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1. Introduction.

All graphs considered in this paper are finite, undirected and without loops
or multiple edges. Let G be a graph with vertex set V(G) and edge set E(G).
For a vertex v of V(G), the neighbourhood of v in G, denoted by Ng(v), is the
set of vertices of G adjacent to v, and the degree de¢(v) of v in G is |Ng)|.
We denote by 0(G) and £(G) the minimum degree and the connectivity of G,
respectively. For a subset S of V(G), let <(S5); denote the subgraph of G
induced by S. For standard terms or notation not defined here, see or [2].

Given a graph G of order n and a partition n=33_, a; with a;=1, S.B.
Maurer conjectured that if x(G)=k, then V(G) can be decomposed as
V(G)=\U%-1 A; with the conditions |A;|=a; and &({ADe)>0 (i.e., (A e is
connected) for all 7, 1=<i<k. A. Frank [7], on the other hand, conjectured the
following stronger form of this, which was settled independently by L. Lovasz

[9] and E. Gyori [8].

THEOREM A [9, 8]. Let G be a graph of order n, and n=3Y_.a; be a
partition of n with a;=21. Suppose that £(G)=k. Then for any distinct k
vertices vy, -+, vy of V(G), V(G) can be decomposed as V(G)=\Ui-, A; with the
conditions |A;l=a;, v;i€A; and k((ADe)>0 for all 7, 1Zi< k.

Turning his attention from “connectedness” to “no isolation”, Frank also
conjectured the following as an analogue of Maurer’s conjecture, in which the
conditions on the connectivity are replaced by those on the minimum degree.
(Note that d(<A;>¢)>0 implies that {A;>s contains no isolated vertices.) There-
after some partial results on this came out in a row, while a complete proof
was finally given by H. Enomoto [4].

THEOREM B [4]. Let G be a connected graph of order n, and n=33_,a;
be a partition of n with a;=2. Suppose that o(G)=k. Then V(G) can be
decomposed as V(G)=\Ut., A; with the conditions |A;|=a; and d(A:)s)>0 for
all i, 1=5i<k.
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In the present paper, we shall prove the following generalization of this,
which was conjectured by Y. Egawa [3].

THEOREM 1. Let G be a connected graph of order n, and n=2%,a; be a
partition of n with a;=2. Then V(G) can be decomposed as V(G)=\U%-, A; with
the conditions |A;|=a; and “if delv)=k and ve A;, then v is not isclated in
CADe” for all i, 1<i<k.

Here we should like to remark that not only generalizes Theo-
rem B but plays an important role in establishing the following analogue of
[Theorem Al ‘This will be proved in a forthcoming paper.

THEOREM [6]. Let G be a graph of order n, and n=33%_, a; be a partition
of n with a;=2. Suppose that 6(G)=3k—2. Then for any distinct k vertices
vy, -, v 0of V(G), V(G) can be decomposed as V(G)=\UJ%-, A; with the conditions
tAl=a;, v,€A; and 0(KADe)>0 for all i, 1<i<k.

The rest of the paper is organized as follows. In the next section, we
introduce some specialized terms and notation and briefly show our basic
strategy to prove [Theorem 1. In Section 3, with the help of some key prop-

osition and lemmas, we prove [Theorem 1. Sections 4-6 contain the proofs of
those key results used in Section 3.

§ 2. Preliminaries.

Let n be a positive integer. A sequence a=(a,, ---, a;) of positive integers
is called a k-partition of n if n=23%_,a;, and a k-partition a is said to be
non-singular if a;=2 for all 7, 1</<k. Given a graph G and a k-partition a
of |V(G)|, a sequence A=(A,, ---, Az) of subsets of V(G) is called an a-decom-
position if the following conditions (D1)-(D3) are satisfied :

DL V(G)=Ui=1 As;
(D2) 1A;l=a,; for all 7, 1<i<k;
(D3) 0(<ADe)>0 for all 7, 1<i< k.

On the other hand, 4 is called an a*-decomposition if the following weaker
condition (D3)’ replaces (D3) in the above:

(D3)" If de(v)=k and v= Ay, then v is not isolated in {(4,)¢.

Now we can restate B and in a more simple style as
C and below, respectively. In proving [Theorem 1, we
therefore give the proof of [Theorem 2.

THEOREM C [4]. Let G be a connected graph of order n with 6(G)=k.
Then G has an a-decomposition for any non-singular k-partition a of n.
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THEOREM 2, Let G be a connected graph of order n. Then G has an
a*-decomposition for any non-singular k-partition a of n.

A subset W of V(G) is dominating if G—W contains no edges. We say
that W is k-dominating if W is dominating and ds(x)=% for all xV(G)—W.
A subgraph H of G is interpreted to be dominating (resp. k-dominating) if
V(H) is dominating (resp. k-dominating).

A tree T is called a fork if there exists a vertex veV(T) satisfying dr(v)
=3 and dr(x)<2 for all x€V(T)—{v}. Figure 1 illustrates a 2-dominating
fork (the subgraph consisting of the black vertices and the thick edges).

Figure 1. A graph to illustrate a 2-dominating fork.

A k-partition a is said to be small if a;<4 for all 7, 1=/<k. As a special
case of small k-partitions, we say that a is exceptional if the a,’s are all two
or all three.

The following two lemmas, which are of great importance in our proof of
[Theorem 2, describe a certain connection between the concept of domination
and our question of decompositions calling for “no isolation”.

LEMMA D [5]. Let G be a graph of order n, and a a non-singular k-parti-
tion of n. If G has a k-dominating path, then G has an a-decomposition.

LEMMA E [4]. Let G be a graph of order n, and a a non-singular k-parti-
tion of n. Suppose that a is not exceptional and that G has a k-dominating fork.
Then G has an a-decomposition.

