, ¢ea|y=¢(u-u*) for some u=U(N) (Proposition 2.6, [10].
Since Eca=a-F, we have ¢-Eca=¢oa- E=¢uE(-)u*)=¢+E(u-u)*. Thus, after
an inner perturbation, we can assume ¢oFE-.a=¢-F, which implies that « and
a%°® commute. Recall the factor of type /1.

Mo = Mx a¢°E(R/tOZ) - <M; lo(t»//

and the isomorphism UM — M&QL>([0, —log 4)) in Appendix. We extend a to
a,& Aut(M,) by setting a,(Ao(2))=4,(t). We know (Lemma A.1, (iii) in Appendix)
that, under this isomorphism, @=a,®idr*q,-10g1». Since b, corresponds to
03 Rid o, —10g 1y and z; is regarded as an operator-valued function on [0, —log 4),
(6) means

y(w)zj(w) = z{(w)0Fa,(y(w) a.e o

for y(w)eM,. Since a (unique) trace ¢ on M, satisfies (0Fa,(-))=24"t (Lemma
A.1, (ii)), the above implies z;(w)=0 a.e. @ and z;=0. O

This lemma shows z;=x; and ﬂ[gﬂk. Hence, (6) shows that xﬁéOEMk
satisfies

vx; = x;a(y) for all y M,

that is, @ is not strongly free. So far we have been assuming that factors are
of type III. Obviously, the same proof works for semi-finite factors since in
this case the flow of weights is simply the reals R together with the usual
translation (with speed 1).

Therefore, we have shown:

THEOREM 17. Let M2N be an inclusion of factors such that the associated
inclusion M2N of von Neumann algebras of type Il. has the identical center.
If a=Aut(M, N) is strongly free, then it is strongly outer.

COROLLARY:18. We keep the same assumptions as in the above theorem. Let
ac Aut(M, N) be an automorphism appearing in | _1,(pp)* and let o, be an extended
modular automorphism. Then, the composition ¢.oa is non-strongly free.

PROOF. Since « appears in | 1,(pp)*, by [Theorem 3 and [Theorem 17 there
exists a non-zero x&M, (for some k) such that yx=xa(y) for all yeM. Recall
that the canonical extension of an extended modular automorphism is inner
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([(10]): 4.=Ad v, for some v,eUM). Then, (¢,oa)"=7,°a ([9]) and the non-
zero element xv¥<M, satisfies:

xvE(.0a) (y) = xa@(yE = yxvf,
that is, o.ca is non-strongly free. O

When M=N, Haagerup and Stgrmer showed that & is inner (i.e., a is
point-wise inner) if and only if « is an extended modular automorphism (up to
an inner perturbation) (see [9, 10, 11]). The above result and (in
the next section) suggest that for analysis of automorphisms for pairs one has
to look at automorphisms coming from Ll.(pp)* as well.

6. Non-strongly free automorphisms.

In this section, we will obtain the converse of Corollary 18 for factors of
type I1I; (A#0). Hence, we will be able to describe all the non-strongly free
automorphisms (up to an inner perturbation) in this case if the irreducible
decomposition of | 1.(pp)* (i.e., the fusion rule) is known.

THEOREM 19. Let M22N=p(M) be an inclusion of factors of type III,
(10) such that the associated inclusion M2 N of von Neumann algebras of type
Il has the identical center. If acAut(M, N) is non-strongly free, then a=
o%°E-B for some automorphism B appearing in Li(pp)* and tER.

PROOF. Let us assume the existence of xs0eM, satisfying
(7) yx = xa(y) for all y M.
At first we consider the type III, case. Since M2N are factors,
J={xeM,; yx = zxa(y), vy M)

is a (non-zero) finite dimensional linear space. Since the dual action 8, satisfies
0i-a=a-0,, we have 6,(4)=4H and as before one can choose x,, xs, -, XnEIH
such that 6,(x;)=exp(s;t)x; for some s;&R. Thus, x;=z,A(s;) with z,-e(AZI,,)o
=M,, and for yeM (21\71) we compute

vz;A(s;) = z;A(s)@(y) = 2;4(s5)(y) = z;0%5Fa(9)A(s;)

thanks to (7). Hence, z,#0=M, satisfies yz;=z;64;%-a(y) and, by
4, B=0%F-a appears in (pp)* (as a sector) and a=0%%-8 (up to an inner
perturbation).

We now go to the type III; case. The existence of x+0 satisfying (7)
forces that mod(a)=1. In fact, there exists a unique central projection p» such
that & is the identity on pZ(IVI) and free on (1— p)z(M). Since & commutes
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with the dual action #;, we have #,(p)=p, t=R. Therefore, the central
ergodicity implies that either we have mod(a)=1 or & is centrally free. How-
ever, if a were centrally free, then (7) would be impossible. (Recall the
argument in the type III, case before [Lemma 6)

Thus, as in the proof of we may and do assume ¢oEca=¢-FE
(and hence the extension @, (ay(2,(2))=2,(?)) satisfies @=a,@idr>q, -10g 1) Via the
isomorphism ¥). Therefore, (7) guarantees the existence of a non-zero x,=(M,),,
the n-th extension of M,2N,, satisfying y,x,=xcao(¥o), Yo=EM,. We now con-
sider the non-zero linear space

o= {x € My)n; yx = xay(y) for all y & M,}.