Our approach to the proof of is through extraction of a special
structure of paths. Let @=(P, ---, P,) be a sequence of paths in G, with
Pi=@®, -, v¥), 1<i<r. For each P, let end(P;) denote {v{”, v{¥}, and define
Wii=Uj=0V(Py) and S:=V(G)—W,. 2 is called a path-system of degree k if
the conditions (PS0)-(PS12) below are satisfied. (The term “path-system” first
appeared in [4], and the definition we give here is its refinement.) Here we
consider all 7, 1<i<r, for (PS1)-(PS10), and assume, without loss of generality,
Ne@S)NW,_,#@ for (PS4)-(PS10).
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(PSO) P, is a longest path in G.

(PS1) V(P) S V(G)—W,_,.

(PS2) |V(Py)| z 2.

(PS3) Nglend(P)N\W._, + @.

(PS4) Ne@?)NNg(vi2) € W, for all j, 1 <7< m;—1.

(PS5) Ne(w@) € W,.

(PS6) Ne(_) € W,US, and if x € Ng(w$_)NS, then Ng(x) € W, US.
(PS7) If m;=2 and k=2, then Nyw{®»)SW,.

(PS8) If m,=3 and k=3, then Ne(w(®)SW,.

(PS9) If m;=3 and k=3, then dsw{®)=Fk or de(w{?)=k.

(PS10) If m;=3 and N} )NS#@, then vih) & E(G).

(PS11) If »=1, then |V(FP)| =2k-+1 and |V (Py) |+ |V (P)| =3k+1.
(PS12) If »=2 and |V (Py)| =3, then |V(P)|+I|V(P)|+|V(P)|=4k+1.

Stated in this term, the following proposition is essential in our proof of
[Theorem 2. We leave the proof to Section 4.

PROPOSITION 3. Let G be a connected graph of order n, and a a non-singular
k-partition of n. Let (P, -+, P;) be a sequence of paths in G with P,=(v,, -+, vm),
and let W;=\Ui=V(P;) and S=V(G)—W,. Suppose that W, is k-dominating, and
that either

(1) (Py, -+, P,) is a path-system of degree k; or
(ii) a is not small, (P, -+, P._1) s a path-system of degree k, and “m=2,
Negw)N\W,_1#@ and New )N\Ng; . )N\S=@ for all i, 1<i<m—17".

Then G has an a-decomposition.

Let us return to [Theorem 2. From the statement, one may readily notice
that attention should be paid primarily to the vertices with degree not less
than k. Accordingly, we say that a vertex veV(G) is major if de(v)=k and
define Vmajor :={v&V(G)|v is major}. Also, we shall refer to any veV(G)—
Vmajor a8 a minor vertex and define Vminor :=V(G)—Vmajor. Now consider
joining all the minor vertices in G, and let us denote the resulting graph by
G. Then it is quite evident that we may prove by working with
G instead of G, since deletion of those edges added to G after decomposing
V(G) does not affect the adjacency around the major vertices. Thus, in the
remainder of this section and related Sections 3, 5 and 6, we are only concerned
with G. As we shall see later on, this provides a useful relaxation in the
structure of a graph. We now construct a sequence of paths in G as follows.
Here we again use the notation end(P;) to denote the endvertices of P,.

Step 0. Take P, as a longest path in G. Define W :=V(P,) and 7:=1.
Step 1. If possible, take P, in G—W such that:
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1) V(PYSV(G)—W, |V(P)NV major| 22, and Ne(end(P)NW =@ ;
(2) V(P)N\Vmajor| is as large as possible;
(3) Subject to (1) and (2), |V(P,)| is as large as possible.

Step 2. Put W:=WUV(P,) and ¢:=i+1. Apply Step 1.

For a sequence (P, ---, P;) of paths taken as above, we now observe the
following two lemmas, which are crucial indeed in our later argument. (The
proofs will appear in Sections 5 and 6.)

LEMMA 4. If sz=1, then |V(Py)|22k+1 and |V(P)|+|V(P)|=3k+1.
LEMMA 5. If s=2 and |V(Py)| 23, then |V(P)|+|V(P)I+I|V(FP)| =z4k+1.

§3. Proof of Theorem 1.

As mentioned earlier, we give the proof of [Theorem 2. Since we are only
concerned with G, for simplicity we write G for G throughout this section and
Sections 5 and 6.

PROOF OF THEOREM 2. If k=1, then we are done. So we suppose k=2
and let a=(a,, ---, ax). To begin with, we take a sequence P=(F, -, P;) of
paths in G in such a manner as shown at the end of the preceding section.
Define W;:=\Ui_,V(P;) and S:=V(G)—W,. We first claim the following.

CLaIM 1. < is a path-system of degree k.

ProOOF ofF CLAIM 1. From the construction, clearly (PS0)-(PS3) hold. For
each P, 1<i<s, let Pi=(v{", ---, vi7)) and define p; :==1V(P)N\Vmajor| ; Without
loss of generality, we may assume Ngw{®)NW,_,#@. Again from the con-
struction, (PS4) and (PS5) are immediate. Noting that P; is taken maximally
with respect to y;, one can easily verify (PS6) as well. Now suppose m;=2.
In this case, v§” €V major, and so Ne(w§?)NW,_,# @ (notice d(vi?)=k=2). Thus
by the maximality, we see (PS7). To see (PS8) and (PS9), next suppose m,;=3
and k=3. Since p;=2, clearly v{” €V major OF v§¥ €V major, readily implying (PS9).
Now, if v{? &V major, then by (PS5), Ne(wiNW,_,# @, so that by the maxi-
mality, Ne@{?)EW,. If v{? EV minor, on the other hand, then SNV miner=09.
(Recall that all the minor vertices are adjacent.) Hence, Ne@wS)NV(G)—W,)
=@, for otherwise another path with more major vertices would exist, which
contradicts the choice of P,. By this together with 2=3 and v{® €V major, We
have Ngws")NW,_,#= @ ; thus Ne(@{®)SW,. So (PS8 has been verified. (PS10)
also follows from the maximality. Finally, (PS11) and (PS12) are immediate
from Lemmas 4 and 5, respectively. J
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Now, if SN\Vminer=@, then W, is k-dominating in G. Accordingly, in

such a case, Claim 1 hints that the conclusion follows from [Proposition 3.
Therefore, in what follows, we assume SN\Viminor#@. We next claim the
following.

CLAIM 2. |W,| = 2k+1.

PRrOOF oF CrAIM 2. By (PS11) the claim holds if s=1. So suppose s=0,

and let P,=(v,, -, vn). By the maximality, clearly v, v,n&Vmajor and Ng(vy)
UNgwn)EV(Py). Now, if vv;, vio1vasE(G) for some 2<7<m, then (v, -, vi_1,
Um, **+, Ui, vy) 18 a cycle of length m. So, if this is the case, then since G is

connected, a longer path would exist, contradicting the choice of P,. Therefore,
MN(Ng(v )\ U {vn})=@, where M={v,_;|v;€Nsw)NV(P)}. Noting that |M|=
|Ne(vy)!, we soon have |Wy|=|V(Py)|=2k+1. O

Since G is connected and <{SN\Vminorre IS complete, at most one major
vertex in S has neighbours in SN\ Vminor, for otherwise another path could be
taken in {S>; to augment the present sequence <%, a contradiction. Let us
now consider the case where no such major vertex exists. Noting Claim 2,
we first assign all the vertices of SN\ Vminor to the A;’s so that the remaining
size of each A; stays not less than two. Here it is easy to see that ¢ is still
a path-system of degree 2 in G—(S"\Vminor). Thus we can now apply Prop-
osition 3, only to see the conclusion, to the graph G—(SN\Vminor) With the
remaining partition. We next consider the case where such a (unique) major
vertex, say v, exists. Let v’ be any neighbour of v in SNV iinor. Assume
now, without loss of generality, (2=<)a,<--- <a,. Note that by Claim 2,
ar=3. If a,=4, then we assign {v, v’} to A,, by which the problem is clearly
reduced to the above case (where no major vertex has neighbours in SNV yinor).
By (PS11), however, this is always the case when s=1. Let us thus suppose
s=0 and a,=3, and let Py=(v;, -, vm). Now, if | SN\ Viinorl =2, i.e., there
exists some v”(#v)ESNVminor, then by letting A,={v, v/, v}, we can again
reduce the situation to the above case. So we may now further suppose
SNV minor=1{v'}. Then let A,={/, V-1, vx}. By the maximality of P, here,
Ne)N\{vm-1, Vo) =@ and | Ne(X)N{V', Vm_1, vm} | <1 for all x&S— {v, v'}, which
together imply that P; is a (k—1)-dominating path in G’, where G'=G—A,
and P{=(vy, -+, vm_s). In order to conclude, we now simply apply D
to G’ with the remaining non-singular (k—1)-partition of |V(G')].

This completes the proof of [Theorem 2. OJ



Graph decompositions 167

§4. Proof of Proposition 3.

PROOF OF PROPOSITION 3. If k=1, then it is trivial. We thus suppose
k=2. Note that the assumption (i) is stronger than (ii) when @ is not small.
Hence, it suffices to show the proposition with the assumption (i) for a small
partition a or with (ii). The proof is by induction on n. Let a=(ay, -, a),
and define S; :=Ng;w)NS for each 7, 1=<7/<m. By taking P, maximally under
(ii), we may assume S,=@.

Let us first consider the case when »=0 or 1. If =0, then P, is a
k-dominating path in G; so the conclusion is immediate from Lemma D. If
r=1, on the other hand, then (P, P,) forms a k-dominating fork of G. Under
the assumption (i), (PS11) implies that some a;=4, so that a is not exceptional
in either assumption. Thus from E, the conclusion again follows.
Hence, in the following, we suppose »=2. Note that by this, there must be
some a;=4.

1°) a is small.

We may assume a,—=4. Note that we may also assume m,=2, for otherwise
a cannot be small under the condition (PS12). We assign the vertices of V(P
to A; and let CN;:G-V(PZ) and @a=(a,—2, a,, ---, az). Then @ is a non-singular
k-partition of [V(&)I (=n—2). Moreover, by (PS5 and (PS7), we see that
P=(P,, P, P, ey P.) is a path-system of degree k%, and that W,—V(P,) is
k-dominating in G. Accordingly, we can apply induction to G with @ and &
to obtaln an d@-decomposition (1711, . Ak) of V((‘) Then clearly (AX\)V(P2>,
Az, e k) is a desired a-decomp051t10n of V(G).

2°) a s not small.

In the remainder we shall only be concerned with the case in which a is
not small; we may assume a,=5. We proceed principally by working with
the two paths P, and P._; along with S, ---, S,,_;,. The argument goes some-
what complicated since we have to distinguish so many cases; however, for
an inductive argument, our step is mostly based on the following (a) and/or (b):

(a) Find a subset A; such that |A;|=a;, 6(A e)>0 and W,—A; is (L—1)-
dominating in G—A;;
(b) Find a subset A such that |A|<a;—2, 6({(A)>g)>0and W,— A is k-dominating

in G—A.
In the former way (a), for a non-singular (k—1)-partition a’'=(a, *--, a;_1, Qs.1,
-+, @), we obtain by induction an a’-decomposition (A,, ---, A; 1, Aier, -+, Ap)

of V(G)—A;, which certainly provides a desired a-decomposition (A,, ---, A,) of
V(G). In the latter way (b), for a non-singular k- partltlon a=(a, -+, G;_1, Q;
| Al, @iy, -+, ar), we obtain an d-decomposition (Al, v k) of V(G)—A

Then (ﬁl, 1711-_1, ﬁ,;UA, /Nlm, lek) is a desired a-decomposition of V(G).
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To simplify the proof, hereafter, if V(P)=@ and (P, ---, P;) is a path-
system, then we shall refer to (P, ---, P;, P) also as a path-system.

Let a'=(a,, -, ar_), a=a,; and P._;=(u,, ---, u;). (Note that a’ is not
small.) Define s;:=]S;] for each 7, 1<i<m—1.

Case 1. m+3 and a<s,_,+2.

Let Ar=R\U{vm_y, vn} for any subset RSS,., with |R|=a—2, and let
Pi.=,, -, vm_s). Further, let

G ' =G—A;,
:(PO; Ty PT—-I: P:’)'

From the assumption, |Ng(x)N\{Vm_1, vn} | <1 for all x=S. We can therefore
apply induction to the triple (G’, a@’, ¥’) to obtain an a’-decomposition (4;, -,
Ag_y) of V(G"), for which, as noted, we soon have a desired a-decomposition
(Ay, -+, Aw).