Once again 4, is finite dimensional since M,2N, are factors, and @,ca,=ay°0,
(Lemma All, (i)) implies 60o(4 )=, Considering 0,|4, as a matrix, one
chooses an “eigenvector” x,+#0 satisfying 0,(x,)=px, (p&C). Since 0, is an
automorphism (||@,(xo)||=|x.]|) we actually have &,(x,)=exp(is)x, for some s=R.
Therefore, x,=2,4(so) With some z,&({(Mo)n)e,=M, and s,&[0, ¢,). The rest of
the proof is exactly the same as in the type III, case, and we are done. O

This result probably remains valid for the type I, case as well with an
extended modular automorphism instead, however, so far the author has been
unable to prove it.

COROLLARY 20. Let M2N be as in the previous theorem. When the identity
s the only irreducible sector with statistical dimension 1 appearing in Li,(op)*,
or more generally, when all the (non-trivial) irreducible sectors with statistical
dimension 1 appearing in |_1,(op)* are modular automorphisms, then a non-strongly
free automorphism in Aut(M, N) is just a modular automorphism (up to an inner
perturbation).

We now assume that M2N are AFD factors of type III;, 0<<A<1, with
index (strictly) less than 4, and we will describe all the non-strongly free (non-
trivial) automorphisms (up to an inner perturbation). Recall that in this case
inclusions M2 N have already been classified ([20, 33, 47]): The Dynkin diagrams
A, (n=3), Dy (m=2), E, and E; appear. Except when the graph is given by
the Dynkin diagram A,..s, the classification is the same as that in the AFD I,
case and an inclusion splits, i.e., M2 N is conjugate to R;QRA2R,;RB, where
R; is the Powers factor and A2B is an inclusion of AFD II,-factors with the
Dynkin diagram in question. When the graph is given by the Dynkin diagram
A,m_s, there are exactly two inclusions: the non-splitting inclusion (type I
graph is the Dynkin diagram D,,, in this case) and the splitting inclusion.

1. The graph is A,,r_s and non-splitting: One non-trivial sector with
statistical dimension 1 appears in Ll,(pp)*, but this is a modular automorphism
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([167]). Therefore, the non-strongly free automorphisms are exactly the modular
automorphisms due to (see below). Among all the modular auto-
morphisms ¢%°F (0<t<t,), only ¢%:% is non-strongly outer (Theorem 3J) since it
appears in L 1,(pp)* (see below).

2. The graph is one of Aeven, Don (m=3), Es (and hence splitting): The
only irreducible sector with statistical dimension 1 in Ll,(pp)* is the identity.
Hence, once again the non-strongly free automorphisms are exactly the modular
automorphisms due to However, in this case, all of them are
strongly outer.

3. The graph is one of Ay,qq (and splitting), D, Es: As noted above,
M=R,A2N=R;®B. The decomposition of |_|,(pp)* is obviously determined
by just the inclusion A2 B of I[,-factors. On the other hand, modular auto-
morphisms come from R;. Therefore, due to Corollary 18 and
the non-strongly free automorphisms are ¢,&1 (0<t<t,), and ¢.Qa 0<i<ty).
Here, ¢, is a modular automorphism (of ®;) and « is an automorphism attached
to a non-trivial A—A bimodule of index 1 appearing in LJ, 4L%(A:)4. There
are two such automorphisms in the D, case (since B=A%3) while there is only
one such « in the other cases. (The latter is a period 2 automorphism which
played an important role in [14, 15].) Among these, only 1Qa is non-strongly
outer.

In Case 2 modular automorphisms are obviously coming from R; while in
Case 1 they appear as follows: We start from the usual discrete decomposition
R1=RuXNg,Z. Let C2D be a unique inclusion of AFD Il;-factors with the
graph D,,, and let S<Aut(C, D) be a unique (period 2) automorphism with
non-trivial Loi invariant. (Cf. [4, 21].) Or equivalently, we set C=AX ,Z,2D
=BX,Z, (by making use of (A28, a) in Case 3) and let 8 be the dual action
of a. We set 50260®/36Aut(5101®c, Roi®D). Then, M2N in Case 1 is
actually (Rp®CIXNG Z2(R0u@®D)X ;5 Z. In fact, the type II graph is obviously
determined by C=2D (i.e., the Dynkin diagram D,,). Due to the presence of
B, the type IIT graph (which is determined by (C,MND’)s) shrinks to the Dynkin
diagram A,,_s;. From this description, it is clear that the modular automorphisms
in Case 1 appear as the dual action (7-action) of #,. Recall that the (extended)
B switches the two end-points of the Dynkin diagram D,, (the Loi invariant).
Let p, ¢ be the projections (in the relative commutant C,,_s/\D’) corresponding
to the two end-points. The above description means that the (extended) 4,
satisfies 0~0(1R01®(1)—q)):1901®(q—p). Therefore, —1 turns out to be an
eigenvalue, and hence d%% appears in (pp)*™* thanks to (or more
precisely, the variant mentioned before together with [Theorem 9).