Case 2. m+#3 and a=s,_,+4.

We assign A=S,_,\U{vn_1, vn} to A, and let

G=G6-A,
a:(ab ey ARy, ak—sm-lﬂ—z))

QS:'(PO’ Ty PT-D ﬁr)r

where IN’—(vl, “+, Um_s2). Since @ is non-singular and also |Ng(x)N\{vm_1, Vm} |
<1 for all x&S, here we can apply induction to (G a, &) to obtain an

d-decomposition (Al, k) of V(G) Then (A,, - A,, 5L AkpA) is a desired
d-decomposition.

Case 3. m+2, 4 and a=s,_,+3.

Let Ar=S,_1\J{Vm_2 Vm_1, Um}, and let P.=(v,, -+, vm_s). Recalling S,,=@,
we certainly have | Ng(x) N\ {vm_2 Um_1, Un} | <1 for all x&S. The same argument
as in Case 1 applies.

Case 4. m=4 and a=s,+3.

We may assume a,= --- =a,_,—a, for otherwise using such a; (#a) instead
of a, we can reduce this to Case 1 or Case 2. Now suppose 2=2. Then for
any x&S, since |Ng(x)N\ {ve, vs, va} | =1, Ne(x)N\W,_,\U{vi})#=@ ; thus for A=
Ss\U {vs, vs, Uy}, We can take (V(G)— A, A) as an a-decomposition. So we may
now assume £=>3 as well. On the other hand, suppose there exists some
veS;—S;. Then for such v, letting Ar=(S;— {v}) UV (P,), we can apply induc-
tion, as in Case 1, to (G—A;, a’, (P, -, Pr_1)). (Note that |Ne(x)NV(P)| <1
for all x&(S—Ss)\U{v}.) Hence we may also assume S;&S; here. We now
distinguish four subcases.
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Subcase 4.1. s;=2 (i.e., «=5) and [+3.

For any veS,, let A,=(S:— {v})\U{vs, vy} \J{u;_1, u;} and A={v, vy, vs}. Let
also @=(a,, -, Gp-e, ap_1—3) and P._,=(u,, -, u;_s). By (PS5) and (PS6),
INg()INV (P)\J{u;_y, ul})l/l for all x&S—S,;. Therefore, applylng 1nduct10n
to (G—(AJA), @, (P, -+, Pr_s, PT 1)), we obtain an a-decomp051t10n (Al, . Ak )
of V(G)—(A,\JA), for Whlch we have an a-decomposition (Al, .- Ak 2 A,, U
A, Ay).

Subcase 4.2. s;=2 and [=3.

Let A,=(S;— {u, v))U{vs, v,} UV (P._)) for any u, vES,;, and Pr=(v,, v).
By (PS5), (PS6) and (PS8), we have | Ng(x)N\({vs, vi} UV(P,_1))| <1 for all xS,
and also Ng(w)NV(P._)=@, implying Ne(w)NW,_.#+@. It is quite easy to see
that we can now apply induction to (G—A,, a’, (Py, -+, Pr_s, PP

Subcase 4.3. s;=1 (i.e., a=4).

First suppose a,<s;+s,+4. Then let A;=R\UV(P,) for any RSS,;US,; with
S:ER and |R|=a,—4. As before, noting |Ng(x)N\V(P)[ZL]l for all x&€S—R,
we can apply induction to (G—A,, a’, (P, ---, P,_,)), where a’=(a,, ---, a).
(Note that a” may be small, while (P, ---, P,_;) is a path-system of degree k.)
Next suppose a,=s;+s.+5. In this case, assign A=S,\US;\U {v, vs} to A, and

A'={vs, vs} to A,, and also let d=(a;—s,—s,—2, a,—2, a,, -+, a,). Here,
Neg(x)NV(P)=¢@ for all xS—(S$,\US;). We thus now apply induction to
(G—(AUA, & (P, -+, P._)), obtaining an @-decomposition (A,, -, Ay) of
V(G)—(AUA". Then (A,UA, A,UA", A, -, A,) is a desired a-decomposition.

Subcase 4.4. s,=0 (i.e., a=3).

We may assume a,=7, for otherwise n<6+43(k—1)=3%k+3, contradicting
n= | V(PH|+ V(P +|V(P)| =3k+5 (see (PS11)). We assign A= {v,, v,} to A,
and thereby let @=(a,—2, a,, ---, ax) and p .=(v;, v2). (Note that @ is not small.)
Here, Ng(x)f\ {vs, v} =@ for all x&S. Apply induction to (G—A, a, (P, -
Py, P,

Case 5. m=2 and a=s,+3.

We may assume a,= --- =a,_,=a as in Case 4. We distinguish three sub-
cases.

Subcase 5.1. s;=2 (i.e., a=b) and [+#3.

Let A,=(S,— UV (P)U{u,_,, u,} for any veS,, and Pr_j=(u,, -, U;_s).
As before, | Ne(x)NV(P)\U{u;_1, u})I =1 for all xS, whence apply induction
to (G—Ay, a’, (P, -+, Pros, Pry).

Subcase 5.2. s,=2 and [=3.

For all x&S,, by (PS5) and (PS6), Ng(x)"\{us, us, v} =@, implying Ng(x)
NW, o\ J{u )+ @ (recall k=2). So, if k=2, then letting A=(S,— {v})UV(P,)
U {u,, us} for any v<S,, we can take, as required, (V(G)—A, A) as an a-decom-
position. If £2=3, then we let A,=(5,— {u, v} ) UV (P)UV(F,_,) for any distinct

2



170 H. ENoMmoTO and S. MATSUNAGA

u, veS,. Here, No(u)N\S=g by (PS8); hence |Neg(x)N\(V(PYUV(P_)| =1 for
all x&S. Now apply induction to (G—Ag, a’, (Py, -+, Pr_s)).

Subcase 5.3. s;=1 (i.e., a<4).

As in the latter part of Subcase 4.3, assign A=S,UV(F,) to A, and let
a=(a,—s,—2, as, -, ax). Then apply induction to (G—A4, @, (P, -+, P._1)).

Case 6. m=3 and a=s,+5.

If S;#@, then assign A=S,\U{v,, vs} to A, and apply induction to (G—A,

a, (P, -, P, P)), where a=(ay, -, as_1, az—s,—2) and P.=(,, v) for some
veS;. If S;=@, on the other hand, then assign A=S,\UV(P,) to A, and apply
induction to (G—A, d@, (P, -+, P,_1)), where @a=(a,, -+, az_;, @r—3,—3).

Case 7. m=3 and 3Za<s,+3.

Let A,=RUV(P,) for any RSS, with |R|=a—3. Then apply induction
to (G—As, a’, (P, -, P._))).

Case 8. m=3 and a< {2, s,+4}.

If a,=s,+s,+5, then by assigning A=S,US,UV(P,) to A,, we can apply
induction to (G—A, @, (P, -+, P,_1), where d=(a,—s,—5:—3, @z, -, a;). Also,
if a;<s,+s,+3, then by letting A,=RUV(P,) for any RSS,US; with |R|=
a,—3, we can apply induction, as before, to (G—A, a’, (P, ---, P,_1)), where
a’=(a,, -+, a;). Thus, in what follows, we are only concerned with the case
a,=s,;+s.+4. Note that if a,¢ {2, s,+4} for some i, 2<7<k—1, then as before,
we may use such a; for a, reducing this to Case 6 or Case 7. So we shall
assume a;< {2, s;+4} for 2<i<k. However, if a,= - =a,=2, then n=2(k—1)
+a,, contradicting the following:

n= V(P + V(P +[S:[+]S:]
= @r+1)+3+s+5, = 2k+a,.

Accordingly, we may assume, in particular, @=s,+4. Now note that by this,
if S;#=@, then as in Case 6, by taking f’r:(vl, v) for some veS,, the same
assignment is still in effect. Hence we now assume S,=@ as well, which
readily implies that a,=s.+4 along with s,>0 (since 5<a,=s,+s,+4). Here
we again distinguish three subcases.

Subcase 8.1. [+3.

Let Apy=(S,— {v} ) UV (P)\J{ui_, u;} for any veS,, and Ph_ =(uy, -+, U;_s).
Then apply induction to (G—A,, a’, (P, -+, Pr_y, Pr_)).

Subcase 8.2. [=3 and s,=2 (i.e., a=6).

Let Ap=(S;— {u, v} )V (PH)UV(P,.,) for any u, vES,. Then apply induc-
tion to (G—Ay, a’, (P, -+, Pr_y)).

Subcase 8.3. [=3 and s,=1 (i.e., a=>5).

Note that in this case, a¢,=a,=5. So, if k=2, then a=(5, 5), and hence
n=10, which is impossible since by (PS11), n=|V(P)|-+I|V(P._)|+|V(P)| =2k
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+7=11. We thus suppose 2=3. Now, by (PS5) and (PS8), Ng(x)\{u;, us} =9
for all x&S. Therefore, if Ng(u,)N\S=@, then assign A=V (P,_;) to A, and
apply induction to (G—A, @, (P, -, P,_s, P.)), where @a=(a,, -+, @p_1, ar—3).
(Note that as observed in Subcase 4.2, Ne(w) W, .#@.) If Ne(u,)NS+#@, on
the other hand, then let A,=V(P)\U {u,, us} if de(u,)=k, or Ap=V{(P)\U {u,, us}
otherwise. In either case, by (PS9) and (PS10), W,._, is (k—1)-dominating in
G—A,; so we can apply induction to (G— Ay, a’, (P, -+, P._y).

This completes the proof of [Proposition 3 M

§5. Proof of Lemma 4.

Proor or LEMMA 4. Let P,=(u,;, ---, u;) and P,=(,, -, vn), and define
S:=V(G)—(V(P)\UV(P)). Note that {=m=2. Also, define F:=Ngw )NV (Py);
without loss of generality, we may assume F=*@. For any u;&F, by the
maximality of P,, we have A>m and /[—A=m, and consequently [=2m-+1. So
if m=Fk, then the conclusion is immediate. We thus assume m< %k here, by
which it suffices to show [+m=3k+1. We next remark that we may also
assume v, E Vmajor. T0 see this, suppose v,&V mino:. Then we can always take
v, as a major verteX. (If v,SVnino, consider by its index the first major
vertex on P, say v;. Since all the minor vertices are adjacent, we may use

the path (vy, -, viy_1, Um, =+, vs)) for Py with its endvertex v; & Vmajor.) Ac-
cordingly, New.)N\S=@, implying that Ng@w, )NV (Py)# @ (notice m<k). By
reversing P;, we may now use the path (v, ---, v;) for P, having its initial

endverteX v, < Vmajor. Thus, in the following, we also assume v, €V major-

v C Un N vg Vnm
[ o P, o oo —o P
* e W]
u, U U U
Py L PO & d PO
(i) (ii)

Figure 2. (i) &=m and (ii) §<m (*: major vertex, *: minor vertex).

Now set &:=max {i|v;= Vmajo:}. Principally, we distinguish two cases as to
whether (i) &=m or (ii) £&<m (see Figure 2). We here note that if £&<m, then
we may assume v;EVmajor for 1=:<£ and v;&Vminoe for §+1=i<m (for
otherwise there must be some v,EVpap: 2<i<m—1) with v;_,E Viinor, and
for such v;, we can take the path (vy, -+, v;_y, Um, -+, v;) for Py, reducing this to
the first case £=m). We also note that in either case, Ne(vaN\S=¢@. (For (i),
it soon follows from the maximality of P,. For (ii), since S\ Viminer=@ (i.e.,
S S Vmajor), by the choice of P, it again follows.) Thus, defining L :=Ng(ve)
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NV(P), we have L+@, from which we see also Ngw,)N\S=¢@ by a similar
argument. (That is, Ng@,) SV (P)UV(P) for i=1, &) Now, define further
I'=FNL and y:=|I|, and for a subset X of V(F,), let X» denote {u;_;|u;
eX(@<7)}. By the maximality of P,, we observe that: F—I, (F—1)©V, L—1I,
(L—=0)h) [, TCY, . JCO are mutually disjoint. Let here

{ H= (F-I)UF-1)>U(L—=I)\NL—I);
K=1UIWy ...\ Ul eH,

Also, let FUL={u;,, ---, uz,} with 4,< -~ <4,. For later use, for the case
I=@, we show that [+m=4k (=3k+1).