Similar analysis can be made when the index is 4 (based on [34, 47]), and
this is left to the reader as an amusing exercise.
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Appendix A. Type III; case.

Let M2N be factors of type III; (0<A<1) with the assumptions at the
beginning of §4. Since modular automorphisms ¢%°Z< Aut(M, N) have the period
t,=—2m/log 4, (as was explained in [9]) the inclusion M2N (acting on
L¥R; L¥(M))) can be explicitly identified with the tensor product of an inclu-
sion of factors of type [l. and the common abelian von Neumann algebra
L=([0, —log 2)). For the reader’s convenience, we briefly recall the identification
in together with some remarks. Full details can be found in [9].

We consider the inclusion of factors of type II.:

0= MXgpe(R/t,Z) 2 Ny = N X 9-e(R/t,Z).

The usual generators for these crossed products will be denoted by 7z,(x) (x&M
or x&N), A4,(f) in what follows. We then consider the inclusion

M@ L=([0, —log 4)) 2 Ny&@L>=([0, —logld)).
The underlying Hilbert space here is
K = LR/t Z ; LX(M)QL*[0, —log 2)) = L¥(R/t,Z)x [0, —log 2); L*(M)).

Notice that [0, —logA) can be identified with the dual group of #Z (by
(7, nty) [0, —log A) X t,Z — e'rnte=g?rinri-log by et £= K and t<R, and write
t=i+mt, with /&[0, t,). Consider the operator T from X to L*R; L*(M))
defined by

1 (-log 2) . ]
(T&®) = 7jjl-0:g:}*so &, pe~'tdy
1 (-log 1)

= iogile £ petady
with &'(¢, y)=&(, P)e~rt, Then, it can be shown that T is a surjective isometry
from X onto L*R; L*(M)) and that ¥=Ad T* gives rise to an isomorphism
from 1\7I:<7ra¢oz(M), AR)Y” onto M,QL=([0, —log 2)). Let m(e) be the multi-
plication operator (acting on L*[0, —log 4))) defined by (m(e*)&)(y)=e'*7&(y).
Then ¥ satisfies
U(rgpo8(x)) = mo(x)Q1 (x € M),

Taw®) = HOQ@m(e) (t € R).

This isomorphism of course sends N onto NoQL=([0, —log A)). Let &, be the
dual automorphism on the crossed products M,2N,. Via the isomorphism ¥,
when t=nXx(—log A)+r with »&[0, —log A) the dual action 6, is expressed as

(8) 0; = (0g®ﬁr)®(03+1®,87+10g /1) .
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Here, L=([0, —log 2)) is considered as the direct sum of L*([0, —log A—7)) and
L=([—log A—7, —log 2)), and B, is the shift: (8, /)(y)=/f(y—r). (B-: L=([0, —log 4
—r)—L>([r, —log 2)) and Br.i10g2: L2([—log A—7, —log 2)— L([0, 7))).

Let ¢t be the canonical trace on M (tr-0,=e¢ 'tr), and 7 be the one on M,
(ref,=47). Via ¥, we have

@& 23]
(9) tr = SEO,_IW)@ re,dy on My®L(0, —log 2)) = S[

0, -1

og z)(M0>TdT

with (M,),=M, and r,=r.

Let « be an automorphism in Aut(M, N), and we assume the invariance ¢-E-a
=¢-E. Since a commutes with ¢%°%, one can extend a to a,=Aut(M,, N,) by
setting

ay(mo(x)) = mo(a(x)),

ay(Ae(2)) = Ao(8).

LEMMA A.l. The extension a, satisfies (1) a,°o0,=0,°a,, (ii) t°a,=t, and

(ili) via ¥, the canonical extension & in the sense of Haagerup-Stérmer corre-
sponds to ao®idLm([0,_1og ).

Proor. (i) This can be directly checked by applying the both sides to
mo(x) and Ay(t).

(iii) The invariance implies &(A(f))=A(t) (see the paragraph before Defini-
tion 14).

Hence, we compute

T(a(A®) = TQA®) = AHO)Qm(e*") = (aoRid)((HRm(e'")) = (aRid)¥ (A®)) .

Similarly we. have ¥(@(mq¢o8(x)))=(ae@id)¥ (7 ;po(x)).
(ii) This follows from (iii) and (9) thanks to tr-a=¢»r (Proposition 12.2,
[97. O
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