(i) &=m.

From the above, clearly |F|=zk—m+1 (=2) and |L|=k—m+1 (=2), and
by the maximality of P,, A,>m and {—A4,=m.

Case 1. I=@.

Since F+ @ and L+ @, we can take some u,,, 1<j<r, such that “u,;,&F
and u;; ,€L” or “u,€L and u;,;, ,€F”. In either case, by the maximality
of Py, 2;,,—4;>m. The maximality also implies that for such Uiy

Hm{ub Ty u11-2r u1j+l: Ty ulj+1—2; U+ 7 ul} = @)
whence
I+m z 2| FI+2| L]+ {(Ai—2)+Aj.1—4—2)+U—24)} +m
=z dk—m+1)+ 2m—1)+m} +m = 4k +2.
Case 2. [+ @.

By the maximality of P,
HUK)N Uz, 5w = @
If y=k—1, then disregarding H in the above, we have
I+m z (m+D I +(U—4)+m
= (m+Dr+2m = 3k+1.
On the other hand, if 0<y<k—1, then
I4m z 2| F=I|+2|L—1|+m~+DI|+{—4)+m
= 4(k—m+1—p)+(m+1)y+2m
=3k+(k—m+1)+(m—3)y—1).

Now, if m=2,
I4+m = 3k+(k—p) = 3k+2;

otherwise
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I+m = 3k+(k—m+1) = 3k+2.

(i) &<m.
Note that if v,v,€E(G), §+2<i<m, then we can take the path (v, v;, -,
Ums Vi_y, -+, Vg) for Py, reducing this to (i). So we assume Ngzwv )NV(P)E

{ve, -+, Veui} ; thus, |F|=k—§ and | L|=k—m+1 in this case. (Note that in (i),
m>&=2.)

Case 1. I= Q.

Suppose first u;, €F or u;, F; without loss of generality, we may assume
u;, €F (reverse P, if necessary). By the maximality of P, 4,>m and [—4,2¢.
As before, take any u;, 1=<j<r, with “u;,€F and u;,, €L” or “u;;&L and
uz,,,F”. Then again by the maximality, 4;,,—4;>§, and also

H{uy, o, s Uagen s Uagegmn Uapsn, o, Wil =@

Here we have

(L—2)+Aj—4=2)+(—=24) =2 m+26-2.

On the other hand, suppose u; &F and u; &F. Then by the maximality,
A>§& and [—A,=m—&+1. Let u,, be, by its index, the first vertex of F, and
u;, the last. (Note that 4,<4,<4,<4..) Then 4,—2..,>§, 4.,—2A>§, and

Hﬂ {uh Tty ull—Zy u'za—l*‘l’ Tty ula—Er ulb‘!—l) U, u20+1—2y ulr+l; Tty ul} == @-

Here
(Ai—2)+(Aa—Ra-1—2)+(Aps1—A—2)+(U—2,)

= 3¢—-D+(m—E+1) = m+26—2.
Therefore, in either case,
{4+m = 2|F|+2|L|+(m+26—-2)+m
= 2—8)+2k—m+1)+2m+26—-2 = 4k.

Case 2. I+ @.

Subcase 2.1. vwea EEG).

In this case, |F|=zk—&+1 (and |L|=zk—m+1). Now, if u; &F, then by
the maximality, as before, /[—A,.=m, and also

(H\JK)f\{u/lrn, ) ul} = @‘
If u;,&F, then [—4,=zm—&+1, and for the last vertex u;, of F,
(HUK)ﬂ{ule, s Udpay-2 Udpan 0, wt = Q.

Here, 21;4.1“‘ \b>$; and so (2b+,~—2b-2)—!—(1——2r)gm.
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Thus, as in Case 2 of (i), if y=k—1, then

I+m =z E+D I +m+m
> (E+1y+2m = 3k+3.
If 0<y<k-—1, then
I+m =z 2|F=I|+2| L—I|+E+DH|+m+m
> 2k —&+1—p) 420k —m+1—p)+E+Dy+2m

=3k+(k—E+D+E-3)F—1).
So, if £=2,
I4+m = 3k4+-(k—y) = 3k+2;
otherwise
I+m = 3k+(k—E&+1) = 3k+3.

Subcase 2.2. vwe, = E(G).

In this case, we may assume vev; & E(G) for §4+2<7<m, since otherwise by
taking (vy, vesr, =+, Viet, Um, ==+, Vs, Vg, -, V) for P, we can again reduce this
to (i). Thus, Negwe )N \V(P)ES{vy, -+, Veoy, Ugsa}, SO that |L|=k—& On the
other hand, the maximality always requires A,>m and [—A,=m, for we can

take another path (vg -, vy, Vgyr, =+, vn) Of order m. As before, it is easy
to see

(HUK)N s, -, Uamgory Uaprr, oy Wi} = D
Now, if y=k—1, then

I+m =z E+DH+{4—E-D+U—=2)}+m
=z E+Dy+Am—&)~+m} +m
2z E+Dy+26+3 = 3k+4.
If 0<y<k—1, then

I4+m =z 2| F=I|+2| L—I|+E+DH |+ {4 —E—-D+U—2)} +m

= k== +E+Dr+{m—&)+m} +m
= 3k+(k—E+1)+(E—3)F—1—1.

In view of Subcase 2.1, the conclusion clearly follows.
This completes the proof of 0

§6. Proof of Lemma 5.

PrOOF OF LEMMA 5. Let Py=(u,, ---, u,), Pi=w,, -, v,) and Py=(w,, ---,
wy), and define S:=V(G)—\Uj-, V(P;). Note that [=m=3 and /[=h=3. On the
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other hand, we may assume h<k, for otherwise the conclusion is immediate
from Now define Fi:=Ngw)\V(P,) and F%:=Ng(w)"\V(P;), j=0, 1.
Without loss of generality, we may assume F}#@ and FiUFi+#@. By taking
w; here for v, in the proof of [Lemma 4, we may also assume w;EV major.
Setting &:=max {¢|v; =V major} and :=max{i|w;EV major}, we next define L;:
=Ne(we)\V(P,) and L%:=Ngw,)NV(P;), j=0, 1. Define further I;:=FjN\Lj
(and yi:=|71}]) and I5:=Fj;NLj (and yj:=11}|), 7=0,1. As in the preceding
proof, we let Fo\ULi={uz, -, uz,} with 4,< - <4,. Also, we use the same
notation X » here, and similarly define Y » to be {v,_,|lv;€Y (<j)} for any
subset Y SV (P,).

We split the following argument primarily into two pieces: when (1) m<k
and when (II) m>=£k, in each of which, as before, we distinguish the two cases
&=m and £€<m. Note that in either (I) or (II), when £<m, by the maximality
of P, y=nh (since all the minor vertices are adjacent).

(I) m<k.

As before, we may assume v, & Vajo.. Clearly, it suffices to show [4+m=
4k —2. In the preceding proof, however, we have already observed it for the
case I (=1)=¢@. Accordingly, in what follows, we also assume I}#*@ (i.e.,
75#0). As observed, F{—1I§, (Fi—I), Li—I§, (Li—I1H), I3 1Y, oo J3ED
are mutually disjoint. Let now

{ H= (F{—I)U(F—IH D I(LI—=IDI(LI—TIHD
K=y o Jies,

d-1) &=m.

also, by the maximality of P,, [—A.=m.
Case 1. i=L; (=1}).
By the maximality, KN\ {u; .1, -, u:} =@ ; hence
I4+m = m+DII|+U—2)+m
= (m+1D(k—m+1)+2m
= 4k+(m—3){k—(m+1)} -2
=4k—2.

Case 2. Fi+L1.
Since |Fil=2 and |L}| =2, we observe:

(*) There exists some u,,, 1<7<r, such that “u;jeFé and wu,, €Li—13"
or “u;,&L; and Uy EF 13"
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Then for such wuy, (HUK)N{uzjer, oy Uajegme Uy, o Wb =@ With 4;,—4;
>m, so that

I4+m z 2| Fo— 13| +2| Li— 1| +m+ 1) I3 + {(m—1)+m} +m

= 4(k—m+1—7y3)+(m+1Dys+3m—1
= dk+(m—3)(yi—1) = 4k.

(I-il)) &<m.

Recall that in this case, we may assume N )NV (P)E {vs, -+, Veyi}. ~ As
before, we consider the two cases: when v,ve,; & E(G) and when v,vg,, € E(G).
(Note that throughout (I-ii), m>& (=h)=3.)

Case 1. vwe & E(G).

In this case, |Fi|=k—&+1 and | L} =k—m-1.

Subcase 1.1. s=L (=1}).

By the maximality, /—4,=m, and also KN\ {u .1, -, u:}=¢@. Hence

I+m =z E+DIGI+U—2)+m
= E+D(k—E+1D)+2m = (§+1Dk—E+26+3
=4k+(E—3) {k—(E+D} = 4k.

Subcase 1.2. Fi+L..

Suppose first u;,&F; or u; &F;. Without loss of generality, we may
assume u,, EF;; hence [—4,=zm. Now, if (¥) holds, then as above, (HUK)N

{2 0 0 Udgeroe Uapen ) wt =@ with 4;,,—4;>&. If (x) fails, which means
that u; &I5 and wu;,1; for all 7, 2Z7<r (notice F}#L}), then (HUK)N
{uy, =, Ua,_ey Uapsr, -, Wit =@ With 4,>&. Thus, in either case,

I4+m = 2| Fo—I5| +2| Li—Ii| +E+D [ 1| +{(E—D+m} +m
= 2k —E+1—10)+2(k—m~+1—7)+E+Dyrs+2m+§—1
= 4k+(E—3)(rs—1) = 4k.

Suppose next u; & F; and u; & Fy. Then 4,>§ and [—A.=zm—§&+1. Moreover,
(*) holds for the last vertex u;, of Fj, for which we have (HUK)N{u,, -,
Uigezr Udyets ' Upyotr Hdpyr, o Wi} =@ With A, —2>§. Therefore here
(A —2)+Aps1—As—2)+({—A)=m+&—1, ending in the same calculation as above.

Case 2. vwea.<€E(G).

As observed, [—4,=zm, and we may assume Ngweg) \V(P)E {vy, -, Ve_1, Vesi)-
In this case, hence, |Fj|=k—& and | Lj|=k—& We now remark that we may
also assume m=&+2, since otherwise (i.e., m=£&+1) by taking (vy, vpm, -+, Vs)
for P,, we can reduce this to (I-i).
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Subcase 2.1. Fi=L} (=1}).
As before, KN {uz, 41, -+, w} =@, and so

I+mz E+DIL+(0—2)+m
= E+DR—E)+2m = E+Dk—E+E+4
=4k +E-D{k—E+2 -2 = 4k —2.

Subcase 2.2, Fi+LL.

In this case, by reversing P, if necessary, we can always take such u, ; as
in (+). Then for such wus;, (HUK)N Uz, -, asey-n Uapen 0, W} =@ Wwith
A;.1—A;>&. Hence

I+m =z 2| Fs— 5| +2| Li— 1| +E+ DI+ {(E—=1)+m} +m
= 4(k—E—ri)+E+ Dys+2m+6—1
> 4k +(E—3)ys—E+3
= 4k +(E-3)(pi—1) = 4k.

an mzk.

As differs from the case (I), we shall explicitly show [+m-+h=4~k+1 by
working with all the paths P, P, and P,. Since w;,, w,&Vmajor and A<k, by
the maximality of P,, we have |F}UF%|=2 and |LiUL%=2. However, if

=@ and L=, then the same argument as in the proof of to the
paths P, and P, gives [+h=3k+1, bringing us to the conclusion. (This can be
observed since in the preceding proof, we have only been concerned with the
degrees of v, and v..) Therefore, in what follows, we assume F?\U L%+ @, and
thereby let v,=Fi\U L% Note that in (II) we cannot determine whether v,V 450,
or ;< Vminor-

(I-iy &=m.

We first note that we may assume | L{|<1. (If not, then we can take some
distinct two vertices u,&F; and ug<E L (we may assume a<f); by the maxi-
mality, each of the subpaths (uy, -, #a-1), (Uass, =+, Up_y) And (Ugyy, -+, u;)
must have order at least m, showing that [-+m=4m+2=4%k-+2.) Now, define
Li:=New )NV (P), and let Li={vg, -, vg} with ;< - <. Since |Li|=
k—|Li{ =k—1, we have {;Em—Fk+1, m—E{=<m—Fk+1 and ;u—{<m—Ek+1
for 1</<s—1.

Case 1. n=k/3.

We assume v,=L} here, since the argument for the case v,¢ L3 (ie.,
v,&F}) results in essentially the same. First suppose p>{,. Then clearly:

(xx) Either there exists some {; (1=7<s) satisfying {;<p={;.1, or {<p.
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Now, for such {;, consider the path P=(uy, -, Vgjp Ums ") Upy Wy, =, w,) of
order at least {m—(m—k)}+5n=*~k+%. Then by the maximality of P,

I+m+h = Q|Pl+1)+m+y
= 2k+m+3n+1=4k+1.

Next suppose p<(,. If Fi#@, then by taking the path P=(w,, -+, wy, vy, -,
vm), We can conclude with the same calculation as above (since | P|=%-+£k). So
now further suppose F:=@. Then |F% =2, and hence we can take some
v, F? distinct from v,. Now, if ¢>,, then by interchanging the roles of w;,
and w, in the above, we are done. On the other hand, if ¢<{,, take as P,
Wy ) Upy, Wy -, Wy, Vg -+, Um) When p<g, o (v, -+, Vg, Wy, -, Wy, Vp, =, Um)
when p=g¢. Since |P|=k-+7+1 in either case, the conclusion again follows.

Case 2. n<k/3.

We first claim we may assume | F2UF?%|=2k/3+1. Since |F2UF2|=zk—h+1,
this is true when p=h—1 or p=h. So suppose p<h—1. Now, if w,w,€E(G)
for some 7+1<i<h, then we can take the path (w,, w;, -, wn, Wiy, -+, Wo)
of order h with its both endvertices w,, we=Vmajor, Which is the very case
n=~h. If not (i.e., Ne(w)NV(P)E {ws, -, wys1}), then clearly |F§UF%|=2k/3
+1. The claim is thus verified. We now recall that p;=|V(P)NV major| =2
(¢=1, 2) and that P, is taken in G—V(F,) such that g, is as large as possible. So,
Fievn Fieh (LY {v,}) must be mutually disjoint; thus, m=2|F2|+ (| Li]+1)
>2| F?|+Fk, implying that |F?|<(m—£k)/2<k/6. Consequently, we have |F}| =
k/2+1. We again assume v,< L} here ; however, we see the conclusion also for
the case v,¢% L} by simply replacing the subpath (w,, -+, w,) or (w,, ---, w;) by
w, in each P below. As in Case 1, if p>&,, then take P=(v,, -, vgj, Vm, =+, Vp,
Wy, -+, W), otherwise P=(w,, ---, w,, vy, -+, vn). Here, as observed, |P|=y+k
in either case. Now let u, be (by its index) the first vertex of F3%, and u, the
last. Then by the maximality of P,, f>|P] and [—g=|P|. The maximality
also implies that F§, FiY, {uy, -+, Uy s, Ugy, -+, u;} are mutually disjoint ;
thus

I+m+h =z Q| F§|+2|P|—1)+m+h
= 3k+m+3n+1=24k+7.

(I-ii) &<m.

Recall that in this case, n=~h (i.e., Wy <V major), and also that LZUL}+@.

Case 1. Fi=@ or Li=@.

Without loss of generality, we may assume F:=@. Then |F}|=>k—h+1

(>0). Let now v, be the last vertex of F% Then by the choice of P,.
&—g'=h; hence

Pl =2 @IFH =D+h+(m—§) = 2k—h+2,
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so that
[+m+h = Cm+D+ | P +h

> Qm+1)+2k—h+2+h
> 4k+3.

Case 2. Fi#@ and Li#Q.

Suppose first that |F2Z| <|F?| or |Li|<|L%|; we may here assume |F§|=
| F?|. Let v, be the first vertex of F%. Then for the path P=(w,, vy, -, Un),
as above,

|P| = [{wi} | +Q@|Fi| —=1)+h+(m—&) = 2| F1|+h+1,

whence by the maximality,
[ Z 2|F§|+2| Pl —1 Z 20| F§| + | FH)+2| Fi| +2h+1
= 3(|F§| 4+ Fi)+2h+1 =z 3(k—h+1)+2h-+1
=3k—h+4.

Suppose next that |FZ|>|F?%| and |L2|>|L%|. Then clearly |Fi|=(k—h+1)/2
and | L2|=(k—h+1)/2. As remarked, F2U L%+ @ in (II); in particular, we may
assume Li#@ with v,e L3 Now, if p=m/2, then consider the path (w,, -+, wh,
Vg, v+, V1), otherwise (wy, -+, wa, Up, -+, Un). In either case, the path has order
at least h+m/2. Therefore by a similar argument to that we have applied in
the proof of or in (I), it soon follows that

I = 2| F3—13) +2| Li— 13|+ {(h+m/2)—h} +(h+m/2)

= 4{(k—h+1)/2—yt} +(h+1)yi+m+h
= 2k+m-+(h—3)y—h+2 = 3k—h+2.

The above argument together with the assumption m=>=# readily leads to the
conclusion.
This completes the proof of 0
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